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PaccMoTpeHo mpuMeHEeHHe HEKIacCHYECKOTO MOAX0Aa METOAa IPaHWIHBIX
MHTETPaJIbHBIX YPaBHEHH COBMECTHO C MHTET PAJIbHBIM NpeoOpa3oBaHueM Jlaruia-
ca 110 BpeMEHH K MOJEIHPOBAHUIO BOJHOBBIX MPOLECCOB B aHM30TPOIHBIX YIPY-
I'HX TeJax. B omi4ue oT KJIaccHuecKoro Mojxo/ia r(paHuYHbIX HHTETPAIbHBIX YPaB-
HEeHUI, KOTOPBIH YCHENIHO Peau3yeTcs Al PEIIeHUs] TPEXMEPHBIX H30TPOIHBIX
3a[a4 TMHAMAYECKOW TEOPUU YNPYTOCTH, BSI3KO- M IIOPOYNPYTOCTH, NIPEICTABICH
aIbTePHATHBHBINA KITACCHUECKON (OPMYITHPOBKE METOIa TPAHIMYHBIX HHTETPATBHBIX
YpaBHEHUI1 MOX0/1, UCTIOB3YIOIINH peryisipHble HHTErpalibHble YpaBHeHUs: Dpe-
roJibMa MepBoro poja (MHTerpaibHbIe YpaBHEHHS Ha TIIOCKOM BoiHe). [TocTpoeHue
TaKUX TPAHUYHBIX MHTETPAJbHBIX YPABHEHUN OMHUPAETCs HA CTPYKTYpPY AWHAMH-
94eckoro (yHIaMeHTaJIbHOTO peneHus. [101X0x UCIoNb3yeT TOUHbIE IPaHUYHBIE
UHTErpajbHble YpaBHEHH, 00paTHOE IpeodpasoBanue Jlamiaca CTpOUTCS YUCICH-
HO MetozioM [lypOuHna. [TpeacTaBieHO YMCICHHOE PEIICHNUE AMHAMHYECKOM 3a/1a4u
AQHU30TPOITHON TEOPUH YIPYTOCTH METOJIOM IPaHHYHBIX HHTEIPAJIbHBIX YPAaBHEHU I
B HEKJIACCHYECKO (hopMyIupoBKe. [ paHUIHO-2/IeMEHTHAsI cCXeMa MeTOo/1a TPaHnd-
HBIX UHTErPAJIbHBIX YPABHEHHH IMOCTPOCHA Ha 0a3e peryisipHOro MHTErpajibHOro
YpaBHEHUs MIEpBOTO pofa. Pemena 3a1aua B aHH30TPOITHON MTOCTAHOBKE O JEHCTBUN
Harpy3KH 110 HopMaJii B Buie pyHKIIMK XeBHUcaiiia Ha rpaHb Ky0a, ociiabieHHOro
KyOm4eckoit monocThio. [IpoBeieHo cpaBHEHHE TTOMYYEeHHBIX TPaHHIHO-3JIEMEHT-
HBIX PEILICHUI C KOHEYHO-JIEMEHTHBIMU pelIeHUsIMU. UnCIIeHHbBIE pe3yIbTaTbl CBU-
JeTeNbCTBYIOT 00 9 (heKTHBHOCTH HCIIOIB30BaHUS TPAHIIHBIX HHTET PAJIbHBIX YpaB-
HEHHI Ha OJIMHOYHOM IJIOCKOI BOJIHE TPH PEIICHUH TPEXMEPHBIX aHM30TPOITHBIX
JTMHAMHYECKHUX 3a]1a4 TEOPUH yIIpyrocTH. [IpoBeneHo nccieioBanue Ha CXOAMMOCTh
IPaHUYHO-3JIEMEHTHBIX PELICHUH Ha TpeX BapHaHTaX JUCKPETH3alud MOBEPXHO-
cTH. JIoCTUTHYTast TOYHOCTD PacuyeToB HE YCTYIAeT TOYHOCTH TPAHUYHO-JIEMEHT-
HBIX CXEM JUIS KJIACCHYECKHUX I'PAaHMYHBIX MHTErpasbHbIX ypaBHeHHH. [IpoBeneH
T'PaHUYHO-DJIEMEHTHBINH aHAN3 PEIIeHUH IS Ky0a ¢ OJIIOCTBIO U 0€3 TTOOCTH.

Kniouesvie cnosa: TpexMepHble 3a/laui, METOJI TPAaHUYHBIX AJIEMEHTOB, 00pa-
mieHue npeodpazosanus Jlamnaca, ypasHenne @penroipma nepBoro poaa.

* Beinonueno npu punancosoii nogepxke PODU (rpant Ne 20-08-00442).
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BBepeHune

Mertoz rpaHHYHBIX MHTETpabHBIX ypaBHeHUi (ITNY) sBisieTcst yHHBEpCaIbHBIM UHC-
JICHHO-aHAJIMTUYECKUM METOZOM PELIEHUs TPEXMEPHBIX BOJIHOBBIX HaYaJIbHO-KPAeBbIX
3aj1a4 TEOPHH yIpyrocTH, BSI3Ko- U mopoynpyroctu [ 1-7]. [Ipeumymecta 3T0ro MeToaa
3aKJIFOYAIOTCS B aBTOMATHUYECKOM BEITIOTHCHUH YCIIOBHIA TIOBEICHUS PEIICHI Ha OECKO-
HEYHOCTH MPU PACCMOTPEHUH HECTALMOHAPHBIX MPOLIECCOB B MOIyOECKOHEUHBIX TeNax
U cpe/lax U CHWKEHHUU pa3MEPHOCTH UCCIIEAYEMOH 3a1a4l Ha €AUHULLY.

Pacmupenue metoga 'Y s perenns [UHaAMUYECKUX aHU30TPOIHBIX 3a]1a4 HY kK-
JaeTcs B pa3pabOTKe HOBBIX CIeUMalbHBIX cxeM [8]. [IpencTaBiieHO HEKIIACCHUECKOe
pacnpoctpanenue metogoB [ MY u mMeTona rpannyHbIX snemMeHToB (MI'J) Ha aHM30T-
pOIIHbIE AMHAMUYECKHE HadaJlbHO-KpaeBble 3a1a4n. PaccMaTpuBaeMblil oaxo/ sBsET-
cst ansrepHaruBoit Metoqy 'Y ¢ ABOMHBIM MPUMEHEHHEM TEOpEeMBbI B3auMHOCTH [9, 10]
Y MHTETpalIbHOMY TIpejicTaBieHuto Matpull [ puna B popme, npeanoxennoit B [11]. Iox-
XOJ] UCTIONB3YET CTPYKTYPY JUHAMHUYECKOTO (PyHIaMEHTAIBHOTO PEIICHHS, OTIMCAHHOTO
B crarbe B.A. Babemiko [12]. [Tepexon u3 o6nactu Jlamiaca Bo BpeMEHHYIO 00J1aCTh CTPO-
utcs uyncienHo metonom JypOuna [13]. Hacrosimasi ctaThs sIBISETCS MPOAOIKCHUEM
WCCIeIOBaHMM, TIpeicTaBIeHHbIX B [ 14, 15].

1. NocTaHoBKa 3apaym u meTon, pewieHunsa

PaccmarpuBaeTtcst KycouHo-oaHOpoaHOe Teno £ ¢ rpanwuieii [' = 00 B TpexmepHOM
3
eBKJINIOBOM IIPOCTPAHCTBE R, B KOTOPOM BBEJICHA ICKapTOBa CHCTEMa KOOPMHAT. YpaB-
HEHMS IBIDKCHUS yIPYroaehopMupyeMoit Cpeibl U KpaeBble YCIOBHSI UMEIOT BUJL:

Lu=0, L=o; A_atz’ (Zou)i:”i|a§z’
(Z u) _Glj(u)m ‘ tjklm ulk7 i’jakalzla 27 37

1€ O = Cyyhyy O — TeH30p HANPSDKEHHH; U = (U4, Uy, U3) — BEKTOP CMELEHUH; C,yy — MO-
sy yrpyrocti, [ i [ — cooTBeTCTBYIOIIME FPAHUUHBIE OTIEPATOPEL, 711 = (11,111, 115) —
BEKTOP BHELIHEH HOPMaJIH.

Tenzop I'puHa ns IMHEHHON aHU30TPOIHON TEOPUU YNPYIOCTH 3alIUCHIBAETCS B
Bue [16]:

U(x,0) = —cA [ G(&,0,n)F"dS(n),
S2

N .

a=1

4,(sgn) ® 4,(sgnt), &=nx,

+00
U(x,t)=2n)" IU(x,co)exp(—ioat)dco, Ay = %Aa(UiM +K)A,, v,=0/k,,
Zo0
e K =Ly(n), M =pl, F O=1,p- HJIOTHOCTL I — enuHnuHas MaTpHIIa, ¢ = (81?7,
A —oneparop Jlanaca B mpoCTpaHCTBE R’ ,k,—cobcTBeHHbIE UKCHa, Aa — cOOCTBEHHBIE
BEKTOPA MaTPULIbI Cyiyf171;, ) — 4acTOTa, 11 = {nl, N, N3} — BHELIHUI BEKTOP, OLPeeIs-
IOIIUH HaTpaBJICHUE PacTIPOCTPAHESHHUS IUTOCKUX BOJIH.
s iMHAMUYeCKUX 3a1a4 CIIpaBeUIMBbI ypaBHeHus [17]:

¥4, ® 4, [[1" exp ik n(x— )1 ()~ exp(ik n(x - y)w(»)]d,T=0, (1)
r
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¥4, ® 4, [[1'8(v)* 1Oy (y,) = 3(v) * I 'y(y,0)]d,T =0, @
r

det A(k,)=0, A(k,,n)A=0,

A (k,sgne)=tr 4'(k,) A, (sgn&) ® 4, (sgn), t=1-"C),
L

(o4

sy gk, )I [1" exp (ik n(x— ) "w(y) —exp (ikyn(x— ) w(1)]d,T=0, (3)

a=1

sy igs (k) j [118(0) *y(y,1) = 8(1) #1 'w(y,0)]d,T = 0, @)
a=1

TJIE <) 03HAYaeT CBEPTKY 110 £; g = U, U —BEKTOP CMELIEHHS B H3o6pa>1<eH1/1;1x Au 0)=
= ;00,5 A~ COprDKGHHHPI mnddepentmansrpii oneparop 4, y = (y°,y'") — rpa-
wanbie dymxan; y = (1°,1"); 8 — nensra-dynkus npaka; ® — BEeKTOPHOE IIPOH3BE-

JICHUE.
Takum oOpazom, pemeHue 3a1aun MetonoM [ 1Y o3HauaeT, 4To BBIMOIHSAIOTCS COOT-
BETCTBYIOIIME COOTHOMICHIS U3 (1)—(4) st COOCTBEHHBIX Yrcel KOl 1 COOCTBEHHBIX BEK-

TOpoB A,. Jlys Teopun ynpyroctu u3 ypasHeHui (1) ¢ yueToM COOTHOLIEHUS

id" (k, sgn€)

4,(sgn&)® 4, (sgn &)

[ T 2ik

BBIJICISICTCS MHTETPabHOE ypaBHeHue, coBrnaatoriee (mpu x = 0) ¢ ypaBuexuem u3 [12, 18].

B.A. Ba0eliko npeioxui MeTo/] MOCTPOSHHSI HOBBIX HHTETPAIIbHBIX YPABHEHHUI 15T
peuieHust KpaeBbix 3ajad [12]. Ha 6aze ypaBuenwii (1), (2) moxxHo moctpouts MI'D-
CXeMY pelLICHHs JUHAMUYECKUX KPAeBbIX 3a/1a4.

2. Fpal-mq HO-3NeMeHTHasa AguckKpeTunsaunsa

bazoBslit poriecc ['I-MckpeTH3aly COCTOUT B pa30MEHNH TIOBEPXHOCTH OC) Ha
IPaHNYHBIC YIEMEHTBI: YETHIPEXYTOJIbHBIC M TPEYTOIbHbIC BOCBMUY3JIOBbIC OMKBaIpaTHY-
HBIE DJIEeMEHTHI (puc. 1).

Puc. 1. UeTblpexyroabHblil IPaHUYHBIH 371EMEHT

TpeyronpHble 3J€MEHThI PACCMATPUBAIOTCS KaK BBIPOXKAECHHBIE YETHIPEXYTOJIbHbIE

snemenTbl. CBs3b nokanbHol § = (§,,&,) u mobansuoit y = (,(&,), ¥,(&,), 5(&,)) cuc-
TEM KOOPMHAT 3anuchiBaeTcs uepes Gpynkimu hopmbr N;(§):
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8
(&)=Y N @y, i=1,23 geA,

=1
rie B(k, 1) — moGanbHbI HOMED y3I1a, UMEIOIIETO B k-M 3JIEMEHTE JIOKAIbHbIN HOMED /.

Jlaytee onpenernsieTcsi €CTECTBEHHBIH 0a31C, METPUYECKHIA TEH30p U SIMHUYHAS HOP-
MaJIb Ha 3JIEMEHTE:

8
xe((talaF:Z)zan(alaE.\Z)xZ(e’n)a xerg:
n=1

0(E158,8) = 2R, (5,800, (),

‘gzl

t_(il’@z’S)Zt_y(e’l)(S)a -

v(e, n) — moGanbHEI HOMEp y371a, MMEIONIETO B e-M SJIEMEHTE JIOKAIbHBIN HOMEp 71,
F,(&,,&,) — xBanparnunsie Gynximu popmsl, R (&,,E,) — nuneiinsie GyHKmu GopMbL.

HeunsBecTHBIE TPAaHUYHBIE MOJISt HHTEPIIONMPYIOTCS Yepe3 Y3I0Bble 3HaueHus. Pac-
CMOTPpUM Cﬂyqaﬁ, Ha3bIBAEMBII COTTIaCOBAHHBIM HUHTEPIIOJIUPOBAHUCM, II€ U1 aAllIIPOK-
CHMall{¥i FPAHMYHBIX TIEPEMENIEHUI MPUMEHUM OWJIMHEHHBIE SJIEMEHTBI, a JIISl aTlpOK-
CUMaIl1 NOBEPXHOCTHBIX CUJI — ITOCTOSTHHBIC 3JICMCHTHI.

Jns nonydenus nuckpetHoro aHaigora 'Y npumenum meton koytokauuu. B ka-
YECTBE Y3JI0B KOJUIOKAIMH )™ BBIOHPAIOTCS Y37Ibl alMIPOKCHMAI[MH UCXOMHBIX TPAHNY-
HBIX QyHKIWMIA. B nTore ¢popMupyeTcst cucteMa JTMHEWHBIX aareOpandecKux ypaBHEHHM.

YunceHHOE MHTErPUPOBaHHKE 10 ['ayccy OpraHu30BaHo Ha OCHOBE (hOPMYIIbI ¢ (UK-
CHPOBAaHHBIM MOPSAIKOM. JIJIst peleHns HTOTOBOM CHCTEMBI IMHEHHBIX areGpandeckux
ypaBHEHHU Ay = f UCIOIB3yeTCs ATOPUTM PErysIpU3ainy Mo THXOHOBY:

1. Crponres A" =( ;) — KOMIUIGKCHO-CONPSIKEHHAs 1 TPAHCTIOHMPOBAHHAs MATPHLIA.

2. BMecTo HCXOIHO# crcTeMsl pacemarpusaetcs cuctema (oF + A" A)y, = A" f.

3. YucneHHoe o6pawieHne npeobpasoBaHus Jlannaca

Jlns monyueHus OpUTHMHANa peleHus] IpUMeHseTcs MeTo JypOuHa JHCIeHHOro
npeoOpa3oBanus Jlamaca ¢ TMHEHHOHN anmpoKcUManuel TpaHcpopManTsl [7]:

a+ioo

F5)=Jexp (s, f0= [ F(s)exp (sn)ds

o—io
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+1 F)A
f(0)=~ Z[%}

SO ~— Z Fen=Fy (cos (;,,1) —cos (1)) +
T ko Ay

+ 92O (5in (@,,,0) — sin (@,0) |

e

Ay =, —0,, T, =(0, +0,)/2, F,=Re f(a+it,), G,=Im f(a+it,).

4. YncneHHble uccrnegoBaHus

Pemena 3aj1a4a B aHM30TPOITHOI ITOCTAHOBKE O JISHCTBUYM HArpy3KH 110 HOPMaJIH B
Buze GyHkiun XeBucaiiia Ha rpaib Ky0a ¢ JyinHo# pedpa [, = 1 M, ocimabiaeHHOro KyOu-
4eCKOM MONOCThIO ¢ JUTMHOM pebpa [, = 0,45 M (puc. 2) [19]. Bepxusis rpanp KyOa B
HaIpaBJICHNH, IPOTHBOIIOJIOKHOM OCH X5, OJBEPraeTCst Harpy3Ke XeBUCaiI0BCKOTO THIIA,
a Ha IIPOTUBOIIOJIOKHOI IpaHy Ky0a CMOJICITUPOBAHO YCIIOBHE )KECTKOM 3a/1CJIKH, OCTalIb-
Hasl TIOBEPXHOCTh Kyba cBOOOHA. V3yueHO BIUSIHUE MPOCTPAHCTBEHHOM JUCKpETH3a-
UK Ha pe3yabrarsl MI'D-ananm3a. st kyba ¢ moaocThio U 0€3 MOJI0CTH HCHONIb30Ba-
JIKCH TI0 TPH Pa3IMYHbBIC OJHOPOIHBIC TIOBEPXHOCTHBIE CETKH C KOJIMYECTBOM 3JIEMEHTOB
216, 384, 600 Ha noBepxHOCTH BHeIIHero Kyoa u 96, 216, 384 Ha MOBEpXHOCTH BHYT-
peHHeTo Ky0a COOTBETCTBEHHO.

t,=t"H(t)

T RERERRERER

L X
X, . 3

X3 X,
Wiz
0 x o

Puc. 2. ®usnueckas MoCTaHOBKA 3a/1a4u

TNonocts pacrionokena B neHTpe Ky6a. Ha x, =1/, narpyska: £,=¢"-H(7), " =-100Ia,
H(?) — pynkuus Xesucaiina. Ha rpann x; = 0: u; = u, = u; = 0. OcTanbHas n10BepXHOCTh
cBOOOIHA OT MOBEPXHOCTHBIX yermwid. Toukn Habmonenus: A (0,5, 0,5, 1,0), B (0,5, 0,5,
0,725),C (0,5, 0,275, 0,5) pacnionoxeHsl B IIEHTpaxX BEpXHEH rpaHu KyOa, BepXHel rpa-
HH TIOJIOCTH | TIepeIHEH TPaHH TIOJIOCTH COOTBETCTBEHHO. PaccMOTpeHb! JiBe KOH(HUTYpa-
LMK OJIHOPOIHOE TEJIO U TEJIO C MOJIOCTBIO € MapamMeTpamMu Marepuaia: p = 3227 kr/m?,
MaTpHIla YyIpyrux mapaMeTpoB Marepraa
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(257 90 65

90 200 79
65 79 203
0 0 0
0 0 0
0 0 0

0O o0 O
0O o0 O
0O o0 O
I'Tla.
62 0 O
0 74 0
0 0 65]

IIpoBeneHo cpaBHEHHME TPAHMYHO-3IEMEHTHBIX PEHIEHUH ¢ KOHEUHO-3JEMEHTHBIM
peurenuem (puc. 3—5). [IpoBeieH cpaBHUTENBLHBINA aHAJIN3 TPAHUYHO-3JIEMEHTHBIX pelle-
HUH 17151 KyOa ¢ monocThio ¥ 6e3 monoctu. Ha pucynkax o6o3nadeno: HI'MY — veknaccu-
yeckui moaxo K perrennto metogom [ MY; KITNY — knaccuaeckuii moaxo K pernieHuio
metonoMm 'Y ; MKD — perieHre MeT0ZI0M KOHEUHBIX DIIEMEHTOB. VccenoBanue cXoam-
MOCTH TI0Ka3aJIo, 4TO B CIydae Teja ¢ MOJOCThI0 TpedyeTcs OoubInee KOIMIeCTBO Tpa-
HUYHBIX AJIEMEHTOB 10 CPABHEHUIO CO CITydaeM Tejia €3 MOIOCTH, XOTs B 000UX CIydasix
MIPUEMJIEMBIC PE3yNbTaThl JOCTUTAIOTCS JaskKe PU CPABHUTENHEHO HEOONBIIOM KOJIHYE-
CTBC I'PAHUYHBIX JICMCHTOB.

U3, 107%™

HI'MY, cetka 1 —
HI'NY, cetka 2 —
HI'NY, cetka 3 —
MKD

0

1 2 3

4 5 I

10*%¢

Puc. 3. I[lepemertienus B TOUKe A IpH OTCYTCTBUU MOJIOCTH

1y, 10° M

—1,2

-1,6

HI'NY, cetka 1
HI'TY, ceTka 2
HTI/IV, ceTka 3
MKD

0

1 2 3

4 5

t,10%¢c

Puc. 4. Ilepemenienns B ToUKe A MpU HAJTMYUH MOJIOCTH
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-1,2

—1,6

HI'NY, cetka 1 —
HI'Y, cetka 2 —
HI'NY, cetka 3 —
MKD —

N—

0

2 3 4

5 t,10%¢c

Puc. 5. Ilepemerenns B Touke B mpu Hanmaum momnoctu

IIpoBeneH cpaBHUTENBHBII aHAIIN3 PELIEHUH, IOTYYEHHBIX 110 KJIACCUYECKOM cXeme
'Y u Heknaccuyeckoit cxeme [20] (puc. 6-8).

1;,107° m

Puc. 6.

1,10 m
-0,2
-0,4
-0,6
-0,8
-1,0
-1,2
-1,4
-1,6
-1,8

-1,10
2

-1,09

5 3,0

HI'NY, cetka 3 —
KI'nY, cetka 3 —

2 3 4

5 £, 10" ¢

HepeMemeHI/m B TOUKe A IpU OTCYTCTBUU ITOJIOCTH

—-1,56

1,66 /

e

HI'MY, cerka 3 —
KI'ny, cetka3 —

0

2 3 4

5 t,10%¢c

Puc. 7. Ilepemenienus B TOUKE A IPU HAJTMYUH TOJIOCTH



u;,10° M

0
-0,2
-0,4
-0,6
-0,8
-1,0
-1,2
-1,4
-1,6
-1,8

HI'NY, cetka 3 —
KI'nYy, cetka 3 —

0 1 2 3 4 5 t,10%¢

Puc. 8. HepeMemeHI/m B Touke B Ipy HAJIMYUH TOJIOCTHU

3aknryeHue

IlonydeHHble pe3ysbTaThl CBUAETENBCTBYIOT O MEPCIEKTUBHOCTH HCIONb30Banus 'Y
Ha OJIMHOYHOMW TUIOCKOW BOITHE JUIS PELICHUS TPEXMEPHBIX TUHAMHUYECKUX 337ad TEOPHH
yIrpyroctu. JlocTUTHyTas TOYHOCTh PacueToB HE yCTymaeT TouHocTH MID-cxeMm mms
knaccuyeckux ['MY.

Cnucox numepamypul

1. Schanz M. Wave Propagation in Viscoelastic and Poroelastic Continua. Berlin: Springer,
2001. 170 p.

2. Liu Y.J., Mukherjee S., Nishimura N., Schanz M., Ye W., Sutradhar A., Pan E., Dumont
N.A., Frangi A., Saez A. Recent advances and emerging applications of the boundary element
method. Applied Mechanics Reviews. 2011. Vol. 64. No 3. 39 p. DOIL: 10.1115/1.4005491.

3. Biot M. A. Theory of propagation of elastic waves in a fluid-saturated porous solid. I. Low-
frequency range. The Journal of the Acoustical Society of America. 1956. Vol. 28. No 2. P. 168—178.
DOI: 10.1121/1.1908239.

4. Biot M.A. Theory of propagation of elastic waves in a fluid-saturated porous solid. II.
Higher frequency range. The Journal of the Acoustical Society of America. 1956. Vol. 28. No 2.
P. 179-191. DOI: 10.1121/1.1908241.

5. Manolis G.D., Dineva P.S. Elastic waves in continuous and discontinuous geological media
by boundary integral equation methods: A review. Soil Dynamics and Earthquake Engineering.
2015. Vol. 70. P. 11-29. DOI: 10.1016/J.SOILDYN.2014.11.013.

6. Manolis G.D., Beskos D.E. Integral formulation and fundamental solutions of dynamic
poroelasticity and thermoelasticity. Acta Mechanica. 1989. Ne 76. P. 89—104.

7. Baxenos B.I"., UrymuoB JI.A. Memoowi epanuunbix unmespanibHbiX ypaeHeHUll U 2paHuy-
HbIX 27IeMEHMO8 6 peuenuu 3a0ay mpexmepHoll OUHAMUYECKOU meopuu ynpy2ocmiL ¢ COnpsIdiceH-
noimu noasmu. M.: @usmanur, 2008. 352 c.

8. Igumnov L.A., Markov I.P., Rataushko Y.Y. Modeling the dynamics of 3D elastic anisotropic
solids using boundary element method. Advanced Materials Research. 2014. Vol. 1040. P. 633—637.
DOI: 10.4028/www.scientific.net/AMR.1040.633.

9. Gaul L., Kogl M., Wagner M. Boundary Element Methods for Engineers and Scientists.
Berlin: Springer, 2003. 488 p.

10. Brebbia C.A., Telles J.C.F., Wrobel L. Boundary Element Techniques. Berlin: Springer-
Verlag, 1984. 464 p.

11. Wang C.Y., Achenbach J.D. Three-dimensional time-harmonic elastodynamic Green's
functions for anisotropic solids. Proceedings of the Royal Society of London. Series A: Mathematical
and Physical Sciences. 1995. Vol. 449. Iss. 1937. P. 441-458. DOI:10.1098/rspa.1995.0052.

83



12. babewmko B.A. HoBblil MeTOA pelIeHUs KPaeBbIX 337au MEXaHUKU CIUIOMIHON Cpeabl U
MaTeMaTH4eckor pU3uKH Uit Hektaccuueckux odnacteit. JAH CCCP. 1985. T. 284. Nel. C. 73-76.

13. Durbin F. Numerical inversion of Laplace transforms: an efficient improvement to Dubner
and Abate's method. The Computer Journal. 1974. Vol. 17.No 4. P. 371-376. DOI:10.1093/comjnl/
17.4.371.

14. Igumnov L.A., Rataushko Y.Y., Ipatov A.A. Treating coupled boundary value problems of
3D elastodynamics by means of boundary integral equations method. Advanced Materials — Studies
and Applications. 2015. P. 283-299.

15. Urymuos JI.A., benoB A.A. HucneHHOE pellieHUe HHTETPaIbHbIX YPAaBHEHUM HA OAUHOU-
HOH IJIOCKOM BOJIHE /1 Haua bHO-KPAeBbIX 3a/[ad TPEXMEPHOIl TEOPUH YIPYTOCTH KOHEUHBIX TEIL.
IIpotdnemvl npounocmu u naacmuunocmu. 2006. Boin. 68. C. 22-26. https://doi.org/10.32326/1814-
9146-2006-68-1-7-21.

16. Norris A.N. Dynamic Green's functions in anisotropic piezoelectric, thermoelastic and
poroelastic solids. Proceedings of the Royal Society of London. Series A: Mathematical and Physical
Sciences. 1994. Vol. 447. Iss. 1929. P. 175-188. https://doi.org/10.1098/rspa.1994.0134.

17. Urymuos JILA. I'paHH4HBIC HHTErPAJbHBIC YPAaBHCHUS TPEXMEPHBIX 331ad Ha IUIOCKHX
BonHax. [Joxn. PAH. 2006. T. 409. Ne5. C. 622-624.

18. Barynbsa A.O. O rpaHUYHBIX HHTETPAlbHBIX YPaBHEHUsX [-ro pona B AMHAMUUECKHUX
3a7iauax aHU30TPOIHOM Teopuu ynpyroctu. Joxn. PAH. 1993. T. 333. Ne3. C. 312-314.

19. Roy S., Gebert J.-M., Stasiuk G., Piat R., Weidenmann K.A., Wanner A. Complete deter-
mination of elastic moduli of interpenetrating metal/ceramic composites using ultrasonic techniques
and micromechanical modeling. Materials Science and Engineering A. 2011. Vol. 528. Iss. 28.
P. 8226-8235. DOI:10.1016/j.msea.2011.07.029.

20. beno A.A., TTerpoB A.H. AHanu3 1MHAMUKNA aHU3OTPOITHBIX YIPYTUX TEJl HA OCHOBE
HEKJIaCCUUECKUX I'PAaHUYHBIX UHTErPAJIbHBIX YpaBHEHUU. Junamuueckue u mexnHonocuieckue
npoobemvl MEXaHUKU KOHCMPYKYull u chiowHvlx cped: Mamep. XXVI Meocdynapoo. cumnos.
um. A1 Topwrosa. T. 1. Mocksa, 16-20 mapta 2019 . M.: OO0 «TPII», 2020. C. 44-46.

References

1. Schanz M. Wave Propagation in Viscoelastic and Poroelastic Continua. Berlin. Springer.
2001. 170 p.

2. Liu Y.J., Mukherjee S., Nishimura N., Schanz M., Ye W., Sutradhar A., Pan E., Dumont
N.A., Frangi A., Saez A. Recent advances and emerging applications of the boundary element
method. Appl. Mech. Rev. 2011. Vol. 64. No 3. 39 p. DOI: 10.1115/1.4005491.

3. Biot M. A. Theory of propagation of elastic waves in a fluid-saturated porous solid. I. Low-
frequency range. Acoust. Soc. Am. 1956. Vol. 28. No 2. P. 168—178. DOI: 10.1121/1.1908239.

4. Biot M.A. Theory of propagation of elastic waves in a fluid-saturated porous solid. II.
Higher frequency range. J. Acoust. Soc. Am. 1956. Vol. 28. No 2. P. 179-191. DOI: 10.1121/
1.1908241.

5. Manolis G.D., Dineva P.S. Elastic waves in continuous and discontinuous geological media
by boundary integral equation methods: A review. Soil Dyn. Earthq. Eng. 2015. Vol. 70. P. 11-29.
DOI: 10.1016/J.SOILDYN.2014.11.013.

6. Manolis G.D., Beskos D.E. Integral formulation and fundamental solutions of dynamic
poroelasticity and thermoelasticity. Acta Mech. 1989. Ne 76. P. 89—104.

7. Bazhenov V.G., Igumnov L.A. Metody granichnykh integral'nykh uravneniy i granichnykh
elementov v reshenii zadach trekhmernoy dinamicheskoy teorii uprugosti s sopryazhennymi polyami
[The Method of Boundary Integral Equations and Boundary Elements in Solving the Problem of
Three-Dimensional Dynamic Theory of Elasticity with Conjugate Fields]. Moscow. Fizmatlit Publ.
2008. 352 c. (In Russian).

8. Igumnov L.A., Markov L.P., Rataushko Y.Y. Modeling the dynamics of 3D elastic anisotropic
solids using boundary element method. Adv. Mater: Res. 2014. Vol. 1040. P. 633—-637. DOI: 10.4028/
www.scientific.net/ AMR.1040.633.

9. Gaul L., Kogl M., Wagner M. Boundary Element Methods for Engineers and Scientists.
Berlin. Springer. 2003. 488 p.

84



10. Brebbia C.A., Telles J.C.F., Wrobel L. Boundary Element Techniques. Berlin. Springer-
Verlag. 1984. 464 p.

11. Wang C.Y., Achenbach J.D. Three-dimensional time-harmonic elastodynamic Green's
functions for anisotropic solids. Proceedings of the Royal Society of London. Series A: Mathematical
and Physical Sciences. 1995. Vol. 449. Iss. 1937. P. 441-458. DOI:10.1098/rspa.1995.0052.

12. Babeshko V.A. Novyy metod resheniya kraevykh zadach mekhaniki sploshnoy sredy i
matematicheskoy fiziki dlya neklassicheskikh oblastey [A new method for solving boundary value
problems of continuum mechanics and mathematical physics for nonclassical domains]. Doklady
Akademii nauk SSSR [ Proceedings of the USSR Academy of Science]. 1985. Vol. 284. No 1. P. 73-76
(In Russian).

13. Durbin F. Numerical inversion of Laplace transforms: an efficient improvement to Dubner
and Abate’s method. Computer J. 1974. Vol. 17. No 4. P. 371-376. DOI:10.1093/comjnl/17.4.371.

14. Igumnov L.A., Rataushko Y.Y., Ipatov A.A. Treating coupled boundary value problems of
3D elastodynamics by means of boundary integral equations method. Advanced Materials — Studies
and Applications. 2015. P. 283-299.

15. Igumnov L.A., Belov A.A. Chislennoe reshenie integralnykh uravneniy na odinochnoy
ploskoy volne dlya nachalno-kraevykh zadach trekhmernoy teorii uprugosti konechnykh tel
[Numerical solution of nonstationary problems of three-dimentional theory of elasticity using method
of integral equations on a single plane wave]. Problemy prochnosti i plastichnosti [ Problems of
Strenght and Plasticity]. 2006. Iss. 68. P. 22-26. DOLI: https://doi.org/10.32326/1814-9146-2006-
68-1-7-21 (In Russian).

16. Norris A.N. Dynamic Green's functions in anisotropic piezoelectric, thermoelastic and
poroelastic solids. Proceedings of the Royal Society of London. Series A: Mathematical and Physical
Sciences. 1994. Vol. 447. Iss. 1929. P. 175-188. https://doi.org/10.1098/rspa.1994.0134.

17.Igumnov L.A. Granichnye integralnye uravneniya trekhmernykh zadach na ploskikh volnakh
[Boundary integral equations on plane waves for 3D problems]. Doklady Rossiyskoy akademii
nauk [Proceedings of the Russian Academy of Sciences]. 2006. Vol. 409. No 5. P. 622624 (In
Russian).

18. Vatulyan A.O. On boundary integral equations of the first kind in dynamic problems in the
anisotropic theory of elasticity. Doklady Mathematics. 1993. Vol. 38. No 11. P. 459-460.

19.Roy S., Gebert J.-M., Stasiuk G., Piat R., Weidenmann K. A., Wanner A. Complete determi-
nation of elastic moduli of interpenetrating metal/ceramic composites using ultrasonic techniques
and micromechanical modeling. Mater. Sci. Eng. A-Struct. 2011. Vol. 528. Iss. 28. P. 8226—-8235.
DOI:10.1016/j.msea.2011.07.029.

20. Belov A.A., Petrov A.N. Analiz dinamiki anizotropnykh uprugikh tel na osnove neklas-
sicheskikh granichnykh integral'nykh uravneniy [Analysis of the dynamics of anisotropic elastic
bodies based on non-classical boundary integral equations]. Dinamicheskie i tekhnologicheskie
problemy mekhaniki konstruktsiy i sploshnykh sred: Materialy XXVI mezhdunarodnogo simpoziuma
im. A.G. Gorshkova [Dynamic and Technological Problems of Mechanics of Continuum and
Structures Dedicated to Anatoly G. Gorshkov: Proceedings of the XXVI International Symposium).
Vol. 1. Moscow. 16-20 Mar. 2019. Moscow. LLC “TRP” Publ. 2020. P. 44-46 (In Russian).

NUMERICAL ANALYSIS OF THE DYNAMICS
OF THREE-DIMENSIONAL ANISOTROPIC BODIES
BASED ON NON-CLASSICAL BOUNDARY INTEGRAL EQUATIONS

Belov A.A., Petrov A.N.

Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

The application of non-classical approach of the boundary integral equation method in combination
with the integral Laplace transform in time to anisotropic elastic wave modeling is considered. In
contrast to the classical approach of the boundary integral equation method which is successfully
implemented for solving three-dimensional isotropic problems of the dynamic theory of elasticity,
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viscoelasticity and poroelasticity, the alternative nonclassical formulation of the boundary integral
equations method is presented that employs regular Fredholm integral equations of the first kind
(integral equations on a plane wave). The construction of such boundary integral equations is
based on the structure of the dynamic fundamental solution. The approach employs the explicit
boundary integral equations. The inverse Laplace transform is constructed numerically by the Durbin
method. A numerical solution of the dynamic problem of anisotropic elasticity theory based on the
boundary integral equations method in a nonclassical formulation is presented. The boundary element
scheme of the boundary integral equations method is built on the basis of a regular integral equation
of the first kind. The problem is solved in anisotropic formulation for the load acting along the
normal in the form of the Heaviside function on the cube face weakened by a cubic cavity. The
obtained boundary element solutions are compared with finite element solutions. Numerical results
prove the efficiency of using boundary integral equations on a single plane wave in solving three-
dimensional anisotropic dynamic problems of elasticity theory. The convergence of boundary
element solutions is studied on three schemes of surface discretization. The achieved calculation
accuracy is not inferior to the accuracy of boundary element schemes for classical boundary integral
equations. Boundary element analysis of solutions for a cube with and without a cavity is carried
out.

Keywords: three-dimensional problems, boundary element method, Laplace transform inversion,
Fredholm equation of the first kind.
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