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W3yyaeTcs BOpoc 0 TOM, Kak JIB€ M3BECTHBIE MOJIETH O0OOIICHHBIX KOH-
THHYYMOB OITUCBIBAIOT ITOBEPXHOCTHYIO BOJIHY Pasies, pacnpocTpaHsonyrocs
BJIOJIb CBOOOJHOW OT HAIPSDKEHUI MOBEPXHOCTH YIPYroro MOJYIPOCTPAHCTBA.
B kadecTtBe TecTHpyeMbIX BBIOpaHbI MOJEIH TPaIMEHTHO-YIIPYrOW CpPEabl U YIIpo-
mieHHoM (pexaynupoBaHHOH) cpensl Koccepa. TlonydeHsl aucrnepcHoHHbBIE ypaB-
HEHHUs1, aHaJIM3 KOTOPBIX TOKa3all, YT0 00€ MOJIENIM CBHJETEILCTBYIOT O TOM, YTO
JIUCTIEPCUOHHBIE CBOWCTBA MOBEPXHOCTHOM BOJNHBI Pajes B IJIOCKOCTH BOJIHOBOE
YHCJIO — YaCTOTa OIUCHIBAIOTCS JIByMSI KPUBBIMH, HHU)KHSASL U3 KOTOPBIX HCXOIUT
Y3 Hayaja KOOpJMHAT, Ha4yajo BTOPOW CMELIEHO BBEpX MO ocH 4dactor. IloBepx-
HOCTHAs1 BOJTHA SIBJISIETCS IBYXMOJIOBOM M Kak/Jasi ee Mojia o0yajaeT AUCIepPCUei,
TaK Kak CKOpPOCTH 00erX MOj 3aBUCAT OT 4acToThl. COIIacCHO 00EUM MOJEISIM,
oObeMHasi cABUIOBasi BOJIHA oOyajaer nucnepcuei. s rpaaneHTHO-ynpyroi
Cpebl TP BO3PACTAHUH YaCTOThI CKOPOCTh KaXkJIOH MOJIbI TOBEPXHOCTHOM BOJTHBI
YBEIIMYUBACTCS U, €CIM CKOPOCTh HM)KHEH MOJIbI BBIXOJUT CHH3Y Ha TOPU30H-
TaJbHYI0 aCUMITOTY, CKOPOCTh BEpXHEH MOJbl CHauaja JOCTHUraeT MaKkCHMyMa
Y TOJIBKO 3aT€M BBIXOIUT CBEPXY Ha 3Ty FOPU3OHTANIBbHYIO acumMiToty. [Ipu nrobom
HEHYJIEBOM 3HAYEHHUHU BOJIHOBOTO 4YHMCIa (MM 4acToThl) (pa3oBasi CKOPOCTh CIBH-
rOBOM BOJHBI OOJIbIIE CKOPOCTU CABMIOBOM BONHBI B Kilaccudeckod cpene. Cko-
POCTh MOBEPXHOCTHOW BOJIHBI HE MOXET OBbITh Ooiblie (a30BOil CKOPOCTH CIBH-
TOBOW BOJIHBI, @ MX PABEHCTBO BBIMOJHICTCS JIMIIb B OMPEACICHHOM YaCTOTHOM
nuanasone. B penyrnupoBanHoii cpene Koccepa ckopocTs BepxHEH MOIbI OBEPX-
HOCTHOW BOJIHBI C POCTOM YacTOThl YBEJIIMYMBACTCS M Ha OOJIBIINX YACTOTAaX OHA
BO3pacTaeT HeorpaHu4eHHO. CKOpOCTh HMIKHEH MObI MOBEPXHOCTHOW BOJIHBI
YMEHBIIAETCS C POCTOM YaCTOThI, HO BO BCEM YaCTOTHOM JTHANa30He OHAa OCTAeTCs
Gonblie Ga3oBOil CKOPOCTH BOJNHBI CIIBUTA.

Kniouesble cno6a: TpaineHTHO-YIIPYroe MOIYIPOCTPAHCTBO, PEAYLIUPOBAH-
Hast Moziens Koccepa, IIOBEpXHOCTHAsl BOJIHA, CABMIOBasi BONHA, aucrepcus, da-
30Basi CKOPOCTb, YacToTa.

" BeinonHeHo 1pu pUHAHCOBOH MOAEpKKe MHHHCTEPCTBOM HAyKH M BBICIIETO 00pa3oBa-
Hust PO (mpoext Ne FSWR-2023-0036).
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BBeneHune

MexaHHIKa OJHOPOIHOTO U30TPOITHOTO Ae(hOPMUPYEMOTO TBEPAOTO TEJIa HCKITI0YAET
BO3MOXHOCTH PAaCIIPOCTPaHEHHsI IIOBEPXHOCTHON BOJHBI OBICTPEE, YEM PaclpoCTpaHsIeTCs
capuroBas BoiHa [ 1-6]. OqHako TOT (hakT, YTO CKOPOCTH BOTHBI Pasiest MoxkeT ObITh Ooblie
CKOPOCTH BOJIHBI CJIBUTA, ONIMCAH M IPOaHATM3UPOBAH B CTaThe [ 7], I paccMaTpuBaeTcs
CIIOUCTBIN MaTepual, CoAepXallii BOIM3U CBOOOIHON OBEPXHOCTH CIIOH, B KOTOPBIX
CKOpPOCTbH CABUTOBOM BOJHBI 3HAYNTEILHO BHIIIIE, YEM B CIIOSX, O0ee yaaIeHHBIX OT I0-
BEPXHOCTH.

B Mexanuke aedopMupyeMOro TBEpIOro Teia HapsLy ¢ MOIEIBI0 KIAaCCHYECKOTo
KOHTHHYYMa TaKKe TOCTATOYHO IIMPOKO IPUMEHSIOTCSI MOZIENIN 0000OIICHHBIX KOHTHHY-
ymoB [8—18].

Lenp myOnuKyeMol CTaThH 3aKITFOYAETCS B OMPEACICHUN COOTHOLICHHS CKOPOCTEH
C/IBUTOBBIX BOJTH U ITOBEPXHOCTHBIX BOJH Pasies 1y1st MaTepHasioB, OMUCHIBAEMbIX YpaBHE-
HUSAMHU MEXaHUKHU 0000IIEHHBIX (HEKIIACCHUECKUX ) KOHTHHYYMOB, K YHUCITy HanOoee u3-
BECTHBIX M3 KOTOPBIX MPHUHAJIIEKAT MUKPOIIOIsIpHAs cpea (konTuHyyM Koccepa [19, 20],
ero monudukaruu [21-23]) u rpagueHTHO-yIIpyTas cpena [24-26].

AncnepcnoHHble CBOMCTBA NOBEPXHOCTHbLIX BOJTH
B 06006LEHHbIX KOHTUHYYMaXx

B xadecTBe 0000IICHHBIX KOHTHHYYMOB PacCMaTpUBAIOTCS TPaleHTHO-YIIpyTasi cpera
u penyuupoBaHHas cpena Koccepa. Eciu depe3 u 0603HauUTh BEKTOp MepeMEIlEHH,
yepe3 A U |1 — yIpyrue nocrosiHuble Jlame, yepes p — INIOTHOCTh MaTepraIa, TO OIyduM
CJIENYIONINE YPaBHEHUS TUHAMUKH :
— JUIsl TPalMEHTHO-YIIPYTOf Cpe/ibl

pii — (A + p)grad divu — pAu + 4pL*A(Au + vgrad divu) = 0, (1)

rae L — KOHCTaHTa, XapaKTepU3yIoIIas MUKPOCTPYKTYPY CPEIbl M UMEIoIast pa3MepHOCTh
JUTHHBI, V — Ge3pa3MepHast KOHCTaHTa;
— 4714 penyuupoBaHHOU cpenbl Koccepa

2 2
ou

0
(x+2u)V(V-u)—uv*(V*u)—Jﬁw(V*u)=p§, (2)

rae J — KOHCTaHTa, XapaKTepH3yoIasi HHEPLIMOHHBIE CBOMCTBA MaKpoOObeMa.
ITyTeM BBeieHHS CKASIPHOTO (0 ¥ BEKTOPHOT'O Y MOTECHIHAIOB OTHICKHUBAIOTCS perie-
Hus ypaBHeHu# (1) u (2) B Buze:

u=Vop+Viy. 3)

OO6paTM BHUMaHHE, YTO [ TUIOCKOH 3a/1a4 Y BEKTOPHOT'O ITOTEHIMAIa OyJIeT OTIIHY-
HOM OT HyJIs TONBKO OJJHAa KOMIIOHEHTA, KOTOpYI0 0003HaYMM 4epes . Torma BMecTo Kax-
noro u3 ypaBHeHuit (1) u (2) momydaem 1o ABa ypaBHEHHS, a UMEHHO:
— JUIsl TPalMEHTHO-YIIPYTOf Cpe/ibl
2 2
Acp—iz‘;—;pzo, A1- Ay -2 g, )
. Ot c, Ot

— AJs penyuupoBaHHOU cpenbl Koccepa
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1 &% oy 1 oty
— 5570, AYy+GA——————=
¢ Ot ot" ¢ ot

rne G = J/Y, ¢; — CKOpOCTH TIPOJIONBHOM BOJHBI, C, — CKOPOCTH BOJHBI CIIBUTA.

Pentenue ypaBaenuii (4) v (5) OTBICKMBAIOTCA B BHJI€ TAPMOHUYECKUX BOJIH, PACIIpo-
CTPaHSIOIIMXCS B HATIPABIICHUH OCH X, IPUYEM U3 MOTyYSHHBIX PEILICHUH CllelyeT BBIOUpaTh
TOJILKO T€, KOTOPBIM COOTBETCTBYET YMEHBIIICHUE aMILTUTYII BOIHBI C IIyOMHOH ). B pe3yinb-
TaTe UMEeM:

— JUTsI TPaIMEHTHO-YIIPYTOi CpeIbl

¢ = Aexp(gy +i(ot—kx)),
y = B exp(n,y +i(ot — kx)) + B, exp(n,y + (o - kx)),
— Juist penynpoBaHHON cpensl Koccepa
¢ =Aexp(cy +i(wt —kx)), v=Bexp(ny+i(wt—kx)). (7)
Ioxcrasmnsist BekTop nepemertieHui (3) B rpaHUYHbIE YCIOBHSI, KOTOPBIC BEIPAXKAIOTCS
OTCYTCTBHEM HaNpsHKEHHUH Ha rpanuIe noiynpoctpancteay = 0 (c,,=0, 6,, =0, pn,=0),
IIOJIyYUM CUCTEMY U3 TPEX ypaBHEHUI, KOTOpast CBOAUTCS K IUCIIEPCUOHHOMY YPaBHEHHUIO,

KOTJIa €€ OIpeICTUTENb 00paIacTcs B Hyilb. TakuMm 00pa3oM, TUCIIEPCHOHHOE ypaBHEHHE
JUI TPaluEHTHO-YIIPYTO¥ Cpeibl MO>KHO 3alliCcaTh B BUJE:

16(1-Bo)(1+a —o)[1+2a + 2\Ja(l+a—c) ] = 2-¢)?[(1-302)* +
+aB-a)l+a-c)+(1-a®)1+a-c)* +al+a—c) +2(1-3a*)x
x (3 —a)yJal+o—¢) +2(1-3a2)(1-a)(1+0 —¢) -
—2(1-30?)(1+ 0 - g)yJa(l +a—¢) + 23— a)(1 —a)(1+a—g)Ja(l+a—g) -

0, )

(6)

—2G-a)(l+a-¢) a—-2(1-a)l+a—-¢)Jal+a)—c]. (8)
3nech
2
2 () 2.2 1-2v
= :—’ a:Lk 5 = 5
> ke P 2-2v

Cp — CKOPOCTB BONHEI Pantes, v — ko3¢ dunuent Ilyaccona.

IMpu L = 0 ypaBHeHue (8) cBOAMTCS K AUCIIEPCHOHHOMY YPaBHEHHUIO IIOBEPXHOCTHOM
BONHBI Pares B kimaccuueckoM ciydae [5]. AHanu3 ypaBHeHus (8) mokasa, uyTo JJIs rpa-
JUEHTHO-YIIPYroil Cpelibl AU CIIEPCUOHHBIE CBOMCTBA IOBEPXHOCTHOM BOJIHBI Pases B m1o-
CKOCTH BOJIHOBOE YHCIJIO — YaCTOTA OMMCBHIBAIOTCS JBYMSI KPHBBIMH, OIHA M3 KOTOPBIX
(HYDKHSASL) KCXOMUT U3 HavYalla KOOPIMHAT, HauaJio BTOPOH CMEIIEHO BBEPX IO OCH YaCTOT.
IToBepxHOCTHASI BONHA SIBJISETCS B TOM CJIydae IByXMOJOBOM 1 KaXKIas ee Mojia 001amaeT
JMCIIEPCHEH, TaK KaK CKOPOCTH 00eUX MO 3aBUCST OT 4acToThl. IIpy Bo3pacTaHNM 4acTOTHI
CKOPOCTB KaJ[0M MOJIBI IOBEPXHOCTHOM BOMHBI yBenmuunBaercs. Clienyer, oHaKo, 3ame-
THUTDb, YTO €CJIU CKOPOCTH HUKHEH MOJBbI IPHU O —> 00 BBIXOAUT CHU3Y Ha TOPU3OHTAJIbHYIO
ACUMITOTY Cp = \/Ecz , Gy = M , TO CKOPOCTh BEpXHEil MOJIBI CHayasla JOCTUTACT
MaKCMyMa U TOJIBKO 3aTEM BBIXOAUT CBEPXY Ha YKa3aHHYTO TOPU30HTAJIbHYIO aCUMIITOTY.
W3 BTOpOro ypaBHEHUs CUCTEMBI (4) ciemyeT, 9YTo 1 00beMHas CABUIOBasi BOJIHA B Tpa-
JMEHTHO-YIpYyroi cpeze obnamaer qucnepcuei. [Ipu mo6oM HeHyneBOM 3HaYCHUH BOJTHO-
BOTO 4McIIa (MM 9acTOThI) €€ (pasoBas CKOPOCTh Vy > ¢,, a g HE MOXKET ObITh OonbIIe
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(a30B0oii CKOPOCTH CABHUIOBOM BOIHBI (DABEHCTBO Cp = V) BBINOIHSAETCS JIMILIB B ONPE-
JICJICHHOM YaCTOTHOM JIHara3oHe).

AHaJIOTMYHO ITOTy4YHM, YIUTBIBast OTCYTCTBHE HAINIpsDKeHUH Ha rpanune y = 0, aucrep-
CHOHHOE ypaBHEHUE IJIs peaynnpoBanHoi cpenbl Koccepa:

3 2 S S
-8n° +| 24-16——=25— n-16| 2—-——=2——¢ | |=0, 9
e [ 1—Jm2/an [ 1-Jo’/p QJ ©)

e g=c;/cl,m=cplcs.

Amnanu3 ypaBHeHus (9) 1moxasai, 4To U B 3TOH MOJIeIM OBEpXHOCTHAs BosiHa Panes
SIBJIICTCSI IBYXMOI0BOH. Kaxas ee Mosa o0najaet nucnepcueid. AHajIu3 BTOPOTo ypaBs-
HEHHMsI CUCTEMBI (5) ITOKa3bIBAET, UTO U 00bEMHAsI CABUIOBAsl BOHA B PEAYLIUPOBAHHOMN
cpene Koccepa obnamaer nqucnepcueii. CKOpocTh BepXHEH MOIBI TOBEPXHOCTHON BOTHBI
C POCTOM YaCTOThI YBEITMYMBACTCS M Ha OOJBIINX YACTOTAaX BO3PACTAET HEOTPAHMUCHHO.
CKopocTh HIKHEH MOZIBI IOBEPXHOCTHOM BOJIIHBI YMEHBILIAETCS C POCTOM YacTOTHI, HO BO
BCEM YaCTOTHOM JHara30He OHA OCTaeTcs Oonblie (ha30BOM CKOPOCTH BOJHBI CABHTA.

3akntoyeHue

HccnenoBanusi 1oBEpXHOCTHBIX BOJIH Pasiest, IpoBeACHHBIE C IPUBIEYEHUEM MOJIENIEH
Y METOZIOB MEXaHUKH 0000IIEHHBIX KOHTHHYYMOB, TIO3BOJISIOT OIIMCATh YACTOTHYIO 3aBHCH-
MOCTh UX (ha30BBIX CKOPOCTEH, a TAK)KEe BCKPHITh HHBIE, HEKIACCUYECKHUE, COOTHOLICHHUS
MEXIy CKOPOCTSAMHU IOBEPXHOCTHBIX U OOBEMHBIX YIPYTHX BOJH.
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The question of how two known models of generalized continua describe a Rayleigh surface
wave propagating along a stress-free surface of an elastic half-space is studied. The models of
a gradient-elastic medium and a simplified (reduced) Cosserat medium are selected as the
tested ones. Dispersion equations are obtained. The analysis of which showed that both
models state that the dispersion properties of a Rayleigh surface wave in the wave number—
frequency plane are described by two curves, one of which (the lower one) comes from the
origin of coordinates, the origin of the second is shifted upward along the frequency axis.

The surface wave is two-mode and each of its modes has dispersion, since the velocities of
both modes depend on the frequency. Both models also state that the bulk shear wave has
dispersion. For a gradient-elastic medium, as the frequency increases, the velocity of each
mode of the surface wave increases, and if the velocity of the lower mode reaches a horizontal
asymptote from below, then the velocity of the upper mode first reaches a maximum and only
then reaches this horizontal asymptote from above. For any non-zero value of the wave number
(or frequency), the phase velocity of the shear wave is greater than the velocity of the shear
wave in a classical medium. The velocity of the surface wave cannot be greater than the phase
velocity of the shear wave, and their equality is fulfilled only in a certain frequency range. In a
reduced Cosserat medium, the velocity of the upper mode of the surface wave is improbably
high, at high frequencies it increases indefinitely. The velocity of the lower mode of the surface
wave decreases with increasing frequency, but in the entire frequency range it remains greater
than the phase velocity of the shear wave.

Keywords: gradient-elastic semi-space, reduced Cosserat model, surface wave, shear wave
dispersion, phase velocity, frequency.
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