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Ðàññìàòðèâàåòñÿ çàäà÷à âûñîêîñêîðîñòíîãî ïðîíèêàíèÿ íåäåôîðìèðó-
åìîãî öèëèíäðà â ñòàëüíóþ ïëàñòèíó. Îïðåäåëÿþùàÿ ñèñòåìà óðàâíåíèé ôîð-
ìóëèðóåòñÿ â ïåðåìåííûõ Ëàãðàíæà â òðåõìåðíîé ïîñòàíîâêå. Óðàâíåíèå äâè-
æåíèÿ âûâîäèòñÿ èç áàëàíñà âèðòóàëüíûõ ìîùíîñòåé ðàáîòû. Êèíåìàòè÷åñ-
êèå ñîîòíîøåíèÿ çàïèñûâàþòñÿ â ìåòðèêå òåêóùåãî ñîñòîÿíèÿ. Â êà÷åñòâå
óðàâíåíèé ñîñòîÿíèÿ ïðèìåíÿþòñÿ ñîîòíîøåíèÿ òåîðèè òå÷åíèÿ ñ êèíåìàòè-
÷åñêèì è èçîòðîïíûì óïðî÷íåíèåì. Êîíòàêòíîå âçàèìîäåéñòâèå öèëèíäðà è
ïëàñòèíû ìîäåëèðóåòñÿ óñëîâèÿìè íåïðîíèêàíèÿ. ×èñëåííîå ðåøåíèå çàäà÷è
ïðè çàäàííûõ ãðàíè÷íûõ è íà÷àëüíûõ óñëîâèÿõ îñíîâàíî íà ìîìåíòíîé ñõå-
ìå ìåòîäà êîíå÷íûõ ýëåìåíòîâ è ÿâíîé ñõåìå èíòåãðèðîâàíèÿ ïî âðåìåíè òèïà
«êðåñò». Äëÿ äèñêðåòèçàöèè îïðåäåëÿþùåé ñèñòåìû óðàâíåíèé ïî ïðîñòðàí-
ñòâåííûì ïåðåìåííûì ïðèìåíÿþòñÿ 8-óçëîâûå èçîïàðàìåòðè÷åñêèå êîíå÷-
íûå ýëåìåíòû ñ ïîëèëèíåéíûìè ôóíêöèÿìè ôîðìû. Äëÿ ïîäàâëåíèÿ âûñîêî-
÷àñòîòíûõ îñöèëëÿöèé ÷èñëåííîãî ðåøåíèÿ èñïîëüçóåòñÿ ïðîöåäóðà êîíñåð-
âàòèâíîãî ñãëàæèâàíèÿ óçëîâûõ ñêîðîñòåé ïåðåìåùåíèé. Àëãîðèòì ñãëà-
æèâàíèÿ îñíîâàí íà çàêîíå ñîõðàíåíèÿ èìïóëüñà, îðèåíòèðîâàí íà êîíå÷íî-
ýëåìåíòíûå ñåòêè, ñîñòîÿùèå èç áëîêîâ, êîòîðûå âçàèìíî îäíîçíà÷íî îòîáðà-
æàþòñÿ íà åäèíè÷íûé êóá. Äëÿ àíàëèçà ìîíîòîííîñòè óçëîâûõ ñêîðîñòåé ïå-
ðåìåùåíèé èñïîëüçóåòñÿ ðàñùåïëåíèå ÷èñëåííîãî ðåøåíèÿ ïî íàïðàâëåíèÿì
ëèíèé êîíå÷íî-ýëåìåíòíîé ñåòêè. Êàê ïîêàçàëè ðåçóëüòàòû ÷èñëåííîãî èññëå-
äîâàíèÿ, êîíå÷íûå ýëåìåíòû ïëàñòèíû â ïðîöåññå ëîêàëüíîãî èíòåíñèâíîãî
äèíàìè÷åñêîãî íàãðóæåíèÿ ïðåòåðïåâàþò áîëüøèå äåôîðìàöèè è ïðèîáðåòà-
þò óãëû ïîâîðîòà êàê æåñòêîãî öåëîãî. Ïðîâåäåí àíàëèç âëèÿíèÿ ïðîöåäóðû
êîíñåðâàòèâíîãî ñãëàæèâàíèÿ íà óñòîé÷èâîñòü ÷èñëåííîãî ðåøåíèÿ. Ïîêàçà-
íî, ÷òî â ðàññìàòðèâàåìîé çàäà÷å áåç ïðèìåíåíèÿ ïðîöåäóðû êîíñåðâàòèâíî-
ãî ñãëàæèâàíèÿ â êîíå÷íî-ýëåìåíòíîé ñåòêå ïëàñòèíû â çîíå êîíòàêòà ðàçâè-
âàþòñÿ ìîäû íóëåâîé ýíåðãèè (íåóñòîé÷èâîñòü òèïà «ïåñî÷íûå ÷àñû») è ïðî-
öåññ ñîóäàðåíèÿ íå óäàåòñÿ ñìîäåëèðîâàòü äî îòñêîêà öèëèíäðà.

Êëþ÷åâûå ñëîâà: ñîóäàðåíèå, ïðîíèêàíèå, ïëàñòè÷åñêèå äåôîðìàöèè, ìå-
òîä êîíå÷íûõ ýëåìåíòîâ, ìîäû íóëåâîé ýíåðãèè.
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Ââåäåíèå

Â èíæåíåðíîé ïðàêòèêå è â íàó÷íûõ èññëåäîâàíèÿõ â íàñòîÿùåå âðåìÿ øèðîêî
ïðèìåíÿþòñÿ ïðîãðàììíûå êîìïëåêñû, îñíîâàííûå íà ìåòîäå êîíå÷íûõ ýëåìåíòîâ
(ÌÊÝ). Ïîäðîáíîå îïèñàíèå ÌÊÝ ïðèâåäåíî â ìîíîãðàôèÿõ [1–13]. Äëÿ ðåøåíèÿ
òðåõìåðíûõ çàäà÷ íåñòàöèîíàðíîãî äåôîðìèðîâàíèÿ óïðóãîïëàñòè÷åñêèõ ýëåìåí-
òîâ êîíñòðóêöèé ïðèìåíÿþò â áîëüøèíñòâå ñëó÷àåâ 8-óçëîâîé êîíå÷íûé ýëåìåíò ñ
îäíîòî÷å÷íûì èíòåãðèðîâàíèåì ïî îáúåìó è ÿâíóþ êîíå÷íî-ðàçíîñòíóþ ñõåìó
èíòåãðèðîâàíèÿ ïî âðåìåíè [1, 2]. Ýôôåêòèâíîñòü òàêîãî ìåòîäà ñíèæàåòñÿ èç-çà
äâóõ ôàêòîðîâ: à) âîçìîæíîãî îáðàçîâàíèÿ ìîä íóëåâîé ýíåðãèè (íåóñòîé÷èâîñòü
òèïà «ïåñî÷íûå ÷àñû») è á) íåôèçè÷íûõ âûñîêî÷àñòîòíûõ îñöèëëÿöèé ÷èñëåííîãî
ðåøåíèÿ. Äëÿ ïîâûøåíèÿ ýôôåêòèâíîñòè ÷èñëåííîãî ðåøåíèÿ â [14–17] ðàçâèòà
ïðèìåíèòåëüíî ê çàäà÷àì ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà ìåòîäèêà êîí-
ñåðâàòèâíîãî ñãëàæèâàíèÿ óçëîâûõ ñêîðîñòåé ïåðåìåùåíèé, â îñíîâå êîòîðîé ëå-
æèò àëãîðèòì, èçëîæåííûé â [18].

Â íàñòîÿùåé ñòàòüå ïðîâîäèòñÿ êîìïüþòåðíîå ìîäåëèðîâàíèå áîëüøèõ óïðóãî-
ïëàñòè÷åñêèõ äåôîðìàöèé ñòàëüíîé ïëàñòèíû ïðè âûñîêîñêîðîñòíîì ñîóäàðåíèè
ñ íåäåôîðìèðóåìûì öèëèíäðîì è àíàëèç âëèÿíèÿ ïðîöåäóðû êîíñåðâàòèâíîãî ñãëà-
æèâàíèÿ óçëîâûõ ñêîðîñòåé ïåðåìåùåíèé íà óñòîé÷èâîñòü êîíå÷íî-ýëåìåíòíîãî
ðåøåíèÿ â óñëîâèÿõ ëîêàëüíûõ èíòåíñèâíûõ âîçäåéñòâèé. Ðåøåíèå çàäà÷è îñíîâà-
íî íà ìåòîäå êîíå÷íûõ ýëåìåíòîâ è ÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìå èíòåãðèðîâà-
íèÿ ïî âðåìåíè òèïà «êðåñò», ðåàëèçîâàííûõ â âû÷èñëèòåëüíîì êîìïëåêñå «Äèíà-
ìèêà-3».

1. Îïðåäåëÿþùàÿ ñèñòåìà óðàâíåíèé

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: i
N
i Ω=Ω =1U  – ðàñ÷åòíàÿ îáëàñòü; i

N
i Γ=Γ =1U  –

åå ãðàíè÷íàÿ ïîâåðõíîñòü, íà êîòîðîé ìîæåò äåéñòâîâàòü ðàñïðåäåëåííàÿ íàãðóçêà
èëè çàäàíà ñêîðîñòü ïåðåìåùåíèÿ; X = [X1X2X3]

T – íåïîäâèæíàÿ ñèñòåìà îðòîãîíàëü-
íûõ êîîðäèíàò; U = [U1U2U3]

T
 – ïåðåìåùåíèÿ â îáùåé ñèñòåìå êîîðäèíàò X; P =

= [P1P2P3]
T – ðàñïðåäåëåííàÿ íàãðóçêà; 

Т
321 ][ qqqq PPPP =  – êîíòàêòíîå äàâëåíèå;

Γp, Γq – çîíû ïðèëîæåíèÿ P, Pq; ε = [ε11 ε22 ε33 ε12 ε23 ε31]
T, σ = [σ11 σ22 σ33 σ12 σ23

σ31]
T – òåíçîðû äåôîðìàöèé è íàïðÿæåíèé; εV, σV, ijij σ′ε′ , , e

ij
p

ij ε′ε′ ,  – øàðîâûå, äåâè-
àòîðíûå óïðóãèå è ïëàñòè÷åñêèå ñîñòàâëÿþùèå äåôîðìàöèé è íàïðÿæåíèé. Òî÷êà
íàä ïåðåìåííîé – ÷àñòíàÿ ïðîèçâîäíàÿ ïî âðåìåíè, T – îïåðàöèÿ òðàíñïîíèðîâà-
íèÿ, èíäåêñ ïîñëå çàïÿòîé – ÷àñòíàÿ ïðîèçâîäíàÿ ïî ñîîòâåòñòâóþùåé ïðîñòðàí-
ñòâåííîé ïåðåìåííîé, ïî ïîâòîðÿþùèìñÿ èíäåêñàì âåäåòñÿ ñóììèðîâàíèå.

Îïðåäåëÿþùàÿ ñèñòåìà óðàâíåíèé ôîðìóëèðóåòñÿ â ïåðåìåííûõ Ëàãðàíæà
[19–21]:
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Çäåñü K – êîýôôèöèåíò îáúåìíîãî ñæàòèÿ; G – ìîäóëü ñäâèãà; Sij – êîìïîíåíòû
òåíçîðà àêòèâíûõ íàïðÿæåíèé; ρij – òåíçîð ìèêðîíàïðÿæåíèé, îïðåäåëÿþùèé êî-
îðäèíàòû öåíòðà ïîâåðõíîñòè òåêó÷åñòè; g – ìîäóëü êèíåìàòè÷åñêîãî óïðî÷íåíèÿ;
æ  – ïàðàìåòð Îäêâèñòà. Ïàðàìåòð λ òîæäåñòâåííî ðàâåí íóëþ ïðè óïðóãîì äåôîð-
ìèðîâàíèè è îïðåäåëÿåòñÿ ïðè óïðóãîïëàñòè÷åñêîì äåôîðìèðîâàíèè èç óñëîâèÿ
ïðîõîæäåíèÿ ìãíîâåííîé ïîâåðõíîñòè òåêó÷åñòè ÷åðåç êîíåö âåêòîðà äîãðóçêè. Êîí-
òàêòíîå âçàèìîäåéñòâèå ïëàñòèíû è öèëèíäðà ìîäåëèðóåòñÿ óñëîâèÿìè íåïðîíè-
êàíèÿ ïî íîðìàëè ê ïîâåðõíîñòè êîíòàêòà è ñâîáîäíîãî ñêîëüæåíèÿ â êàñàòåëüíîé
ïëîñêîñòè.

2. Ìåòîä ðåøåíèÿ

Äëÿ ðåøåíèÿ îïðåäåëÿþùåé ñèñòåìû óðàâíåíèé (1)–(5) ïðè çàäàííûõ íà÷àëü-
íûõ è ãðàíè÷íûõ óñëîâèÿõ ïðèìåíÿåòñÿ ìîìåíòíàÿ ñõåìà ìåòîäà êîíå÷íûõ ýëå-
ìåíòîâ [22–25]. Äëÿ äèñêðåòèçàöèè ðàñ÷åòíîé îáëàñòè èñïîëüçóþòñÿ 8-óçëîâûå êî-
íå÷íûå ýëåìåíòû (ÊÝ). Â óçëàõ ñåòêè îïðåäåëÿþòñÿ ïåðåìåùåíèÿ U, ñêîðîñòè U&  è
óñêîðåíèÿ U&&  â îáùåé ñèñòåìå êîîðäèíàò X. Â êàæäîì ýëåìåíòå ââîäèòñÿ ëîêàëü-
íûé ïðÿìîóãîëüíûé áàçèñ x, îòñëåæèâàþùèé åãî âðàùåíèå êàê æåñòêîãî öåëîãî
ïîøàãîâûì ïåðåñ÷åòîì íàïðàâëÿþùèõ êîñèíóñîâ åãî îñåé.
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êîìïîíåíò ñêîðîñòè äåôîðìàöèé – çíà÷åíèÿ êîìïîíåíò ñêîðîñòè äåôîðìàöèé â
öåíòðå ÊÝ ;)( const0 =εik& ,000 T

1,231,331,22
1 ][ εεε=ε &&&& ij ,000 T

2,312,332,11
2 ][ εεε=ε &&&& ij

T
3,123,223,11

3 ]000[ εεε=ε &&&& ij  – ìîìåíòíûå ñîñòàâëÿþùèå – ãðàäèåíò ñêîðîñòè äå-
ôîðìàöèé â öåíòðå ÊÝ ./ )( const, =ξ∂ε∂=ε liklik &&  Â 

k
ijε&  îñòàâëåíû òîëüêî êîìïîíåí-

òû, ñîîòâåòñòâóþùèå èçãèáàþùèì è êðóòÿùèì ìîìåíòàì â òåîðèè îáîëî÷åê, ÷òî
ïîçâîëÿåò èçáåæàòü ñäâèãîâîãî çàïèðàíèÿ [12, 13, 23, 24].

Ìîùíîñòü âèðòóàëüíîé ðàáîòû â êàæäîì ÊÝ âûðàæàåòñÿ ÷åðåç ìàòðèöó ìàññ,
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óçëîâûå óñêîðåíèÿ è óçëîâûå ñèëû, ñòàòè÷åñêè ýêâèâàëåíòíûå íàïðÿæåíèÿì σij è
äàâëåíèþ â çîíå êîíòàêòà [1, 2, 12, 13, 25]. Èíòåãðèðîâàíèå ïî îáëàñòè   çàìåíÿåòñÿ
ñóììèðîâàíèåì ïî êîíå÷íûì ýëåìåíòàì. Â ðåçóëüòàòå ïîëó÷àåòñÿ äèñêðåòíûé àíà-
ëîã óðàâíåíèé äâèæåíèÿ (5):

,}{][ }{ FUM =&& (9)

ãäå [M] – äèàãîíàëüíàÿ ìàòðèöà ìàññ; }{,}{ FU&&  – âåêòîðû óñêîðåíèé óçëîâ êîíå÷íî-
ýëåìåíòíîé ñåòêè (ÊÝ-ñåòêè) è ðåçóëüòèðóþùèõ óçëîâûõ ñèë â îáùåé ñèñòåìå êî-
îðäèíàò. Ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (9) èíòåãðèðóåòñÿ
ïî ÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìå òèïà «êðåñò». Øàã èíòåãðèðîâàíèÿ âî âðåìåíè
Δtk+1 îïðåäåëÿåòñÿ èç óñëîâèÿ óñòîé÷èâîñòè Êóðàíòà.

Èñïîëüçóåìàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà òèïà «êðåñò» èíòåãðèðîâàíèÿ ïî âðå-
ìåíè, ÿâëÿÿñü ñõåìîé âòîðîãî ïîðÿäêà òî÷íîñòè, íå îáëàäàåò ñâîéñòâîì ìîíîòîí-
íîñòè è íà ñèëüíûõ ðàçðûâàõ ïðèâîäèò ê çíà÷èòåëüíûì îñöèëëÿöèÿì ÷èñëåííîãî
ðåøåíèÿ. Îäíèì èç ñïîñîáîâ èõ ïîäàâëåíèÿ ÿâëÿåòñÿ êîíñåðâàòèâíîå ñãëàæèâàíèå
[14–18]. Àëãîðèòì ñãëàæèâàíèÿ îñíîâàí íà çàêîíå ñîõðàíåíèÿ èìïóëüñà, îðèåíòè-
ðîâàí íà ÊÝ-ñåòêè, ñîñòîÿùèå èç áëîêîâ, êîòîðûå âçàèìíî îäíîçíà÷íî îòîáðàæà-
þòñÿ íà êâàäðàò, è èñïîëüçóåò ðàñùåïëåíèå ÷èñëåííîãî ðåøåíèÿ ïî íàïðàâëåíèÿì
ëèíèé ÊÝ-ñåòêè.

Èçëîæåííàÿ ìåòîäèêà ðåàëèçîâàíà â ðàìêàõ âû÷èñëèòåëüíîé ñèñòåìû «Äèíà-
ìèêà-3» [26].

3. Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ

Ðàññìîòðèì ïðîäîëüíîå ñîóäàðåíèå íåäåôîðìèðóåìîãî öèëèíäðà (R = 1,275 ñì,
L = 4,7 ñì, ìàññà – 187 ã) c êðóãëîé ñòàëüíîé ïëàñòèíîé (R = 13 ñì, h = 4 ñì), æåñòêî
çàùåìëåííîé ïî êîíòóðó (ðèñ. 1).

Ìåõàíè÷åñêèå õàðàêòåðèñòèêè ñòàëè: ïëîòíîñòü ρ = 7,88 ã/ñì3, ìîäóëü îáúåìíî-
ãî ñæàòèÿ K = 166,7 ÃÏà, ìîäóëü ñäâèãà G = 81,4 ÃÏà, ïðåäåë òåêó÷åñòè σT = 0,5 ÃÏà,
ìîäóëü èçîòðîïíîãî óïðî÷íåíèÿ 0,5 ÃÏà. Â íà÷àëüíûé ìîìåíò âðåìåíè äëÿ öèëèí-
äðà çàäàâàëàñü ïðîäîëüíàÿ ñêîðîñòü V0 = 750 ì/ñ. Â êà÷åñòâå ðàñ÷åòíîé îáëàñòè
ðàññìàòðèâàëèñü 1/2 ÷àñòü öèëèíäðà è ïëàñòèíû (X3 ≥ 0), êîòîðûå ðàçáèâàëèñü íà
960 è 43520 êîíå÷íûõ ýëåìåíòîâ ñîîòâåòñòâåííî (ðèñ. 2).

Ðåçóëüòàòû ðåøåíèÿ çàäà÷è ïðåäñòàâëåíû íà ðèñ. 3–6. Íà ðèñóíêàõ èçîáðàæå-
íû ÊÝ-ñåòêè ðàñ÷åòíîé îáëàñòè â ðàçëè÷íûå ìîìåíòû âðåìåíè, ïîëó÷åííûå áåç
ïðèìåíåíèÿ (ðèñ. 3) è ñ ïðèìåíåíèåì ïðîöåäóðû êîíñåðâàòèâíîãî ñãëàæèâàíèÿ ÷èñ-
ëåííîãî ðåøåíèÿ (ðèñ. 4).

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà

X1

X2

V0
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Íà ðèñ. 5 ïðèâåäåíû óâåëè÷åííûå ôðàãìåíòû ðàñ÷åòíîé îáëàñòè â çîíå êîíòàê-
òà íà ìîìåíò îêîí÷àíèÿ ñ÷åòà: áåç ïðèìåíåíèÿ (à) è ñ ïðèìåíåíèåì (á) êîíñåðâà-
òèâíîãî ñãëàæèâàíèÿ ÷èñëåííîãî ðåøåíèÿ.

Íà ðèñ. 6 èçîáðàæåíû ãðàôèêè âðåìåííîé çàâèñèìîñòè êîíòàêòíîé ñèëû. Ïóíê-
òèðíîé ëèíèåé íà ýòîì ðèñóíêå îòìå÷åíû ðåçóëüòàòû êîíå÷íî-ýëåìåíòíîãî ðåøå-

à)

Ðèñ. 5. Óâåëè÷åííûå ôðàãìåíòû ÊÝ-ñåòêè ðàñ÷åòíîé îáëàñòè â çîíå êîíòàêòà

á)

Ðèñ. 2. Êîíå÷íî-ýëåìåíòíàÿ ñåòêà ðàñ÷åòíîé îáëàñòè â íà÷àëüíûé ìîìåíò âðåìåíè

Ðèñ. 3. Êîíå÷íî-ýëåìåíòíàÿ ñåòêà ðàñ÷åòíîé îáëàñòè ïðè t = 0,02 ìñ

Ðèñ. 4. Êîíå÷íî-ýëåìåíòíàÿ ñåòêà ðàñ÷åòíîé îáëàñòè ïðè t = 0,08 ìñ
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íèÿ çàäà÷è áåç ïðèìåíåíèÿ, à ñïëîøíîé ëèíèé – ñ ïðèìåíåíèåì êîíñåðâàòèâíîãî
ñãëàæèâàíèÿ.

Èç àíàëèçà ðåçóëüòàòîâ ðàñ÷åòà ñëåäóåò, ÷òî íà íà÷àëüíîì ýòàïå ñîóäàðåíèÿ
öèëèíäðà ñ ïëàñòèíêîé â îáëàñòè, ïðèìûêàþùåé ê êîíòàêòíîìó ïÿòíó, ñîçäàåòñÿ
âîëíà ñæàòèÿ, óðîâåíü íàïðÿæåíèé â êîòîðîé ïðåâûøàåò ïðåäåë òåêó÷åñòè ñòàëè.
Âîëíà ñæàòèÿ, äîñòèãíóâ ñâîáîäíîé îò íàãðóçêè ïîâåðõíîñòè, îòðàæàåòñÿ â âèäå
óïðóãîé âîëíû ðàçãðóçêè, êîòîðàÿ ñíèæàåò èíòåíñèâíîñòü íàïðÿæåíèé â çîíå ñæà-
òèÿ, ÷òî âûçûâàåò ñïàä êîíòàêòíîé ñèëû. Ïîñêîëüêó îáëàñòü âçàèìîäåéñòâèÿ öè-
ëèíäðà è ïëàñòèíû ëîêàëüíà, êîíòàêòíàÿ ñèëà âíîâü íàðàñòàåò, â äàëüíåéøåì åå
èçìåíåíèå ñòàíîâèòñÿ êîëåáàòåëüíûì è îïðåäåëÿåòñÿ âçàèìîäåéñòâèåì âîëí íà-
ãðóçêè è ðàçãðóçêè.

Â ðåçóëüòàòå ñîóäàðåíèÿ â ïëàñòèíå îáðàçóþòñÿ ëîêàëüíûå çîíû ïëàñòè÷åñêèõ
äåôîðìàöèé, äîñòèãàþùèå íàèáîëüøåãî çíà÷åíèÿ âáëèçè êðàÿ êðàòåðà. Íà òûëü-
íîé ÷àñòè ïëàñòèíû òàêæå âîçíèêàþò çîíû èíòåíñèâíûõ ïëàñòè÷åñêèõ äåôîðìà-
öèé. Òîðìîæåíèå ïðîäîëüíîãî äâèæåíèÿ 1u&  ìàòåðèàëà ïëàñòèíû, ñâÿçàííîå ñ ðàäè-
àëüíûìè è êîëüöåâûìè íàïðÿæåíèÿìè íà åå ðàñòÿãèâàåìîé òûëüíîé ÷àñòè, ïîðîæ-
äàåò ñäâèãîâûå ïëàñòè÷åñêèå äåôîðìàöèè è îáðàçóåò â ýòîé îáëàñòè âûïó÷èíó.

Ìíîãîêðàòíîå âçàèìîäåéñòâèå ïëàñòè÷åñêîé âîëíû íàãðóçêè ñ óïðóãèìè âîë-
íàìè ðàçãðóçêè, ðàñïðîñòðàíÿþùèìèñÿ îò ñâîáîäíûõ ïîâåðõíîñòåé, ñíèìàåò ñæè-
ìàþùèå íàïðÿæåíèÿ â ïëàñòèíå, ïîñëå ÷åãî öèëèíäð è ïëàñòèíà ðàñõîäÿòñÿ.

Áåç ïðèìåíåíèÿ êîíñåðâàòèâíîãî ñãëàæèâàíèÿ ÷èñëåííîãî ðåøåíèÿ óäàåòñÿ
ïðîñëåäèòü òîëüêî íà÷àëüíóþ ñòàäèþ ïðîöåññà ñîóäàðåíèÿ. Êîíå÷íûå ýëåìåíòû
ïëàñòèíû â çîíå êîíòàêòà ïîä äåéñòâèåì óäàðà öèëèíäðà çíà÷èòåëüíî èñêàæàþòñÿ
(ñì. ðèñ. 5), è ïîñëå 0,02 ìñ ðåøåíèå ïðåðûâàåòñÿ èç-çà ïåðåõëåñòà îòäåëüíûõ êî-
íå÷íûõ ýëåìåíòîâ. Ïðèìåíåíèå ïðîöåäóðû êîíñåðâàòèâíîãî ñãëàæèâàíèÿ óñòðàíÿ-
åò ïåðåõëåñò êîíå÷íûõ ýëåìåíòîâ è ïîçâîëÿåò èññëåäîâàòü ïðîöåññ ïðîíèêàíèÿ äî
îòñêîêà óäàðíèêà.

Çàêëþ÷åíèå

Âûïîëíåíî êîìïüþòåðíîå ìîäåëèðîâàíèå óïðóãîïëàñòè÷åñêîãî âûïó÷èâàíèÿ
ñòàëüíîé ïëàñòèíû ïðè ñîóäàðåíèè ñ íåäåôîðìèðóåìûì öèëèíäðîì. Â ïðîöåññå
ñîóäàðåíèÿ ó ïëàñòèíû íàáëþäàþòñÿ áîëüøèå äåôîðìàöèè è óãëû ïîâîðîòà êîíå÷-

F .10–3, êÍ

0                      0,04                0,08                t, ìñ

1

2

Ðèñ. 6. Çàâèñèìîñòü êîíòàêòíîé ñèëû îò âðåìåíè

3
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íûõ ýëåìåíòîâ êàê æåñòêîãî öåëîãî. Ïîêàçàíî, ÷òî ïðè ïðèìåíåíèè ÿâíîé êîíå÷íî-
ðàçíîñòíîé ñõåìû èíòåãðèðîâàíèÿ ïî âðåìåíè òèïà «êðåñò» ïðîöåäóðà êîíñåðâà-
òèâíîãî ñãëàæèâàíèÿ ïîëÿ óçëîâûõ ñêîðîñòåé ïåðåìåùåíèé íå òîëüêî ïîäàâëÿåò
âûñîêî÷àñòîòíûå îñöèëëÿöèè, íî è ïîâûøàåò óñòîé÷èâîñòü êîíå÷íî-ýëåìåíòíîãî
ðåøåíèÿ ê ðàçâèòèþ ìîä íóëåâîé ýíåðãèè â óñëîâèÿõ ëîêàëüíûõ èíòåíñèâíûõ íà-
ãðóæåíèé.
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ANALYSIS OF FINITE ELEMENT SOLUTION CONSERVATIVE SMOOTHING
INFLUENCE ON THE ZERO ENERGY MODES SUPPRESSION

Kibets A.I., Bezhentseva M.V.

Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

The problem of high-speed penetration of a non-deformable cylinder into a steel plate is considered.
The defining system of equations is formulated in Lagrange variables in a three-dimensional
formulation. The equation of motion is derived from virtual work capacities balance. Kinematic
relations are recorded in the metric of the current state. The relations of the flow theory with
kinematic and isotropic hardening are used as equations of state. The contact interaction of the
cylinder and the plate is modeled by non-penetration conditions. The numerical solution of the
problem under given boundary and initial conditions is based on the moment scheme of the finite
element method and “cross” type explicit time integration scheme. To discretize the defining system
of equations with respect to spatial variables, 8-node isoparametric finite elements with multilinear
form functions are used. To suppress the high-frequency oscillations of the numerical solution, the
procedure of nodal displacement velocities conservative smoothing is used. The smoothing algorithm
is based on the momentum conservation law, focused on finite element grids consisting of blocks
that are mutually unambiguously mapped to a unit cube. To analyze the nodal displacement velocities
monotonicity, the numerical solution splitting in the directions of the finite element grid lines is
used. As the results of computer modeling have shown, the finite elements of the plate are exposed
large deformations and rotation angles as a rigid whole during local intense dynamic loading. The
conservative smoothing procedure influence on the numerical solution stability is analyzed. It is
shown that in the problem under consideration, without applying the conservative smoothing
procedure, zero-energy modes develop in the contact zone in the finite-element grid of the plate
(an hourglass-type instability) and the collision process cannot be modeled before the cylinder
rebounds.

Keywords: collision, penetration, plastic deformations, finite element method, zero energy modes.


