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3amura pabo4nx MOBEpXHOCTEH MEXaHU3MOB U MAlMH B YCIIOBHAX CKOJIb3sI-
IIer0 KOHTAKTa YacTO OCYIIECTBISAETCS HAHECEHHEM 3aIlUTHBIX MHOTOCIOMHBIX U
(hYHKIIMOHAJIbHO-TPAAUEHTHBIX IIOKPHITHH, IPENSTCTBYIOIIUX H3HOCY paboyHX 110-
BEPXHOCTEH M CHIDKAIOLIMX TEMIIEPATYPHBI pa30rpeB KOHTAKTa. 3a1ada 00paboTKH
UM oBaHUEM ITOBEPXHOCTH OKCHUPOBAHHBIX U IPYTHUX MaTepHUajoB ¢ PyHKLIHO-
HaJbHO-TPAJMEHTHHIM U3MEHEHHEM CBOWCTB IO IIyOHHE M3/1eJIUsI IPUBOIUT K He-
00XOIIMOCTH KOHTPOJISI CKOPOCTH M3HOCA M Pa30rpeBa KOHTaKTa oT TpeHus. DPdex-
THUBHOCTH HCCJIEI0BaHM IIPOLIECCOB U3HOCA, NITH(OBAHUS, TOIUPOBAHMS U paHHEH
JIMarHOCTUKH TEPMOYIIPYTOi HEYCTOMYMBOCTH CKOJIB3SIIETO KOHTAKTa CIOCOOCTBYET
MaTeMaTHYeCcKoe MOJIETMPOBAHUE MPOLIECCca H3HOCA M3AeTHH U3 (QYHKIIMOHAIBEHO-
rpajiveHTHBIX MaTeprasoB. B kadyecTBe MaTeMaTn4eckol MOZIEIN pacCMaTpUBaETCs
KOHTaKTHasl 3ajJ[a4a TEPMOYIPYrOCTH 00 M3HOCE )KECTKUM abpa3uBoM (PyHKIHO-
HAJIbHO-TPAIMEHTHOTO ITOKPBITHSA C IPOU3BOIBHO MEHSIOIIUMCS 110 ITyOHHE ITOKPBI-
THUSI MOIYJIEM CABUTa C y4€TOM pa30rpeBa KOHTAKTa OT TpeHHs. Pemienus 3agaun
(KOHTaKTHBIE HANpPSHKEHHS, TEMIIEpaTypa Ha CKOJIb3SIIEM KOHTAKTE) C MOMOUIBIO
MHTETPaNbHOTO Mpeobpa3oBanust Jlamiaca 1o BpeMeHH IIOCTPOEHEI B BUIE CBEPTOK
OT 3aKOHA BHEJPEHHs U OPUTHHAIA B BUE KOHTYPHOTO HHTErpajia 00paTHOTO Ipe-
oOpazoBanus Jlamnaca. AHaau3 MONTYYCHHBIX PEHICHHH B KOMITJICKCHOMN IIOCKOCTH
MIO3BOJIAET ONPEACIUTh 00IaCTH TEPMOYIPYTrOil yCTOHUYUBOCTH U HEYCTONYUBOCTH
MOJTy4E€HHBIX PEIICHNI B MPOCTPaHCTBE Oe3pa3MepHBIX MapaMeTpoB 3amadu. He-
YCTOHUYMBBIE PEILICHUS IOPOXKIAIOT HOHATHE TEPMOYIPYTOi HEYCTOHYMBOCTH CKOJIb-
3s11ero KoHTakTa. KpoMe Toro, mocTpoeHHbIe aHATUTHYECKHE PEIeHNUS TO3BOIHIN
HCCIIeA0BATh BIUsHUE KO3 PULeHTa GYHKIHNOHAIBHO-TPaMEHTHOW HEOJHOPOIHO-
CTH MaTepHana MOKphITHA (Oe3pa3MepHOro napamMmerpa 3a1adu, XapakTepU3YIOLIEro
(hYHKIIMOHAJIbHO-TPAANEHTHBIA Marepya IOKPHITHS) HA BOSHUKHOBEHHE U H3Me-
HEHHUE TPaHUI] 00JIacTeil TEPMOYITPYroii HEYCTOHYNBOCTH CKOJIB3AIIETO KOHTAKTA, &
TaKXe CTEIEHb ero BIMSHHS Ha TeMIIEpaTypy, CMEILEHHs, HAlPsDKEHNUS U U3HOC
(YHKIIMOHATEHO-TPAANSHTHOTO MaTepuaia MOKPBITHSL.

Knouegvie cnosa: GyHKINOHAIBHO-IPaJUEHTHBIE MATEPUAIbL, TEPMOYIIPYIOCTb,
CKOJIBb3SILIMI KOHTAKT, H3HOC, Pa30IPEB OT TPEHUs], TEPMOYNPYTasi HEyCTOMYMBOCTb.

‘BeimosnneHo npu nopaepikke POOU (rpantsr NeNe19-07-01259-a, 20-07-00949-a, 20-58-
53045 T'®EH_a).

471



BBepgeHue

MaremaTrdeckoMy MOSITMPOBAHNIO KOHTAKTA TeJl ¢ (PyHKINOHAIBHO-TPaANCHTHEIMU
MOKPBITHSIMU TIOCBAIICHO JOBOJIBHO MHOTO HccinenoBanuii [ 1-3]. TeM He MeHee BHUMaHUS
po0eMe MOIEPOBAHISI H3HOCA WITH LT (OBaHUS (PYHKIMOHAIEHO-TPaAUCHTHBIX IO~
KPBITUi1 yaeseTcs HeA0CTaTOuHO. VI3BecTHO HEOOIBIIOE KOJIMUECTBO PAdOT B 3TOM HallpaB-
JICHUH, OTHOM M3 KOTOPBIX siBiiseTcs [4].

[Tpu pemennn 3a1a4 U3HOCa HAUOOJIEE YaCTO UCIIOIB3YIOTCS COOTHOLICHU Apyapaa
[5]. OnarMu 13 IEPBBIX COOTHOIIEHNE ApUap/a Py UCCIEA0BaHNN N3HOCA B YCIIOBHUSIX
TETUIOBBIJIEIIEHUS OT TpeHus ucroiib3oBaym T.A. Dow u R.A. Burton B [6], riie ¢ moMo1iisto
MeTO/1a MaJIbIX BO3MYILEHUH OBLIN HCCIIEI0BAaHbl YCIOBUS BOSHUKHOBEHUS TEPMOYIIPYTOM
HEYCTOMUYMBOCTH CKOJIbKEHHUS JIE3BUA 10 TIOBEPXHOCTH MONTyNpocTpancTBa. B.M. Anek-
caanpoBsM 1 [.K. AHHaKyIOBO# OBLTH pacCMOTPEHBI KOHTAKTHEIE 3214 C YIETOM TETIIO-
BBIJICJICHUS OT TPEHMsSI U M3HOCA MOKPBITUSA [7], a TaKoke 3a/1a4a 0 B3aUMHOM M3HOCE T0-
kpoituii [8]. [TombITKa pa3pabOTKU TEPMOITUHAMHUYECKONW MOJIEIA TEPMOMEXaHHUYECKUX
SIBIICHUM HA KOHTAKTE, YUUTHIBAIOIICH TPEHUE U U3HOC, ObuTa npeanpuHsrta B [9, 10]. B
[11-15] ans pemieHUs KOHTAKTHBIX 3a/1a4 TEPMOYIIPYTOCTH 00 M3HOCE HCIOIB30BAIIOCH
MHTErpalibHOE MpeoOpa3oBanue Jlamiaca ¢ peleHreM B Buae QyHKINOHAIBHBIX PSAIOB
IT0 ITOJTFOCAaM TOBIHTETPANBHBIX QYHKINH. MeTox pemeHns HO3BOJHI YCTaHOBUTD ITapa-
METPUYECKHE TPaHUIBl TEPMOYIPYTrol HEYCTOMUYMBOCTH CKOJB3SIIETr0 KOHTakTa. B [16]
METOJIOM MHTETPAJBHBIX IIPeoOpa3oBaHnii KOHTAKTHAS 33]a9a O CKOJLKEHUN YIPYroTo
MOKPBITHUS 110 IIOBEPXHOCTHU JPYTOro MOKPBITHS ¢ YI€TOM TPEHHSI, M3HOCA U TEILUIOBBIZC-
JICHUS OT TPSHUS CBEICHA K pelIeHuo nuddepeHnnaisHoro ypaBHEHHS, PACCMOTPEHEI
YCTIOBUS BOBHUKHOBEHUS TEPMOYIIPYToi ycToiunBOCTH. KBa3ucrarnueckas 1 TMHaMU4IeC-
Kas HECBS3aHHbIE KOHTAKTHBIE 3a/1a4uil TEPMOYIIPYTOCTH O TPEHUHU U U3HOCE CTEPIKHSI pac-
cMmarpuBaiuck B [17]. YcinoBus BOBHUKHOBEHUS TEPMOYIPYTOH HEYCTOHYMBOCTH NpHU
B3aMMHOM HM3HOCE TIOBEPXHOCTEH M3 Pa3NNIHBIX MAaTEPHAIOB pACCMATPUBAIUCH B [18,
19]. Cea3aHHOCTBIO MOJIEH AepopMaIHii 1 TeMIIepaTyphl B IEPEUUCICHHBIX TyOIMKaUIX
IIpeHeOperaim 1 pacCMaTpUBAIIHN 3a1a91 HECBI3aHHON TepMOyTIpyrocTi. CBsI3aHHas 3a1a49a
TEPMOYIPYrOCTH 00 M3HOCE TOKPHITUS C y4eTOM (PPUKLIMOHHOM TETUIOBBIIEIEHHS B KBa3H-
CTaTHYECKOH MMOCTaHOBKE paccMarpuBaiach B [20].

1. NocTaHOBKa 3aga4yu uU3Hoca

Jliist uccenoBanus BIUSHUS (YHKIMOHAILHO-TPAIUEHTHON HEOMHOPOIHOCTH Ma-
TepHasia MOKPHITHS Ha HPOIECC ero H3HOCA PACCMATPHBACTCSI KBA3UCTATHYESCKas KOHTAKT-
Hasl 3a/1a4a O CKOJIBKCHUH JKECTKOM TEIUION30IMPOBaHHON MOJTyIIIOCKOCTH-abpa3uBa |
(h < x < 0), IBIKYIIEHNCS C TIOCTOSIHHON CKOPOCTHIO V 110 BepxHe# oBepXxHOCTH (X = /1)
YIIPYTOro TEILIOMPOBOMAIIETO MOKPBITHs (rmosiockr) Tommmuon A (0 < x < h), HIKHS
rpaHb KOTOPOTO JKECTKO CIEIIIEHA C Hele(hOPMUPYEMOIA, HETETLIOMPOBOIHOM MOTOKKON
B Br/Ie noymiockocTH II (oo < x < 0). Moy ciura ynpyroro mokpaitus W(x), 0 <x < A,
SIBIIETCS (PyHKIMEH rTyOuHbI X. B mpoliecce CKObKeHUs MOy IoCcKocTH-abpasusa [ mo
BepXHEl I'paHil YIPYroro MOKPHITHSI IIPOUCXOAUT U3HOC MOBepXHOCTHU. [T0TOK Termta, 00-
PAasyIOIHIAcCs Ha KOHTAKTE 33 CYET TPCHMS, HAMPAaBJeH B MOKpbITHE. C HAYAIBHOTO MO-
MEHTa BpEMEHH JBWKYIIAsACS BIOJb OCH ) TONYIUIOCKOCTh-abpasuB I gedopmupyer
BEPXHIOIO (X = /) rpaHb yIpyroro MOKPHITHSA, CMEIasCh B HANPaBICHHUHU, IPOTHBO-
MIOJIOXKHOM OCH X, 110 3aK0HY A(?). JTo HauaIbHOTO MOMEHTA TIOKPBITHE HAXOJUIOCH B IO-
KO€, a ero TeMIlepaTypa paBHsIIACH HYIIO.
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Pacnpenenennsa temnepaTypsl, HAIPSHDKEHU M CMEIICHUN B MOKPBITHH, COTJIACHO
MOCTAHOBKE 3aJlauHl, ABJSIFOTCA (DYHKIUSAMH TOJIBKO KOOPIUHATHL X ¥ Bpemenu ¢ [11-15].
JduddepernnansHple ypaBHEHUS TEOPUH YIIPYTOCTH B OTCYTCTBHE MAaCCOBBIX CHJI IMEIOT
BUI:

oc oo

o =, 2 =0, 0<x<h, t>0, (1)
ox Ox

TIpH 5TOM HANPSIKEHUs O, (X, 1), O, (X, £) ONPEaENIOTCs COOTHOMECHUAMY Jlroamens —
Heitmana

0= a—”‘—”—Voc'fj, 0, =n0) 2, @
1-2v ox 1-v Y Ox
e u(x, t), w(x, t) — BepTHKaJIbHbIE U TOPU30HTAIIBHBIC CMEICHHS B TOKPbITUH, (X, 1) —
pacmpeiefieHue TeMIIepaTyphbl B MOKPBITHH, LI(X) — MOAY/b caBUra, V — K03bduImeHT
Iyaccona, oL — K03()GHUIMEHT TUHEHHOTO PACIIMPEHHS MaTepHalia MOKPBITHI.
Pacrnipesenenune Temmnepatypbl 1 ONKCHIBACTCS YPaBHEHHEM TEIUIOPOBOIHOCTH
2
a—T—la—Tzo, 0<x<h, t>0, 3)
o x ot
e K — KO3pQHUIMEHT TeMIepaTypOIPOBOIHOCTH.
I'panuuHbIe yCIOBHS 3a1a4U TepMOynpyrocTH (¢ > 0) uMeroT BUa:

u(h,t) =-A@) +u,(t), o,(ht)=-fc(ht), €))
u(0,6)=0, w(0,t)=0, 5)

B KOTOPBIX f— Ko3(duiuenT tpenns, u, (f) — ocajka nomymiockoctu-abpasusa I 3a cuer
H3HOCA MOKPBITHSA. VcTonb3yeTcst Moziesh aOpa3uBHOTO H3HOCA [5] B MHTErpajbHOM hopme

M(X)(

u,(0)=—fVK' [0, (h,v)d1, >0, (6)
0

e 6, (h, T) — HOpMaJbHBIE HANPSIKEHNS CKATHS Ha KOHTaKTe, K~ — koadduument mpo-
MOPIMOHATBHOCTH MEXKIy pabOTOM CHIT TPEHUS M KOJIMUECTBOM YIAIEHHOTO C KOHTaKTa
Marepuaa.

TemneparypHbie rpaHuuHbie yeaoBus (¢ > () UMeroT BU:

oT(h
kDo), )
X
kTOD _ir0.0), @®)
ox

B KOTOPBIX K — KO3()(UILIMEHT TETLIONPOBOIHOCTH MaTeEpUaIa MOKPBITHS, kK — Kod(pPULMEHT
teroobmena, Q(t) = fV(—c_ (h, t)) — konudecTBo Teruia, 0GpasyrOMEerocs Ha KOHTAKTe
u3-3a Tpenus [21].

HauanbHble yCIOBHUS, HajJaraeMble Ha CMEIIEHUS U TEMIIEPATYPy B MOKDBITHH,
HyJIEBBIE:

u(x,0)=w(x,0)=T(x,00=0, 0<x<h ©)]
3aMeTHM, 4TO BEPTHKAJIbHbIC CMELIEHHU U(X, ¢), HOpMallbHble HanpshkeHus o (4, t)

u Temineparypa 7(x, f) B HOKPBITHH ONPEIEISIFOTCS HE3aBUCUMO OT TOPHU30HTAIBHBIX CMe-
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meHuit w(x, ¢). TopusoHTanbpHbIe cMereHus w(x, ¢) onpenenstores u3 (1), (4), (5) uepes
HOpMaIbHbIe Hanpsokerus 6 (A, 1).

2. TouHoe pellueHue 3afa4uM ANsi NPOU3BONBLHOIO 3aKOHa Li(X)

Penienune nocTaBieHHON KOHTaKTHOM 3a7]a4y CTPOUTCS C IOMOIIBIO HHTETPAIIbHOTO
npeoOpasoBanus Jlamraca [22] u uMeeT BUI:

_1-v V B(W)
T(x,t)—1+v » B(h)I;CT(x,Ck)D(Ck,t), 0<x<h,t>0, (10)
u(x,t)=—MA(t)JriCu(x,Ck)D(Ck,t), 0<x<h, t>0, (11)
B(h) paur)
o 2(1-v) K-
Gxx(x,t)——(l_zv)B(h){A(t) kzocc(x,z;k)D(gk,t)j, 0<x<h, t>0, (12)
rae
o dg _ N, (x,z) 3
B(x)—{—u(a), 0<x<h, Ca(x,z)——th,(Z), a=T,u,oc,

D(z,t)= jA(r) exp(z(t—1)/t_)dv, >0,
0

N;(x,2) =\/;(Bi-sh \/;%+\/;ch \/Z%j N_(x,z) = zr(h,z)— R(2),

B B(x) hB'(h) o B
N, (x,z) = zr(h,z) Bh) vV Bh) (r(x,z)— Bi) Bh) R(2),

(x,z) = Bi-chz % ++/zsh/z % R(z) = zr(h,z) ~ Pn((1 - k, )r(h,z) - Bi),

2 * '
I-v K-K 2u( B
Z:ptK3 tK:h_3 Bl:ﬁ’ kM/: v. 2 V:fV(x. u( +V)h3 n:h (h)'

K K I+v ok K 1-2v B(h)

3navenns C, ompenensroTcs U3 penreHus ypaBHeHus R(z) = 0 B KoMIIIEKCHOM

iockocTh z. V3Hoc u,,(f) Matepraa NOKPBITHS Ha KOHTAKTE BHIYKCIIAETCS 110 popmyrie
s hB'(h) &

u, )=k WS ¢ 0. 10 (13)
B(h) o

TopusonTansHble cMemienus w(x, t) onpenensiores u3 (1), (4), (5) u mocie HHTErPUPO-

BaHus B (1) 3anuceiBatoTcst GopMyiioi

w(x,t)=—fB(x)o . (h,t), 0<x<h, t>0. (14)

3. O6nacTty yCTONM4YMBbLIX U HEYCTOMUYUBBLIX PELLeHUN

Wccnenosanue pemennii 3anaun 7(x, £), u(x, t), 6 (x, t), mpecTaBieHHEIX hopMynamu
(10)—~(12), mokaseiBaer, uro npu Re §, <0, k=0, 1, 2, ..., penrenns 3aga4n yCTOIIUBEI
U C YBEIUYCHUEM BPEMEHHU ¢ CTPEMSATCS K CTAIIMOHAPHOMY COCTOsHUIO. Ecium XoTst OBl y
omaoro £, (k=0,1,2,...)Re {, >0, To ammmTyaa penienns HeorpaHHISHHO BO3PACTAET
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HpH { —> 00 1 ocIMILTHpYeT ¢ yactotoi Im £, # 0, 9T0 CBHIETENBCTBYET O HEYCTOHINBOCTI
peLICHNUS 3aJauH.

Oo6nactu [-IV ycTOHYMBBIX M HEYCTOWYHMBBIX PEIICHUN 3a7a4d KOMITAKTHO IMpel-
CTaBIISIIOTCS. B MMPOCTPAHCTBE Oe3pa3sMepHbIX MapamMeTpoB I}, k., Bi, 1. Ha puc. 1 Ha

TUIOCKOCTH I}, k,, st Bi =100 npencrasienst o6iactu ycroiunsbix I, Il 1 HeycToHYMBBIX
I, IV peruenwnii 3amaun ¢ ykazanueM rpanun i 3uadenuii 1 = 0,1; 1,0; 10,0. Pacyers
MOKAa3BIBAIOT, UTO IIPH (PUKCHPOBAHHBIX K, I}, T BIHMsIHKE TapamMeTpa Bi Ha pacmonoxeHue
TpaHuI] 00acTe YCTOWYHMBBIX W HEYCTOWYHMBBIX PEIICHHUH 3aKITF0YacTCs B OCHOBHOM B
TOM, YTO TOYKa nepecedenus rpanuil [-IV, nexarras Ha ocu 1% (cm. puc. 1), cnuraercs
B 3aBHCHMOCTH OT 3HaueHus Bi n nmeet koopauuary V, =2Bi - n'Q2+Bi)™" (k,=0).
ITpu | = 1 310 coBmanaer ¢ pesynsratamu [15,23].

kW kw
a) 0)
1,5 1,5
1,0 1,0
0,5
I
0

Puc. 1. O6nactu ycroituussix I, Il u Heyctoiuussix 111, IV pemienuii

npu Bi =100 un: a) 0,1, 6) 1,0, ¢) 10,0

[pusenennas mus V, dopMyna nokassiBaeT BIUsSHUE apameTpa 1 (cM. puc. 1) Ha
pacnosnoxenue rpanun ooiacreit [-IV. C ymeHbIeHreM mapamMeTpa 1) yBeITHYUBACTCS
005acTh YCTOWYMBBIX PELICHUI 3a/1a49H.

4. OcobeHHOCTU N3HOCa
(byHKLMOHaNbHO-TPagUEeHTHOro MaTepuana nokKpbITusa

B 11. 2 6bUTH TTOITy9I€HbI TOUHBIE (POPMYITBI IS OCHOBHBIX TIAPAMETPOB: TEMITEPATYPHI
T(x, ) (10), cmemennii u(x, ¢) (11), Hanpsoxenuii 6 (x, £) (12), a Taxoke u3HOCa ©,,(¢) (13)
Ha CKOJIB3SIIEM KOHTaKTe. DTH (OPMYIIbI 3aBUCAT OT MPOM3BOIBHOTO MOJYJIS CABUra
W(X) TTOKPBITHS ¥ CBA3aHBI ¢ HUM depe3 B(x) u mapamerp 1. JlJ1sl YUCICHHOM peann3annn
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pemennii (10)—(13) mpeamonaraercst, 4T0 MOLYITb CIBUTA L(X) TOKPBITHSI H3MEHSIETCSI 110
napaboIMYeCcKOMY 3aKOHY

2
H(x) =g a(%) +b%+c , 0<x<h, (15)
e
a=2 h—2“1/2+1 , b=— ﬂ_4M+3 ,
Mo Mo Ko Mo

c=1L py=w0), p=uh), w,=n/2).

IIpu Wy, = (W + H)/2 3aBHuCHMOCTS (15) cTaHOBUTCSA TMHEWHOM. 3aKoH A(f) BHEApEHUS
JKECTKOU MOJYIIOCKOCTH-abpa3uBa | B mokpriTHE 3a1aeTcs GopMynoi

At)=A (e H(l-1)+H(t-1)), t>0, &=In2, (16)

B KoTopoii mHTepBai 0 < ¢ < 1 — akTMBHBIN BpEMEHHON YyY4aCTOK BHEAPEHUS, HHTEPBAI
t > 1 — maccuBHBIN BpeMEHHOH y4acTOK BHeApenus, a H(r) — dynkuus XeBucaiina.
HW3yuaeTcs BIUsHUE TApaMeTpa 1) pacCMaTpUBaeMOi 3a/1a41 TEPMOYIIPYTOCTH 00 13-
HOCE JKECTKO# MOYIIOCKOCThI0-abpasuBoM | ynpyroit moaocs! U3 GpyHKIIMOHAIBEHO-TPA-
JUEHTHOTO Marepraia (aJFOMHHHUHA C TPaHMEHTHBIM COACPKAHMEM OKCH/IA AJIFOMUHN),
Ha OCHOBHBIC XapaKTCPUCTUKH KOHTakTa: temmeparypy 1(h, t) u3 (10), KOHTaKTHBIE
nanpspkenus p(t) = —o,(h, t) u3 (12), a Taxke Ha W3HOC MOKPHITHS U, (¢) U3 (13). PyHKIHO-
HaJIbHO-TPAAUCHTHBIN MaTEPUAIT IOKPBITHS XapaKTEePU3YeTCsI 3HAYSHHEM MOIYJIS C/IBHTA
K, = (k) =125,0 I'lla, cCOOTBETCTBYIOIIMM OKCHIY MaTepHala Ha KOHTaKTe, i 3HAYCHHEM
Ha rpaHuie ¢ momioxkoit K, = w(0) = 25,0 I'fla, a Takxke napamerpamu v = 0,34, x =
=88,1-10° m¥c, 0 =22,9-10° 1/K, K=209,3 Br/(m-K), f=0,47, h=A,= 10 mm. Pac-
CMAaTPHUBAIOTCS TPH Pa3HBIX 3HAYEHHS MOIYISI CIABUIA HA CEPEAHMHE MOKPBITUS Ly, =
= W(h/2), kOTOpBIE BMECTE C COOTBETCTBYIOIMMHU UM 3HAYEHUSIMH 1| IIPEACTABICHBI B
Tabmuue 1.

Tabnuya 1
3aBHCHMOCTb MapamMeTpa 1| OT 3HAYEHMId |1,
Wy, I'Tla 50 75 100
n 0,361287 0,497067 | 0,619564

HM3HOC OBEPXHOCTH IOKPBITHS Ha IyOUHY A, 3aKaHIMBaeTCs IPH ¢ = ¢,,, KOTIa H3HOC
HOKPBITHS U,,(f) coBmanaeT ¢ A, a KOHTAKTHbIC HAIPsDKEHUS 0OpainarTces B HOJb (p(f) =
=—-0,(h,1)=0). Bpems #,, Ha3pIBaeTCS BpEeMEHEM H3HOCA TONIIHMHEI A paccMaTpuBacMoro
nokpsITrst. [lonoxkus kosddumuent nsnoca K™ = 1,0-107"" M¥H, nonyyaem 3HadeHus
6e3pa3MepHEIX mapameTpos 3agaun k,, = 0,511 u Bi = 10°. Bnusuue mapamerpa 1 Ha
OCHOBHBIE TTAPAMETPBI CKOJIB3SIIET0 KOHTAKTA HILTIOCTPUPYETCSI Ha pUC. 2a—6.

3aBucumoctu /, 2, 3 moctpoeHs! pH L, = 50, 75, 100 I'Tla coorBetrcTBeHHO. ['pa-
(uKM Ha pHC. 2 MOKa3bIBAIOT, YTO PETYAUPOBAHKE MAPAMETPOB MOIY/ISL CABUTA LU(X) 110
TOJIIIMHE TTOKPBITHS [O3BOJISICT YBEJINYNTD WIIH YMEHBIIUTh U3HOC MOKPBITHSL, YIIPABIIATH
AMIUTUTYION HAMPSDKEHUN M TEMIIEPATYPhl Ha KOHTAKTE.
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p,TTla

0,2

0,1

0 25 50 t,c 0 25 50 t,c

W

0,010

0,005

o 25 50 te
Puc. 2. 3aBUCUMOCTb OT BpEMEHU: @) KOHTAKTHOTO JaBJICHHS
p(t) = —o..(h, t), 6) Temueparypsl Ha Koutakre 1(h, t), 6) usnoca u,(t)

3aknoueHue

PaccMmoTpeHHast KOHTaKTHAS 33/1a4a TEPMOYIIPYTOCTH 00 M3HOCE HA TEPMO(PUKITHOH-
HOM CKOJIb3SILIIEM KOHTAKTE MOKPBITUS B BUJE MOJIOCH U3 (PyHKIIMOHAIBHO-TPAAUEHTHOTO
Marepuaa ¢ POM3BOIBEHO MEHSIOIIMMCS 1O ITyOWHE IIOKPBITHS MOTYIIEM C/IBHT'a TI03BOJIIIA
YCTaHOBUTH: (POpMYITy (PYHKIIMOHAIBEHOTO ITapaMeTpa, XapaKTepH3yIOIIero (yHKIHOHAIbHO-
TpaTveHTHBIN MaTepral HOKPHITHS C IEPEMEHHBIM 10 TITyOWHE MOIYIICM CABUTA; BIMSTHUC
(hYHKIIMOHAIBHOTO MapaMeTpa MaTepHalia OKPBITHS Ha M3MEHEHHe TpaHul] oOnacteil
TEpMOYIIPYTOi HEYCTOHYMBOCTH; CTEIIEHb BIMSHNS (PYHKINOHAJIBHOTO [TapaMeTpa MaTepH-
aJia MOKPBITUS Ha €r0 Pa3orpeB U U3HOC.

Cnucok numepamypul

1. Guler M.A., Erdogan F. The frictional sliding contact problems of rigid parabolic and cy-
lindrical stamps on graded coatings. International Journal of Mechanical Sciences. 2007. Vol. 49.
Iss. 2. P. 161-182. DOI: 10.1016/j.ijmecsci.2006.08.006.

2. Altenbach H., Eremeyev V.A. Eigen-vibrations of plates made of functionally graded material.
Computers, Materials and Continua. 2009. Vol. 9. No 2. P. 153-177. DOI: 10.3970/cmc.2009.
009.153.

3. Selvadurai A.P.S., Katebi A. The Boussinesq—Mindlin problem for a non-homogeneous elas-
tic halfspace. Zeitschrift fur angewandte Mathematik und Physik. 2016. Vol. 67. Iss. 3. P. 68-1 —
68-15. DOI: 10.1007/s00033-016-0661-z.

4. Singh S., Singh R. Wear modelling of AI-A1203 functionally graded material prepared by
FDM assisted investment castings using dimensionless analysis. Journal of Manufacturing Processes.
2015. Vol. 20. Pt. 3. P. 507-514. DOI: 10.1016/j.jmapro.2015.01.007.

5. Archard J.F. Contact and rubbing of flat surfaces. Journal of Applied Physics. 1953. Vol. 24.
Iss. 8. P. 981-988. https://doi.org/10.1063/1.1721448.

477



6. Dow T.A., Burton R.A. The role of wear in the initiation of thermoelastic instabilities of
rubbing contact. Journal of Lubrication Technology. 1973. Vol. 95. Iss. 1. P. 71-75. DOI: 10.1115/
1.3451739.

7. AnexcanapoB B.M., Aanakynosa I K. KonrakrHast 3a1aqa TepMOyIIpyrocTs ¢ y4eTOM H3HOCA
U TETUIOBBIACNEHUS OT TpeHus. Ipenue u uznoc. 1990. T. 11. Nel. P. 24-28.

8. Anekcanapos B.M., Aunakynosa I.K. BzanumMoeiicTBrE MOKPBITHIA TEII C y4ETOM Je(POPMH-
PyeMOCTH, U3HOCA U TEIUIOBBIAENIEHUS OT TpeHus. Ipenue u uznoc. 1992. T. 13. Nel. C. 154-160.

9. Zmitrowicz A. A thermodynamical model of contact, friction and wear: [ governing equations.
Wear. 1987. Vol. 114. Iss. 2. P. 135-168. DOI: 10.1016/0043-1648(87)90086-X.

10. Zmitrowicz A. A thermodynamical model of contact, friction and wear: II constitutive
equations for materials and linearized theories. Wear. 1987. Vol. 114. Iss. 2. P. 169-197. DOL:
10.1016/0043-1648(87)90087-1.

11. EBrymenko A.A., ITeipreB 10.A. Brnusianue m3HammBaHusi Ha pa3BUTHE TEPMOYNIPYTOil
HEYCTOWYHMBOCTH (DPUKIIUOHHOTO KOHTaKTa. M36. PAH. MTT. 1997. Nel. C. 114-121.

12. TTeipweB 0. A., I'punuikuii [1.B. Hecrannonaphas 3aa4a GpUKIMOHHOTO KOHTAKTA JUIS
LMWIMHAPA C YI€TOM TerutoBbIaeneHus u nu3noca. [IM u TP. 1996. T. 37. Ne 6. C. 99—-104.

13. Awrejcewicz J., Pyryev Yu. Thermoelastic contact of a rotating shaft with a rigid bush in
conditions of bush wear and stick-slip movements. International Journal of Engineering Science.
2002. Vol. 40. Iss. 10. P. 1113—1130. DOI:10.1016/S0020-7225(02)00008-3.

14. Zelentsov V.B., Mitrin B.I., Lubyagin [.A. Effect of wear on frictional heating and
thermoelastic instability of sliding contact. Computational Continuum Mechanics. 2016. Vol. 9.
No 4. P. 430-442. DOI: 10.7242/1999-6691/2016.9.4.36.

15. Zelentsov V.B., Mitrin B.1., Lubyagin . A. Wear resistance of coating materials under the
frictional heating conditions. Journal of Friction and Wear.2017. Vol. 38. Iss. 4. P. 265-271. DOLI:
10.3103/S1068366617040158.

16. Belyakov N.S., Nosko A.P. Thermoelastic problem of friction of plane-parallel layers with
allowance for nonstationarity of thermal processes. Journal of Friction and Wear. 2010. Vol. 31.
Iss. 5. P. 317-325. DOI: 10.3103/S1068366610050016.

17. Gu R.J., Kuttler K.L., Shillor M. Frictional wear of a thermoelastic beam. Journal of
Mathematical Analysis and Applications. 2000. Vol. 242. Iss. 2. P. 212-236. DOI: 10.1006/
jmaa.1999.6652.

18. Papangelo A., Ciavarella M. The effect of wear on ThermoElastic Instabilities (TEI) in
bimaterial interfaces. Tribology International. 2020. Vol. 142. P. 105977-105983. DOI: 10.1016/
j.triboint.2019.1059777.

19. Papangelo A., Ciavarella M. Can wear completely suppress thermoelastic instabilities?
Journal of Tribology. ASME. 2020. Vol. 142. Iss. 5. P. 051501-1-051501-3. DOI: 10.1115/
1.4045818.

20. Zelentsov V.B., Mitrin B.I., Lubyagin [.A., Kudish LI. Diagnostics of wear thermoelastic
instability based on sliding contact parameter monitoring. IMA Journal of Applied Mathematics.
2019. Vol. 84. Iss. 2. P. 345-365. DOI: 10.1093/imamat/hxy061.

21. Bowden F.P., Tabor D. The Friction and Lubrication of Solids. Oxford: Clarendon Press,
1988.374 p.

22. Nutkue B.®., [IpynaukoB A.Il. Onepayuonnoe ucuucnenue. M.: Beicmias mxona, 1975.
407 c.

23. Zelentsov V.B., Mitrin B.I. Thermoelastic instability in the quasi-static coupled thermo-
elasticity problem dealt with the sliding contact with frictional heating. Mechanics of Solids. 2019.
Vol. 54. Iss. 1. P. 58—69. DOI: 10.3103/S0025654419010059.

References

1. Guler M.A., Erdogan F. The frictional sliding contact problems of rigid parabolic and
cylindrical stamps on graded coatings. Int. J. Mech. Sci. 2007. Vol. 49. Iss. 2. P. 161-182. DOLI:
10.1016/j.ijmecsci.2006.08.006.

2. Altenbach H., Eremeyev V.A. Eigen-vibrations of plates made of functionally graded material.
Computers, Materials and Continua. 2009. Vol. 9. No 2. P. 153-177. DOI: 10.3970/cmc.2009.
009.153.

478



3. Selvadurai A.P.S., Katebi A. The Boussinesq—Mindlin problem for a non-homogeneous elas-
tic halfspace. Zeitschrift fur angewandte Mathematik und Physik. 2016. Vol. 67. Iss. 3. P. 68-1—
68-15. DOI: 10.1007/s00033-016-0661-z.

4. Singh S., Singh R. Wear modelling of AI-A1203 functionally graded material prepared by
FDM assisted investment castings using dimensionless analysis. J. Manuf. Process. 2015. Vol. 20.
Pt. 3. P. 507-514. DOL: 10.1016/j.jmapro.2015.01.007.

5. Archard J.F. Contact and rubbing of flat surfaces. J. Appl. Phys. 1953. Vol. 24. Iss. 8. P. 981—
988. https://doi.org/10.1063/1.1721448.

6. Dow T.A., Burton R.A. The role of wear in the initiation of thermoelastic instabilities of
rubbing contact. Journal of Lubrication Technology. 1973. Vol. 95. Iss. 1. P. 71-75. DOIL: 10.1115/
1.3451739.

7. Alexandrov V.M., Annakulova G.K. Kontaktnaya zadacha termouprugosti s uchetom iznosa
i teplovydeleniya ot treniya [ Contact problem of thermoelasticity under the conditions of wear and
heat release induced by friction]. Trenie i iznos [Journal of Friction and Wear]. 1990. Vol. 11. No 1.
P. 24-28 (In Russian).

8. Alexandrov V.M., Annakulova G.K. Vzaimodeystvie pokrytiy tel s uchetom deformiruemosti,
iznosa i teplovydeleniya ot treniya [ Interaction of the coatings of bodies allowing for deformability,
wear and heat release due to friction]. Trenie i iznos [Journal of Friction and Wear]. 1992. Vol. 13.
No 1. P. 154-160 (In Russian).

9. Zmitrowicz A. A thermodynamical model of contact, friction and wear: [ governing equations.
Wear. 1987. Vol. 114. Iss. 2. P. 135-168. DOI: 10.1016/0043-1648(87)90086-X.

10. Zmitrowicz A. A thermodynamical model of contact, friction and wear: II constitutive
equations for materials and linearized theories. Wear. 1987. Vol. 114. Iss. 2. P. 169-197. DOL:
10.1016/0043-1648(87)90087-1.

11. Evtushenko A.A., Pyryev Yu.A. Vliyanie iznashivaniya na razvitie termouprugoy neustoy-
chivosti friktsionnogo kontakta [Influence of wear on the development of thermoelastic instability
of a frictional contact]. Izvestiya Rossiyskoy Akademii nauk. Mekhanika tverdogo tela [ Mechanics
of Solids]. 1997. No 1. P. 114-121 (In Russian).

12. Pyryev Yu.A., Grilitsky D.V. Nestatsionarnaya zadacha friktsionnogo kontakta dlya tsilindra
s uchetom teplovydeleniya i iznosa [The non-stationary problem of the frictional contact for a
cylinder taking into account heat release and wear]. Prikladnaya matematika i tekhnicheskaya fizi-
ka [Applied Mathematics and Technical Physics]. 1996. Vol 37. No 6. P. 99-104 (In Russian).

13. Awrejcewicz J., Pyryev Yu. Thermoelastic contact of a rotating shaft with a rigid bush in
conditions of bush wear and stick-slip movements. /nt. J. Eng. Sci. 2002. Vol. 40. Iss. 10. P. 1113—
1130. DOI:10.1016/S0020-7225(02)00008-3.

14. Zelentsov V.B., Mitrin B.I., Lubyagin [.A. Effect of wear on frictional heating and
thermoelastic instability of sliding contact. Computational Continuum Mechanics. 2016. Vol. 9.
No 4. P. 430-442. DOIL: 10.7242/1999-6691/2016.9.4.36.

15. Zelentsov V.B., Mitrin B.1., Lubyagin . A. Wear resistance of coating materials under the
frictional heating conditions. Journal of Friction and Wear. 2017. Vol. 38. Iss. 4. P. 265-271. DOLI:
10.3103/S1068366617040158.

16. Belyakov N.S., Nosko A.P. Thermoelastic problem of friction of plane-parallel layers with
allowance for nonstationarity of thermal processes. Journal of Friction and Wear. 2010. Vol. 31.
Iss. 5. P. 317-325. DOI: 10.3103/S1068366610050016.

17. Gu R.J., Kuttler K.L., Shillor M. Frictional wear of a thermoelastic beam. J. Math. Anal.
Appl. 2000. Vol. 242. Iss. 2. P. 212-236. DOI: 10.1006/jmaa.1999.6652.

18. Papangelo A., Ciavarella M. The effect of wear on ThermoElastic Instabilities (TEI) in
bimaterial interfaces. Tribol. Int. 2020. Vol. 142. P. 105977-105983. DOI: 10.1016/j.triboint.2019.
1059777.

19. Papangelo A., Ciavarella M. Can wear completely suppress thermoelastic instabilities?
J. Tribol-T. ASME. 2020. Vol. 142. Iss. 5. P. 051501-1-051501-3. DOI: 10.1115/1.4045818.

20. Zelentsov V.B., Mitrin B.I., Lubyagin [.A., Kudish LI. Diagnostics of wear thermoelastic
instability based on sliding contact parameter monitoring. J. Appl. Math. 2019. Vol. 84. Iss. 2.
P. 345-365. DOL: 10.1093/imamat/hxy061.

479



21. Bowden F.P., Tabor D. The Friction and Lubrication of Solids. Oxford. Clarendon Press.
1988. 374 p.

22. Ditkin V.A., Prudnikov A.P. Operatsionnoe ischislenie [ Operational Calculus]. Moscow.
Vyshaya shkola Publ. 1975. 407 p. (In Russian).

23. Zelentsov V.B., Mitrin B.I. Thermoelastic instability in the quasi-static coupled thermo-
elasticity problem dealt with the sliding contact with frictional heating. Mechanics of Solids. 2019.
Vol. 54. Iss. 1. P. 58—69. DOI: 10.3103/S0025654419010059.

WEAR OF COATING WITH A SHEAR MODULE ARBITRALLY
CHANGING BY DEPTH

Zelentsov V.B., Lapina P.A., Mitrin B.I., Zelentsov L.B.

Don State Technical University, Rostov-on-Don, Russian Federation

The protection of the working surfaces of mechanisms in sliding contact conditions is often carried
out by applying protective multilayer and functionally graded coatings, which prevent wear of the
working surfaces and reduce the temperature heating of the contact. The problem of grinding the
surface of oxidized and other materials with a functionally graded change in properties along the
depth of the product leads to the need to control the wear rate and contact heating from friction.
The effectiveness of studying the processes of wear, grinding, polishing and early diagnostics of
thermoelastic instability of sliding contact is facilitated by mathematical modeling of the process
of wear of products made of functionally graded materials. The thermoelastic contact problem of
the wear of a functionally graded coating with an arbitrarily varying shear modulus with a hard
abrasive, taking into account the heating of the contact from friction, is considered. The solutions
of the problem are constructed in the form of Laplace convolutions. Analysis of the obtained
solutions in the complex plane makes it possible to determine the regions of thermoelastic stability
and instability of the solutions in the space of dimensionless parameters of the problem. Unstable
solutions give rise to the concept of thermoelastic instability of a sliding contact. The constructed
analytical solutions made it possible to study the effect of the functionally graded inhomogeneity
coefficient of the coating material on the thermoelastic instability regions of the sliding contact,
temperature, displacements, stresses and wear of the functionally graded coating material.

Keywords: functionally graded materials, thermoelasticity, sliding contact, wear, heating
from friction, thermoelastic instability.
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