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PaccmoTpena 3agada, CBsI3aHHAs ¢ pa3BUTHEM HEYCTOHYUBOCTH OTHOPOIHOTO
COCTOSIHUS B aHCAMOJIe MapauIeIbHbIX BUHTOBBIX JUCIOKALMHA P IIACTHYECKON
nedopmaru Meramios. MccenenoBanue pa3BUTHSI HEYCTOMIHBOCTH U CTPYKTYPO-
o0OpazoBaHust B aHcaMOIIe JUCIOKALUil IPOBOAUTCS HA OCHOBE METOA, PA3BUTOIO
JUTS 3apsDKEHHBIX YacTHIl B TUIA3ME M CBS3aHHOTO C KOPPEJISIIMOHHBIM B3aUMOJIeH-
CTBUEM 3JIEKTPOHOB M ITOJIOKHUTEJIBHO 3apsKEHHBIX HOHOB. AHCAaMOJIb BUHTOBBIX
JMCITOKALNH MPEICTaBIsAETCS KaK IIa3MOION00Has cpeia ¢ IPOTHBOIIOIOKHBIMU
JUCIIOKaMOHHBIMHE 3apsiiaMH (POJIb JUCIOKAIIMOHHBIX 3aps0B UTPAIOT JUCIOKa-
1M, 00JTaJal0IINe TTOJIOKUTENIBHBIM U OTPULIATEIEHBIM HAIIPAaBICHHEM HX BEKTOpa
Broprepca). CymMMapHbIi JUCIOKAMOHHBIHN 3apsi IMCIIOKAIMOHHOTO aHCaMOJIst B
CHITY 3aKOHa COXpaHeHHs BeKTopa broprepca paBeH Hyiro. B 9ToM ciydae mpouncxo-
JIUT «0Ope3aHuey yrnpyroro nois auciokauuii. [Tone HanpspkeHU OTAEIBHOMN JHcC-
JIOKAILIMH SKPAHUPYETCsl pPABHOMEPHO PacIipeIeIeHHBIM JIUCITOKAIIMOHHBIM «(OHOMY
U XapaKTepU3yeTcs HEKOTOPBIM dPPEKTUBHBIM MMOTEHIMAIOM. YCTAaHOBIICHO, YTO
Ha TAIbHUX PAcCTOSIHUSX OH CITafaeT dKCIIOHEHIHAIBHO. [109TOMy BeIM4MHY, CTO-
SIITYI0 B apTYMEHTE CIIAJAIOIIEero MOTEHIMaIa, MOXKHO pacCMaTpUBATh KaK pajuyc
9KPAaHUPOBAHUS YIIPYTOTO MOJIS Auciokanyii. [TokazaHo, 4To pamuyc SKpaHHPOBa-
HUS paBEH PaJyCy KOPpEJSAIHH, 3TO MO3BOJSET NOCTPOUTD JABYXUYACTUYHYIO KOP-
PEeNSAIMOHHYI0O (YHKIHIO M HAWTH SHEPTHIO KOPPEISIIMOHHOTO B3aUMOICHCTBHS
nucnokanuit. ChopMynupoBaHa CUCTEMa KHHETHYECKUX YPaBHEHHUHN [UIs TUCIIOKA-
LUOHHOTO aHCaMOIIsl C Y4E€TOM YIPYToro M KOPPEJSLMOHHOTO B3aMMOAEHCTBUI
JMCIIOKALUH, @ TAKKe MTPOIIECCOB MX T'eHepalluy U aHHUTHIISIIIMN. YCTAaHOBIICH KPHU-
TepUil HEYCTOMYUBOCTH OJJHOPOTHOTO PACTIPE/ICIICHUS AUCTOKAIMN Tt chopmy-
JIMPOBAHHOM CHCTEMbI YPAaBHEHH 1 HalJICHBI YCIIOBHS €T0 BBINOJIHEHU. B pamkax
JIMHEIHOTO aHaJIN3a ITOKa3aHo, YTO TIPH yUeTe OHON CHCTEMBI CKOIBKEHHSI BUHTO-
BBIX JICJIOKAIM B MOMEHT BOSHUKHOBEHHSI HEYCTOMYMBOCTH (POPMUPYETCS OJTHO-
MEpHO-TIEPUOINYECKasl TUCIOKAIMOHHAsI TUCCUITaTHBHAS CTPYKTYpa, a IPH ydeTe
MHOKECTBEHHOTO CKOJIBXKECHUS TIOSIBIISIIOTCS PELICHUS B BUJIC PA3JIMUHBIX BapHaH-
TOB MHOTOT'PaHHBIX PELIETOK (SIMENUCTBIX CTPYKTYP). YCTAHOBJIEHO, UTO 3aBUCHMOCTh

* BoInoyiHeHO B pamMkax rocyfaapcreeHnoro 3ananus UII® PAH na nposesienue QpyHpamMen-
TaJIbHBIX HAay4HbIX HccienoBaHuil Ha 2021-2023 rr. mo Teme Ne 0030-2021-0025.
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XapaKTEePHOTO pa3Mepa sIUEHCTOH CTPYKTYPBI OT ITIOTHOCTH AUCIIOKALN COBITaaa-
€T C AKCIIEPUMEHTAIBHOM 3aBUCUMOCTBIO KaK Kau€CTBEHHO, TaK M KOJIMYECTBEHHO.

[Toka3zaHo, 4TO 3apOXKIeHNE IPOCTPAHCTBEHHO HEOTHOPOJHBIX TUCIOKAIINOH-
HBIX CTPYKTYP, OCHOBaHHOE Ha KOPPEJISIUOHHON HEYyCTOWYNBOCTH, 3aBUCUT B OC-
HOBHOM OT OCOOCHHOCTEH YIpPyroro B3auMOACHCTBHSI JUCIOKAIMA U HEKPUTHIHO
K BBIOOPY MEXaHM3MOB X KHHETHKH (TO €CTh MEXaHW3MOB I'€Hepaliy, aHHUTHIIsi-
LU U CTOKA JTUCIIOKAIIH).

Knrouesvie cro6a: nUCIOKallMOHHBINH aHCaMOJIb, BAHTOBBIE JIMCIOKAIMH, pa-
JIMYC DKPaHUPOBAHUS, KOPPEISIIMOHHAS HEYCTONUHBOCTS, TYCUCTAst CTPYKTYPA.

BBepneHue

OnHolt 3 (hyHZaMEHTATBHBIX MPOOIeM (H3MYSCKOTO METAJUIOBEICHUS SBISCTCS
00BsICHEHUE HAOIIONAIOINXCS HA OTBITE CIOKHBIX 3aKOHOMEPHOCTEH BO3SHUKHOBEHUS U
Pa3BUTHS TUCTIOKAIOHHBIX CTPYKTYP, (POPMHUPYIOIIHXCS ITPH TIACTHIECKON Ae(hOpMaIIim
Mmarepuana [1, 2].

JledopMupyeMblii KpECTAILT MPEJICTABIIIET COOOH CIOKHYIO JTMHAMUYECKYIO CHCTE-
My, B KOTOPOH 110 BO3€HCTBUEM BHELIHEW HArpy3KU MaTepual epeBOAUTCS B COCTOSI-
HUE, TalIeK0e OT TePMOJUHAMUYECKOTO paBHOBecHsI [3, 4]. DTO MPUBOAUT K Pa3BUTHIO B
CHCTEMeE JIMCCUTIATUBHBIX HEYCTOMYMBOCTEH, MPUBOAAIINX K 00Pa30BAHUIO Pa3IMYHOTO POjia
HEOTHOPOIHBIX NE(PEKTHBIX CTPYKTYP, B TOM YHCIIE AUCIOKAIIMOHHBIX [5].

[To-BuguMoOMy, BriepBbIe Ha 3TH 0COOEHHOCTH Mpollecca MIacTHYecKol nedopma-
uH ObITO 0OpaIeHO BHUMAHHUE B CTAThsIX [0, 7], TIe Ha OCHOBE HEKOTOPHIX MOICIBHBIX
ypaBHeHUH Auddy3nOHHOTO THIIA IS TNIOTHOCTH IUCIIOKAIMH ObLIa ONMcaHa HeyCTOH-
YUBOCTh THIOPHHIa, a TAK)KE €€ pa3BUTHUE, NMPUBOASALIEE K BOSHUKHOBEHHUIO SYEHCTON
JUCITOKAIIMOHHOM CTPyKTYpbI [8—10].

B GosbIIMHCTBE MEepedYrCclICHHBIX MyOIMKaIMi OCHOBHOM aKIICHT JieNiajicsl Ha pac-
CMOTPEHHUE 3BOJIOIMN CyMMapHO! TNIOTHOCTH AUCIOKALUI U HESIBHO MPEATIONAraioch,
YTO NPOCTPAHCTBEHHOE pacHpeaeeHle JUCIOKALMOHHOIO 3apsia OAHOPOIHO U PaBHO
HYJTIO. DTO IPUBOJIMIIO K TOMY, YTO POJIb MOJSAPU3ALMOHHBIX 3(P(PEKTOB B 3BOIIOIUU TUC-
JIOKAITMOHHOTO aHCaMOJIsI YUYUTHIBAJIACh HEOCTATOYHO. MEKIy TeM HOISIPH3aHOHHEIE
3¢ dexThl 00yCIOBINBAIOT Pa3BUTHE B TUCIOKAIIMOHHOM aHCaMOJIe SBJICHUN, XapaKTep-
HBIX JUIS CHCTEMBI 3apsKeHHBIX yacTul. OHO U3 HauboJee CyIECTBEHHbIX TAKUX sBJIE-
HUH — 3¢ eKT 3xkpaHnpoBaHus ynpyroro nomns auciaokaruii [11, 12]. Kak n3BectHo u3
(U3UKH TIa3MOTIOO0HEIX CPel, SKPaHNPOBAHHE JATFHOICHCTBYIOMIETO OISt TPUBOIAUT
K 3 (PeKTUBHOMY (KOPPEISIIMOHHOMY) B3aUMOJCHCTBHUIO MOPOXKIAIOIIIX 3TO MOJIE Yac-
Tu1 [13] 1 00yCII0BIMBAET PACCIOCHHE OJHOPOIHOTO COCTOSIHUSI CHCTEMbI U BOSHUKHO-
BEHHE CTPYKTYp [14].

B Hacrosmieit cratbe Ha 0CHOBE c(hOPMYTHPOBAHHBIX KHHETHUSCKIX YPaBHEHHUHN IS
JIMCIOKAIIMOHHOTO aHCAMOIISl C yUETOM YIIPYToro U KOPPEsIHOHHOTO B3aUMOACHCTBUS
JUCIIOKALIMH, a TAK)KE MTPOLECCOB UX IeHepaliui 1 aHHUTWIIALIMU PACCMOTPEHA HEyCTOM-
YHUBOCTb OAHOPOAHOI'O COCTOSIHUA B CUCTEME BUHTOBBIX ﬂHCHOKaHHﬁ.

1. OBONKOUMNOHHLIE YpaBHeHUA gUHaAMUKU aucrnokauum

CucTeMa caMOCOITIaCOBAaHHBIX YPABHEHHMIA, ONMCHIBAIOIIAsT HETMHEHHYIO THHAMUKY
aHCcaMOJIS AUCIIOKALNIL, XapaKTePHU3yeMbIX ILIOTHOCTBIO P, (I, ), MOXKET OBbITh IIPE/ICTaB-
neHa B Buze [11]:
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%’mivpava ~ F,(p,). ()

v, (r,0)=V, + Mf (r,1), 2)

£,(r.0)==> [p. (VI (r—r)ar’, (3)
_ _ Gb, r

VVac(r) _ba(Pc(r)’ (Pc(l') o lnR . (4)

c
3neck 1 lanee B MHTErpaiax Tua (3) MHTerpupoBaHKe MPOBOAUTCS MO CEYEHUIO LIUITUHIPH-
geckoro oopasua S; v, (I, f) — cpeHsisi CKOPOCTh AUCIOKALHMIA; V , — HOCTOSIHHASI COCTAB-
JISOIIAst CKOPOCTH TUCIIOKAIMNA, 00yCIIOBIEHHAS HAMPSHKEHUEM TeYEHUS G, B TNIOCKOCTH
ckombxeHns; f, — cuna, neficTByIomas Ha eUHHILY JUTMHBI IUCIIOKAIINU CO CTOPOHBI CH-
CTEMBI JUCIIOKAIUM; M — TEH30p MOJBUKHOCTH JUCIIOKALUN, ONTPEEIISIFOIINI MOBUXK-
HOCTb JAMUCJIOKALUI B INIOCKOCTSIX CKOJIBXKEHUS; d — UHJIEKC, IPUHUMAIOIINN 3HAYeHUs
«*+» U «—», KOTOpPBIE COOTBETCTBYIOT HaNpaBleHUsIM BekTopa broprepca aucnokaiuu b mo
otHomenuio K 1 (1 — exuHuUHBIN BeKTOp, KacaTeNbHbIH K IMHUM AUcIokanuu); £,(p,) —
HEeNMHEHHbIe (DYHKITHH, OTpeeieMble CIIeIU(PUKON KHHETHISCKIX MEXaHU3MOB JTHC-
JIOKAIIMOHHBIX peakuuit; W, (r) — sHeprus yrnpyroro B3auMoIeiiCTBUS IBYX BUHTOBBIX
JIMCIIOKAIMH Ha eAMHUILY JUTHHBI; (1) — HOTEHIINA TTOJISl HANPSDKSHUH OTAEIBbHOM InuC-
JIOKAIMY HA SAUHUILY JJIHHBL, ' — PACCTOSIHUE MEKAY AucioKanusamu;, G — MOIy/Ib CIIBHU-
ra; R, — BHEIIHUH paauyc SKpaHUpOBaHUS (HalpuMep, pazmep kpucraimia) [15].
Torna cuiny f, MoxkHO npeacTaBuTh B hopme

fa (I’, t) = —baV(P(l', t): (5)
rae

Gb, . |r—r'|
r,t)=-— r, ) —%<In———dr'".
o(r, 1) ;jpa( o g

[Ipumem Bo BHEMaHHME, 4To Ha mtockoctn Aln(7/R,) = 2md(r) (A — AByMepHBIii aria-
cuan, O(r) — nensra-pyukuus) [15]. Torna, yuurtsiBas csoiictsa O(r), momyunm

Ap(r,1) = =G Y b,p,(r,1). (6)

Cucrtema ypaBHeHnii (1)—(4) nomyckaeT CTallMOHAPHOE OJHOPOJHOE PEIIeHUE P, =
= Poa» ONpenessiemoe u3 yenosus F(p,) = 0. CyMMapHbIil AUCIOKAIIMOHHBIN 3apsi/ IUC-
JIOKAIIMOHHOTO aHCaMOJIs B 3TOM CIydae B CHITy 3aKOHA COXpaHEHUs BeKTopa bioprepca
PaBEeH HYJII0, TO3TOMY PaBHO HYJIIO M €r0 CPEAHEee 3HAUCHHE Zabap()a = (), KOTOpOE sIB-

JISIETCS yCIOBUEM HEUTPAIbHOCTH IUCIOKAIMOHHOTO aHCaMOJIsl OTHOCUTEIIBHO €T0 JTUC-
JIOKAIIMOHHOTO 3apsiyia. B aToM ciydae, kak Obu1o oT™MeueHo [3, 16], T0KHO UMETh Mec-
TO «0Ope3aHue» ynpyroro nois auciokanuil. [lone HanpsHKkeHUH OTAENBbHON TNUCIIOKa-
UM SKPaHUPYETCS PABHOMEPHO PACIIPEICIICHHBIM JICIOKAIIMOHHBIM «(DOHOM) H XapaK-
TEepHU3yeTCs HEKOTOPhIM P(EeKTUBHBIM HoTeHMatoM (1) nis BUHTOBBIX AuCIOKAIMI
u 3¢ dexTnBHON QyHKIMEN Hanpshkenuit Diipu Yo (r) nis kpaessix [17].
Jlnst norennmana Of(r) momyueno seipaxenue [12]:
r

Gb, Kyl — | (7)
2n r

o (r)=
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3neck K(r/r;) — dynkims MaknoHanbna HyJICBOFO nopﬂm(a KOTOpas IIpu 1 >> 1, Cllajia-
€T SKCIIOHEHITHATBHO [ 18], mosToMy BenmuunHy rd = Gb* po/ Ty, MOXKHO paccMaTpHUBaTh
KaK paJinyCc S5KPaHUPOBAHHUS YIIPYTOro MO AUCIoKauui; T, = relV /M =bo, L —pa-
0oTa 1o NepeMeIeHUIO AUCIOKAlUK Ha €IMHUILY JUTHHBI B 110JI€ BHEIITHETO HaIPSKSHUS
O, KOTOpast UTpaeT PoJIb BHEITHETO ITapaMeTpa, KOHTPOIHUPYIOIIETO POIIECCH peakca-
IIUH AUCIOKALIMOHHOTO aHCAMOISI K CTALIMOHAPHOMY COCTOSIHUIO 33 XapaKTepHOE BpeMs
T,q; L =V, — anuna coboanoro npobera aucnokatmu; ¥ = Mbo, u M — cootert-
CTBEHHO cxopocn U TIOJIBIKHOCTB B 33IaHHOI CHCTEME CKOJIbXKEHHUS.
YcnoBue HEHTPATBHOCTH Zaba Po, = 0 IPHBOIUT K TOMY, UTO CPEJIHSISA SHEPTHS YIIPY-

TOT0 B3aMMOJICHCTBHSI JUCIOKAIIMK TIPY MX PABHOMEPHOM paclpe/ie]IieHUH paBHA HYITIO.
[TonpaBky K HyJIEBOMY 3HAYCHHIO BO3HUKAIOT MPH YUETE KOPPEIISILIMUA MEXKTY ITOJIOKCHH-
SIMH Pa3IMYHbIX Juciokanuid. CpeqHee 3HaYCHNE SHEPTUU (Ha eAMHUILY JUTUHBI), 00yC-
JIOBJICHHOE KOPPEISIIMOHHBIM B3aMMOJICHCTBHEM, MOKET OBITh HalIeHO 110 001IeH dop-
myse [13]

U——Zpoapocﬂ e =r'|) /. (r,F)drdr, (8)

e f,.— nByxdacTudHas QYHKIMS pacrpeeneHus, TpeOyromas onpeaeneHus; S — cede-
HUE [ITHH]PA, B KOTOPOM COCPEIOTOUCHBI TUCIOKAIIHH.

Ha xoHeunbIX paccrostHusX f, (¥,r") nomkHa 00eCIednBaTh KOPPEISIHIIO YaCTHIL,
MO3TOMY BBUJY M30TPOIUH 3(P(PEKTUBHOTO B3aUMO/ICHCTBUS JUCTOKAIUI MOXKHO TIPE-
nonoxuts f, (r)=1+g, (), roe g,. — napHas koppensiuoHHas GyHkuus. PyHKIHO g,
(cnenys noruke [13]) BeiOepeM B Buze
eff(r) Gb,b r

=Kol — |- )
Text ZTET rd

ext

gll(,’ (r) =

Beipaxenue (9) obecriednBaeT KOPPEISILUIO AUCIOKALNA HA PACCTOSHUY 7'g,y, = I'y.

Jlist BeIamCIeHns SHeprun U 0CTAaTOYHO MOACTaBHTH (9) B (8), OCKONbKY BBHILY
YCJIOBUSI HEHTPAILHOCTH TIEPBOE CllaraeMoe B BBIpaKEHHHU U f, () He HaeT BKIaza.
Iepexonst K MHTETPUPOBAHUIO IO OTHOCUTEIBHBIM KOOPJUHATAM JABYX MUCIOKAIUH, C

HCTIonb30BaHueM [ 13] HaxomuMm

2
YGbb,. r Gbhb r Gb” . R.
U== Zp()a Ocj <In e K,| — |rdr=-N—"—In=<,  (10)
2 R 7 4n 1,
rae N — momHoe YuCio ILBI/DKyLHI/IXCS{ JUCIIOKALUN B KPUCTAILIE.

B pacuere Ha JBe AMCIOKALMU 3HEPTUs KOPPEISLMOHHOIO B3aUMOAECHUCTBUS, KaK
cnenyer us (10), pasna W, = —(Gb2/2n)ln(Rc/r ). HeTpynno 3ameTuth, 4T0 KOppers-
LIMOHHOE B3auMojieiicTBre o0ecnieunBaet 3(h(heKTUBHOE MPUTHIKEHNE TUCITOKAIIUN He3a-
BHUCHMO OT HallpaBlieHUsI UX BeKTopoB broprepca.

Hcnonp3yst HaliieHHOE BBIPasKEHUE JUTS JIBYXUACTHUHOMN KOPPENSIIHOHHON (DYHKITHH,
MOYKHO OIPEICITUTH OTOK JUCIOKAINI, 00YCIOBIEHHBIH X KOPPEISIIOHHBIM B3aHMO-
JIefiCTBUEM:

c ext

corr r—-r ,
I 6) = M, ()% o, (). ¢ el Dy
C YYETOM IpaHUYHBIX YCIOBUI [17] nMeeM

Jzorr(r) _ _Mpa (r)Vijc(r,)gac(| r—r |)[/Vac(| r-r’ |)dr', (11)
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2. HeyCTOﬁqMBOCTb OOHOPOAHOIo COCTOAHUA

DBOMIOIMOHHBIC ypaBHEHHUs ¢ yueToM (11) 11t aHcaMOIIst BAHTOBBIX JIUCIIOKAIIAH MPH-
HUMAIOT BUJ:

0 .
% +div (T, + 3= F,(p,), (12)
J,(r,0)=p,(r,0)V, —p,(r,t)Mb,Veo(r,1), (13)
AQ(r,1)==G Y b,p,(r,1). (14)

3nech B mpaBoii yactu ypaBHeHus (12), oTBeuaromeii 3a KWHETHIECKUE TPOIIECChI TeHE-
paunyu 1 aHHUTWIISIIUY TUCTIOKAIUH, YITEHO, YTO ITPU TeHEepalui TUCIOKAINHA TOCPEACT-
BOM MEXaHHM3Ma JBOHHOTO ITOTIEPETHOTO CKOIBKEHHUS BO3MOYKHA TToriepedHast quddysus
JIUCIIOKAIIMH, CBSI3aHHAs C 3TUM MexaHu3MoM [ 10].

[anee Oyzmem monarars, 4To B ANHAMUKE aHCAMOJIS TUCIOKAIMHA YIaCcTBYIOT BUHTO-
BbI€ JIMCIIOKAIMH C BekTopamu broprepca pasHbix 3HaKkoB (b, = £b), ABMKyIIHECs TIO]
JICWCTBHEM BHEIITHETO HANIPSDKEHUS G, B HarpapieHnu ocH 0x (mmox reiicTBueM BHYTpEH-
HUX HalpsDKEHUH TUCIOKAIMHE MOTYT MEPEMEIIAThCs TAKKE B ONEPEUHOI! MIIOCKOCTH).
[TockoubKy MOIBHUKHOCTh BUHTOBBIX JMCIOKALIMI B HAIPABJIEHUAX IO X U J OJJMHAKOBA,
TO TEH30P MOJBIKHOCTH M YPaBHEHUSIX MOXKHO 3aMEHHTh CKAJISIPOM.

BBenem HOBBIE IEPEMEHHBIE P = p+ +p ul= p+ — P_, ONPEACTIAOIUE, COOTBET-
CTBEHHO, CYMMapHYIO ¥ H30BITOYHYIO TNIOTHOCTH TUCIIOKAINHA. B 3THX mepeMeHHBIX CH-
crema (12)—(14) Oyaer uMeTh BUIL:

apg,z) v gc D, Mv[p(r,t)V [p(r',G(r - r')dr']= F(p,1), (15)

ol(r,t) N

y OO o, Vo(r, 0] =0, 1o
ot Ox

Ao(r,t)=-GbI(r,1), 17)

e Gr) = g, (Ir W, (| )~ Qymcuns Tprna [17],

BBunay Toro, uTO 3HEPrUs KOPPEIAIMOHHOrO B3auMoseiicteus (10) sBiseTcs oTpu-
[aTeJIbHON BEIMINHOM, TOKHO HMETh MECTO 3P (eKTHBHOE MPUTSIKEHHE TUCITOKAIIIH.
310, B CBOIO OYEpEb, JOIKHO MOPOXKIATh PACCIOCHUE OHOPOAHOIO pacIpeeIeHuUs
JHCIOKALMI U NOISIPU3ALUIO AUCIOKALMOHHON cTpyKTypbl. OO0CHOBAaHUE HTOTO MOJO-
JKEHUS TIPOBEICM, YCTAaHOBUB KPUTEPUIl HEYCTONYMBOCTU OJHOPOJHOTO COCTOSIHUS B
paMKax moxydeHHou cuctemsl ypaBHeHu (15)—(17).

Kpurepnii HeycToitunBoCTH OyIeM UCKaTh, UCTIONB3Ys NepBbIil MeTon JIsimynosa [11],
OCHOBAaHHBII Ha JIMHEAPU3aLH1 UCXOIHbIX HEIMHEHHBIX YPAaBHEHUI B OKPECTHOCTH CO-
CTOsHMS paBHOBeCHs P = P, / = 0, KOTOpOe HAXOAUM M3 YCIIOBHS PAaBEHCTBA HYIIIO Tpa-
BOM 4aCTH 3TOU CUCTEMBI.

JIuneapusys (15)—(17) B OKpecTHOCTH OAHOPOAHOTO PEIICHHUS, MOTYUNM:

o0 i[mr,z) —Mp, 2 fp(r.0G(r— r')dr’] L ML
ot ox ox T
ol(r,1) N 0

oQ(r,1)
Vo(r,t)— Mbp, ———-2 | =0, 19
o Ox( p(r,1) Po— 4 ] (19)
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Ao(r,t)=—-GbI(r,t), (20)

r7e T — BpeMs pPellakCalluy K CTallHOHAPHOMY COCTOSHHUIO P, ONpeensieMoe crerudu-
KOM KUHETHKH JAUCIOKAIIMOHHBIX PeaKLnil.
U3 ypasuennii (18)—(20) Haxoqum qiust @ypbe-rapMoHuk (oc exp {A —ikr}) cucre-
MY, OTKY/Ia TOJIyYaeM XapaKTePUCTUIECKOS YPAaBHCHUE
21,2 22
- KV yep R 1 Q1)
A+ Mb Gp k. /k 4nk’r, T

U3 KOTOPOTo onpezenseM yciaobue Heycroiuusoctr (Re {A} >0, Im {A} = 0):

©2
L) =——1In (1+622) +| 1+-% [(1+k32) <0, (22)
47 k;
e N= L’/ (pord4 ) — CIMHCTBEHHBIH yIIPaBILIONINHA Oy pKAIHOHHEBIN TapaMeTp.
N3 ananmmza (22) HEMOCPEACTBEHHO CIEAYET, YTO MPU HEMPEPHIBHOM yBEINMYCHUHN
napaMeTpa 1) HeyCTOHYMBOCTh BO3HUKAET B TOUKe 1| = 1], = 4Tle Npyu 3Ha4€HNH BOJTHOBO-

ro Bektopa k = {k,, k,} = {k., 0}, e k, = \/e—l/rd.
3akntoyeHue

Kpurepuem HEyCTONUMBOCTH OZHOPOJHOIO PACIPENEIEHUS JUCIOKALUN ABISAETCS
BBIIIOJIHEHUE YCIO0BUA 1 > 1, = 4Te min

4 2

me( o

— e

p>p,=—| | (23)
¥’ \ G

B MOMEHT BO3HHKHOBEHHS HEYCTOHYMBOCTH (POPMHUPYETCS OAHOMEPHO-TIEPHOUIEC-
Kas (Tak Kak k, = 0) ILI/ICJIOKalll/Iz/IOHHaSI CTPYKTypa C XapaKkTepHBIM MPOCTPAHCTBEHHBIM
macmtabom L, =2n/k, =~ Tp, "~ . Ilo Mepe yBenmn4eHus napaMeTpa 1) B CHCTEMe TOSIBIIA-
I0TCS HEYCTOIUMBBIE rapMOHUKH € K, # 0. OJJHAKO MHKPEMEHT HeyCTOMUMBOCTH 3THX
MOJI MEHBbIIIE, YeM OCHOBHOH HEYCTOHYMBON MOIBI C BOTHOBEIM BEKTOPOM B OKPECTHOC-
™ k, (npu k, = 0). [TosTOMYy /17151 MCTIOKALMH OTHOM CHCTEMBI CKONIbKEHUS BOSHUKHOBE-
HHE 0oJiee CIIOKHBIX TPOCTPAHCTBEHHBIX CTPYKTYP OKa3bIBACTCS HEPEaTN3yeMBbIM.

IIpu 3TOM HEOOXOAUMO yUecTh Takue (HaKTOPbI, KOTOPbIE OBl MO3BOJIIIIH MOMYYaTh
pemrenns 6oree crnokHOTO BUa. Hanboree ecTeCTBEHHBIM BBIIISITUT yIeT MHOXKECTBEH-
HOTO CKOJILKEHUS B aHcaMOne Auciokanuii. B aTom ciydae cucrema ypasHenuit (15)—
(17) B OKpeCTHOCTH TOYKH OM(ypKAIIUHU TPeoOpas3yeTcs K BUILY

apg, DD V(. + MY[p(r 0V [0 Gr-rar = Fp), 24)

I(r,1) = - Vp(r,1), (25)
c
tie D, =rVm, —spdexrusupiii kooppuument nuddysnn.

Torma MoXXHO TIOKa3aTh, YTO cHcTeMa ypaBHeHUH (24), (25) npu 3HaYEeHUHN BOIHO-
BorO Bektopa |k |=k, =+/e—1/r, nomyckaer pemieHus B BuJE Pa3INYHBIX BAPHAHTOB
MHOTOTPAHHBIX PELIETOK (SYEUCTBIX CTPYKTYP). COOTBETCTBEHHO KPHUTEPHEM BO3HHKHO-
BEHUS HEOJHOPOJHOM SUEUCTON CTPYKTYPHI SIBIIAETCS 1OCTHKEHUE KPUTHUUECKOHU ILIOT-
Hoctr (23). TIpn THIMYHBIX 3HAYCHUAX napameTpoB cuctemsl (b = 3-107° cwm, c,/G =
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=3-10*) kpuTHYECKOH IIOTHOCTH IUCIIOKALIMIA COOTBETCTBYET BenuuHa P, ~ 1,5- 10° em?,
COBIIQ/IAfOIIIAS 110 TIOPSIIKY BETMYMHBI C 9KCIEPUMEHTAIBHBIM 3HAY€HHEM INIOTHOCTH JTHIC-
JIOKAIMH 3apOXKICHUS TUCIOKAIMOHHBIX CTPYKTYp stuenctoro tuma [4, 19].

3aBHCHMOCTB XapaKTePHOTO pasMepa TIEUCTON CTPYKTYPHI OT INIOTHOCTH JIUCIIOKa-
LM COBITaJaeT C SKCIIEPUMEHTAIBHOI 3aBUCHMOCTBIO KaK KayeCTBEHHO, TaK U KOJIMYe-
ctBeHHO [20]. B aT0ii cTaThe monydeH ko3(GGUImeHT npononnoHaibHOCTH K MEXIy pas-
Mepom stueek d u BenmuuHoM P2 s pasmuunbix MeTamios: K = 2—16. 3ameTum, uto
€CIIM TIOZICTABUTH d B IPYTYIO SKCIIEPUMEHTAIIbHYO 3aBUcHMOCTh G, o¢ C/d (rme C — He-
KOTOpasi IOCTOSTHHAST), TO MOJIy4aeTcsi yHHBepcabHasi 3aBUCUMOCTh G oC \/_ , 4acTo IpH-
HUMaeMas TIpH Pa3JIMYHbIX OIIEHKaX KaK allpHOPHBIH MOMEHT TEOPHH.

B 3axiiouenne oTMeTHM, 9TO, KaK CJICIyeT U3 TMOTyUCHHBIX PE3ylIbTaToB, 3apoKie-
HHE IPOCTPAHCTBEHHO HEOJHOPOIHBIX JIUCIOKAIIMOHHBIX CTPYKTYP, OCHOBAaHHOE Ha KOp-
PEJIAIIMOHHON HEYCTONYUBOCTH, 3aBUCUT B OCHOBHOM OT OCOOCHHOCTEH YIIPyroro B3au-
MOJICHCTBHS IUCIOKALUI 1 HEKPUTHYHO K BHIOOPY MEXaHM3MOB X KHHETHKH.

Cnucox numepamypul

1. Estrin Y., Kubin L.P. Micro- and macroscopic aspects of unstable plastic flow. Phase
Transform. London — New York, 2006. P. 185-202.

2. KoceBuu A.M. Jlucnoxannu B Teopun ynpyroctu. Kues: Haykosa nymka, 1978. 220 c.

3. Friedel J. Dislocations. Oxford: Pergamon Press, 1964. 512 p.

4. Seefeldt M. Disclinations in large-strain plastic deformation and work-hardening. Reviews
on Advanced Materials Science. 2001. No 2. P. 44-79.

5. Walgraef D., Aifantis E.C. On the formation and stability of dislocation patterns. I. One
dimansional considiration. International Journal of Engineering Science. 1985. Vol. 23. No 12.
P. 1351-1358.

6. Walgraef D., Aifantis E.C. On the formation and stability of dislocation patterns. II. Two
dimansional considirations. /nternational Journal of Engineering Science. 1985. Vol. 23. No 12.
P. 1359-1364.

7. Walgraef D., Aifantis E.C. On the formation and stability of dislocation patterns. III. Three
dimansional considirations. International Journal of Engineering Science. 1985. Vol. 23. No 12.
P. 1365-1370.

8. Kratochvil J. Dislocation pattern formation in metals. Revue de Physique Appliquee. 1988.
Vol. 23. No 4. P. 419-429. DOI: 10.1051/rphysap:01988002304041900.

9. Kratochvil J. Derivation of Mughrabi's cellular structure model from synergetics of
dislocation. Scripta Metallurgica et Materialia. 1990. Vol. 24. Iss. 5. P. 891-894. https://doi.org/
10.1016/0956-716X(90)90131-Y.

10. Mansirus I A. [Iponieccsl caMoopranu3auy TUCIOKAIUHN 1 TNIACTHYHOCTH KPUCTAIIIOB.
Y®H. 1999. T. 169. Bem. 9. C. 979-1010. DOI: 10.3367/UFNr.0169.199909¢.0979.

11. Capadanos I®., Makcumor M.JI. DpdekTsl caMocoriacoBaHHOH TMHAMHKHA aHCaMOIIs
BUHTOBBIX JTUCIIOKALIMI TIpU TutacTU4eckoi nedopmarun kpuctawioB. @TT. 1997. T. 39. Ne6.
C. 1066-1071.

12. Capadanor I.®d. DkpanupoBaHue yrpyroro noss B ancamoOue aucnokatmid. @TT. 1997.
T. 39. Ne9. C. 1575-1579.

13. JTaunay JI.JI., JTudpuun E.M. Cmamucmuueckas ¢pusuxa. M.: Hayka, 1976. 584 c.

14. Mareev E.A., Sarafanov G.F. On spatial structures formation in dusty plasmas. Physics of
Plasmas. 1998. Vol. 5. No 5. P. 1563-1565. DOI: 10.1063/1.873097.

15. Hirth J.P., Lothe J. Theory of Dislocatons. New York: McGraw-Hill, 1968. 780 p.

16. Cotrell A.H. Dislocations and Plastic Flow in Cryctals. London: Oxford Univ. Press,
1953. 223 p.

17. Capadanos I.®., [Tepesezennes B.H. Penakcarust ynpyroro moiist Kpucrasia B mpolecce
(dhopmHpoBaHHs CyOrpaHHUIL TIPH IJIACTHUECKOHN nedopManuu. Jedhpopmayus u paspyuienue mame-
puanog. 2017. Nel. C. 2-5.

204



18. Swift J.S., Hohenberg P.C. Hydrodvnamic fluctuation at the convective instability. Physical
Review A. 1977. Vol. 15. No 1. P. 319-328. DOI: 10.1103/PhysRevA.15.319.

19. Zisman A.A., Rybin V. V. Basic configurations of interfacial and junction defects induced
in a polycrystal by deformation of grains. Acta Materialia. 1996. Vol. 44. Iss. 1. P. 403—407. https:/
/doi.org/10.1016/1359-6454(95)00155-8.

20. Staker M.R., Holt D.L. The dislocation cell size and dislocation density in copper deformed
at temperatures between 25 and 700 °C. Acta Metallurgica. 1972. Vol. 20. No 4. P. 569-580.

References

1. Estrin Y., Kubin L.P. Micro- and macroscopic aspects of unstable plastic flow. Phase
Transform. London. New York. 2006. P. 185-202.

2. Kosevich A.M. Dislokatsii v teorii uprugosti [Dislocations in the Theory of Elasticity].
Kiev: Naukova dumka Publ. 1978. 220 p. (In Russian).

3. Friedel J. Dislocations. Oxford. Pergamon Press. 1964. 512 p.

4. Seefeldt M. Disclinations in large-strain plastic deformation and work-hardening. Rev. Adv.
Mater. Sci. 2001. No 2. P. 44-79.

5. Walgraef D., Aifantis E.C. On the formation and stability of dislocation patterns. I. One
dimansional considiration. Intern. J. Eng. Sci. 1985. Vol. 23. No 12. P. 1351-1358.

6. Walgraef D., Aifantis E.C. On the formation and stability of dislocation patterns. II. Two
dimansional considirations. Intern. J. Eng. Sci. 1985. Vol. 23. No 12. P. 1359-1364.

7. Walgraef D., Aifantis E.C. On the formation and stability of dislocation patterns. III. Three
dimansional considirations. Intern. J. Eng. Sci. 1985. Vol. 23. No 12. P. 1365-1370.

8. Kratochvil J. Dislocation pattern formation in metals. Rev. Phys.Applique. 1988. Vol. 23.
No 4. P. 419-429. DOI: 10.1051/rphysap:01988002304041900.

9. Kratochvil J. Derivation of Mughrabi's cellular structure model from synergetics of
dislocation. Scripta Metall Mater. 1990. Vol. 24. Iss. 5. P. 891-894. https://doi.org/10.1016/0956-
716X(90)90131-Y.

10. Malygin G.A. Dislocation self-organization processes and crystal plasticity. Physics —
Uspekhi. 1999. Vol. 42. No 9. P. 887-916. DOI: 10.1070/PU1999v042n09ABEH000563.

11. Sarafanov G.F., Maksimov L.L. Self-consistent dynamics of an ensemble of screw
dislocations during plastic deformation of crystals. Physics of the Solid State. 1997. Vol. 39. No 6.
P. 957-961. DOI: 10.1134/1.1130007.

12. Sarafanov G.F. Screening of the elastic field in a dislocation ensemble. Physics of the
Solid State. 1997. Vol. 39. No 9. P. 1403-1406. DOI: 10.1134/1.1130087.

13. Landau L.D., Lifshitz E.M. Statistical Physics. London. Elsevier. 1969. 544 p.

14. Mareev E.A., Sarafanov G.F. On spatial structures formation in dusty plasmas. Physics of
Plasmas. 1998. Vol. 5. No 5. P. 1563-1565. DOI: 10.1063/1.873097.

15. Hirth J.P.,, Lothe J. Theory of Dislocatons. New York. McGraw-Hill. 1968. 780 p.

16. Cotrell A.H. Dislocations and Plastic Flow in Cryctals. London. Oxford Univ. Press.
1953. 223 p.

17. Sarafanov G.F., Perevezentsev V.N. Relaxation of the elastic field of a crystal during the
subgrain boundary formation induced by plastic deformation. Russian Metallurgy (Metally).2017.
Vol. 2017. No 10. P. 775-778. DOI:10.1134/S0036029517100196.

18. Swift J.S., Hohenberg P.C. Hydrodvnamic fluctuation at the convective instability. Phys.
Rev. A.1977. Vol. 15. No 1. P. 319-328. DOI: 10.1103/PhysRevA.15.319.

19. Zisman A.A., Rybin V.V. Basic configurations of interfacial and junction defects induced
in a polycrystal by deformation of grains. Acta Mater. 1996. Vol. 44. Iss. 1. P. 403—407. https://
doi.org/10.1016/1359-6454(95)00155-8.

20. Staker M.R., Holt D.L. The dislocation cell size and dislocation density in copper deformed
at temperatures between 25 and 700 °C. Acta Metall. 1972. Vol. 20. No 4. P. 569-580.

205



INSTABILITY IN A DISLOCATION ENSEMBLE
AT PLASTIC DEFORMATION IN METALS

Sarafanov G.F.

Mechanical Engineering Research Institute of the Russian Academy of Sciences — Branch
of Federal Research Center “Institute of Applied Physics of the RAS”,
Nizhny Novgorod, Russian Federation

A problem related to the development of instability of a homogeneous state in an ensemble of
screw dislocations under plastic deformation of metals is considered . The study of the development
of instability and structure formation in the dislocation ensemble is carried out on the basis of the
method developed for charged particles in plasma and associated with the correlation interaction
ofelectrons and positively charged ions. Accordingly, the screw dislocation ensemble is represented
as a system of dislocations with an opposite Burgers vector, i.e., as a plasma-like medium with
opposite dislocation charges. The total dislocation charge of the dislocation ensemble is equal to
zero due to the law of conservation of the Burgers vector. In this situation, the elastic field of
dislocations is “cut off””. The stress field of a single dislocation is shielded by a uniformly distributed
dislocation “background” and is characterized by a certain effective potential. It is found that at
long distances it decreases exponentially. Therefore, the value in the argument of the falling potential
can be considered as the radius of screening of the elastic field of dislocations. It is shown that the
screening radius is equal to the correlation radius, which makes it possible to construct a two-
particle correlation function and find the energy of the correlation interaction of dislocations. A
system of kinetic equations for a dislocation ensemble is formulated, taking into account the elastic
and correlation interaction of dislocations, as well as the processes of their generation and
annihilation. The criterion of instability of the homogeneous distribution of dislocations for the
formulated system of equations is established. The instability criterion is met under the condition
that the dislocation density exceeds a certain critical value that depends on the square of the flow
stress and material constants (such as the Burgers vector modulus and shear modulus, as well as
indirectly, the packing defect energy). In the framework of linear analysis, it is shown that when
one system of sliding screw dislocations is taken into account, a one — dimensional periodic
dislocation dissipative structure is formed at the moment of instability occurrence, and when multiple
sliding is taken into account, solutions appear in the form of various variants of polyhedral lattices
(cellular structures). It is established that the characteristic size of the cellular structure coincides
with the experimental dependence both qualitatively and quantitatively ( the cell size is proportional
to the square root of the dislocation density, and the proportionality coefficient is about ten). It is
shown that the origin of spatially inhomogeneous dislocation structures, based on correlation
instability, depends mainly on the features of the elastic interaction of dislocations and is not
critical to the choice of the mechanisms of their kinetics (i.e., the mechanisms of generation,
annihilation, and runoff of dislocations).

Keywords: dislocation ensemble, screw dislocations, screening radius, correlation instability, cellular
structure.
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