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IIpencTaBieHs! pe3yinbTaTbl TECTUPOBAHUS AJITOPUTMA PELICHUS 3a1a4 HEIU-
HEHHOTO 0CECUMMETPHYHOTO INHAMHYECKOTO IehOPMUPOBAHHMS MITKHX 000JI0UEK
13 BBICOKORIACTUYHBIX MAaTE€PUAIOB. YPAaBHEHUS! IBIKCHUS [IPE/ICTABICHBI B BEK-
TOPHO-MaTpU4IHOH (opme. [1Jis pelieHus] HeTMHEHHON HaYaIbHO-KPAeBOH 3a/1auu
pa3paboTaH aJrOpUTM, 3aKIIOYAIOMIUIicS B CBEAECHUU CUCTEMBl YPABHEHUIl IBU-
JKEHHS B YAaCTHBIX IIPOM3BOIHBIX K CHCTEME OOBIKHOBEHHBIX TH(depeHnnantbHbIx
ypaBHEHUH C UCIIOJIL30BAaHUEM METOa NPAMBIX. [Ipy 3TOM IPUMEHSAETCS] KOHEUHO-
pa3HOCTHAsI alpPOKCHMAIIHs YaCTHBIX MPOU3BOJHBIX MO BpeMeHu. [lomyuennas B
pe3yibTare annpoKCUMAlUU CUCTEMA HETMHEHHBIX 0ObIKHOBEHHBIX qU(hepeHn-
aJBbHBIX YPaBHEHUH permaercss MeTooM Ir(pdepeHInpoOBaHus 110 apaMeTpy Ha
Ka)XJIOM Iuare 1o BpemeHu. ITpuBeaeHsl pe3ynbrarbl TECTUPOBAHUS OIMMCAHHOTO
aJropuTMa B CiIydae JIMHEHHO BO3PACTAIOIIETO BO BPEMEHH JJaBJICHHs, PaBHOMEpP-
HO pacIpeieIeHHOro 0 MEpUAMaHy IIApHUPHO ONEPTO Msrkoii nomycdepsl. Pac-
CMOTpPEHBI TPH THIIA YIPYTOTO MOTEHIIHAIA, XapaKTePHU3YIOIIET0 MaTepra 000JI104-
KH: HEOTYKOBCKHii, MyHH — PuBniua 1 Mleo. OTMeueHBI 0COBEHHOCTH YHCIEHHOI
peau3aly UCTI0Ib3yEeMOT0 aJiTOPUTMA, CBA3aHHBIC KaK CO CBOMCTBAMM CUCTEMBI
ypaBHEHUH J1e(OPMHUPOBAHUS MATKHUX 000JI0UYEK, TaK U C 0COOEHHOCTSIMU CaMOTO
anroputMma. MccenoBano noBeieHne PELICHUS TP KPUTHUECKOM 3HAYCHUU J1aB-
JICHUSL, pa3/lyBalolero 000I0UKy. Y TOUHEHb! (POPMYIUPOBKU U BBIBOJbI, JaHHBIE B
AQHAINTHYECKUX MCCIIEeJOBaHMAX 3a1aul. [lokazaHa MPUMEHUMOCTD UCTIONb3yEeMO-
0 aJrOpUTMa IIPU PELICHUH 3a/1a4 AUHAMHUYECKOTO 1e(OPMUPOBAHUS MATKUX 000-
JIOYEK B JIMAra3oHe MepeMelIeHNH, B HECKOIBKO Pa3 MPEBBILIAIONINX HauyaJIbHbIC
pa3Mepsl 000s104KH, U AehopMalUil, HAMHOTO [IPEBBIIAIONIUX eAUHUIY. UnciieH-
HOE peleHre HauyallbHO-KpaeBoH 3314l HECTAIIMOHAPHOTO JMHAMUYECKOTO 1e(op-
MUPOBaHUS MATKOH 000JI04KH OTyUeHO 0€3 IPEAIOI0KEHUH 00 OrpaHUYEHHOCTH
nepeMeIeHuii U qeopmMariuii. Pe3ynbraTsl pacueToB XOpOIIO COTIACyHOTCS C pe-
3y/bTaTaMU aHAIUTUYECKUX UCCIEIOBaHUI TeCTOBOII 3a1a4H.

Knrouesvie crosa: Msarkas OGOJ’IO‘-IKa, BBICOKOXJIACTUIHBIA Marepuai, HeCTalu-
OHapHas JMHaMHUKa.

BBepeHue

B HayuHoIi iuTepaType MOXKHO BBIJIETUTH JBa MOJAX0/1a K TOCTAHOBKE U PELIEHUIO
3aJlad TUHAMHKHM MSATKUX 000J04ek. [1epBbIil Moaxom XapakTepeH i OTCUSCTBECHHBIX
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IIKOJI UCCJICAOBAHUA MSIFKOOGOJIO‘IC‘IHLIX KOHCprKHI/Iﬁ 1 OTJIMYACTCs HAIIPABJICHHOCTBIO
Ha pelleHrne KOHKPETHBIX MPUKIaAHbIX 3a1a4 [ 1-5]. [Ipu mocTaHoBKe Takux 3a/1a4 paz-
pabaThIBAIOTCSI MOJICIN HCCIICYeMOU KOHCTPYKIIMHU, YUYUTHIBAIOIINE €€ CrIeIn()UISCKUe
CBOICTBA WM YCJIOBHS paOOTHI. PerreHne 3amad mpoBOANTCS KaK aHAIUTHYECKH, TaK U
YHCJICHHO METO/IOM KOHEYHBIX Pa3HOCTEH, B TIOCIIE/IHEM CITy4ae JI0MycKast BO3MOXKHOCTh
MIOJTHOTO aHAIIN3a HANPsDKEHHO-Ie(POPMHPOBAHHOTO cOCTOSIHUSL. OHAKO aHAIN3 TIOBE-
ACHUS KOHCTPYKIUU BCETAa BBIMOJJHACTCA B HNPECANOIOKECHNN MaJIbIX HepeMeHleHHfI u
nedopmMarnii, 9To B 00IIEM CITydae He OTpa)kaeT BO3MOXKHOCTH MOBEICHHS 000JI0UKH U3
BBICOKO?TACTUYHOTO MaTepHaa.

Bropoii moaxo npucytin 3apy0eKHbIM HcciieoBaHUsIM. HecMOTpst Ha Kakyieecs
MHOT000pa3zue 3apyO0esKHBIX pa3padOTOK B 00JIACTH JMHAMHUKHI MATKUX 000JI04EK 1O CpaB-
HEHUIO C OTEUECTBEHHBIMHU HUCCIICIOBAHISIMH, B IEPBBIX MOYKHO BBIJICITUT JIAIIH TPU THIIA
3a]1a4 C MO3UIMI TEOMETPUH PACCMATPUBACMOM KOHCTPYKIIUK: aHAIN3 Je(hOpMHUPOBaAHHUS
MeMOpaHsbl, IHITHHpa Wi cdepbl [6—15]. Kpome Toro, MaTreMaTrueckas (opMyInpoBKa
3aj1au¥l CYIIECTBEHHO IPOILE MPe/UlaraeMoi 0TeYeCTBEHHBIMU aBTOPAMH — pacCMaTpH-
BAIOTCsI TAKHE YCIOBUS HATPYKEHHS U 3aKPETUICHISI 000JI0UKH, KOTOPBIE TIO3BOJISIFOT CBE-
CTU ypaBHEHHs e¢ JBIKCHUS K U (epeHIManbHOMY ypaBHEHHIO BTOPOTO MOPSIIKA 110
BpeMeHH. PemeHne ypaBHEHHUS B OOJIBITHHCTBE CIIYYaeB CBOIHUTCS K ITOYICHUIO aHAH-
THUYECKOTO BBIPAXKEHHS JUIsl IEpHO/ia KosteObaHuii 1 (ha30BOro moprpera cucTeMsl. JIumib B
YETBIPEX CTAThSIX pelIeHUE onpeeseTcs uncienHo [16—19].

B HaCTOHHleﬁ CTAaTbhbC NPEATNPUHATA NONbITKA MPEACTABUTL NOCTAHOBKY W aJITOPUTM
pemIeHns 33/1a4i OCECHMMETPUIHOTO TUHAMUYECKOTO Ie(OpMUPOBAHHS MATKOH 000-
J104KH 0€3 KAKUX-THO0 OrpaHUuEHUHN, CBONCTBEHHBIX CYIIECTBYIOIINM UCCIEIOBAHUSM.

1. NocTaHoBKa 3agaum u ariropuTM™m peLlieHus

[Iycts 3amaga fuHAMHYIECKOTO Ae(hOPMHUPOBAHUS MATKOH OOOJOYKH OMHCHIBACTCS
cucteMoil andepeHnnanbHbIX YPaBHEHUI, B BEKTOPHO-MAaTpU4HON hopme mmeroreit
BUJL

oy o’y
2 =f(y,n,q)+ M —= 1
pw (x,y,1,q) Y (1)
C HAYaJIbHBIMU yCJ'IOBI/Ii[MI/I
y(x,0) =y, ¥Y'(x0)=y; )
nu l"paHI/IIIHI)IMI/I yCJ'IOBI/IHMI/I
lljl(xlaylaq:”at)zoy 1<—>2 (3)

31ech y — BeKTOp-(DYHKIIHS C 77 KOMITOHEHTAMHU pa3pellaroIiux nepemeHnsix, f(x,y,u,q)—
BEKTOP-(DyHKIMSA ¢ 7 KOMIIOHEHTaMHM NPaBbIX YacTeH CHUCTEMbI au((PepeHIIHATBHBIX
ypaBHEHHH, ((X) — BeKTOP-DYHKIHUS ¢ / KOMIIOHEHTaMH [IOBEPXHOCTHBIX HArpy30K, W —
BEKTOp MapaMeTpoB 3a1auu, M — MaTpHiia HHEPIHOHHBIX CBOWCTB 000JIOUKH, { — BpeMsl.
[Tpu 3TOM [T MSITKOH 000JIOUKH B Ka9€CTBE KOMIIOHEHT BEKTOPA Y B3SITHI 0003HAUCHHS
u3 [20]:y = {T, T,.u w}', rne T, , T,. — IpOEKIIMU PaBHONEHCTBYIONIMX yCUITHH, eii-
CTBYIOIIHX TI0 TPAHSAM JIeMeHTa 1e(hOpMHPOBAHHON TOBEPXHOCTH 000JIOUKH, HA OCH X, Z
CUCTEMBI KOOPJIMHAT, CBA3aHHOU C Helle(hOPMUPOBAHHOM 00OIOUKOIA; U, W — MPOSKIIUU
BEKTOpA IEePEMEIICHHS TOYKH TOBEPXHOCTH 0O0JIOUKH Ha yKa3aHHBIC OCH.

s pemenust 3aaauu (1)—(3) ucnonb3yem MeTo] IPSMBIX. J{J1si KOHEYHO-PAa3HOCTHO-
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IO MPE/ICTaBIICHHs] BEKTOPA YCKOPEHHH B CTaThe pacCMaTpUBAETCs YeTHIPEXTOUeUHas all-
MPOKCUMALIUS C UCIIOJIB30BAHMEM 3aKOHTYPHBIX TOYECK Ha IEPBBIX LIarax 1o BPEMEHH
[21]. Torna st k-ro perysasipHOro Iara 1o BpeMeHH MOoJIHast CUCTeMa YPaBHEeHHI B 4acT-
HBIX [IPOU3BOJHBIX, ONMUCHIBAIOIINX IMHAMHYECKOE NMOBEICHHE 0OO0JIOUKH, CBOAUTCS K
COBOKYITHOCTH HEJIMHEHHBIX KPAaeBbIX 3a/]1a4 B OOBIKHOBEHHBIX IIPOU3BOIHBIX:

% =F (Y0 Yo Yoo Qi)
“
Wi (XL YoMy 6) =0, 1602,
3neck #, — k-it MOMEHT BpeMeHH.

[Tpu ucnone3oBanuu Metona auddepeHmmupoBanus mo napamerpy [22] s perie-
HUSI CUCTEMBI (4) TIPEICTAaBUM HarpysKy, ACHCTBYIOIIYIO Ha Ae(OPMUPYEMBIIl 3TEMEHT,
CYMMOI 33/IaHHBIX TOBEPXHOCTHBIX M HHEPIIMOHHBIX HATPY30K:

2

¥ 0
q'(H)=q(1) +M?§. 5)

B cooTBeTCTBHU ¢ KOHIICTIIIEH paccMaTpUBAEMOTO METOAA MIPU TIOCTPOCHUH aJIro-
pHUTMa perieHus 3aaauu (4) BBOAUTCS MapaMeTp Harpy3KH O, TO €CTh Harpys3ka (5) 3amu-
ceiBaercs B Buje () = 0q’(¢), n BEIGUpaeTCcs HeKOTOpHIA mapamerp 7, o KOTOPOMY
MIPOJOIKAETCS pelIeH e 3a4a4u. Ha ocHOBaHMH pe3yabTaToB HCCIIEN0BAHUM, MPUBEICH-
HBIX B [23], mapaMeTp mpoaoiiKeHus perieHus 1 BeIOpaH B (hopMe KalleHAapHOTO mapa-
MeTpa, npeiokeHHor B [24]. Torma npu qudQepeHIMpoBaHnH 10 YKa3aHHOMY Iapa-
METpPY CUCTEMBbI yPaBHEHUH (4) MOITyIMM KBA3WIMHEHHYIO KPAEBYIO 33/1a4y, KOTOPYIO MOXK-
HO TIPENICTABUTH B BUJIE:

dy . .
e A (Y 15 950)Y, D (0¥ G Y s 0 YO,
dx (©6)

B, (xlayl,kaul,kaql,k’a)YI +by, (xlayl,kaul,k’ql,k)a =0, 12
IIpu vcnons30BaHuK MeToAa TU(HEPEHIMPOBAHKS 110 MApaMETPy KBa3UIHHEHHAs

KpaeBasl 3aj1a4a JIONOoJIHSeTCsl HeJIMHEeNHOM 3a1auel Kolltn OTHOCUTENBbHO NCKOMBIX BEK-
TOPOB pa3pelIAIONINX IEPEMEHHBIX U apaMeTpa Harpy3KkH OL:

dy,; .
d;] :yk,j(yk,jaxk,jaT)y
(7
do .
—=0q.
dr

3nechj € [1, m], tae m — 9uUCIIO TOYEK AUCKPETH3ALUN MEPUANAHA O00IOUYKH.

[Touck peniennst B3aMMOCBSI3aHHBIX KBA3WIMHEHHON KpaeBoH (6) 1 HETMHEWHON Ha-
qaspHOH (7) 33124 MPOBOJMTCS MOCIIEA0BATEIBHO Ha KaXIOM BPEMEHHOM CJIOE TP 3Ha-
yeHusx mapamerpa oL € [0; 1], roe permenne mpu 0L =1 COOTBETCTBYET PEIICHHUIO HCXO-
Ho#t 3a1autt (1)—(3) ¢ TOYHOCTHIO A0 MPUHATOM aNIIPOKCUMAIIUU BEKTOPA YCKOPECHUIL.

2. PeweHue 3apgaum o pasgyBaHum nonycdepbl
NVHENHO BO3pacTarolnM AaBrieHUeM

PaccmoTpuM 3aauy 0 AMHAMUYECKOM pa3dyBaHUM PaBHOMEPHO paclpeeIeHHbIM
[0 MEPUNAHY JAABIECHHEM IIIAPHUPHO ONEPTON MATKON NMOIychepsl U3 MaTepHAIOB, YII-
pyTre MOoTeHIHANBI /¥ KOTOPBIX XapaKTePU3YIOTCS 3aBUCUMOCTSIMH:
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1) Heorykosckuit: W= C(I, - 3),

2) Mynu — Pusnuna: W= C\y({, —3) + Cy (L, - 3),

3) Meo: W=C,(I, - 3) + C(I, - 3)* + C5(I, - 3)°.
3neck C, Cyg, Coy, C, Cy, Cy — mapamerpsl Matepuana obonouku, I, =A% + A5 +1%,
I, = lekzz + K22K23 + 733%21, A=l+e,i= 1,_3, riae e, — aeopmManuy B HaNpaBIEHUH
OCeil CUCTEMBbI KOOPJIMHAT, CBA3aHHOMU C JIe(hOPMUPOBAHHOM 00OIOUYKOA.

B cTaThsx, MOCBAIICHHBIX NCCICIOBAHHIO JUHAMUKA Pa3ayBaHUs MMOIyCchephl, TpH
pacCMOTPCHUU 3a1a4, JJIs1 KOTOPBIX CYIIECTBYCT MOHATUEC KPUTUYICCKOI'O JaBJICHUS, YKa-
3BIBACTCSI, YTO IIPHU MPEBEINICHUH JaBJICHUEM 3TOTO 3HAYCHUS OO0 «PEeIIeHUE (Pr3mdec-
KH HETIpUEeMJIEMOY, TH00 «000JI04Ka Yepe3 HEKOTopoe BpeMs paspymaetcs» [12, 14, 15].
[Tpu 5TOM MOTHOTO aHAM3a HATIPSUKEHHO-IE(POPMIPOBAHHOTO COCTOSIHUS 000JI0UKH HA
B OIHOM U3 paboT HE MPOBOIUTCS, U HOHSITHE KPUTHUECKOH HATPY3KU ONIPEACNSACTCS JIUIIb
KaK HEKOE SKCTPEMaJIbHOE e¢ 3HAYCHHUE, KOTOPOE SBISIETCS IOy CTHMBIM ISl PACCMaTPH-
BaeMO¥t 000IOUKH ITPY 33 JaHHBIX HAUAJIbHBIX yCIOBUsX. [loBeneHre 000T0UKH ITPU CTPEM-
JICHUW HATrPy3KU K KPUTHIECKOMY 3HAUCHHIO HE OITUCHIBACTCS.

YcrpaHeHHe yKa3aHHOTO HEO0CTATKa OKa3bIBACTCSl BOSMOXKHBIM B CIIydae paccMar-
pUBacMOil B HACTOSIIICH CTAaThe TOJHOM MOCTAHOBKH 3a1a4M JAe(OPMUPOBAHUS MATKOM
000JIOUKH KaK HavallbHO-KpaeBoil 3amaun. [IpuMem, 4To paBHOMEPHO pacHpeieeHHOEe
0 MEepUINaHy OOOJOYKH JaBJICHUE JHHEHHO BO3pacTaeT BO BpeMEeHU. COOTHOIICHHS
napaMeTpoB MaTepraia Ha OCHOBAaHUH JaHHBIX U3 [ 14] MOMOKHUM CIIEAYIOUIMHU:

— st Mmarepuaia Mynu — Pusnuna C,,/C = 1,097, C,,,/C = 0,00784;

— nns Marepuana Heo C,/C = 0,993, C,/C =-0,00852, C;/C = 0,000214.

Paccmotpum citywait, Korna OTHOIIEHHE HAYaJbHOTO pajnyca K Ha4aJIbHOW TOJIIHU-
He obomnouku Ry/h, = 100. [Tpu 3TOM B IPEACTABISIEMBIX PE3yIbTaTax pacueToB 6e3pas-
MepHBIE BEITHYMHBI HATPy3KH p, HANPSHKCHUH O, MPUBEACHHBIX K TOJIINHE 00O0JIOUKA
yeunuit T;, nporn6a w u BpeMeHH T CBSA3aHbI C COOTBETCTBYIOLIUMH Pa3MEPHBIMU BEJIH-
YHHAMH COOTHOIICHHSIMHU:

T=t |—
b 2 b
Ryp

hg*
Q,
=3
==,

e P — INDIOTHOCTh MaTepHaia 00O0IOUKH.

HpI/I BBIYUCJIICHUAX C MUHUMAJIbHO JOIIYCTUMbIM LIAarom 1o BpeMEHU AT, OIpeacs-
€MBIM 00y CIIOBICHHOCTBIO MAaTPHIIEI SIKoOU CHCTEeMBI ypaBHEHHH (6), HAUMHAS C HEKOTO-
POIi BeJIMUMHBI Pa3lyBarOIIEr0 000I0UKY JaBICHHS JaTbHEHIIINE BEIYNCICHUS TIPUBOIH-
I K TIOSIBIICHHIO HE(DPU3UTHOTO PE3yNbTaTa, TO €CTh B IIPOIIECCE PEIICHHS BETHYMHA CKO-
pPOCTH MU3MEHEHHsI TapaMeTpa Harpy3KH 10 KaJleHIapHOMY napaMeTpy [24] ctaHOBUIIaCh
OTPHUIATENIFHOM. YKa3aHHOE 3HAaUCHHE aBICHHS OBIIO NMPHHATO KPUTHIECKUM. Takum
00pa3oM orpe/ieNieHbl BETMYNHBI KpUTHUYECKOTO AaBJICHHUS I 000JI0UKH U3 MaTepUAIIOB
paccMaTpuBaeMbIX TUIIOB (Tabmuma 1).

Tabnuya 1

3HavyeHHs] KpUTHYECKOI0 AaBJICHUS
pasayBaemMoii MATKo# nmoaycgepsnl

Marepuan P P
HEOTYKOBCKHI 0,0282 0,0222
Mynu — PuBnuna 0,0315 0,0248
Meo 0,0281 0,0217
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OTMeTHM, YTO, CTPOTO TOBOPS, MPEACTABICHHOE B Ta0IHIIe CPAaBHEHHE PE3yJIbTaTOB
pacdera ¢ aHAIUTUYECKUM perieHrneM [14] He BIoiHe KOPPEKTHO, TaK KaK MOCIEAHee
TOJIYYC€HO B IPEAMNOJIO0KEHUU OTCYTCTBUA NPEABAPUTCIIbHOTO HAIPSI?KEHHOT'O COCTOSAHUA
000JIOYKH, TOTAA KaK IPH MOCTPOSHUH YHNCICHHOTO PEIICHIS HEOOX0IMMa PeTyIspH3a-
1A CUCTEMBI ypaBHCHI/Iﬁ JABUKCHUS 060HO‘IKI/I Ha IMEepBOM LIare no BpeMEHM, 3aK/IH04aro-
miasicsl B 3aJ[aHUU MPEBAPUTEIBHOTO MAJIOTO JaBJICHHS, pa3yBaroiero 000mouky [24].
OILHaKO B YHCJICHHO MOJYYCHHBIX PE3YJIbTaTaX NPOCJICIKMUBACTCA Ta )K€ TCHACHI M, YTO U
B aHAJIMTUYECKUX — HAUMEHbIlIee 3HaU€HNe KPUTUUECKOM Harpy3Ku COOTBETCTBYET Ma-
Tepuaiy Weo, nanGonpiee — Mmarepuany Mynu — Pusiuna.

J1o mocTiKeHuns Harpy3Koi KpUTUIECKOTO 3HAYCHHS PauaibHOE TIepeMenieHue 000-
JIOYKHU HETPEPHIBHO BO3PACTAET, COCTABIIAA, KaK H ISl KpUTUYECKOM Harpy3Ku, HAanO 0 b-
llee 3HAYEHHe JUIA Matepuana Keo, HamMeHbIIee — Juisl Matepuana Myru — PuBnnHa

(puc. 1).

e Heoryx
0,8 - - - Mynun — PuBnun
+ lleo
0,6 7’
A

094 I’

J

/4

4
0,2 =
:Mw
0 2 4 6 8 T

Puc. 1. M3menenue nporuda 000JI0YKH W TIPH JIMHEHHO BO3PACTAOIICH
JI0 KPUTHYECKOTO 3HAUCHNUST HATPy3Ke

B cooTBeTcTBHY € paccMaTprBacMbIMU MOZEIISIMUA MaTEPHAIIOB, HATIPSHKEHHS B 000-
JIOUKE JUIsl MAaTePUANIOB BCEX TPEX TUIIOB HEMPEPHIBHO BO3PACTAIOT KAK JI0, TAK U IIOCTIE J10-
CTYDKEHMSI 000JIOUKOM COCTOSTHHSI, COOTBETCTBYIOIIETO KPUTHUECKOW HArpy3Ke (puc. 2a).

o H Th
—— Heoryxk ]
— Mynn—Pusnun /—/
20 — Heo 2.0
’ ]
///fr N
15 <4 15 L
o // 1
10 < 1,0 N
= / R
,«r"/ 11 1
5 e 0,5 +—+——— —— Heoryk
Tﬂ: i \ 1 | —— Mynn—Pusnun
1 1 : : : — Heo
0 0,5 1,0 1,5 w 0 0,5 1,0 1,5 w
a) 0)

Puc. 2. JInarpamMmsr geopMHpOBaHUS:
a) Matepuala 000JI04KU; 6) 000JIOUKY B IPUBEAECHHBIX yCUIIUIX
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Taknum 00pa3oM, TOCTHKECHUE HATPYy3KOH KPUTUYIECKOTO 3HAUCHUS HE CBA3aHO C J0-
CTIPKEHUEM HEKOTOPOH XapaKTepHOH MpeaeIbHON BETHYHNHEI HAIIPSDKECHHS B 000JT0UKE.

MHoe noseseHne 0TMEYaETCs y AUarpaMum aeopmMupoBanust 000I0UKH B IPUBE/CH-
HBIX yemusix (puc. 26). Jlns Marepuasa Meo Touka 10KaibHOr0 MAKCHMyMa Ha HArpaM-
M€ COOTBETCTBYCT KpI/ITH‘ICCKOﬁ Harpy3ke, OJHAKO U1 APYTUX pacCMaTpruBaCMbIX MaTe-
pHAJIOB HUKaKUX 0COOCHHOCTEH Ha IAaHHOW JrarpaMMe B TOYKE, COOTBETCTBYIOIIEH KpH-
TUYECKOI Harpys3ke, He HaOmonaeTcs. Takum 00pa3oM, MOXKHO 3aKITIOUUTD, UTO IOHATHE
KPUTHYECKOH HArpy3KH HE COOTBETCTBYET MPHOIMKEHIIO 000IOUKH K HEKOTOPOMY TIpe-
ACJIBbHOMY C TOYKH 3pCHUA IMPOYHOCTU WIIN KECTKOCTU COCTOSIHUIO, KaK YKa3bIBaJIOCh B
yOJMKAISIX,, OTIPEACIIFOIIIX MTOBEACHIE 000IOUKH TIPH HArpy3Ke BBIIIE KPUTHICCKON
Kak paspyuienue. Hanbosee KoppeKTHBIM IPEICTABISIETCS 00bsSCHEHUE TTOBEACHUS 000-
JIOUKH TIPH Harpy3Ke BBIIIE KPUTHIESCKON KaK (PH3HMYECKH HEBO3MOXKHOE, UTO B paccMar-
PUBACMOM pACHETE NPOABIIACTCA KaK IMOJYHYCHHUE OTPHUHATCIIbHOTI'O 3HAYCHU TapaMeTpa
Harpy3KH.

B paccMaTpuBacMbIX MOACIIAX MaTCprajia BO3SMOXHbI TAKHMC 3HAYCHU €TO TapaMeT-
POB, TIPH KOTOPBIX MOBEICHIE 00O0IOUKH peain3yeTcs MIPpH JIF000M 3HAaYCHIH Harpy3KH,
YTO ITOKA3aHO B CTAThe [9], MOCBAIIEHHOI aHATUTHYECKOMY PEILICHUIO 3a7]a41 O TUHAMH-
YECKOM pasjyBaHuu chepudeckoii 06omouku. [Ipu perreHnn 3ol 3a1a4n B MOHOM T0-
CTAHOBKE, PACCMATPUBAEMON B HACTOSIEH cTaThe, Ha IPUMEPE 0O0JIOUKH U3 MaTepuaa
Mytu — Pusnuna npu cootHomennu napamerpoB Cy,/C;, = 0,18 yaanoch nonyuutsb
peleHne It TMHEIHO BO3pacTarolel Harpy3Ky B JOCTaTOYHO OOJIBIIIOM PaCCMOTpPEH-
HOM JMana3oHe MporuboB (W, = 6,5R,)). Ha puc. 3 moka3aHa cooTBeTCTBYyIOIIas ANa-
rpamma aedopmupoBanus 000JI0UKH, TO €CTh 3aBUCUMOCTb HAarpy3K OT mporuda 06o-
noukd. Takum 00pa3oM, TOyUCHUE PEIICHHS 3aJaYH JHHAMIYECKOTO Ie(OpMUPOBAHHS
000JIOUKH C TOMOIIBIO PACCMATPUBAEMOTO AITOPUTMA BO3ZMOXKHO U JIsl OOJBIINX 3HAYE-
HUH nepeMenieHuid U ie(hopMariui.

p

0,05

0,04

0,03

0,02 /

0,01 /

0 1 2 3 4 5 6 w
Puc. 3. luarpamma JMHaMUYECKOT0 1e(hOPMUPOBAHUS
LIAPHUPHO ONepToii omycdeps! u3 marepuana Myunu — Pusnuna

3aknryeHue

Briepsble mpeacTaBIeHO YUCIEHHOE PEIICHUE HAYaIbHO-KPAeBOM 3a1a41 HECTallnO-
HApHOTO JMHAMHUYECKOT0 JIe(hOpMUPOBAHHS MSTKOM 00O0JOYKH, TOIyYeHHOE 0e3 Tpe/-
MOJIOKEHUH 00 OrpaHMYEHHOCTH MepeMenieHnil u nedopmarnmii. Pesynsratsl pacueToB
XOPOIIIO COTITACYIOTCS C Pe3yNbTaTaMH aHAINTHYECKIX UCCIICIOBAaHUH TECTOBOM 3a1a4H.

156



Cnucox numepamypul

1. dpy3s B.11., Hpy3b N.B. Teopus mazkux obonouex. Baragusocrok: M3n-so MI'Y, 2003. 381 c.

2. Punens B.B., I'ymun B.B. JJunamuxa msaekux obonouex. M.: Hayxka, 1990. 204 c.

3. T'umanues PUI. Junamuka maekux obonouex napawromuoeo muna. Kazanb: Kazan. roc.
sHepr. yH-T, 2006. 208 c.

4. JIamuu B.B., Mopo3sos B.1., [Tonomapes A.T. Ilapawomusie cucmemsi. IIpobnemol u me-
moowl ux pewenus. M.: @usmaraut, 2009. 576 c.

5. Kommnax E.IT. Yemotiuusocmu 6esmomenmmuvix obonouex npu 6onvuiux oepopmayusx. CII0.:
CIIor'Y, 2000. 248 c.

6. Knowles J.K. On a class of oscillations in the finite deformation theory of elasticity. Journal
of Applied Mechanics. 1962. Vol. 29. Iss. 2. P. 283-286. https://doi.org/10.1115/1.3640542.

7. Akkas N. On the dynamic snap-out instability of inflated non-linear spherical membranes.
International Journal of Non-Linear Mechanics. 1978. Vol. 13. Iss. 3. P. 177-183. https://doi.org/
10.1016/0020-7462(78)90006-9.

8. Calderer C. The dynamical behavior of nonlinear elastic spherical shells. Journal of Elasticity.
1983. Vol. 13. Iss. 1. P. 17-47. https://hal.archives-ouvertes.fr/hal-01291025.

9. Verron E., Khayat R.E., Derdouri A., Peseux B. Dynamic inflation of hyperelastic spherical
membranes. Journal of Rheology. 1999. Vol. 43. No 5. P. 1083—1097. https://hal.archives-ouvertes. fr/
hal-01006758.

10. Yuan X., Zhang R., Zhang H. Controllability conditions of finite oscillations of hyperelastic
cylindrical tubes composed of a class of Ogden material models. Computers, Materials and
Continua. 2008. Vol. 7. No 3. P. 155-166. DOI: 10.3970/cmc.2008.007.155.

11.Ren J.-S. Dynamical response of hyper-elastic cylindrical shells under periodic load. Applied
Mathematics and Mechanics. 2008. Vol. 29. No 10. P. 1319-1327. DOIL: 10.1007/s10483-008-1007-x.

12. Ren J.-S. Dynamics and destruction of internally pressurized incompressible hyper-elastic
spherical shells. International Journal of Engineering Science.2009. Vol. 47. Iss. 7-8. P. 745-753.
https://doi.org/10.1016/j.ijengsci.2009.02.001.

13. Ju Y., Niu D. On a class of differential equations of motion of hyperelastic spherical
membranes. Applied Mathematical Sciences. 2012. Vol. 6. No 83. P. 4133—4136.

14. Rodriguez-Martinez J.A., Fernandez-Saez J., Zaera R. The role of constitutive relation in
the stability of hyper-elastic spherical membranes subjected to dynamic inflation. International
Journal of Engineering Science. 2015. Vol. 93. P. 31-45. DOI: https://doi.org/10.1016/
j-ijengsci.2015.04.004.

15. Zhao Zh., Zhang W., Zhang H., Yuan X. Some interesting nonlinear dynamic behaviors of
hyperelastic spherical membranes subjected to dynamic loads. Acta Mechanica. 2019. Vol. 230.
Iss. 8. P. 3003-3018. DOI: 10.1007/s00707-019-02467-y.

16. Shahinpoor M., Balakrishnan R. Large amplitude oscillations of thick hyperelastic cylindri-
cal shells. International Journal of Non-Linear Mechanics. 1978. Vol. 13. Iss. 5-6. P. 295-301.
https://doi.org/10.1016/0020-7462(78)90035-5.

17. Wang A.S.D., Ertepinar A. Stability and vibrations of elastic thick-walled cylindrical and
spherical shells subjected to pressure. International Journal of Non-Linear Mechanics. 1972. Vol. 7.
Iss. 5. P. 539-555. DOI: 10.1016/0020-7462(72)90043-1.

18. Akyuz U., Ertepinar A. Stability and asymmetric vibrations of pressurized compressible
hyperelastic cylindrical shells. International Journal of Non-Linear Mechanics. 1999. Vol. 34. Iss. 3.
P. 391-404. DOI: 10.1016/S0020-7462(98)00015-8.

19.Zhu Y., Luo X.Y., Wang H.M., Ogden R.W., Berry C. Three-dimensional nonlinear buckling
of thick-walled elastic tubes under pressure. International Journal of Non-Linear Mechanics.2013.
Vol. 48. P. 1-14. DOI: 10.1016/j.ijnonlinmec.2012.06.013.

20. Koposaiiniepa E.A. CMmeranHble ypaBHEHUS TEOPUH MATKUX 0005104ek. 1pyovt MAH. 2019.
Nel08. C. 1-17. https://doi.org/10.34759/trd-2019-108-1.

21. Houbolt J.C. A recurrence matrix solution for the dynamic response of elastic aircraft.
Journal of Aeronautical Science. 1950. Vol. 17. No 9. P. 540-550. https://doi.org/10.2514/8.1722.

22. NaBuaenko JI.®@. O6 o1HOM HOBOM METOJIE YHCIIEHHOTO PEIICHUS CHCTEM HEJIHMHEHHBIX
ypaBHenuid. JAH CCCP. 1953. T. 88. Ne4. C. 601-602.

157



23. Koposaiinesa E.A. O HEKOTOPBIX 0COOCHHOCTSX PEIICHHUS 3a/1a4 CTATUKU MATKHUX 000J10-
4eK BpalleHus pu Oonbiux gedopmanusax. Ipyovt MAM. 2020. Ne 114. C. 1-27. DOI: 10.34759/
trd-2020-114-04.

24. Manamwwmnue B.M., Tpuromtok O.U. IIpobnemul neaunetinoco oegpopmuposanus. M.: Ha-
yka, 1988. 232 c.

References

1. Druz B.1,, Druz L.B. Teoriya myagkikh obolochek [Theory of Soft Shells]. Vladivostok:
MGU Publ. 2003. 381 p. (In Russian).

2. Ridel V.V., Gulin B.V. Dinamika myagkikh obolochek [ Dynamics of Soft Shells]. Moscow.
Nauka Publ. 1990. 204 p. (In Russian).

3. Gimadiev R.Sh. Dinamika myagkikh obolochek parashyutnogo tipa [Dynamics of Soft
Shells of Parachute Type]. Kazan. KDEU Publ. 2006. 208 p. (In Russian).

4. Lyalin V.V.,, Morozov V.I., Ponomarev A.T. Parashyutnye sistemy. Problemy i metody ikh
resheniya [ Parachute Systems. Problems and Methods of their Solution]. Moscow. Fizmatlit Publ.
2009. 576 p. (In Russian).

5. Kolpak E.P. Ustoichivost’ bezmomentnykh obolochek pri bolshikh deformatsiyakh [Stability
of Momentless Shells at Large Strains]. Saint Petersburg. St. Petersburg University Publ. 2000.
248 p. (In Russian).

6. Knowles J.K. On a class of oscillations in the finite deformation theory of elasticity. J.
Appl. Mech-T ASME. 1962. Vol. 29. Iss. 2. P. 283-286.https://doi.org/10.1115/1.3640542.

7. Akkas N. On the dynamic snap-out instability of inflated non-linear spherical membranes.
Int. J. Non-Lin. Mech. 1978. Vol. 13. Iss. 3. P. 177-183. https://doi.org/10.1016/0020-
7462(78)90006-9.

8. Calderer C. The dynamical behavior of nonlinear elastic spherical shells. J. Elasticity. 1983.
Vol. 13. Iss. 1. P. 17-47. https://hal.archives-ouvertes.fr/hal-01291025.

9. Verron E., Khayat R.E., Derdouri A., Peseux B. Dynamic inflation of hyperelastic spherical
membranes. J. Rheol. 1999. Vol. 43. No 5. P. 1083—1097. https://hal.archives-ouvertes.fi/hal-
01006758.

10. Yuan X., Zhang R., Zhang H. Controllability conditions of finite oscillations of hyperelastic
cylindrical tubes composed of a class of Ogden material models. Comput. Mater. Con. 2008. Vol. 7.
No 3. P. 155-166. DOI: 10.3970/cmc.2008.007.155.

11.RenJ.-S. Dynamical response of hyper-elastic cylindrical shells under periodic load. Appl.
Math. Mech. 2008. Vol. 29. No 10. P. 1319-1327. DOI: 10.1007/s10483-008-1007-x.

12. Ren J.-S. Dynamics and destruction of internally pressurized incompressible hyper-elastic
spherical shells. Int. J. Eng. Sci. 2009. Vol. 47. Iss. 7-8. P. 745-753. https://doi.org/10.1016/
j-ijengsci.2009.02.001.

13. Ju Y., Niu D. On a class of differential equations of motion of hyperelastic spherical
membranes. Appl. Math. Sciences. 2012. Vol. 6. No 83. P. 4133-4136.

14. Rodriguez-Martinez J.A., Fernandez-Saez J ., Zaera R. The role of constitutive relation in
the stability of hyper-elastic spherical membranes subjected to dynamic inflation. Int. J. Eng. Sci.
2015. Vol. 93. P. 31-45. DOI: https://doi.org/10.1016/j.ijengsci.2015.04.004.

15. Zhao Zh., Zhang W., Zhang H., Yuan X. Some interesting nonlinear dynamic behaviors of
hyperelastic spherical membranes subjected to dynamic loads. Acta Mech. 2019. Vol. 230. Iss. 8.
P. 3003-3018. DOI: 10.1007/s00707-019-02467-y.

16. Shahinpoor M., Balakrishnan R. Large amplitude oscillations of thick hyperelastic
cylindrical shells. Int. J. Non-Lin. Mech. 1978. Vol. 13. Iss. 5-6. P. 295-301. https://doi.org/10.1016/
0020-7462(78)90035-5.

17. Wang A.S.D., Ertepinar A. Stability and vibrations of elastic thick-walled cylindrical and
spherical shells subjected to pressure. Int. J. Non-Lin. Mech. 1972. Vol. 7. Iss. 5. P. 539-555. DOL:
10.1016/0020-7462(72)90043-1.

18. Akyuz U., Ertepinar A. Stability and asymmetric vibrations of pressurized compressible
hyperelastic cylindrical shells. Int. J. Non-Lin. Mech. 1999. Vol. 34.Iss. 3. P. 391-404. DOI: 10.1016/
S0020-7462(98)00015-8.

158



19.ZhuY., Luo X.Y., Wang H.M., Ogden R.W., Berry C. Three-dimensional nonlinear buckling
of thick-walled elastic tubes under pressure. Int. J. Non-Lin. Mech. 2013. Vol. 48. P. 1-14. DOI:
10.1016/j.ijnonlinmec.2012.06.013.

20. Korovaytseva EA. Smeshannye uravneniya teorii myagkikh obolochek [Combined
equations of theory of soft shells]. Trudy MAI 2019. Vol. 108. P. 1-17. https://doi.org/10.34759/
trd-2019-108-1. (In Russian).

21. Houbolt J. C. A recurrence matrix solution for the dynamic response of elastic aircraft.
Journal of Aeronautical Science. 1950. Vol. 17. P. 540-550.

22. Davidenko D.F. Ob odnom novom metode chislennogo resheniya sistem nelineynykh
uravneniy [On a new method of nonlinear equations systems numerical solution]. Doklady Akademii
nauk SSSR [Proceedings of the USSR Academy of Science]. 1953. Vol. 88. No 4. P. 601-602 (In
Russian).

23. Korovaytseva E.A. O nekotorykh osobennostyakh resheniya zadach statiki myagkikh
obolochek vrashcheniya pri bolshikh deformatsiyakh [On some features of soft shells of revolution
static problems solution at large deformations]. Trudy MAI. 2020. Vol. 114. P. 1-27 DOI: 10.34759/
trd-2020-114-04 (In Russian).

24. Shalashilin V.I., Grigolyuk E.I. Problemy nelinejnogo deformirovaniya [Problems of
Nonlinear Deforming]. Moscow. Nauka Publ. 1988. 232 p. (In Russian).

INVESTIGATION OF HYPERELASTIC SOFT SHELLS
NONSTATIONARY DYNAMICS PROBLEMS SOLUTION FEATURES

Korovaytseva E.A.

Institute of Mechanics, Lomonosov Moscow State University, Moscow, Russian Federation

Results of hyperelastic soft shells nonlinear axisymmetric dynamic deforming problems solution
algorithm testing are represented in the work. Equations of motion are given in vector-matrix form.
For the nonlinear initial-boundary value problem solution an algorithm which lies in reduction of
the system of partial differential equations of motion to the system of ordinary differential equations
with the help of lines method is developed. At this finite-difference approximation of partial time
derivatives is used. The system of ordinary differential equations obtained as a result of this
approximation is solved using parameter differentiation method at each time step. The algorithm
testing results are represented for the case of pressure uniformly distributed along the meridian of
the shell and linearly increasing in time. Three types of elastic potential characterizing shell material
are considered: Neo-hookean, Mooney — Rivlin and Yeoh. Features of numerical realization of the
algorithm used are pointed out. These features are connected both with the properties of soft shells
deforming equations system and with the features of the algorithm itself. The results are compared
with analytical solution of the problem considered. Solution behavior at critical pressure value is
investigated. Formulations and conclusions given in analytical studies of the problem are clarified.
Applicability of the used algorithm to solution of the problems of soft shells dynamic deforming in
the range of displacements several times greater than initial dimensions of the shell and deformations
much greater than unity is shown.

The numerical solution of the initial boundary value problem of nonstationary dynamic deformation
of the soft shell is obtained without assumptions about the limitation of displacements and
deformations. The results of the calculations are in good agreement with the results of analytical
studies of the test problem.

Keywords: soft shell, hyperelastic material, nonstationary dynamics.
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