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Ïðåäñòàâëåíû ðåçóëüòàòû òåñòèðîâàíèÿ àëãîðèòìà ðåøåíèÿ çàäà÷ íåëè-
íåéíîãî îñåñèììåòðè÷íîãî äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ìÿãêèõ îáîëî÷åê
èç âûñîêîýëàñòè÷íûõ ìàòåðèàëîâ. Óðàâíåíèÿ äâèæåíèÿ ïðåäñòàâëåíû â âåê-
òîðíî-ìàòðè÷íîé ôîðìå. Äëÿ ðåøåíèÿ íåëèíåéíîé íà÷àëüíî-êðàåâîé çàäà÷è
ðàçðàáîòàí àëãîðèòì, çàêëþ÷àþùèéñÿ â ñâåäåíèè ñèñòåìû óðàâíåíèé äâè-
æåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ èñïîëüçîâàíèåì ìåòîäà ïðÿìûõ. Ïðè ýòîì ïðèìåíÿåòñÿ êîíå÷íî-
ðàçíîñòíàÿ àïïðîêñèìàöèÿ ÷àñòíûõ ïðîèçâîäíûõ ïî âðåìåíè. Ïîëó÷åííàÿ â
ðåçóëüòàòå àïïðîêñèìàöèè ñèñòåìà íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ðåøàåòñÿ ìåòîäîì äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó íà
êàæäîì øàãå ïî âðåìåíè. Ïðèâåäåíû ðåçóëüòàòû òåñòèðîâàíèÿ îïèñàííîãî
àëãîðèòìà â ñëó÷àå ëèíåéíî âîçðàñòàþùåãî âî âðåìåíè äàâëåíèÿ, ðàâíîìåð-
íî ðàñïðåäåëåííîãî ïî ìåðèäèàíó øàðíèðíî îïåðòîé ìÿãêîé ïîëóñôåðû. Ðàñ-
ñìîòðåíû òðè òèïà óïðóãîãî ïîòåíöèàëà, õàðàêòåðèçóþùåãî ìàòåðèàë îáîëî÷-
êè: íåîãóêîâñêèé, Ìóíè – Ðèâëèíà è Éåî. Îòìå÷åíû îñîáåííîñòè ÷èñëåííîé
ðåàëèçàöèè èñïîëüçóåìîãî àëãîðèòìà, ñâÿçàííûå êàê ñî ñâîéñòâàìè ñèñòåìû
óðàâíåíèé äåôîðìèðîâàíèÿ ìÿãêèõ îáîëî÷åê, òàê è ñ îñîáåííîñòÿìè ñàìîãî
àëãîðèòìà. Èññëåäîâàíî ïîâåäåíèå ðåøåíèÿ ïðè êðèòè÷åñêîì çíà÷åíèè äàâ-
ëåíèÿ, ðàçäóâàþùåãî îáîëî÷êó. Óòî÷íåíû ôîðìóëèðîâêè è âûâîäû, äàííûå â
àíàëèòè÷åñêèõ èññëåäîâàíèÿõ çàäà÷è. Ïîêàçàíà ïðèìåíèìîñòü èñïîëüçóåìî-
ãî àëãîðèòìà ïðè ðåøåíèè çàäà÷ äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ìÿãêèõ îáî-
ëî÷åê â äèàïàçîíå ïåðåìåùåíèé, â íåñêîëüêî ðàç ïðåâûøàþùèõ íà÷àëüíûå
ðàçìåðû îáîëî÷êè, è äåôîðìàöèé, íàìíîãî ïðåâûøàþùèõ åäèíèöó. ×èñëåí-
íîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è íåñòàöèîíàðíîãî äèíàìè÷åñêîãî äåôîð-
ìèðîâàíèÿ ìÿãêîé îáîëî÷êè ïîëó÷åíî áåç ïðåäïîëîæåíèé îá îãðàíè÷åííîñòè
ïåðåìåùåíèé è äåôîðìàöèé. Ðåçóëüòàòû ðàñ÷åòîâ õîðîøî ñîãëàñóþòñÿ ñ ðå-
çóëüòàòàìè àíàëèòè÷åñêèõ èññëåäîâàíèé òåñòîâîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ìÿãêàÿ îáîëî÷êà, âûñîêîýëàñòè÷íûé ìàòåðèàë, íåñòàöè-
îíàðíàÿ äèíàìèêà.

Ââåäåíèå

Â íàó÷íîé ëèòåðàòóðå ìîæíî âûäåëèòü äâà ïîäõîäà ê ïîñòàíîâêå è ðåøåíèþ
çàäà÷ äèíàìèêè ìÿãêèõ îáîëî÷åê. Ïåðâûé ïîäõîä õàðàêòåðåí äëÿ îòå÷åñòâåííûõ
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øêîë èññëåäîâàíèÿ ìÿãêîîáîëî÷å÷íûõ êîíñòðóêöèé è îòëè÷àåòñÿ íàïðàâëåííîñòüþ
íà ðåøåíèå êîíêðåòíûõ ïðèêëàäíûõ çàäà÷ [1–5]. Ïðè ïîñòàíîâêå òàêèõ çàäà÷ ðàç-
ðàáàòûâàþòñÿ ìîäåëè èññëåäóåìîé êîíñòðóêöèè, ó÷èòûâàþùèå åå ñïåöèôè÷åñêèå
ñâîéñòâà èëè óñëîâèÿ ðàáîòû. Ðåøåíèå çàäà÷ ïðîâîäèòñÿ êàê àíàëèòè÷åñêè, òàê è
÷èñëåííî ìåòîäîì êîíå÷íûõ ðàçíîñòåé, â ïîñëåäíåì ñëó÷àå äîïóñêàÿ âîçìîæíîñòü
ïîëíîãî àíàëèçà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ. Îäíàêî àíàëèç ïîâå-
äåíèÿ êîíñòðóêöèè âñåãäà âûïîëíÿåòñÿ â ïðåäïîëîæåíèè ìàëûõ ïåðåìåùåíèé è
äåôîðìàöèé, ÷òî â îáùåì ñëó÷àå íå îòðàæàåò âîçìîæíîñòè ïîâåäåíèÿ îáîëî÷êè èç
âûñîêîýëàñòè÷íîãî ìàòåðèàëà.

 Âòîðîé ïîäõîä ïðèñóù çàðóáåæíûì èññëåäîâàíèÿì. Íåñìîòðÿ íà êàæóùååñÿ
ìíîãîîáðàçèå çàðóáåæíûõ ðàçðàáîòîê â îáëàñòè äèíàìèêè ìÿãêèõ îáîëî÷åê ïî ñðàâ-
íåíèþ ñ îòå÷åñòâåííûìè èññëåäîâàíèÿìè, â ïåðâûõ ìîæíî âûäåëèòü ëèøü òðè òèïà
çàäà÷ ñ ïîçèöèé ãåîìåòðèè ðàññìàòðèâàåìîé êîíñòðóêöèè: àíàëèç äåôîðìèðîâàíèÿ
ìåìáðàíû, öèëèíäðà èëè ñôåðû [6–15]. Êðîìå òîãî, ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà
çàäà÷è ñóùåñòâåííî ïðîùå ïðåäëàãàåìîé îòå÷åñòâåííûìè àâòîðàìè – ðàññìàòðè-
âàþòñÿ òàêèå óñëîâèÿ íàãðóæåíèÿ è çàêðåïëåíèÿ îáîëî÷êè, êîòîðûå ïîçâîëÿþò ñâå-
ñòè óðàâíåíèÿ åå äâèæåíèÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà ïî
âðåìåíè. Ðåøåíèå óðàâíåíèÿ â áîëüøèíñòâå ñëó÷àåâ ñâîäèòñÿ ê ïîëó÷åíèþ àíàëè-
òè÷åñêîãî âûðàæåíèÿ äëÿ ïåðèîäà êîëåáàíèé è ôàçîâîãî ïîðòðåòà ñèñòåìû. Ëèøü â
÷åòûðåõ ñòàòüÿõ ðåøåíèå îïðåäåëÿåòñÿ ÷èñëåííî [16–19].

Â íàñòîÿùåé ñòàòüå ïðåäïðèíÿòà ïîïûòêà ïðåäñòàâèòü ïîñòàíîâêó è àëãîðèòì
ðåøåíèÿ çàäà÷è îñåñèììåòðè÷íîãî äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ìÿãêîé îáî-
ëî÷êè áåç êàêèõ-ëèáî îãðàíè÷åíèé, ñâîéñòâåííûõ ñóùåñòâóþùèì èññëåäîâàíèÿì.

1. Ïîñòàíîâêà çàäà÷è è àëãîðèòì ðåøåíèÿ

Ïóñòü çàäà÷à äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ìÿãêîé îáîëî÷êè îïèñûâàåòñÿ
ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé, â âåêòîðíî-ìàòðè÷íîé ôîðìå èìåþùåé
âèä

2

2

),,,(
t

Mx
x ∂

∂
+=

∂
∂ yqμyfy (1)

ñ íà÷àëüíûìè óñëîâèÿìè

00 )0,(,)0,( yyyy ′=′= xx (2)

è ãðàíè÷íûìè óñëîâèÿìè

.21,0),,,,( 111 ↔=tx μqyψ (3)

Çäåñü y – âåêòîð-ôóíêöèÿ ñ n êîìïîíåíòàìè ðàçðåøàþùèõ ïåðåìåííûõ, ),,,( qyf μx –
âåêòîð-ôóíêöèÿ ñ n êîìïîíåíòàìè ïðàâûõ ÷àñòåé ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé, q(x) – âåêòîð-ôóíêöèÿ ñ l êîìïîíåíòàìè ïîâåðõíîñòíûõ íàãðóçîê, μ  –
âåêòîð ïàðàìåòðîâ çàäà÷è, M – ìàòðèöà èíåðöèîííûõ ñâîéñòâ îáîëî÷êè, t – âðåìÿ.
Ïðè ýòîì äëÿ ìÿãêîé îáîëî÷êè â êà÷åñòâå êîìïîíåíò âåêòîðà y âçÿòû îáîçíà÷åíèÿ
èç [20]: y = {T1x T1z u w}T, ãäå T1x , T1z – ïðîåêöèè ðàâíîäåéñòâóþùèõ óñèëèé, äåé-
ñòâóþùèõ ïî ãðàíÿì ýëåìåíòà äåôîðìèðîâàííîé ïîâåðõíîñòè îáîëî÷êè, íà îñè x, z
ñèñòåìû êîîðäèíàò, ñâÿçàííîé ñ íåäåôîðìèðîâàííîé îáîëî÷êîé; u, w – ïðîåêöèè
âåêòîðà ïåðåìåùåíèÿ òî÷êè ïîâåðõíîñòè îáîëî÷êè íà óêàçàííûå îñè.

Äëÿ ðåøåíèÿ çàäà÷è (1)–(3) èñïîëüçóåì ìåòîä ïðÿìûõ. Äëÿ êîíå÷íî-ðàçíîñòíî-
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ãî ïðåäñòàâëåíèÿ âåêòîðà óñêîðåíèé â ñòàòüå ðàññìàòðèâàåòñÿ ÷åòûðåõòî÷å÷íàÿ àï-
ïðîêñèìàöèÿ ñ èñïîëüçîâàíèåì çàêîíòóðíûõ òî÷åê íà ïåðâûõ øàãàõ ïî âðåìåíè
[21]. Òîãäà äëÿ k-ãî ðåãóëÿðíîãî øàãà ïî âðåìåíè ïîëíàÿ ñèñòåìà óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ, îïèñûâàþùèõ äèíàìè÷åñêîå ïîâåäåíèå îáîëî÷êè, ñâîäèòñÿ ê
ñîâîêóïíîñòè íåëèíåéíûõ êðàåâûõ çàäà÷ â îáûêíîâåííûõ ïðîèçâîäíûõ:

;),,,,...,,,( 11 kkkkkk
k tx

dx
d qμyyyFy

−=
(4)

.21,0),,,,( ,11,1 ↔=kkkkk tx μqyψ
Çäåñü tk – k-é ìîìåíò âðåìåíè.

Ïðè èñïîëüçîâàíèè ìåòîäà äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó [22] äëÿ ðåøå-
íèÿ ñèñòåìû (4) ïðåäñòàâèì íàãðóçêó, äåéñòâóþùóþ íà äåôîðìèðóåìûé ýëåìåíò,
ñóììîé çàäàííûõ ïîâåðõíîñòíûõ è èíåðöèîííûõ íàãðóçîê:
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Â ñîîòâåòñòâèè ñ êîíöåïöèåé ðàññìàòðèâàåìîãî ìåòîäà ïðè ïîñòðîåíèè àëãî-
ðèòìà ðåøåíèÿ çàäà÷è (4) ââîäèòñÿ ïàðàìåòð íàãðóçêè α, òî åñòü íàãðóçêà (5) çàïè-
ñûâàåòñÿ â âèäå q**(t) = αq*(t), è âûáèðàåòñÿ íåêîòîðûé ïàðàìåòð T, ïî êîòîðîìó
ïðîäîëæàåòñÿ ðåøåíèå çàäà÷è. Íà îñíîâàíèè ðåçóëüòàòîâ èññëåäîâàíèé, ïðèâåäåí-
íûõ â [23], ïàðàìåòð ïðîäîëæåíèÿ ðåøåíèÿ T âûáðàí â ôîðìå êàëåíäàðíîãî ïàðà-
ìåòðà, ïðåäëîæåííîé â [24]. Òîãäà ïðè äèôôåðåíöèðîâàíèè ïî óêàçàííîìó ïàðà-
ìåòðó ñèñòåìû óðàâíåíèé (4) ïîëó÷èì êâàçèëèíåéíóþ êðàåâóþ çàäà÷ó, êîòîðóþ ìîæ-
íî ïðåäñòàâèòü â âèäå:

,)...,,,,,,(),,,,( 11 α+α= − &&
&

yyqμybyqμyy
kkkkkkkkkk

k xxA
dx

d

(6)
.21,0),,,(),,,,( ,1,1,11,11,1,1,11,1 ↔=α+α && kkkkkkkk xxB qμybyqμy

Ïðè èñïîëüçîâàíèè ìåòîäà äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó êâàçèëèíåéíàÿ
êðàåâàÿ çàäà÷à äîïîëíÿåòñÿ íåëèíåéíîé çàäà÷åé Êîøè îòíîñèòåëüíî èñêîìûõ âåê-
òîðîâ ðàçðåøàþùèõ ïåðåìåííûõ è ïàðàìåòðà íàãðóçêè α:

,,, )( ,,,
, Tx
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Çäåñü j ∈ [1, m], ãäå m – ÷èñëî òî÷åê äèñêðåòèçàöèè ìåðèäèàíà îáîëî÷êè.
Ïîèñê ðåøåíèÿ âçàèìîñâÿçàííûõ êâàçèëèíåéíîé êðàåâîé (6) è íåëèíåéíîé íà-

÷àëüíîé (7) çàäà÷ ïðîâîäèòñÿ ïîñëåäîâàòåëüíî íà êàæäîì âðåìåííîì ñëîå ïðè çíà-
÷åíèÿõ ïàðàìåòðà α ∈ [0; 1], ãäå ðåøåíèå ïðè α = 1 ñîîòâåòñòâóåò ðåøåíèþ èñõîä-
íîé çàäà÷è (1)–(3) ñ òî÷íîñòüþ äî ïðèíÿòîé àïïðîêñèìàöèè âåêòîðà óñêîðåíèé.

2. Ðåøåíèå çàäà÷è î ðàçäóâàíèè ïîëóñôåðû
ëèíåéíî âîçðàñòàþùèì äàâëåíèåì

Ðàññìîòðèì çàäà÷ó î äèíàìè÷åñêîì ðàçäóâàíèè ðàâíîìåðíî ðàñïðåäåëåííûì
ïî ìåðèäèàíó äàâëåíèåì øàðíèðíî îïåðòîé ìÿãêîé ïîëóñôåðû èç ìàòåðèàëîâ, óï-
ðóãèå ïîòåíöèàëû W êîòîðûõ õàðàêòåðèçóþòñÿ çàâèñèìîñòÿìè:
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1) íåîãóêîâñêèé: W = C(I1 – 3),
2) Ìóíè – Ðèâëèíà: W = C10(I1 – 3) + C01(I2 – 3),
3) Éåî: W = C1(I1 – 3) + C2(I1 – 3)2 + C3(I1 – 3)3.

Çäåñü C, C10, C01, C1, C2, C3 – ïàðàìåòðû ìàòåðèàëà îáîëî÷êè, ,2
3

2
2

2
11 λ+λ+λ=I

,2
1

2
3

2
3

2
2

2
2

2
12 λλ+λλ+λλ=I  ,3,1,1 =+=λ ieii  ãäå ei – äåôîðìàöèè â íàïðàâëåíèè

îñåé ñèñòåìû êîîðäèíàò, ñâÿçàííîé ñ äåôîðìèðîâàííîé îáîëî÷êîé.
Â ñòàòüÿõ, ïîñâÿùåííûõ èññëåäîâàíèþ äèíàìèêè ðàçäóâàíèÿ ïîëóñôåðû, ïðè

ðàññìîòðåíèè çàäà÷, äëÿ êîòîðûõ ñóùåñòâóåò ïîíÿòèå êðèòè÷åñêîãî äàâëåíèÿ, óêà-
çûâàåòñÿ, ÷òî ïðè ïðåâûøåíèè äàâëåíèåì ýòîãî çíà÷åíèÿ ëèáî «ðåøåíèå ôèçè÷åñ-
êè íåïðèåìëåìî», ëèáî «îáîëî÷êà ÷åðåç íåêîòîðîå âðåìÿ ðàçðóøàåòñÿ» [12, 14, 15].
Ïðè ýòîì ïîëíîãî àíàëèçà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ îáîëî÷êè íè
â îäíîé èç ðàáîò íå ïðîâîäèòñÿ, è ïîíÿòèå êðèòè÷åñêîé íàãðóçêè îïðåäåëÿåòñÿ ëèøü
êàê íåêîå ýêñòðåìàëüíîå åå çíà÷åíèå, êîòîðîå ÿâëÿåòñÿ äîïóñòèìûì äëÿ ðàññìàòðè-
âàåìîé îáîëî÷êè ïðè çàäàííûõ íà÷àëüíûõ óñëîâèÿõ. Ïîâåäåíèå îáîëî÷êè ïðè ñòðåì-
ëåíèè íàãðóçêè ê êðèòè÷åñêîìó çíà÷åíèþ íå îïèñûâàåòñÿ.

Óñòðàíåíèå óêàçàííîãî íåäîñòàòêà îêàçûâàåòñÿ âîçìîæíûì â ñëó÷àå ðàññìàò-
ðèâàåìîé â íàñòîÿùåé ñòàòüå ïîëíîé ïîñòàíîâêè çàäà÷è äåôîðìèðîâàíèÿ ìÿãêîé
îáîëî÷êè êàê íà÷àëüíî-êðàåâîé çàäà÷è. Ïðèìåì, ÷òî ðàâíîìåðíî ðàñïðåäåëåííîå
ïî ìåðèäèàíó îáîëî÷êè äàâëåíèå ëèíåéíî âîçðàñòàåò âî âðåìåíè. Ñîîòíîøåíèÿ
ïàðàìåòðîâ ìàòåðèàëà íà îñíîâàíèè äàííûõ èç [14] ïîëîæèì ñëåäóþùèìè:

– äëÿ ìàòåðèàëà Ìóíè – Ðèâëèíà C10/C = 1,097, C01 /C = 0,00784;
– äëÿ ìàòåðèàëà Éåî C1/C = 0,993, C2/C = –0,00852, C3/C = 0,000214.
Ðàññìîòðèì ñëó÷àé, êîãäà îòíîøåíèå íà÷àëüíîãî ðàäèóñà ê íà÷àëüíîé òîëùè-

íå îáîëî÷êè R0/h0  = 100. Ïðè ýòîì â ïðåäñòàâëÿåìûõ ðåçóëüòàòàõ ðàñ÷åòîâ áåçðàç-
ìåðíûå âåëè÷èíû íàãðóçêè p, íàïðÿæåíèé σ, ïðèâåäåííûõ ê òîëùèíå îáîëî÷êè
óñèëèé Th, ïðîãèáà w è âðåìåíè τ ñâÿçàíû ñ ñîîòâåòñòâóþùèìè ðàçìåðíûìè âåëè-
÷èíàìè ñîîòíîøåíèÿìè:
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ãäå ρ – ïëîòíîñòü ìàòåðèàëà îáîëî÷êè.
Ïðè âû÷èñëåíèÿõ ñ ìèíèìàëüíî äîïóñòèìûì øàãîì ïî âðåìåíè Δτ, îïðåäåëÿ-

åìûì îáóñëîâëåííîñòüþ ìàòðèöû ßêîáè ñèñòåìû óðàâíåíèé (6), íà÷èíàÿ ñ íåêîòî-
ðîé âåëè÷èíû ðàçäóâàþùåãî îáîëî÷êó äàâëåíèÿ äàëüíåéøèå âû÷èñëåíèÿ ïðèâîäè-
ëè ê ïîÿâëåíèþ íåôèçè÷íîãî ðåçóëüòàòà, òî åñòü â ïðîöåññå ðåøåíèÿ âåëè÷èíà ñêî-
ðîñòè èçìåíåíèÿ ïàðàìåòðà íàãðóçêè ïî êàëåíäàðíîìó ïàðàìåòðó [24] ñòàíîâèëàñü
îòðèöàòåëüíîé. Óêàçàííîå çíà÷åíèå äàâëåíèÿ áûëî ïðèíÿòî êðèòè÷åñêèì. Òàêèì
îáðàçîì îïðåäåëåíû âåëè÷èíû êðèòè÷åñêîãî äàâëåíèÿ äëÿ îáîëî÷êè èç ìàòåðèàëîâ
ðàññìàòðèâàåìûõ òèïîâ (òàáëèöà 1).

Òàáëèöà 1
Çíà÷åíèÿ êðèòè÷åñêîãî äàâëåíèÿ
ðàçäóâàåìîé ìÿãêîé ïîëóñôåðû

Ìàòåðèàë ÷èñë
êðèòp àíàëèò

êðèòp
íåîãóêîâñêèé 0,0282 0,0222
Ìóíè – Ðèâëèíà 0,0315 0,0248
Éåî 0,0281 0,0217
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Îòìåòèì, ÷òî, ñòðîãî ãîâîðÿ, ïðåäñòàâëåííîå â òàáëèöå ñðàâíåíèå ðåçóëüòàòîâ
ðàñ÷åòà ñ àíàëèòè÷åñêèì ðåøåíèåì [14] íå âïîëíå êîððåêòíî, òàê êàê ïîñëåäíåå
ïîëó÷åíî â ïðåäïîëîæåíèè îòñóòñòâèÿ ïðåäâàðèòåëüíîãî íàïðÿæåííîãî ñîñòîÿíèÿ
îáîëî÷êè, òîãäà êàê ïðè ïîñòðîåíèè ÷èñëåííîãî ðåøåíèÿ íåîáõîäèìà ðåãóëÿðèçà-
öèÿ ñèñòåìû óðàâíåíèé äâèæåíèÿ îáîëî÷êè íà ïåðâîì øàãå ïî âðåìåíè, çàêëþ÷àþ-
ùàÿñÿ â çàäàíèè ïðåäâàðèòåëüíîãî ìàëîãî äàâëåíèÿ, ðàçäóâàþùåãî îáîëî÷êó [24].
Îäíàêî â ÷èñëåííî ïîëó÷åííûõ ðåçóëüòàòàõ ïðîñëåæèâàåòñÿ òà æå òåíäåíöèÿ, ÷òî è
â àíàëèòè÷åñêèõ – íàèìåíüøåå çíà÷åíèå êðèòè÷åñêîé íàãðóçêè ñîîòâåòñòâóåò ìà-
òåðèàëó Éåî, íàèáîëüøåå – ìàòåðèàëó Ìóíè – Ðèâëèíà.

Äî äîñòèæåíèÿ íàãðóçêîé êðèòè÷åñêîãî çíà÷åíèÿ ðàäèàëüíîå ïåðåìåùåíèå îáî-
ëî÷êè íåïðåðûâíî âîçðàñòàåò, ñîñòàâëÿÿ, êàê è äëÿ êðèòè÷åñêîé íàãðóçêè, íàèáîëü-
øåå çíà÷åíèå äëÿ ìàòåðèàëà Éåî, íàèìåíüøåå – äëÿ ìàòåðèàëà Ìóíè – Ðèâëèíà
(ðèñ. 1).

Â ñîîòâåòñòâèè ñ ðàññìàòðèâàåìûìè ìîäåëÿìè ìàòåðèàëîâ, íàïðÿæåíèÿ â îáî-
ëî÷êå äëÿ ìàòåðèàëîâ âñåõ òðåõ òèïîâ íåïðåðûâíî âîçðàñòàþò êàê äî, òàê è ïîñëå äî-
ñòèæåíèÿ îáîëî÷êîé ñîñòîÿíèÿ, ñîîòâåòñòâóþùåãî êðèòè÷åñêîé íàãðóçêå (ðèñ. 2à).

Ðèñ. 2. Äèàãðàììû äåôîðìèðîâàíèÿ:
à) ìàòåðèàëà îáîëî÷êè; á) îáîëî÷êè â ïðèâåäåííûõ óñèëèÿõ
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Òàêèì îáðàçîì, äîñòèæåíèå íàãðóçêîé êðèòè÷åñêîãî çíà÷åíèÿ íå ñâÿçàíî ñ äî-
ñòèæåíèåì íåêîòîðîé õàðàêòåðíîé ïðåäåëüíîé âåëè÷èíû íàïðÿæåíèÿ â îáîëî÷êå.

Èíîå ïîâåäåíèå îòìå÷àåòñÿ ó äèàãðàìì äåôîðìèðîâàíèÿ îáîëî÷êè â ïðèâåäåí-
íûõ óñèëèÿõ (ðèñ. 2á). Äëÿ ìàòåðèàëà Éåî òî÷êà ëîêàëüíîãî ìàêñèìóìà íà äèàãðàì-
ìå ñîîòâåòñòâóåò êðèòè÷åñêîé íàãðóçêå, îäíàêî äëÿ äðóãèõ ðàññìàòðèâàåìûõ ìàòå-
ðèàëîâ íèêàêèõ îñîáåííîñòåé íà äàííîé äèàãðàììå â òî÷êå, ñîîòâåòñòâóþùåé êðè-
òè÷åñêîé íàãðóçêå, íå íàáëþäàåòñÿ. Òàêèì îáðàçîì, ìîæíî çàêëþ÷èòü, ÷òî ïîíÿòèå
êðèòè÷åñêîé íàãðóçêè íå ñîîòâåòñòâóåò ïðèáëèæåíèþ îáîëî÷êè ê íåêîòîðîìó ïðå-
äåëüíîìó ñ òî÷êè çðåíèÿ ïðî÷íîñòè èëè æåñòêîñòè ñîñòîÿíèþ, êàê óêàçûâàëîñü â
ïóáëèêàöèÿõ, îïðåäåëÿþùèõ ïîâåäåíèå îáîëî÷êè ïðè íàãðóçêå âûøå êðèòè÷åñêîé
êàê ðàçðóøåíèå. Íàèáîëåå êîððåêòíûì ïðåäñòàâëÿåòñÿ îáúÿñíåíèå ïîâåäåíèÿ îáî-
ëî÷êè ïðè íàãðóçêå âûøå êðèòè÷åñêîé êàê ôèçè÷åñêè íåâîçìîæíîå, ÷òî â ðàññìàò-
ðèâàåìîì ðàñ÷åòå ïðîÿâëÿåòñÿ êàê ïîëó÷åíèå îòðèöàòåëüíîãî çíà÷åíèÿ ïàðàìåòðà
íàãðóçêè.

Â ðàññìàòðèâàåìûõ ìîäåëÿõ ìàòåðèàëà âîçìîæíû òàêèå çíà÷åíèÿ åãî ïàðàìåò-
ðîâ, ïðè êîòîðûõ ïîâåäåíèå îáîëî÷êè ðåàëèçóåòñÿ ïðè ëþáîì çíà÷åíèè íàãðóçêè,
÷òî ïîêàçàíî â ñòàòüå [9], ïîñâÿùåííîé àíàëèòè÷åñêîìó ðåøåíèþ çàäà÷è î äèíàìè-
÷åñêîì ðàçäóâàíèè ñôåðè÷åñêîé îáîëî÷êè. Ïðè ðåøåíèè ýòîé çàäà÷è â ïîëíîé ïî-
ñòàíîâêå, ðàññìàòðèâàåìîé â íàñòîÿùåé ñòàòüå, íà ïðèìåðå îáîëî÷êè èç ìàòåðèàëà
Ìóíè – Ðèâëèíà ïðè ñîîòíîøåíèè ïàðàìåòðîâ C0 1/C10 = 0,18 óäàëîñü ïîëó÷èòü
ðåøåíèå äëÿ ëèíåéíî âîçðàñòàþùåé íàãðóçêè â äîñòàòî÷íî áîëüøîì ðàññìîòðåí-
íîì äèàïàçîíå ïðîãèáîâ (wmax = 6,5R0). Íà ðèñ. 3 ïîêàçàíà ñîîòâåòñòâóþùàÿ äèà-
ãðàììà äåôîðìèðîâàíèÿ îáîëî÷êè, òî åñòü çàâèñèìîñòü íàãðóçêè îò ïðîãèáà îáî-
ëî÷êè. Òàêèì îáðàçîì, ïîëó÷åíèå ðåøåíèÿ çàäà÷è äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ
îáîëî÷êè ñ ïîìîùüþ ðàññìàòðèâàåìîãî àëãîðèòìà âîçìîæíî è äëÿ áîëüøèõ çíà÷å-
íèé ïåðåìåùåíèé è äåôîðìàöèé.

Çàêëþ÷åíèå

Âïåðâûå ïðåäñòàâëåíî ÷èñëåííîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è íåñòàöèî-
íàðíîãî äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ìÿãêîé îáîëî÷êè, ïîëó÷åííîå áåç ïðåä-
ïîëîæåíèé îá îãðàíè÷åííîñòè ïåðåìåùåíèé è äåôîðìàöèé. Ðåçóëüòàòû ðàñ÷åòîâ
õîðîøî ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè àíàëèòè÷åñêèõ èññëåäîâàíèé òåñòîâîé çàäà÷è.

Ðèñ. 3. Äèàãðàììà äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ
øàðíèðíî îïåðòîé ïîëóñôåðû èç ìàòåðèàëà Ìóíè – Ðèâëèíà
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INVESTIGATION OF HYPERELASTIC SOFT SHELLS
NONSTATIONARY DYNAMICS PROBLEMS SOLUTION FEATURES

Korovaytseva E.A.

Institute of Mechanics, Lomonosov Moscow State University, Moscow, Russian Federation

Results of hyperelastic soft shells nonlinear axisymmetric dynamic deforming problems solution
algorithm testing are represented in the work. Equations of motion are given in vector-matrix form.
For the nonlinear initial-boundary value problem solution an algorithm which lies in reduction of
the system of partial differential equations of motion to the system of ordinary differential equations
with the help of lines method is developed. At this finite-difference approximation of partial time
derivatives is used. The system of ordinary differential equations obtained as a result of this
approximation is solved using parameter differentiation method at each time step. The algorithm
testing results are represented for the case of pressure uniformly distributed along the meridian of
the shell and linearly increasing in time. Three types of elastic potential characterizing shell material
are considered: Neo-hookean, Mooney – Rivlin and Yeoh. Features of numerical realization of the
algorithm used are pointed out. These features are connected both with the properties of soft shells
deforming equations system and with the features of the algorithm itself. The results are compared
with analytical solution of the problem considered. Solution behavior at critical pressure value is
investigated. Formulations and conclusions given in analytical studies of the problem are clarified.
Applicability of the used algorithm to solution of the problems of soft shells dynamic deforming in
the range of displacements several times greater than initial dimensions of the shell and deformations
much greater than unity is shown.
The numerical solution of the initial boundary value problem of nonstationary dynamic deformation
of the soft shell is obtained without assumptions about the limitation of displacements and
deformations. The results of the calculations are in good agreement with the results of analytical
studies of the test problem.

Keywords: soft shell, hyperelastic material, nonstationary dynamics.


