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PaccmarpuBaercs 3a1ada 00 aCUMITOTHYECKOM MHTEIPUPOBAHUU MOIU(U-
LMPOBAaHHOW CHCTEMBI HEJTMHEWHBIX ypaBHeHNH Kapmana, onmchIBaromiei paBHo-
BECHE MIPOI0IBHO CKATOHN YUIMHEHHOH! YIIPYTOi IPSAMOYTOJIbHOM IIIACTUHBI C BHYT-
PEHHUMU HAPsDKEHUAMM, JIexKallel Ha yIpyroM OCHOBaHUU. BHyTpeHHue Hanpsi-
JKEHUS MOT'YT ObITb BbI3BaHbI HENPEPBIBHO PACIIPEIC/ICHHBIMU KPAEBBIMH JUCIIOKA-
LUSMU U KIMHOBBIMU TUCKIMHALUAMU MM IPYTMMHU UCTOYHUKaMU. Cxkumaroliee
JIaBJI€HHE IPUIIOKEHO K IBYM KOPOTKUM KPasiM NapaljIeIbHO ATUHHBIM KPasiM I1j1a-
cTHHEL. PaccMaTpuBaroTCs KpaeBble YCIOBHSA: IITMHHBIC KPasi TIIACTUHEI CBOOOHBI
OT Harpy3o0kK, a KOpOTKHE Kpasi CBOOOAHO 3aleMIICHbI WU IOJBIKHO MIAPHUPHO
onepTbl. BBoAMUTCS Malblii TapaMeTp, paBHbI OTHOIICHHIO IIUPUHBI INIACTUHBI K
ee JuinHe. Pellienne cucteMbl — CKUMaroIas Harpyska, GyHKuus nporu6a u QyHk-
WS HAMIPSDKEHUH — MINETCs B BUJE Pa3IoKeHUH B Pl T Maomy mapametpy. Cu-
creMa ypaBHeHUuH KapmaHna B Ge3pa3MepHbIX NEPEMEHHBIX MPUBOAUTCS K Oec-
KOHEYHOH CHCTeMe KPaeBbIX 3a/1ad Ul OOBIKHOBEHHBIX AN(depeHIINaTBHBIX yPaB-
HEHUI OTHOCUTENBHO K03 HULIUEHTOB ACUMITOTHUECKUX PA3IIOKEHUI U1 KPUTHU-
YEeCKOM Harpy3KH, Iporuda u QyHKIMK HanpspkeHui. [Ipu aToM [u1s yioBiaeTBope-
HYSI KPaeBbIM YCJIOBUSIM JONOIHUTEIBHO BBOAATCS (PYHKIUH TOTPAHUIHOTO CJIOS,
COCPENOTOUEHHBIE OKOJIO 3aKPEIUICHHBIX KPAeB M MCUE3AIOLIME DU yIaJIeHUU OT
nux. [ToctpoeHs! kpaeBble 3a1a4u U1t ONpeeaeH s QyHKIUM IOrPaHUYHOTIO CJIOS.
INokazaHo, 4TO INIaBHbIE YWICHBI PA3JI0KEHUH 110 MAJIOMY IIapaMeTpy JUls KpUTHYeC-
KOH Harpy3Kku 1 mporuda OnpeessitoTesl U3 ypaBHEHUS PABHOBECUS CXKATOH OalIku
Ha yNPyroM OCHOBAaHUH C KPAaeBBIMU YCIOBHAMH CBOOOTHOTO 3aIIeMICHHS HIH
HOABMYKHOTO HIAPHUPHOI'O ONUPAHUsS KOHLOB. IIpyu 9TOM IIaBHBIN YjIeH pa3jioxKe-
HUA B psi (GYyHKIIUMH HAPSHKEHNI IMEeT YeTBEPTHII MOPSI0K MAaTOCTH TI0 TTapa-
METPY OTHOCHUTEJIbHOH IIUPUHBI IIIACTHHBL.

Knouesvie cnosa: ynpyras niacTuHa, KpUTHUECKas Harpy3ka, BHYTPEHHHE
HAaIpsDKEHUSI, MBI TapaMeTp, GYHKIUS TOrPaHUYHOTO CJI0s1, ACHMITTOTHYECKOE
peleHue.

* Boinonueno npu punaHcoBoii nojyiepskke PODU (rpant Ne19-08-00074).
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BBepeHune

B nuneiiHol TeOpUM yIpyrocTu NEPBIE BaKHbIE PE3YJIbTAThl B PEILIEHUY 3a/1a4 [1pe-
JETTHFHOTO TIepexo/ia OT TPEXMEPHBIX YPaBHEHHUI K IBYMEPHBIM B CITydae TOHKUX oOJac-
Tei Obutn ony4ensl B [ 1-11]. B myonukanusx [12, 13] mpu momommy MeTo1a aCHMITOTH-
YECKOI'0 MHTEIPUPOBAHUS B COUETAHUH C METOJIOM ITOTPAHUYHOTIO CJIOS UCCIAELYETCS PsII
3aja4 CTaTUKU U JUHAMUKH Y3KUX YIPYTHX H30TPOMHBIX U OPTOTPOIHBIX [UIACTHH U -
JTMHAPUYECKHUX TIaHeNIel B TMHEWHON M HeNMMHEHHOU rmocTtaHoBKax. B [14] npencrasnen
aCUMIITOTUYECKUI BBIBOJ IByMEPHBIX YPAaBHEHUI paBHOBECHSI TOHKOM yIIPyToi HEOJHO-
POJTHOM IMJIACTUHBI, U3TOTOBICHHOW M3 aHU30TPOITHOTO MaTepraa 00IIero Buja. YCTou-
YUBOCTb U MOCICKPUTUIECKOE TIOBECHNE CXKATHIX YIPYTUX MPSIMOYTOIBHBIX IUIACTHH C
BHYTPEHHUMH UCTOYHUKAMH HANpsuKeHNH ncenenytores B [15, 16]. B craree [17] B pam-
Kax MPsIMOT0 MOXO0AA K TEOPUH ITACTHH PACCMAaTPHUBAIOTCS OECKOHEYHO Masible edop-
MalyH [JIACTUHBI U3 THIIEPYIPYTUX MaTepUaioB ¢ yY€TOM HEOJHOPOIHO pacipeaesieH-
HBIX Ha49aJIbHBIX HANpskeHU. B cratee [ 18] nccnenosana 3agaua 06 ycTONUUBOCTH ABYX-
CJIOMHOW KpYTrOBOM IJIACTUHBI C IPEABAPUTENBHO HANPSKEHHBIM cioeM. MccnenoBanne
M3rHOHBIX Ae(hOpMAaIUi TPEXCIONHON TIIACTUHBI C YUETOM MOBEPXHOCTHBIX U MexX(as3-
HBIX HaNpsDKEHUH npeacTasieHo B [19].

B nacrosimei cratbe paccMOTpeHa 3a1ada 00 aCUMITOTUYECKOM HHTETPHUPOBAHUN
MOJM(DUITMPOBAHHOM CHCTEMbI HEJIMHEHHBIX ypaBHeHUH KapmaHa, onichkiBaroliel paBHO-
BECHUE MPOAOJILHO CKATOW YAIMHEHHOU yIPYroil MpsIMOYIOJIbHON IIACTUHBI C BHYTPEH-
HUMU HalpsHKEHUAMU, JIeKalled Ha yIpyroM OCHOBaHUU.

1. MNocTaHoBKa 3apa4un

I[TycTs TOHKas ympyras IpsMOyTOJIbHAS TUIACTHHA, COJleprKalias B INIOCKOM COCTOS-
HUH TIOJISL HEMPEPHIBHO PACTIPECICHHBIX KPAEBbIX JUCIOKAIUI U KIMHOBBIX AUCKINHA-
IIMH, HAXOUTCS MO JeHCTBHEM CXKMMAFOIIETO JaBiIeHNs P, HalpaBIeHHOTO BIOIb OCH
X. Torga cuctema ypaBHEHUI paBHOBECHSI MOXKET ObITh 3anucana B Buje [20]:

DN'W + KW =[¥, W], A2T+w

= Ehy, (1)
e D = ER*/?, y>=12(1-V?); [¥, W] =05 Wo3 ¥ 20 ,0,W0 ,0,¥ + 03 W03 Y,
(X)) — HempepbIBHas CKaIsIpHAsi Mepa HECOBMECTHOCTH, KOTOpPAsi BEIPAKACTCS Yepe3
TUIOTHOCTH AncioKauuit u auckiunanmii [20]; W — nporu6 mactussr; ‘W(X, V) — dpyHk-
WS HANPSDKEHU DpH; /I — TONIIMHA TUIACTHHBL, V — Koddduinent ITyaccona; E — Mo-
ayab FOnra; X, Y — npsMoyrosbHbIe KOOpAWHATHI C HA4aJoM B LIEHTPE IIACTUHBI U OCS-
MU, HapajieIbHbIMU ee KpasiM; O’y , 0y — YacTHbIE IIPOU3BOHBIC /1-TO MOPSIKA O Mepe-
MeHHBIM X 1 Y. Cuctemy (1) Oyaem uccineaoBarh ¢ KpaeBbIMU YCIOBUSIMU

DW=0,W=0,2)W=05W=0, 0,0,¥=0, 0;¥=-P npu |X|=a,
W +NOW =W +(2-Vv)030,W=0,0,¥Y=05¥=0 mupu |V|=b,

rae 2a — JIMHA [UIAaCTHHBL, 2b — IUpUHA.

Oyukuus nporuda W npu | X | = a yaoBneTBopsieT OXHOMY U3 ycioBuii 1) niu 2) B
KPaeBbIX YCIOBHSX (2), KOTOPbIE BMECTE C yCIOBUAMHU JUis QyHKIMH Hanpsokenuit 'V ot-
BEYAIOT COOTBETCTBEHHO CBOOOHOMY 3allleMJICHHIO WITH TTOJIBHKHOM IIApHUPHOH orope
KpaeB. YcioBus ipH | ¥ | = b cooTBETCTBYIOT CBOOOIHBIM KpasiM. [lepexoist k Ge3pa3mep-
HBIM NepeMeHHbIM 110 hopmynam X = ax, Y = by, W(X,Y) = w(x,y)h/y, & = bla, K, =

@)
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=Dk /a*, W(X,Y)=DF(x, y)—Py*b*/2, P=Dpla>, W(X) = w(x)h*/(y*a*), k,— 6e3-
pasMepHBIN MapaMeTp peakiMyi OCHOBAaHMS HA MPOTrH0 MIACTHHBI (K03()(HUIMEHT Hoc-
temu), omyunm u3 (1), (2) cucremy ypaBHeHuit 1 Kpaesble yCloBus B obnactu Q= {(x, y):
[x|<1,lyl<1}:

Ot w+28%00Tw+ 80 w+ 8 kw—8%[w, F]+8* potw =0, ;
OVF +28°0%0°F +5°01F + 8% [w,w]/2 = 8", )
{1)w=axw=0, ) w=0’w=0, F=0,F=0 mpu |x|=1, W
2 242 3 242
o,w+ Vv oOw=0,w+(2-v)8°0,0 w=F=0,F=0 npu [y|=1.

W3 pesynbratoB, mony4yeHHbIX B [ 15, 16], cinemyert, 4To KpuTHyecKas Harpy3ka p onpe-
JieJisieTcs U3 3a1a4

OVF, +28°0200F, + 80 F, = 8'L,

(x,y)eQuF, =(F,),=0mnarpauuue €, 4)

61w+ 2628iﬁiw+ 80w+ 8k, w—rd*[w, F 1= —-p&*oiw, (6)
Hw=0,w=0,2)w=0>w=0 mpu  |x|=1,

o’ 8°0 w=20’ 2-v)8°020,w=0 =1 @
oWV O w=0,w+(2-v)8°0,0,w=0 mpn |y[=1.

3anaua (5) onpezensier GpyHKIMIO HANPsUKERUH F),, BBI3BAHHBIX HAIMYMEM BHYTPEHHUX
nctouHnKoB (L(x) # 0). Yncnosoii mapametp 7 B (6) 0003Ha4aeT HHTEHCHBHOCTH BHYTPEH-
HHX HAMpPSDKCHHH, COOTBETCTBYIOMINX AaHHON (hopMe HYHKIIMH HECOBMECTHOCTH [L(X).

2. MNepBbI NTepaLMOHHbIN NpoLecc

[TpearnonoKxum, 4To mapaMeTpsbl a U b IIIACTUHBI YIOBIETBOPSIOT YCIOBUIO b << a,
4TO PaBHOCUIIBHO yeitoBHIo O << 1. Bynem uckars petuenue 3anauu (3), (4) B BUIE PAIOB
10 CTENeHsIM Majioro napamerpa o [12]:

o © o

p=>.pd" w=>ws", F=>F3d". (8)

k=0 k=0 k=0

[Toncrasmnss (8) B ypaBHenwus (3), (4) 1 mpupaBHUBAS HYJTIO BRIPAYKEHUS TP OMHAKOBBIX
CTENEHAX MapaMeTpa O, BBIBOIMM MOCIIEN0BATENBHOCTD KPAEBbIX 337124 JJIsl OTpeIere-
HUSA KOd(QOUINEHTOB pa3noxeHni. [Ipu 3ToM MOXKHO MOIY4NTb, 9TO QYHKIMN W, [ C
HEYCTHBIMHU k 00OPAIAfOTCS B HYJIb, TOATOMY HINEM PasiokeHus (8) 1Mo YETHBIM CTere-
HsM O. B crily CHMMETpUH 3a/1a41 OTHOCHTEILHO OCH a0CIUCC, PELICHUE UILEM B BUJIE
YETHBIX 10 IEPEeMEHHON ) GyHKIMNA w 1 I. PaccmarpuBast KpaeBbIe 3a1auHl IS CTETICHEH
8, & u &*, momyumm, uTo WX, y) = W o(X), Wo(X, 1) = W g + Wy ¥% We(x, ) = Wy +

+ ""14,2)}2 + ‘/‘}4,4.)/4 u FO(xvy) = 07 FZ(xvy) = 0’ F4(xa y) = (V(M}(’)I,O)2 +H))(1 - y2)2/24a
awo(X) onpenensercs u3 3a1a4u B 6€3pa3sMepHbIX NEPEMEHHBIX O KPHTHIECKUX HArPY3-
Kax C)Karoil ynpyroi 06aimku co cBOOOTHO 3alleMJICHHBIMHU HJIM MOJBUKHO IIAPHUPHO
OIEPTHIMU KpasiMU Ha yIIPYTroM OCHOBAaHUU:

(- v? )W(’)tg +kwoo+ PoWoo =0, ©)

D wyy=whe =0, 2)wyy=wgo=0. (10)
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3nech U Janee mMTpuxaMu 0003HauUEHbI OOBIKHOBEHHBIC TPOM3BOAHBIC (DYHKIHH, 3aBUCS-
IHe OT IepeMeHHO# X. HikHHe HHIEKChl 03HAYal0T CTENeHH IapamMerpa O U MepeMeH-
HOH ) B pa3nokeHusx (8).

TIpHpaBHUBAs HYITO BHIPAKCHHS TIPH CTEIeHH O pu m =1, 2, ..., U3 CHCTEMBI
ypaBHEHUI (3) ¢ KpaeBBIMH YCIOBHSIMU (4) MOXXHO BBIBECTH IOCIIEI0BATEIBHOCTD Kpae-
BBIX 3a/1a4, U3 KOTOPBIX, TTOJIb3YSICh METOIOM MaTeMaTHIeCKOH HHAYKIINHI, MOXKHO TTOKa-
3aTh, YTO GYHKLUMU Wy, ., U F, . UIMEIOT BUJ

m+2 m+2

_ 2 _ 2i
Womea = 2 :W2m+4,2iy N S 2 Foianiy™ (11)
i=0 i=0

Cremyst [13], MOXXHO TOCTPOUTH ANTOPUTM JUTs ONpesieneHust KoadduirenTon ¢yH-
kit (11).

3. Bropow utepauoHHbIN NpoLecc

Ipu | x| = 1 kpaessie ycnorus 1) unu 2) B (4) wist GyHKIUMA Wy, (x,y) npum > 1, a
taroke ycnosust (4) wist Fy,, . 4(x, ) mpu m 2 0 He BBITOMHSOTCS. J[J1sl KOMIICHCAIIUH HEBSI-
30K, BO3HUKAIOIIX MPH YIOBIETBOPEHUH KPAEBBIX YCIOBHUIA (4), BBE/IeM (DyHKIIUH ITOTpa-
HUYHBIX CIIOCB Uy, O U V}, f;,, COCPETOTOUCHHBIC COOTBETCTBEHHO OKOJIO IPaHULIbI X = —1
nx =1 u cTpemsinecs K HyJIIO IPH yAaJIeHHU OT HUX. By/iem uckars perieHne cCHCTeMbl
(3) c kpaeBbIMU ycToBUsIMU (4) B BH/IE PSJIOB:

® ®
p= zpk5ka w= Z wi (X, ) +uy, (XTH:J’J"‘ Vi (%1;)’) &,

k=0 k=0

& x+1 x—1
F=Y Fk(x,y)+<pk(7,y)+fk (T,y) "

k=0

(12)

IoncraBum (12) B (3), (4) 1, y4uThIBasi pe3yabTaThl IEPBOrO UTEPALIHOHHOTO TPOIIEC-
ca, cienaeM B QYHKIUSX Uy, O, U Vy, f; 3aMeHBI [lepeMeHHbIX X =—1 +8& ux =1 + dm.
Cuutas, 4T0 U, O U V;, f; OBICTPO YOBIBAIOT IPH YAAICHUU OT rpaHu X =—1 nx =1,
npeHeOpeKeM B ypaBHEHUSIX POU3BEACHUSIMY QYHKIHMI 1,V U @ f, WIK UX TIPOU3BOJ-
HbIX. B nmomyuusmeiics cucreme ypaBHeHUH QyHKINHT W, ', U3 IEPBOTO UTEPALIOHHOTO
mporiecca pasjiokuM B psit Telropa OKoJIo COOTBETCTBYFOIIEH rpaHuiibl. CoOupas Koad-
(UIMEHTBI TIPY OIMHAKOBBIX CTETIEHAX O, TIONYYUM YPABHEHHS M KPAECBbIE YCIOBHS IS
onpeneneHust QYHKIUHA Wy, @, V., f;. Haxomum, uto uy = u; = v, = v; = 0, a QyHxuus
u,(&, y) onpenensiercs us 3anaun

K, =0, (13)
1) u2|§:0 =0, agu2|&:0 =—(w§,0+w§’2y2)‘x:71, u2|&:w =8iu2|é:w =0, (14)
2) “2|§:O =0, aé“z(@)’)kzo == (Wg,o + Wg,zyz)‘x}la “2|§:0o =8§u2(§,y)|é:w =0,

a§u2+va§u2\ly =—2w,,(-1)—vwg,, a§u2+(2—v)a§ayu2\ =0.(15)

=1

®ynkuys u,(E, y) 10IKHA YIOBIETBOPATE OIHOMY U3 ycioBuii 1) uiu 2) B (14). OyHk-
Ust V,(T), ) ONpeNeNsieTcs U3 aHAJIOTMYHOI 3a1aun. J{anee HaXomuM, 4To Py = @ = P, =
=@, =0, a QyHKuUs Q4 onpenenseTcs U3 3a1aun

N.94(& ) =—0u, (&, 1), (16)

lyl=
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(p4|&:0 +F]_ =0, 0.9 +0.F,

=0, (P4|EF00 = ag‘P4|&:m =0, (17)

¢,=0,0,=0 npu |y|=1. (18)

®ynkums f, onpenensercs ananornuno. 3agaun (13)—(18) nccnenopansr B [13].

4, Pe3yanaT|:.| YUCIEeHHbIX pacyeToB

3anmauu (5), (6) u 1) uz (7) u 3agaya (9) u 1) u3 (10) ObuTM perIeHbl Pa3HOCTHBIM
metonom st a = 1, 8 =a/b =1, 0,5; 0,2, 0,1 u w=0;200, k, = 0; 100. Pesysnbrars
YHCIEHHBIX PAacyeTOB MpeACTaBIeHbl B Tabiuie 1 u Ha puc. 1. ITo Mepe ymeHbIIeHUS
rapameTpa OTHOCHTENBHOM MIMPUHBI O KPUTHYECKAst HArPpy3Ka MOTePH YCTOHIHBOCTH P
C)KaTOM IJIACTHUHBI HAa YIIPYTOM OCHOBAaHUU CTPEMUTCS K KPUTUUECKOM HAarpy3Ke CokaToi
Oanku p* Ha ynpyrom ocHoBaHUH. [Ipn 3TOM GonbIiee 3HaYeHNE KPUTHIECKUX HArPY30K
M TUIACTHHBL, U OANKH COOTBETCTBYET OObIIEMY 3HAUYCHHUIO KO DHUIIHEHTA MOCTENH k.

Tabruya 1
Kputnyeckne HATPY3KH p IUIACTHHBI H p* GAJIKH ¢ 3alIeMJIeHHBIMH KPasiMu
p *
p
S 1 0,5 0,2 0,1
Ly k=0 38.62 | 38.08 | 37.12 | 3654 | 359
h= k=100 | 46,14 | 4558 | 4450 | 4400 | 434
k=0 3887 | 38.17 | 3712 | 3654 | 359
B=200 722700 | 4639 | 45.68 | 4459 | 44.00 | 43.4
P
4 I = 200
46 - —
45 -
44 -
43 1 T | 1 T T | | | |
0 0.2 0.4 0.6 0.8 10 5

Puc. 1. ACUMITOTHYECKOE IIOBEACHHE KPUTUUESCKUX HATPY30K IIACTUHBI pu &k, = 100

OTMeTHM, YTO H3MEHEHHsI MapaMeTpa HHTEHCUBHOCTH BHYTPEHHUX HAPSDKSHUH [
HE BIMSIOT Ha ACUMIITOTHYIECKOE MTOBENEHUE KPUTHUECKUX HATPY30K IIIACTUHBI 1Tpy O — 0
(cm. puc. 1).

3aknyeHune

I'maBHbIE 4JIEHBI PA3JI0KEHUH 110 MaJIOMy I1apaMeTpPy OTHOCUTEIbHON IIUPUHBI JIs
KPUTHUYECKOTO 3HAUCHHUSI HATPY3KH U IPOTNOa CHKATON y3KOH MIIACTUHBI HA YIPYTOM OC-
HOBaHUH ONPEJIEISAIOTCS U3 YPaBHEHHS PaBHOBECHSI CXKATOM OAJKM Ha yIIpyroM OCHOBa-
HUH. [ TaBHBIN YIEH pa3noXeHus B sl (PyHKIUU HATPSHKEHUN MMEET YETBEPTHIi mopsi-
JIOK TI0 MasioMy mapametpy. [Ipu 3ToM morpaHcioifHble TOMPaBKH IS TPOTHOa HMEIOT
BTOPOH MOPSAIOK, a A7l (PYHKITUH HAMPSHKEHUH — 4YeTBEPTHIH MOPSJOK MAJIOCTH.

ABTOp BBIpaxaeT 0sarogapHocTh JoreHTy A.M. Ctonspy 3a TOMOIIb B TOCTAHOBKE
3aj1a4n.
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ASYMPTOTICS OF CRITICAL LOADS OF A COMPRESSED NARROW
ELASTIC PLATE WITH INTERNAL STRESSES

Peshkhoev I.M.

Don State Technical University, Rostov-on-Don, Russian Federation

The problem of the asymptotic solution of a modified system of nonlinear Karman equilibrium
equations for a longitudinally compressed elongated elastic rectangular plate with internal stresses
lying on an elastic base is considered. Internal stresses can be caused by continuously distributed
edge dislocations and wedge disclinations, or other sources. The compressive pressure is applied
parallel to the long sides of the plate to the two short edges. The boundary conditions are considered:
the long edges of the plate are free from loads, and the short edges are freely pinched or movably
hinged. A small parameter is introduced, equal to the ratio of the short side of the plate to the long
side. The solution of the system — the compressive load, the deflection function, and the stress
function — is sought in the form of series expansions over a small parameter. The system of Karman
equations with dimensionless variables is reduced to an infinite system of boundary value problems
for ordinary differential equations with respect to the coefficients of asymptotic expansions for the
critical load, deflection, and stress function. In this case, to meet the boundary conditions, the
boundary layer functions are additionally introduced, which are concentrated near the fixed edges
and disappear when moving away from them. Boundary value problems for determining the
functions of the boundary layer are constructed. It is shown that the main terms of the small parameter
expansions for the critical load and deflection are determined from the equilibrium equation of a
compressed beam on an elastic base with the boundary conditions of free pinching or movable
hinge support of the ends. In this case, the main term of the expansion into a series of the stress
function has a fourth order of smallness in the parameter of the relative width of the plate.

Keywords: elastic plate, critical load, internal stresses, small parameter, boundary layer function,
asymptotic solution.
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