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ÌÀÒÅÐÈÀËÎÂ*)

Á.Ô. Èâàíîâ, Þ.È. Êàäàøåâè÷, Ñ.Ï. Ïîìûòêèí

Ñàíêò-Ïåòåðáóðã

Â ðàìêàõ ýíäîõðîííîé òåîðèè íåóïðóãîñòè ðåøàåòñÿ çàäà÷à î âîçìîæíîñòè
ïîÿâëåíèÿ íåìîíîòîííîãî ïîâåäåíèÿ êðèâûõ ñâÿçè íàïðÿæåíèé è äåôîðìàöèé.
Óñòàíîâëåíî, ÷òî ïðè íåêîòîðûõ óñëîâèÿõ, íàêëàäûâàåìûõ íà ïàðàìåòð, õàðàê-
òåðèçóþùèé ýíäîõðîííóþ òåîðèþ ïðè áîëüøèõ äåôîðìàöèÿõ, òàêàÿ âîçìîæ-
íîñòü ðåàëèçóåòñÿ.

Óæå äîñòàòî÷íî äàâíî ýêñïåðèìåíòàëüíî áûëè îáíàðóæåíû ôàêòû íåìîíîòîí-
íîãî ïîâåäåíèÿ êðèâûõ ñâÿçè íàïðÿæåíèé è äåôîðìàöèé ïðè ïðîñòîì (ìîíîòîííîì)
äåôîðìèðîâàíèè è íàãðóæåíèè. Îòìåòèì çäåñü ðàáîòû Ïîðòåâåíà−ËåØàòåëüå [1],
Ñàâàðà [2], Ìàñcîíà [3], ñâîåîáðàçíûå êðèâûå äåôîðìèðîâàíèÿ â ýêñïåðèìåíòàõ
Ìîíòåëüå [4]. Òåîðåòè÷åñêè â ðàìêàõ ôåíîìåíîëîãè÷åñêîãî ïîäõîäà óêàçàííûå
ÿâëåíèÿ äî ñèõ ïîð íå íàõîäÿò åäèíîãî óäîâëåòâîðèòåëüíîãî îïèñàíèÿ. Âñå óïîìÿ-
íóòûå ÿâëåíèÿ è àíàëîãè÷íûå èì, íà÷èíàÿ ñ ýôôåêòà Ïîéíòèíãà [5] è îñöèëëÿöèè
íàïðÿæåíèé Ðóáèíà [6] è çàêàí÷èâàÿ ÿâëåíèåì ðåò÷åòà [7] è ýôôåêòîì Ìàëûøåâà
[8, 9], ìîãóò áûòü íàçâàíû, ñëåäóÿ ðàáîòå [10], ýôôåêòàìè âòîðîãî ïîðÿäêà. Ïðåä-
ëîæåííàÿ àâòîðàìè â ðàáîòå [11] ýíäîõðîííàÿ òåîðèÿ íåóïðóãîñòè, ó÷èòûâàþùàÿ
êîíå÷íûå äåôîðìàöèè, êà÷åñòâåííî îïèñûâàåò ðÿä ïåðå÷èñëåííûõ ýôôåêòîâ [12−
14].

Â ïðåäëàãàåìîé ðàáîòå ïðè àíàëèçå ýôôåêòîâ âòîðîãî ïîðÿäêà îöåíèâàåòñÿ
ðîëü ïàðàìåòðà q, õàðàêòåðèçóþùåãî ýíäîõðîííóþ òåîðèþ ïðè áîëüøèõ äåôîð-
ìàöèÿõ. (Â ýíäîõðîííîé òåîðèè íåóïðóãîñòè äëÿ ìàëûõ äåôîðìàöèé q = 0.)

1. Èñïîëüçóåòñÿ ïðîñòåéøèé âàðèàíò ýíäîõðîííîé òåîðèè íåóïðóãîñòè äëÿ
áîëüøèõ äåôîðìàöèé â âèäå [12]:
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DkDGD e+t=s+st

,, TQQD
·*

=W=e (1)

.:, DDD =e=eW-We+e
*·

Â ñîîòíîøåíèÿ (1) â áåçûíäåêñíîé ôîðìå âõîäÿò: τ − àíàëîã äåôîðìàöèîííîãî
ïðåäåëà òåêó÷åñòè; σ, ε − äåâèàòîðû òåíçîðîâ íàïðÿæåíèé è äåôîðìàöèé; G − ìîäóëü
ñäâèãà; k − àíàëîã êîýôôèöèåíòà óïðî÷íåíèÿ; Q − îðòîãîíàëüíûé òåíçîð ïîâîðîòà;
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Ω − òåíçîð ñïèíà; D − äåâèàòîð òåíçîðà ñêîðîñòåé äåôîðìàöèé; äâîåòî÷èå îçíà÷àåò
îïåðàöèþ ñâåðòêè êîìïîíåíò òåíçîðà. Êðîìå òîãî, çäåñü èñïîëüçóåòñÿ, ÷òî

,Kiiii s=e

,,,2)( 11 --
·

==+= uFQFFLLLD T

ãäå K − îáúåìíûé ìîäóëü, F − òåíçîð ãðàäèåíòà äåôîðìàöèé, L − ñêîðîñòü ãðàäèåíòà
äåôîðìàöèé, u − ïðàâûé òåíçîð óäëèíåíèÿ â ïîëÿðíîì ðàçëîæåíèè òåíçîðà F =
= Qu.

Ðàññìîòðèì ñëó÷àé, êîãäà ãðàäèåíò äåôîðìàöèé èìååò äîñòàòî÷íî ïðîñòîé âèä

.

00

0

0

3

2

1

÷
÷
÷

ø

ö

ç
ç
ç

è

æ
=

a

ab

bma

F

Â ýòîì ñëó÷àå

.,

00

0

0
1 2

21

3

1

2
1 mbaa

a

ab

bma

F -=D
÷
÷
÷

ø

ö

ç
ç
ç

è

æ

D

-

-

D
=-

Òîãäà îðòîãîíàëüíûé òåíçîð ïîâîðîòà Q èìååò ñëåäóþùóþ ñòðóêòóðó:
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Ëåãêî ïðîâåðèòü, ÷òî â ýòîì ñëó÷àå
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Èçó÷àåòñÿ çàäà÷à, êîãäà .0,0,,0,0 23131211222211 ==¹-=¹¹ DDDDDDD
Òîãäà ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé (1) ïðèìåò âèä:

,111211 Dq =e+e
·

,121112 Dq =e-e
·

(4)



9

,2 111112
11

11 ÷
ø

ö
ç
è

æ e
t

+=s+
t
s

+s
·

D
k

DGqD

,2 121211
12

12 ÷
ø

ö
ç
è

æ e
t

+=s-
t
s

+s
·

D
k

DGqD (5)

.2 q-=b
·

Ââåäåì íîâûå îáîçíà÷åíèÿ
,1211 s+s=s i

,1211 e+e=e i (6)

.1211 iDDD +=

Ýòè âåëè÷èíû íàçîâåì êîìïëåêñíûì íàïðÿæåíèåì, êîìïëåêñíîé äåôîðìàöèåé è
êîìïëåêñíîé ñêîðîñòüþ äåôîðìàöèè ñîîòâåòñòâåííî. Óðàâíåíèÿ (4) è (5) â ñîîò-
âåòñòâèè ñ îáîçíà÷åíèÿìè (6) ïðèíèìàþò âèä:
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2. Ðàññìîòðèì âàæíûé ÷àñòíûé ñëó÷àé, êîãäà

.0const,,0 0
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Ïðåäïîëîæèì, ÷òî q(t) ëîêàëüíî èíòåãðèðóåìà íà ),0[ ¥+ , òîãäà ìîæíî ïîêàçàòü,
÷òî
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ïðèìåð.
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Åñëè  m = 0, òî )1/(1 2tq +=  è p=ò
¥

0
dtq . Íà ðèñ. 1 äëÿ ýòîãî ñëó÷àÿ ïðèâåäåíû

ãðàôèêè èçìåíåíèÿ ñäâèãîâîãî è îñåâîãî íàïðÿæåíèÿ îò âðåìåíè (τ  = 1, 2G = 1, k =
= 0, m = 0).
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3. Ðàññìîòðèì ñëó÷àé, êîãäà ïîìèìî (7) âûïîëíÿåòñÿ óñëîâèå const== ¥qq .
Òîãäà, åñëè q = 0, ñèñòåìà (4)−(5) èìååò åäèíñòâåííóþ òî÷êó ïîêîÿ Q(0, 1), ÿâëÿ-
þùóþñÿ öåíòðîì, è ðåøåíèå σ(t), íà÷èíàþùååñÿ â òî÷êå (0, 0), èäåò â ýòó òî÷êó ïî
ìíèìîé îñè. Åñëè æå 0¹¥q , òî ó ñèñòåìû áóäåò åäèíñòâåííàÿ òî÷êà ïîêîÿ
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ÿâëÿþùàÿñÿ ôîêóñîì, è ðåøåíèå, íà÷èíàþùååñÿ â òî÷êå (0, 0) ïðè 0>¥q ,
ðàñïîëàãàåòñÿ â ëåâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé, íàìàòûâàÿñü íà
òî÷êó ¥Q  ïðîòèâ ÷àñîâîé ñòðåëêè. Ïðè 0¹¥q  ðåøåíèå öåëèêîì ðàñïîëàãàåòñÿ
âûøå îñè 11s  è íèæå ïðÿìîé 0

1212 D=s . Îòìåòèì, ÷òî ñêîðîñòü íàïðÿæåíèé ïðè
ýòîì óñëîâèè íå îñòàåòñÿ çíàêîïîñòîÿííîé, òî åñòü ïðîöåññ ðåøåíèÿ îêàçûâàåòñÿ
îñöèëëèðóþùèì ïî ñêîðîñòè èçìåíåíèÿ íàïðÿæåíèé.

4. Ðàññìîòðåííûå àâòîðàìè äðóãèå ïðèìåðû òàêæå ïîêàçàëè, ÷òî è ïðè ïåðå-
ìåííîì q, íå óäîâëåòâîðÿþùåì óñëîâèÿì ï. 3, âîçíèêàþò îñöèëëèðóþùèå èçìåíå-
íèÿ ñêîðîñòåé íàïðÿæåíèé.
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Ïðè 1-®m  çíà÷åíèå q âåëèêî è ïðàêòè÷åñêè âåëè÷èíà ïîñòîÿííàÿ, à êðèâûå
)(12 ts  è )(11 ts  èìåþò êîëåáàòåëüíûé õàðàêòåð. Íà ðèñ. 2 ïðèâåäåí òèïè÷íûé

ïðèìåð ïîâåäåíèÿ )(12 ts  ïðè óñëîâèè, ÷òî

 .:),1(22,8,0,1,/1 ee=ll+====t dddqGlkq

Òàêèì îáðàçîì, ïîêàçàíî, ÷òî â çàâèñèìîñòè îò çíà÷åíèÿ m âåëè÷èíà
ïàðàìåòðà ýíäîõðîííîé íåóïðóãîñòè q ìîæåò èìåòü ðàçëè÷íûé õàðàêòåð
èçìåíåíèÿ è, êàê ñëåäñòâèå, ìîæåò âîçíèêàòü êàê ìîíîòîííîå, òàê è êîëåáà-
òåëüíîå èçìåíåíèå ñêîðîñòåé íàïðÿæåíèé.
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ON THE ISSUE OF INSTABILITY OF INELASTIC DEFORMATION OF MATERIALS

B.F. Ivanov, Yu.I. Kadashevich, S.P. Pomytkin

The problem of possibility of non-monotonous behavior of stress-strain curves is analyzed in the
frame of the endochronous theory of inelasticity. It is found that for certain constraints imposed on
parameter of endochronous inelasticity such a possibility exists.


