
59

ÓÄÊ 539.3
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Â ÊÐÀÒÍÛÕ ÊÐÈÒÈ×ÅÑÊÈÕ ÒÎ×ÊÀÕ

È ÎÏÒÈÌÀËÜÍÎÅ ÏÐÎÅÊÒÈÐÎÂÀÍÈÅ
ÃÅÎÌÅÒÐÈ×ÅÑÊÈ ÍÅËÈÍÅÉÍÛÕ ÊÎÍÑÒÐÓÊÖÈÉ

Î.À. Ñåðãååâ, Â.Ã. Êèñåëåâ

Íèæíèé Íîâãîðîä

Ïðåäñòàâëåí ìåòîä äëÿ îïðåäåëåíèÿ çíà÷åíèé óïðàâëÿåìûõ ïàðàìåòðîâ
ãåîìåòðè÷åñêè íåëèíåéíîé êîíñòðóêöèè, ñîîòâåòñòâóþùèõ ìèíèìàëüíîé
ìàññå êîíñòðóêöèè ïðè îãðàíè÷åíèÿõ íà êðàòíóþ êðèòè÷åñêóþ íàãðóçêó ïîòåðè
óñòîé÷èâîñòè è íà ïðåäåëüíûå çíà÷åíèÿ óïðàâëÿåìûõ ïàðàìåòðîâ. Ïðåäïîëàãà-
åòñÿ, ÷òî íà íåëèíåéíóþ óïðóãóþ êîíñòðóêöèþ äåéñòâóþò êîíñåðâàòèâíûå íà-
ãðóçêè. Äëÿ âû÷èñëåíèÿ íåëèíåéíûõ ïåðåìåùåíèé èñïîëüçóþòñÿ ìåòîäû
ïîñëåäîâàòåëüíûõ íàãðóæåíèé, îáîáùåííûõ ïåðåìåùåíèé è äëèíû äóãè. Ñèí-
ãóëÿðíîñòü êàñàòåëüíîé ìàòðèöû æåñòêîñòè òðàêòóåòñÿ êàê îáùàÿ ïîòåðÿ óñòîé-
÷èâîñòè êîíñòðóêöèè. Ïðåäëàãàåòñÿ àíàëèòè÷åñêèé àíàëèç ÷óâñòâèòåëüíîñòè
êðàòíîé êðèòè÷åñêîé íàãðóçêè ïîòåðè óñòîé÷èâîñòè äëÿ ïðåäåëüíîé òî÷êè è
òî÷êè áèôóðêàöèè, è àíàëèç ÷óâñòâèòåëüíîñòè íåëèíåéíûõ ïåðåìåùåíèé.
Ýôôåêòèâíîñòü ïðåäëàãàåìîãî ìåòîäà äåìîíñòðèðóåòñÿ íà ïðèìåðàõ îïòèìàëü-
íîãî ïðîåêòèðîâàíèÿ ïðîñòðàíñòâåííîé ôåðìû ñ äâóêðàòíîé è òðåõêðàòíîé
òî÷êàìè áèôóðêàöèè.

1. Ïîñòàíîâêà çàäà÷è îïòèìèçàöèè

Òðåáóåòñÿ îïðåäåëèòü òàêèå çíà÷åíèÿ óïðàâëÿåìûõ X* èç îáëàñòè äîïóñòèìûõ
çíà÷åíèé F, äëÿ êîòîðûõ ìàññà êîíñòðóêöèè ìèíèìàëüíà:

,)(min)( * XX
X

WW
FÎ

= (1)

ãäå X − âåêòîð óïðàâëÿåìûõ ïàðàìåòðîâ.
Îáëàñòü äîïóñòèìûõ çíà÷åíèé F îïðåäåëÿåòñÿ ñëåäóþùèìè îãðàíè÷åíèÿìè:
− íà êðàòíóþ êðèòè÷åñêóþ íàãðóçêó ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèè

,)( dc L³L X (2)

ãäå Λc − êðàòíûé êðèòè÷åñêèé ìíîæèòåëü âíåøíåé êîíñåðâàòèâíîé íàãðóçêè P0,
ïðè ïðåâûøåíèè êîòîðîãî êîíñòðóêöèÿ òåðÿåò óñòîé÷èâîñòü; Λd − ðàáî÷èé óðîâåíü
íàãðóçêè P0;

− íà ïðåäåëüíûå çíà÷åíèÿ óïðàâëÿåìûõ ïàðàìåòðîâ

,maxmin XXX ££ (3)

ãäå X
min

 è X
max

 − íèæíèå è âåðõíèå çíà÷åíèÿ äëÿ ïàðàìåòðîâ ïðîåêòèðîâàíèÿ.
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2. Îñíîâíûå óðàâíåíèÿ

Ðàññìîòðèì íåëèíåéíóþ óïðóãóþ êîíñòðóêöèþ, äëÿ êîòîðîé ïîëíàÿ ïîòåí-
öèàëüíàÿ ýíåðãèÿ Π(u, Λ, X) çàâèñèò îò âåêòîðà íåëèíåéíûõ ïåðåìåùåíèé u, ìíîæè-
òåëÿ íàãðóçêè Λ, âàðüèðóåìîãî ïàðàìåòðà X. Äëÿ óïðîùåíèÿ óðàâíåíèé ðàññìîòðèì
êîíñòðóêöèþ ñ îäíèì âàðüèðóåìûì ïàðàìåòðîì X. Óðàâíåíèÿ ðàâíîâåñèÿ äëÿ òàêîé
êîíñòðóêöèè èìåþò âèä:

,,1,0),,( ni
u

X
i

==
¶
P¶

=Lur (4)

ãäå r(u, Λ, X) − âåêòîð íåâÿçêè èëè âåêòîð íåóðàâíîâåøåííûõ ñèë, åñëè âåêòîð
ïåðåìåùåíèé u íå ÿâëÿåòñÿ èñòèííûì.

Ðàññìîòðèì êðèâóþ äåôîðìèðîâàíèÿ (ðàâíîâåñíóþ êðèâóþ) â çàâèñèìîñòè îò
çíà÷åíèÿ âàðüèðóåìîãî ïàðàìåòðà X â (n+1)-ðàçìåðíîì ïðîñòðàíñòâå (u, Λ). Ïàðà-
ìåòðè÷åñêèå óðàâíåíèÿ êðèâîé äåôîðìèðîâàíèÿ çàïèøåì â âèäå:

,)(,)( tt L=L= uu (5)

ãäå t − ïàðàìåòð ïðîäâèæåíèÿ âäîëü êðèâîé äåôîðìèðîâàíèÿ.
Ìîæíî ðàññìîòðåòü òðè àëüòåðíàòèâû äëÿ âûáîðà ïàðàìåòðà t: 1) t = Λ; 2) t =

= ui; 3) t = s, ãäå s − äëèíà êðèâîé äåôîðìèðîâàíèÿ.
Âàæíî îòìåòèòü, ÷òî ïàðàìåòðè÷åñêàÿ ôîðìà (5) íå ïîäõîäèò äëÿ êðèòè÷åñêèõ

òî÷åê, ãäå ïåðåñåêàþòñÿ äâå èëè áîëåå êðèâûõ.
Äèôôåðåíöèðóÿ óðàâíåíèå ðàâíîâåñèÿ (4) ïî ïàðàìåòðó ïðîäâèæåíèÿ t, ìîæíî

çàïèñàòü

,0=L+= L
&&& ruKr (6)

ãäå òî÷êà ñâåðõó è íèæíèé èíäåêñ  îáîçíà÷àþò ñîîòâåòñòâåííî äèôôåðåíöèðîâàíèå
ïî t è ÷àñòíóþ ïðîèçâîäíóþ ïî Λ, rΛ = −P

0
 − âåêòîð âíåøíèõ êîíñåðâàòèâíûõ

íàãðóçîê, urK ¶¶= /  − êàñàòåëüíàÿ ìàòðèöà æåñòêîñòè.
Äèôôåðåíöèðóÿ (6) äâà ðàçà, ïîëó÷àåì åùå äâà óðàâíåíèÿ:

,0=L+L++= LL
&&&&&&&&&& rruKuKr (7)

,022 =L+L+L+++= LLL
&&&&&&&&&&&&&&&&&&&&& rrruKuKuKr (8)

ãäå ,)/()/( L+=LL¶¶+¶¶= &&&&& NuLKuuKK  ,L+= LLL
&&& ruNr  L − ïàêåò ìàòðèö,

,L+L++= &&&&&&&&&& NNuLuLK  .L+L++= LLLLL
&&&&&&&&&& rruNuNr

Óðàâíåíèå (6) ìîæåò áûòü èñïîëüçîâàíî äëÿ îòñëåæèâàíèÿ êðèâîé
äåôîðìèðîâàíèÿ â (n + 1)-ðàçìåðíîì ïðîñòðàíñòâå (u, Λ) ïî èçâåñòíîé ôîðìóëå

.tsss D+=+ )()()1( uuu & (9)

Îäíàêî â íåêîòîðûõ òî÷êàõ êðèâîé äåôîðìèðîâàíèÿ êàñàòåëüíàÿ ìàòðèöà K ÿâëÿåò-
ñÿ ñèíãóëÿðíîé è íàõîæäåíèå âåêòîðà )(su&  èç (6) è ñîîòâåòñòâåííî ïðèìåíåíèå (9)
íåâîçìîæíî.
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3. Óñëîâèå ïîòåðè óñòîé÷èâîñòè

Ñèíãóëÿðíîñòü êàñàòåëüíîé ìàòðèöû K òðàêòóåòñÿ êàê ïîòåðÿ óñòîé÷èâîñòè
êîíñòðóêöèè. Ñîîòâåòñòâóþùèå òî÷êè (uc, Λc) êðèâîé äåôîðìèðîâàíèÿ íàçûâàþòñÿ
êðèòè÷åñêèìè òî÷êàìè, à äîñòèãíóòûé ìíîæèòåëü íàãðóçêè Λc(X) íàçûâàåòñÿ êðèòè-
÷åñêèì. Ñëåäîâàòåëüíî, êðèòè÷åñêàÿ òî÷êà îïðåäåëÿåòñÿ ñ èñïîëüçîâàíèåì óñëîâèÿ:

.0)],,(det[ =Xcc LuK (10)

Àëüòåðíàòèâíûì ïîäõîäîì äëÿ îïðåäåëåíèÿ êðèòè÷åñêîé òî÷êè ÿâëÿåòñÿ ðàâåíñòâî
íóëþ ïåðâîãî ñîáñòâåííîãî çíà÷åíèÿ êàñàòåëüíîé ìàòðèöû æåñòêîñòè, êîòîðîå ÿâëÿ-
åòñÿ ðåøåíèåì ñëåäóþùåé ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé:

,0),,( 1 =FXcc LuK (11)

ãäå ΦΦΦΦΦ1 − ïåðâàÿ ôîðìà ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèè.

4. Êëàññèôèêàöèÿ êðàòíûõ êðèòè÷åñêèõ òî÷åê

Äëÿ ïðîñòîòû ðàññìîòðèì äâóêðàòíîå ñîáñòâåííîå çíà÷åíèå .0
~

21 =l=l=l
Äëÿ äâóêðàòíîé êðèòè÷åñêîé òî÷êè èìååòñÿ áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ
âåêòîðîâ ΦΦΦΦΦ1 è ΦΦΦΦΦ2, òî åñòü îíè íå ÿâëÿþòñÿ óíèêàëüíûìè. Ëþáàÿ ëèíåéíàÿ êîìáèíà-
öèÿ ΦΦΦΦΦ1 è ΦΦΦΦΦ2 áóäåò óäîâëåòâîðÿòü ïðîáëåìå ñîáñòâåííûõ çíà÷åíèé (11). Èñïîëüçóåì
òàêèå ñîáñòâåííûå âåêòîðû F

~
, êîòîðûå îñòàþòñÿ äèôôåðåíöèðóåìûìè ïî âàðüèðó-

åìîìó ïàðàìåòðó X. Äëÿ ýòîé öåëè ïðåäñòàâèì ëèíåéíóþ êîìáèíàöèþ ñîáñòâåííûõ
âåêòîðîâ ΦΦΦΦΦ1 è ΦΦΦΦΦ2:

,
~

2211 FFF aa += (12)

ãäå α
1
, α

2
 − íåèçâåñòíûå êîýôôèöèåíòû. Ñîáñòâåííûå âåêòîðû F

~
 íîðìèðóåì òàê,

÷òî èõ äëèíà ðàâíà åäèíèöå, òî åñòü âûïîëíÿåòñÿ

,1
~~
=FFT (13)

òîãäà ïîëó÷èì

.12
2

2
1 =a+a (14)

Äëÿ äâóêðàòíîãî êðèòè÷åñêîãî ñîñòîÿíèÿ èìååì

,
~~~

),,( FF lL =XuK (15)

ãäå .0
~

21 =l=l=l  Ïðåäïîëîæèì, ÷òî ñîáñòâåííûé âåêòîð F
~

 ÿâëÿåòñÿ äèôôåðåí-
öèðóåìûì ïî X â êðèòè÷åñêîé òî÷êå, òî åñòü ïðîèçâîäíàÿ dXd /

~
F  ñóùåñòâóåò.

Äèôôåðåíöèðóÿ (15) ïî X, ïîëó÷èì äëÿ êðèâîé êðèòè÷åñêèõ ñîñòîÿíèé

.0~
~

=







∂
∂+Λ

Λ∂
∂+

∂
∂+ ΦΦΦ

XdX
d

dX
d

dX
d c KKu

u
K

K
c

(16)

Êëàññèôèêàöèÿ êðèòè÷åñêèõ òî÷åê, êîãäà íóëåâîå ïåðâîå ñîáñòâåííîå çíà÷åíèå
ÿâëÿåòñÿ ïðîñòûì, ðàññìàòðèâàåòñÿ â ðàáîòàõ [1−6]. Äëÿ êëàññèôèêàöèè êðàòíûõ
êðèòè÷åñêèõ òî÷åê óìíîæèì ñëåâà óðàâíåíèå (6) íà T

1
~F è T

2
~F . Òîãäà ìîæíî

çàïèñàòü [7]:
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,0)(
~

111 =L+ L
cccT ruK &&F (17)

.0)(
~

222 =L+ L
cccT ruK &&F (18)

Èç (17)−(18) ñëåäóþò óñëîâèÿ ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèè:

,0
~

11 =L L
cTc rF& (19)

,0
~

22 =L L
cTc rF& (20)

êîòîðûå áóäåì èñïîëüçîâàòü äëÿ êëàññèôèêàöèè äâóêðàòíûõ êðèòè÷åñêèõ òî÷åê.
Òî÷êà, äëÿ êîòîðîé âûïîëíÿåòñÿ

,0
~

,0
~

21 == LL
cTcT rr FF (21)

íàçûâàåòñÿ îáû÷íîé (ïîñòîÿííîé) äâóêðàòíîé òî÷êîé áèôóðêàöèè. Äëÿ íåå c
1L&  è

c
2L& îñòàþòñÿ íåîïðåäåëåííûìè.

Òî÷êà, äëÿ êîòîðîé âûïîëíÿåòñÿ

,0
~

,0
~

21 ¹¹ LL
cTcT rr FF (22)

,021 =L=L cc && (23)

íàçûâàåòñÿ äâóêðàòíîé ïðåäåëüíîé òî÷êîé.
Òî÷êà, äëÿ êîòîðîé âûïîëíÿþòñÿ óñëîâèÿ

0,0
~

,0
~

121 =L=¹ LL
ccTcT &rr FF (24)

èëè

,0,0
~

,0
~

221 =L¹= LL
ccTcT &rr FF (25)

íàçûâàåòñÿ ñèíãóëÿðíîé äâóêðàòíîé òî÷êîé áèôóðêàöèè. Äëÿ íåå c
2L&  èëè c

1L&  îñòà-
þòñÿ íåîïðåäåëåííûìè.

5. Ïðåäñòàâëåíèå ïðèðàùåíèÿ âåêòîðà íåëèíåéíûõ ïåðåìåùåíèé

â îêðåñòíîñòè êðàòíîé êðèòè÷åñêîé òî÷êè

Ðàññìîòðèì ìåòîäèêó îòñëåæèâàíèÿ ðàâíîâåñíîé êðèâîé ïîñëå êðàòíîé
êðèòè÷åñêîé òî÷êè. Â äâóêðàòíîé òî÷êå áèôóðêàöèè B âåêòîð ïåðåìåùåíèé è
ìíîæèòåëü íàãðóçêè ïðèíèìàþò çíà÷åíèÿ c

Bu  è c
BL . Íàìè èçó÷åíû ìàëûå îòêëî-

íåíèÿ ïåðåìåùåíèé è ìíîæèòåëÿ íàãðóçêè â îêðåñòíîñòè òî÷êè áèôóðêàöèè. Äëÿ
ìàëûõ îòêëîíåíèé îò äâóêðàòíîé òî÷êè áèôóðêàöèè ñâÿçü ìåæäó c

BuD  è c
BDL  ìîæåò

áûòü ïðåäñòàâëåíà òàê [7]:

,
~

1111 yu cc sA LD+D=D FF (26)

,
~

2222 yu cc sA LD+D=D FF (27)

èëè â äèôôåðåíöèàëüíîé ôîðìå

,
~

1111 yu cc A L+= && F (28)

,
~

2222 yu cc A L+= && F (29)
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ãäå âåêòîð y îïðåäåëÿåòñÿ êàê

,(
1

)(
1

33
3

ú
û

ù
ê
ë

é
l

++
l

-= LL n
cT

n
n

cT )FFFF rry K (30)

A1,  A2 − íåèçâåñòíûå êîýôôèöèåíòû,  ∆s − ïðèðàùåíèå äëèíû êðèâîé ðàâíîâåñíûõ
ñîñòîÿíèé. Âåêòîð y ìîæåò íàõîäèòüñÿ èç ñëåäóþùåé ñèñòåìû óðàâíåíèé, ïîëó-
÷åííîé ñ ïîìîùüþ óðàâíåíèÿ (6) ñ ó÷åòîì (28) èëè (29):

,c
L-= rKy

,0
~

1 =yTF (31)

.0
~

2 =yTF

Èñïîëüçîâàíèå äâóõ ïîñëåäíèõ óðàâíåíèé ñèñòåìû (31) ïîçâîëÿåò îáîéòè ñèíãó-
ëÿðíîñòü êàñàòåëüíîé ìàòðèöû æåñòêîñòè K. Ïðåäñòàâëåíèå (28) èëè (29) àíàëî-
ãè÷íî ðàçëîæåíèþ äâèæåíèÿ êîíñòðóêöèè êàê òâåðäîãî öåëîãî è äåôîðìèðîâàíèÿ
êîíñòðóêöèè, ãäå 

1
~F , 

2
~F  − ìîäû äâèæåíèÿ êîíñòðóêöèè êàê òâåðäîãî öåëîãî.

Àíàëîãè÷íî äëÿ äâóêðàòíîé ïðåäåëüíîé òî÷êè èìååì:

,
~

111 FAc =u& (32)

.
~

222 FAc =u& (33)

Îïðåäåëåíèå êîýôôèöèåíòîâ A1,  A2  è èññëåäîâàíèå óñòîé÷èâîñòè ðàâíîâåñíûõ
êðèâûõ äëÿ êðàòíîé ïðåäåëüíîé òî÷êè è êðàòíîé òî÷êè áèôóðêàöèè ïîäðîáíî
ðàññìàòðèâàåòñÿ â ðàáîòå [7]. ×òîáû íàéòè êîýôôèöèåíòû A1, A2, äëÿ êðàòíûõ êðèòè-
÷åñêèõ òî÷åê èñïîëüçóåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà (7), ïîñêî-
ëüêó èç óðàâíåíèÿ (17) èëè (18) íåëüçÿ ïîëó÷èòü ýòó èíôîðìàöèþ.

6. Àíàëèòè÷åñêèé àíàëèç ÷óâñòâèòåëüíîñòè
    êðèòè÷åñêîãî ìíîæèòåëÿ íàãðóçêè è íåëèíåéíûõ ïåðåìåùåíèé

           äëÿ êðàòíîé ïðåäåëüíîé òî÷êè

Ðàññìîòðèì çàäà÷ó îïðåäåëåíèÿ ïðîèçâîäíûõ ïî âàðüèðóåìîìó ïàðàìåòðó X
êðèòè÷åñêîãî ìíîæèòåëÿ íàãðóçêè dXd c /L  è ïåðåìåùåíèé dXd c /u  äëÿ äâóêðàò-
íîé ïðåäåëüíîé òî÷êè. Óìíîæàÿ óðàâíåíèå (16) ñíà÷àëà íà T

1F , à çàòåì íà T
2F ,

ïîëó÷èì ñèñòåìó äâóõ ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ α1, α2:
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Íåíóëåâûå ðåøåíèÿ äëÿ α1 è α2 ñóùåñòâóþò, åñëè îïðåäåëèòåëü ñèñòåìû (34) ðàâåí
íóëþ:
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Èç îäíîãî óðàâíåíèÿ (35) íåëüçÿ îïðåäåëèòü ïðîèçâîäíóþ dXd c /u . Ïîýòîìó
íåîáõîäèìî çàïèñàòü äîïîëíèòåëüíûå óðàâíåíèÿ. Äèôôåðåíöèðóÿ óðàâíåíèå (4)
ïî X, èìååì
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+
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-
XdX

d

dX

d ccc r
P

u
K (36)

Óìíîæàÿ (36) íà TF
~ , ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ dXd c /L :
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Ïîäñòàâëÿÿ íàéäåííóþ ïðîèçâîäíóþ dXd c /L  â (36), ïîëó÷èì
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KP FFF (39)

Èñïîëüçóÿ óðàâíåíèå (39) è ñîáèðàÿ êîýôôèöèåíòû ïðè α1,  α2, çàïèøåì äâà äîïîë-
íèòåëüíûõ óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ïðîèçâîäíîé dXd c /u :
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KP FFF (41)

Ïðîèçâîäíàÿ L¶¶ /cu  íå ñóùåñòâóåò äëÿ êðàòíîé ïðåäåëüíîé òî÷êè è, ñëåäîâà-
òåëüíî, äàííûå âûêëàäêè äëÿ êðàòíîé òî÷êè áèôóðêàöèè íåâîçìîæíû.

7. Àíàëèòè÷åñêèé àíàëèç ÷óâñòâèòåëüíîñòè
           êðèòè÷åñêîãî ìíîæèòåëÿ íàãðóçêè è íåëèíåéíûõ ïåðåìåùåíèé

 äëÿ êðàòíîé òî÷êè áèôóðêàöèè

Ðàññìîòðèì çàäà÷ó îïðåäåëåíèÿ ïðîèçâîäíûõ ïî âàðüèðóåìîìó ïàðàìåòðó X
êðèòè÷åñêîãî ìíîæèòåëÿ íàãðóçêè dXd c /L  è ïåðåìåùåíèé dXd c /u  äëÿ äâó-
êðàòíîé òî÷êè áèôóðêàöèè. Ïðîèçâîäíàÿ dXd c /u  ìîæåò áûòü çàïèñàíà êàê

.
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(42)

Îïðåäåëèì ïðîèçâîäíóþ L¶¶ /cu . Äëÿ ýòîãî ðàññìîòðèì ïðîöåññ äåôîðìàöèè
ïîä íàãðóçêîé, òî åñòü 0...,1, ==L=L=LL= &&&&&&t . Èç óðàâíåíèÿ (6) èìååì
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¶
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Ìàòðèöà K ÿâëÿåòñÿ ñèíãóëÿðíîé â êðèòè÷åñêîì ñîñòîÿíèè, è íàõîæäåíèå L¶¶ /cu
èç ëèíåéíîé ñèñòåìû (43) ñòàíîâèòñÿ íåâîçìîæíûì. Òðåáóþòñÿ äâà äîïîëíèòåëü-
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íûõ óðàâíåíèÿ. Ïîýòîìó îáðàòèìñÿ çà ïîìîùüþ ê óðàâíåíèþ (7) è ïîëó÷èì ýòè
óðàâíåíèÿ ïîñëå óìíîæåíèÿ (7) ñëåâà íà T

1
~F  èëè T

2
~F . Äâà äîïîëíèòåëüíûõ óðàâ-

íåíèÿ èìåþò âèä:
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Çàìåòèì, ÷òî óðàâíåíèÿ (44)−(45) ÿâëÿþòñÿ êâàäðàòè÷íûìè îòíîñèòåëüíî L¶¶ /cu .
Ñëåäîâàòåëüíî, â äâóêðàòíîé êðèòè÷åñêîé òî÷êå ìîæíî ïîëó÷èòü äî äâóõ ðåøåíèé
äëÿ ïðîèçâîäíîé L¶¶ /cu .

Òåïåðü íàéäåì ïðîèçâîäíóþ Xc ¶¶ /u . Äëÿ ýòîãî ðàññìîòðèì ïðîöåññ ïðåîáðà-
çîâàíèÿ, òî åñòü 0...const, ==L=L=L &&& . Äèôôåðåíöèðóÿ óðàâíåíèå (4) ïî X
èìååì
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u
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Äâà äîáàâî÷íûõ óñëîâèÿ ïîëó÷èì ïîñëå äèôôåðåíöèðîâàíèÿ óðàâíåíèÿ (46) ïî X
è ïîñëåäóþùåãî åãî óìíîæåíèÿ ñëåâà íà T

1
~F  èëè T

2
~F . Äîïîëíèòåëüíûå óñëîâèÿ

äëÿ äâóêðàòíîé òî÷êè áèôóðêàöèè òàêæå ÿâëÿþòñÿ êâàäðàòè÷íûìè îòíîñèòåëüíî
Xc ¶¶ /u  è èìåþò âèä:
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Òåïåðü ðàññìîòðèì îïðåäåëåíèå ïðîèçâîäíîé dXd c /L . Óìíîæàÿ óðàâíåíèå
(16) ñíà÷àëà íà T

1F , à çàòåì íà T
2F ,  ïîëó÷èì ñèñòåìó äâóõ ëèíåéíûõ óðàâíåíèé

(34) îòíîñèòåëüíî êîýôôèöèåíòîâ α1 è α2, ãäå
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Íåíóëåâûå ðåøåíèÿ äëÿ α1 è α2 ñóùåñòâóþò, åñëè îïðåäåëèòåëü ñèñòåìû (34) ðàâåí
íóëþ:
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Èç óðàâíåíèÿ (49) îïðåäåëÿåì ïðîèçâîäíûå êðàòíîãî êðèòè÷åñêîãî ìíîæèòåëÿ
íàãðóçêè:
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ãäå äèñêðèìèíàíò d äëÿ (49) îïðåäåëÿåòñÿ êàê

.)()(4)( 2212122211121211
2

11222211 DLDLDLDLDLDLd --+-= (52)

Ïîñëå íàõîæäåíèÿ dXd c /1L  è dXd c /2L  èç ñèñòåìû óðàâíåíèé (34) íàõîäèì
äâå ïàðû ðåøåíèé äëÿ êîýôôèöèåíòîâ α1 è α2 ñ ó÷åòîì óðàâíåíèÿ (14), à çàòåì
ïðîèçâîäíóþ dXd c /u  èç óðàâíåíèÿ (42). Äâå ïàðû êîýôôèöèåíòîâ α1 è α2 ïîçâî-
ëÿþò ïîëó÷èòü èç (12) äâà ñîáñòâåííûõ âåêòîðà 

1
~F è 

2
~F , äèôôåðåíöèðóåìûõ ïî

ïàðàìåòðó X â êðèòè÷åñêîé òî÷êå.
Âàæíî îòìåòèòü, ÷òî êîãäà dXddXd cc // 21 L=L , òî â ýòîì ñëó÷àå âîçíèêàåò

íîâàÿ ïðîáëåìà ñ îïðåäåëåíèåì êîýôôèöèåíòîâ α1 è α2. Äèñêðèìèíàíò d êâàäðàò-
íîãî óðàâíåíèÿ (49) äîëæåí áûòü ðàâåí íóëþ, ÷òîáû ñîõðàíÿòü äâóêðàòíîå êðèòè-
÷åñêîå ñîñòîÿíèå ïðè âàðüèðîâàíèè ïàðàìåòðà X.

Ïðèìåð

Ðàññìîòðèì ïðîñòðàíñòâåííóþ ôåðìó (êóïîë) ñ òðåìÿ ñòåïåíÿìè ñâîáîäû, íà-
ãðóæåííóþ â óçëå 1 ñîñðåäîòî÷åííîé ñèëîé P0 = 3.105 êÃ, ðèñ. 1. Íà ýòîì ðèñóíêå
êóïîë òàêæå ïðåäñòàâëåí ñâåðõó. Âûñîòà êóïîëà Í = 110 ìì, ðàññòîÿíèÿ S1 = 180 ìì,
S2 = 150 ìì, ìîäóëü óïðóãîñòè E = 7028 êÃ/ìì2, ïëîòíîñòü ìàòåðèàëà êóïîëà ρ =
= 2,75.10−6  êã/ìì3.

Íà ðèñ. 2 ïîêàçàíû íåêðàòíûå òî÷êè áèôóðêàöèè è ïðîñòûå ïðåäåëüíûå òî÷êè.
Â ïåðâîé òî÷êå áèôóðêàöèè ôåðìà òåðÿåò óñòîé÷èâîñòü â ïëîñêîñòè ZY (ðèñ. 3), à
âî âòîðîé òî÷êå áèôóðêàöèè êîíñòðóêöèÿ áóäåò òåðÿòü óñòîé÷èâîñòü â ïëîñêîñòè
ZX (ðèñ. 4).
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Ïàðàìåòðàìè ïðîåêòèðîâàíèÿ ÿâëÿþòñÿ ïëîùàäè ïîïåðå÷íûõ ñå÷åíèé a1 è a2
ýëåìåíòîâ ôåðìû. Äîïóñòèìàÿ îáëàñòü F îïðåäåëÿåòñÿ ñëåäóþùèìè îãðàíè÷åíèÿìè
íà ïàðàìåòðû ïðîåêòèðîâàíèÿ (ìì2): 20050 1 ££ a ,  20050 2 ££ a , à òàêæå îãðàíè-
÷åíèåì íà êðèòè÷åñêóþ íàãðóçêó ïîòåðè óñòîé÷èâîñòè ïðîñòðàíñòâåííîé ôåðìû

0
c PP dL³ .

Ïîëíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ ïðîñòðàíñòâåííîé ôåðìû çàïèñûâàåòñÿ â âèäå:
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Îïòèìàëüíûé ïðîåêò ôåðìû îïðåäåëÿåòñÿ äâóêðàòíîé òî÷êîé áèôóðêàöèè {X*} =
= {102,3715; 121,1697} ìì2 ñ ìàññîé Wopt = 0,1687 êã, ðèñ. 5, ãäå 1, 2 è 3 − êðèâûå
òî÷åê áèôóðêàöèè è ïðåäåëüíîé òî÷êè, êîòîðûå ïîÿâëÿþòñÿ ïðè ñèëå P0 â îáëàñòè
ïîèñêà; 4 − êðèâàÿ óðîâíÿ öåëåâîé ôóíêöèè; 5, 7 − ëèíèè, âäîëü êîòîðûõ ïåðâàÿ è
âòîðàÿ òî÷êè áèôóðêàöèè ñîâïàäàþò ñ ïðåäåëüíîé òî÷êîé; 6 − ëèíèÿ, âäîëü êîòîðîé

òî÷êà áèôóðêàöèè ÿâëÿåòñÿ äâóêðàòíîé. Çàìåòèì, ÷òî ïðè )2/(3 2
2

2
121 ssssH +=

ïðåäåëüíàÿ òî÷êà ñîâïàäàåò ñ äâóêðàòíîé òî÷êîé áèôóðêàöèè, òî åñòü èìååì
òðåõêðàòíóþ êðèòè÷åñêóþ òî÷êó Â. Îïòèìàëüíûé ïðîåêò ïðîñòðàíñòâåííîé ôåðìû
(W

opt
 = 0,1695 êã, ðèñ. 6) íå îïðåäåëÿåòñÿ òðåõêðàòíîé êðèòè÷åñêîé òî÷êîé Â, à

ëåæèò íà ãðàíèöå äîïóñòèìîé îáëàñòè è îïðåäåëÿåòñÿ òî÷êîé ñ êîîðäèíàòàìè a1 =
= 106 ìì2 è a2 = 132 ìì2.
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Çàêëþ÷åíèå

Âûïîëíåí àíàëèç ÷óâñòâèòåëüíîñòè êðàòíîé êðèòè÷åñêîé íàãðóçêè ïîòåðè óñ-
òîé÷èâîñòè êîíñòðóêöèè è íåëèíåéíûõ ïåðåìåùåíèé. Äëÿ àíàëèçà ÷óâñòâèòåëü-
íîñòè ïðèìåíåí ïðÿìîé ìåòîä. Â äîïîëíåíèå ê èçâåñòíîé äâóêðàòíîé òî÷êå áèôóð-
êàöèè îáíàðóæåíû äâóêðàòíàÿ ïðåäåëüíàÿ òî÷êà è ñìåøàííàÿ òî÷êà (ñèíãóëÿðíàÿ
äâóêðàòíàÿ òî÷êà áèôóðêàöèè). Ïðèâåäåíû ïðèìåðû îïòèìèçàöèè ïðîñòðàíñ-
òâåííîé ôåðìû ñ äâóêðàòíîé è òðåõêðàòíîé òî÷êàìè áèôóðêàöèè.
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SENSITIVITY ANALYSIS AT MULTIPLE CRITICAL POINTS
AND OPTIMAL DESIGN OF GEOMETRICALLY NONLINEAR CONSTRUCTIONS

O.A. Sergeyev, V.G. Kiselev

It is presented a method for determination of design variables values of a geometrically nonlinear
structure for which the structure mass attains its minimum subject to the constraints on multiple
buckling loads and on limit values of design variables. It is assumed that a geometrically nonlinear
elastic structure is under conservative loads. The successive loading method, the generalized displa-
cement method and the arc length method are used for the calculation of nonlinear displacements.
The singularity of tangent stiffness matrix is interpreted as overall buckling of a structure. The
analytical sensitivity analysis is proposed for multiple buckling loads and nonlinear displacements
at limit and bifurcation points. The efficiency of suggested method is shown on the examples of
optimal design of a space truss for which the response involves double and triple bifurcation
points.


