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Ðàññìîòðåíî ïðèìåíåíèå íåêëàññè÷åñêîãî ïîäõîäà ìåòîäà ãðàíè÷íûõ
èíòåãðàëüíûõ óðàâíåíèé ñîâìåñòíî ñ èíòåãðàëüíûì ïðåîáðàçîâàíèåì Ëàïëà-
ñà ïî âðåìåíè ê ìîäåëèðîâàíèþ âîëíîâûõ ïðîöåññîâ â àíèçîòðîïíûõ óïðó-
ãèõ òåëàõ. Â îòëè÷èå îò êëàññè÷åñêîãî ïîäõîäà ãðàíè÷íûõ èíòåãðàëüíûõ óðàâ-
íåíèé, êîòîðûé óñïåøíî ðåàëèçóåòñÿ äëÿ ðåøåíèÿ òðåõìåðíûõ èçîòðîïíûõ
çàäà÷ äèíàìè÷åñêîé òåîðèè óïðóãîñòè, âÿçêî- è ïîðîóïðóãîñòè, ïðåäñòàâëåí
àëüòåðíàòèâíûé êëàññè÷åñêîé ôîðìóëèðîâêå ìåòîäà ãðàíè÷íûõ èíòåãðàëüíûõ
óðàâíåíèé ïîäõîä, èñïîëüçóþùèé ðåãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåä-
ãîëüìà ïåðâîãî ðîäà (èíòåãðàëüíûå óðàâíåíèÿ íà ïëîñêîé âîëíå). Ïîñòðîåíèå
òàêèõ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé îïèðàåòñÿ íà ñòðóêòóðó äèíàìè-
÷åñêîãî ôóíäàìåíòàëüíîãî ðåøåíèÿ. Ïîäõîä èñïîëüçóåò òî÷íûå ãðàíè÷íûå
èíòåãðàëüíûå óðàâíåíèÿ, îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ñòðîèòñÿ ÷èñëåí-
íî ìåòîäîì Äóðáèíà. Ïðåäñòàâëåíî ÷èñëåííîå ðåøåíèå äèíàìè÷åñêîé çàäà÷è
àíèçîòðîïíîé òåîðèè óïðóãîñòè ìåòîäîì ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé
â íåêëàññè÷åñêîé ôîðìóëèðîâêå. Ãðàíè÷íî-ýëåìåíòíàÿ ñõåìà ìåòîäà ãðàíè÷-
íûõ èíòåãðàëüíûõ óðàâíåíèé ïîñòðîåíà íà áàçå ðåãóëÿðíîãî èíòåãðàëüíîãî
óðàâíåíèÿ ïåðâîãî ðîäà. Ðåøåíà çàäà÷à â àíèçîòðîïíîé ïîñòàíîâêå î äåéñòâèè
íàãðóçêè ïî íîðìàëè â âèäå ôóíêöèè Õåâèñàéäà íà ãðàíü êóáà, îñëàáëåííîãî
êóáè÷åñêîé ïîëîñòüþ. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ãðàíè÷íî-ýëåìåíò-
íûõ ðåøåíèé ñ êîíå÷íî-ýëåìåíòíûìè ðåøåíèÿìè. ×èñëåííûå ðåçóëüòàòû ñâè-
äåòåëüñòâóþò îá ýôôåêòèâíîñòè èñïîëüçîâàíèÿ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâ-
íåíèé íà îäèíî÷íîé ïëîñêîé âîëíå ïðè ðåøåíèè òðåõìåðíûõ àíèçîòðîïíûõ
äèíàìè÷åñêèõ çàäà÷ òåîðèè óïðóãîñòè. Ïðîâåäåíî èññëåäîâàíèå íà ñõîäèìîñòü
ãðàíè÷íî-ýëåìåíòíûõ ðåøåíèé íà òðåõ âàðèàíòàõ äèñêðåòèçàöèè ïîâåðõíî-
ñòè. Äîñòèãíóòàÿ òî÷íîñòü ðàñ÷åòîâ íå óñòóïàåò òî÷íîñòè ãðàíè÷íî-ýëåìåíò-
íûõ ñõåì äëÿ êëàññè÷åñêèõ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé. Ïðîâåäåí
ãðàíè÷íî-ýëåìåíòíûé àíàëèç ðåøåíèé äëÿ êóáà ñ ïîëîñòüþ è áåç ïîëîñòè.

Êëþ÷åâûå ñëîâà: òðåõìåðíûå çàäà÷è, ìåòîä ãðàíè÷íûõ ýëåìåíòîâ, îáðà-
ùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà, óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà.
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Ââåäåíèå

Ìåòîä ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé (ÃÈÓ) ÿâëÿåòñÿ óíèâåðñàëüíûì ÷èñ-
ëåííî-àíàëèòè÷åñêèì ìåòîäîì ðåøåíèÿ òðåõìåðíûõ âîëíîâûõ íà÷àëüíî-êðàåâûõ
çàäà÷ òåîðèé óïðóãîñòè, âÿçêî- è ïîðîóïðóãîñòè [1–7]. Ïðåèìóùåñòâà ýòîãî ìåòîäà
çàêëþ÷àþòñÿ â àâòîìàòè÷åñêîì âûïîëíåíèè óñëîâèé ïîâåäåíèÿ ðåøåíèé íà áåñêî-
íå÷íîñòè ïðè ðàññìîòðåíèè íåñòàöèîíàðíûõ ïðîöåññîâ â ïîëóáåñêîíå÷íûõ òåëàõ
è ñðåäàõ è ñíèæåíèè ðàçìåðíîñòè èññëåäóåìîé çàäà÷è íà åäèíèöó.

Ðàñøèðåíèå ìåòîäà ÃÈÓ äëÿ ðåøåíèÿ äèíàìè÷åñêèõ àíèçîòðîïíûõ çàäà÷ íóæ-
äàåòñÿ â ðàçðàáîòêå íîâûõ ñïåöèàëüíûõ ñõåì [8]. Ïðåäñòàâëåíî íåêëàññè÷åñêîå
ðàñïðîñòðàíåíèå ìåòîäîâ ÃÈÓ è ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ) íà àíèçîò-
ðîïíûå äèíàìè÷åñêèå íà÷àëüíî-êðàåâûå çàäà÷è. Ðàññìàòðèâàåìûé ïîäõîä ÿâëÿåò-
ñÿ àëüòåðíàòèâîé ìåòîäó ÃÈÓ ñ äâîéíûì ïðèìåíåíèåì òåîðåìû âçàèìíîñòè [9, 10]
è èíòåãðàëüíîìó ïðåäñòàâëåíèþ ìàòðèö Ãðèíà â ôîðìå, ïðåäëîæåííîé â [11]. Ïîä-
õîä èñïîëüçóåò ñòðóêòóðó äèíàìè÷åñêîãî ôóíäàìåíòàëüíîãî ðåøåíèÿ, îïèñàííîãî
â ñòàòüå Â.À. Áàáåøêî [12]. Ïåðåõîä èç îáëàñòè Ëàïëàñà âî âðåìåííóþ îáëàñòü ñòðî-
èòñÿ ÷èñëåííî ìåòîäîì Äóðáèíà [13]. Íàñòîÿùàÿ ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì
èññëåäîâàíèé, ïðåäñòàâëåííûõ â [14, 15].

1. Ïîñòàíîâêà çàäà÷è è ìåòîä ðåøåíèÿ

Ðàññìàòðèâàåòñÿ êóñî÷íî-îäíîðîäíîå òåëî Ω ñ ãðàíèöåé Ω∂=Γ  â òðåõìåðíîì
åâêëèäîâîì ïðîñòðàíñòâå R3, â êîòîðîì ââåäåíà äåêàðòîâà ñèñòåìà êîîðäèíàò. Óðàâ-
íåíèÿ äâèæåíèÿ óïðóãîäåôîðìèðóåìîé ñðåäû è êðàåâûå óñëîâèÿ èìåþò âèä:
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ãäå σij = cijkluk,l, σ – òåíçîð íàïðÿæåíèé; u = (u1,u2,u3) – âåêòîð ñìåùåíèé; cijkl – ìî-
äóëè óïðóãîñòè, l 0 è l 1 – ñîîòâåòñòâóþùèå ãðàíè÷íûå îïåðàòîðû, m = (m1,m2,m3) –
âåêòîð âíåøíåé íîðìàëè.

Òåíçîð Ãðèíà äëÿ ëèíåéíîé àíèçîòðîïíîé òåîðèè óïðóãîñòè çàïèñûâàåòñÿ â
âèäå [16]:
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ãäå ,1,),( )0(
0 =ρ== FIMnLK  ρ – ïëîòíîñòü, I – åäèíè÷íàÿ ìàòðèöà, c = –(8π2)–1,

Δ – îïåðàòîð Ëàïëàñà â ïðîñòðàíñòâå R3, kα – ñîáñòâåííûå ÷èñëà, αÂ  – ñîáñòâåííûå
âåêòîðà ìàòðèöû cijklnjnl, ω  – ÷àñòîòà, n = {n1, n2, n3} – âíåøíèé âåêòîð, îïðåäåëÿ-
þùèé íàïðàâëåíèå ðàñïðîñòðàíåíèÿ ïëîñêèõ âîëí.

Äëÿ äèíàìè÷åñêèõ çàäà÷ ñïðàâåäëèâû óðàâíåíèÿ [17]:

∫
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ãäå «∗» îçíà÷àåò ñâåðòêó ïî t; ,ugS = u – âåêòîð ñìåùåíèÿ â èçîáðàæåíèÿõ, =∂)(ijA
,ijijklc ∂∂=  A∗ – ñîïðÿæåííûé äèôôåðåíöèàëüíûé îïåðàòîð A, )ψ,ψ(ψ 10=  – ãðà-

íè÷íûå ôóíêöèè; );,( 10 ll=γ δ – äåëüòà-ôóíêöèÿ Äèðàêà; ⊗ – âåêòîðíîå ïðîèçâå-
äåíèå.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è ìåòîäîì ÃÈÓ îçíà÷àåò, ÷òî âûïîëíÿþòñÿ ñîîò-
âåòñòâóþùèå ñîîòíîøåíèÿ èç (1)–(4) äëÿ ñîáñòâåííûõ ÷èñåë kα è ñîáñòâåííûõ âåê-
òîðîâ .ˆ
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âûäåëÿåòñÿ èíòåãðàëüíîå óðàâíåíèå, ñîâïàäàþùåå (ïðè x = 0) ñ óðàâíåíèåì èç [12, 18].
Â.À. Áàáåøêî ïðåäëîæèë ìåòîä ïîñòðîåíèÿ íîâûõ èíòåãðàëüíûõ óðàâíåíèé äëÿ

ðåøåíèÿ êðàåâûõ çàäà÷ [12]. Íà áàçå óðàâíåíèé (1), (2) ìîæíî ïîñòðîèòü ÌÃÝ-
ñõåìó ðåøåíèÿ äèíàìè÷åñêèõ êðàåâûõ çàäà÷.

2. Ãðàíè÷íî-ýëåìåíòíàÿ äèñêðåòèçàöèÿ

Áàçîâûé ïðîöåññ ÃÝ-äèñêðåòèçàöèè ñîñòîèò â ðàçáèåíèè ïîâåðõíîñòè Ω∂  íà
ãðàíè÷íûå ýëåìåíòû: ÷åòûðåõóãîëüíûå è òðåóãîëüíûå âîñüìèóçëîâûå áèêâàäðàòè÷-
íûå ýëåìåíòû (ðèñ. 1).

Òðåóãîëüíûå ýëåìåíòû ðàññìàòðèâàþòñÿ êàê âûðîæäåííûå ÷åòûðåõóãîëüíûå
ýëåìåíòû. Ñâÿçü ëîêàëüíîé ξ = (ξ1, ξ2) è ãëîáàëüíîé  y = ( y1(ξ1), y2(ξ2), y3(ξ2)) ñèñ-
òåì êîîðäèíàò çàïèñûâàåòñÿ ÷åðåç ôóíêöèè ôîðìû Ni(ξ):
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Ðèñ. 1. ×åòûðåõóãîëüíûé ãðàíè÷íûé ýëåìåíò
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ãäå β(k, l ) – ãëîáàëüíûé íîìåð óçëà, èìåþùåãî â k-ì ýëåìåíòå ëîêàëüíûé íîìåð l.
Äàëåå îïðåäåëÿåòñÿ åñòåñòâåííûé áàçèñ, ìåòðè÷åñêèé òåíçîð è åäèíè÷íàÿ íîð-

ìàëü íà ýëåìåíòå:

γ(e, n) – ãëîáàëüíûé íîìåð óçëà, èìåþùåãî â e-ì ýëåìåíòå ëîêàëüíûé íîìåð n,
Fn(ξ1,ξ2) – êâàäðàòè÷íûå ôóíêöèè ôîðìû, Rn(ξ1,ξ2) – ëèíåéíûå ôóíêöèè ôîðìû.

Íåèçâåñòíûå ãðàíè÷íûå ïîëÿ èíòåðïîëèðóþòñÿ ÷åðåç óçëîâûå çíà÷åíèÿ. Ðàñ-
ñìîòðèì ñëó÷àé, íàçûâàåìûé ñîãëàñîâàííûì èíòåðïîëèðîâàíèåì, ãäå äëÿ àïïðîê-
ñèìàöèè ãðàíè÷íûõ ïåðåìåùåíèé ïðèìåíèì áèëèíåéíûå ýëåìåíòû, à äëÿ àïïðîê-
ñèìàöèè ïîâåðõíîñòíûõ ñèë – ïîñòîÿííûå ýëåìåíòû.

Äëÿ ïîëó÷åíèÿ äèñêðåòíîãî àíàëîãà ÃÈÓ ïðèìåíèì ìåòîä êîëëîêàöèè. Â êà-
÷åñòâå óçëîâ êîëëîêàöèè ym âûáèðàþòñÿ óçëû àïïðîêñèìàöèè èñõîäíûõ ãðàíè÷-
íûõ ôóíêöèé. Â èòîãå ôîðìèðóåòñÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

×èñëåííîå èíòåãðèðîâàíèå ïî Ãàóññó îðãàíèçîâàíî íà îñíîâå ôîðìóëû ñ ôèê-
ñèðîâàííûì ïîðÿäêîì. Äëÿ ðåøåíèÿ èòîãîâîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé Ay = f èñïîëüçóåòñÿ àëãîðèòì ðåãóëÿðèçàöèè ïî Òèõîíîâó:

1. Ñòðîèòñÿ )( jiaA =∗ – êîìïëåêñíî-ñîïðÿæåííàÿ è òðàíñïîíèðîâàííàÿ ìàòðèöà.
2. Âìåñòî èñõîäíîé ñèñòåìû ðàññìàòðèâàåòñÿ ñèñòåìà .)( fAyAAE ∗
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4. ×èñëåííûå èññëåäîâàíèÿ

Ðåøåíà çàäà÷à â àíèçîòðîïíîé ïîñòàíîâêå î äåéñòâèè íàãðóçêè ïî íîðìàëè â
âèäå ôóíêöèè Õåâèñàéäà íà ãðàíü êóáà ñ äëèíîé ðåáðà l1 = 1 ì, îñëàáëåííîãî êóáè-
÷åñêîé ïîëîñòüþ ñ äëèíîé ðåáðà l2 = 0,45 ì (ðèñ. 2) [19]. Âåðõíÿÿ ãðàíü êóáà â
íàïðàâëåíèè, ïðîòèâîïîëîæíîì îñè x3, ïîäâåðãàåòñÿ íàãðóçêå õåâèñàéäîâñêîãî òèïà,
à íà ïðîòèâîïîëîæíîé ãðàíè êóáà ñìîäåëèðîâàíî óñëîâèå æåñòêîé çàäåëêè, îñòàëü-
íàÿ ïîâåðõíîñòü êóáà ñâîáîäíà. Èçó÷åíî âëèÿíèå ïðîñòðàíñòâåííîé äèñêðåòèçà-
öèè íà ðåçóëüòàòû ÌÃÝ-àíàëèçà. Äëÿ êóáà ñ ïîëîñòüþ è áåç ïîëîñòè èñïîëüçîâà-
ëèñü ïî òðè ðàçëè÷íûå îäíîðîäíûå ïîâåðõíîñòíûå ñåòêè ñ êîëè÷åñòâîì ýëåìåíòîâ
216, 384, 600 íà ïîâåðõíîñòè âíåøíåãî êóáà è 96, 216, 384 íà ïîâåðõíîñòè âíóò-
ðåííåãî êóáà ñîîòâåòñòâåííî.

Ïîëîñòü ðàñïîëîæåíà â öåíòðå êóáà. Íà x3 = l1 íàãðóçêà: t3 = t*.H(t), t* = –100 Ïà,
H(t) – ôóíêöèÿ Õåâèñàéäà. Íà ãðàíè x3 = 0: u1 = u2 = u3 = 0. Îñòàëüíàÿ ïîâåðõíîñòü
ñâîáîäíà îò ïîâåðõíîñòíûõ óñèëèé. Òî÷êè íàáëþäåíèÿ: A (0,5, 0,5, 1,0), B (0,5, 0,5,
0,725), C (0,5, 0,275, 0,5) ðàñïîëîæåíû â öåíòðàõ âåðõíåé ãðàíè êóáà, âåðõíåé ãðà-
íè ïîëîñòè è ïåðåäíåé ãðàíè ïîëîñòè ñîîòâåòñòâåííî. Ðàññìîòðåíû äâå êîíôèãóðà-
öèè: îäíîðîäíîå òåëî è òåëî ñ ïîëîñòüþ ñ ïàðàìåòðàìè ìàòåðèàëà: ρ = 3227 êã/ì3,
ìàòðèöà óïðóãèõ ïàðàìåòðîâ ìàòåðèàëà

Ðèñ. 2. Ôèçè÷åñêàÿ ïîñòàíîâêà çàäà÷è

A

B

C
l2

l1

O x1

x3
x2

O
x1

x3

t3 = t *H(t)

l1
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Ïðîâåäåíî ñðàâíåíèå ãðàíè÷íî-ýëåìåíòíûõ ðåøåíèé ñ êîíå÷íî-ýëåìåíòíûì
ðåøåíèåì (ðèñ. 3–5). Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ãðàíè÷íî-ýëåìåíòíûõ ðåøå-
íèé äëÿ êóáà ñ ïîëîñòüþ è áåç ïîëîñòè. Íà ðèñóíêàõ îáîçíà÷åíî: ÍÃÈÓ – íåêëàññè-
÷åñêèé ïîäõîä ê ðåøåíèþ ìåòîäîì ÃÈÓ; ÊÃÈÓ – êëàññè÷åñêèé ïîäõîä ê ðåøåíèþ
ìåòîäîì ÃÈÓ; ÌÊÝ – ðåøåíèå ìåòîäîì êîíå÷íûõ ýëåìåíòîâ. Èññëåäîâàíèå ñõîäè-
ìîñòè ïîêàçàëî, ÷òî â ñëó÷àå òåëà ñ ïîëîñòüþ òðåáóåòñÿ áîëüøåå êîëè÷åñòâî ãðà-
íè÷íûõ ýëåìåíòîâ ïî ñðàâíåíèþ ñî ñëó÷àåì òåëà áåç ïîëîñòè, õîòÿ â îáîèõ ñëó÷àÿõ
ïðèåìëåìûå ðåçóëüòàòû äîñòèãàþòñÿ äàæå ïðè ñðàâíèòåëüíî íåáîëüøîì êîëè÷å-
ñòâå ãðàíè÷íûõ ýëåìåíòîâ.

Ðèñ. 3. Ïåðåìåùåíèÿ â òî÷êå A ïðè îòñóòñòâèè ïîëîñòè

Ðèñ. 4. Ïåðåìåùåíèÿ â òî÷êå A ïðè íàëè÷èè ïîëîñòè

ÍÃÈÓ, ñåòêà 1
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ÌÊÝ
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Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ðåøåíèé, ïîëó÷åííûõ ïî êëàññè÷åñêîé ñõåìå
ÃÈÓ è íåêëàññè÷åñêîé ñõåìå [20] (ðèñ. 6–8).

ÍÃÈÓ, ñåòêà 1
ÍÃÈÓ, ñåòêà 2
ÍÃÈÓ, ñåòêà 3
ÌÊÝ

–0,4

–0,8

–1,2

–1,6

0            1            2             3            4            5          t, 10–4 ñ
Ðèñ. 5. Ïåðåìåùåíèÿ â òî÷êå B ïðè íàëè÷èè ïîëîñòè

0
u3, 10–9 ì

Ðèñ. 7. Ïåðåìåùåíèÿ â òî÷êå A ïðè íàëè÷èè ïîëîñòè
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Ðèñ. 6. Ïåðåìåùåíèÿ â òî÷êå A ïðè îòñóòñòâèè ïîëîñòè
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Çàêëþ÷åíèå

Ïîëó÷åííûå ðåçóëüòàòû ñâèäåòåëüñòâóþò î ïåðñïåêòèâíîñòè èñïîëüçîâàíèÿ ÃÈÓ
íà îäèíî÷íîé ïëîñêîé âîëíå äëÿ ðåøåíèÿ òðåõìåðíûõ äèíàìè÷åñêèõ çàäà÷ òåîðèè
óïðóãîñòè. Äîñòèãíóòàÿ òî÷íîñòü ðàñ÷åòîâ íå óñòóïàåò òî÷íîñòè ÌÃÝ-ñõåì äëÿ
êëàññè÷åñêèõ ÃÈÓ.

Ñïèñîê ëèòåðàòóðû

1. Schanz M. Wave Propagation in Viscoelastic and Poroelastic Continua. Berlin: Springer,
2001. 170 p.

2. Liu Y.J., Mukherjee S., Nishimura N., Schanz M., Ye W., Sutradhar A., Pan E., Dumont
N.A., Frangi A., Saez A. Recent advances and emerging applications of the boundary element
method. Applied Mechanics Reviews. 2011. Vol. 64. No 3. 39 p. DOI: 10.1115/1.4005491.

3. Biot M.A. Theory of propagation of elastic waves in a fluid-saturated porous solid. I. Low-
frequency range. The Journal of the Acoustical Society of America. 1956. Vol. 28. No 2. P. 168–178.
DOI: 10.1121/1.1908239.

4. Biot M.A. Theory of propagation of elastic waves in a fluid-saturated porous solid. II.
Higher frequency range. The Journal of the Acoustical Society of America. 1956. Vol. 28. No 2.
P. 179–191. DOI: 10.1121/1.1908241.

5. Manolis G.D., Dineva P.S. Elastic waves in continuous and discontinuous geological media
by boundary integral equation methods: A review. Soil Dynamics and Earthquake Engineering.
2015. Vol. 70. P. 11–29. DOI: 10.1016/J.SOILDYN.2014.11.013.

6. Manolis G.D., Beskos D.E. Integral formulation and fundamental solutions of dynamic
poroelasticity and thermoelasticity. Acta Mechanica. 1989. ¹ 76. P. 89–104.

7. Áàæåíîâ Â.Ã., Èãóìíîâ Ë.À. Ìåòîäû ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé è ãðàíè÷-
íûõ ýëåìåíòîâ â ðåøåíèè çàäà÷ òðåõìåðíîé äèíàìè÷åñêîé òåîðèè óïðóãîñòè ñ ñîïðÿæåí-
íûìè ïîëÿìè. Ì.: Ôèçìàòëèò, 2008. 352 ñ.

8. Igumnov L.A., Markov I.P., Rataushko Y.Y. Modeling the dynamics of 3D elastic anisotropic
solids using boundary element method. Advanced Materials Research. 2014. Vol. 1040. P. 633–637.
DOI: 10.4028/www.scientific.net/AMR.1040.633.

9. Gaul L., Kogl Ì., Wagner M. Boundary Element Methods for Engineers and Scientists.
Berlin: Springer, 2003. 488 p.

10. Brebbia C.A., Telles J.C.F., Wrobel L. Boundary Element Techniques. Berlin: Springer-
Verlag, 1984. 464 p.

11. Wang C.Y., Achenbach J.D. Three-dimensional time-harmonic elastodynamic Green's
functions for anisotropic solids. Proceedings of the Royal Society of London. Series A: Mathematical
and Physical Sciences. 1995. Vol. 449. Iss. 1937. P. 441–458. DOI:10.1098/rspa.1995.0052.

0

0            1            2             3            4            5           t, 10–4 ñ

–0,8

–0,2

–1,2

–1,6
–1,8

ÍÃÈÓ, ñåòêà 3
ÊÃÈÓ, ñåòêà 3

–1,56

–1,66
2,5          3,0       3,5

–0,4
–0,6

–1,0

–1,4

Ðèñ. 8. Ïåðåìåùåíèÿ â òî÷êå B ïðè íàëè÷èè ïîëîñòè

u3, 10–9 ì



84

12. Áàáåøêî Â.À. Íîâûé ìåòîä ðåøåíèÿ êðàåâûõ çàäà÷ ìåõàíèêè ñïëîøíîé ñðåäû è
ìàòåìàòè÷åñêîé ôèçèêè äëÿ íåêëàññè÷åñêèõ îáëàñòåé. ÄÀÍ ÑÑÑÐ. 1985. Ò. 284. ¹1. Ñ. 73–76.

13. Durbin F. Numerical inversion of Laplace transforms: an efficient improvement to Dubner
and Abate's method. The Computer Journal. 1974. Vol. 17. No 4. P. 371–376. DOI:10.1093/comjnl/
17.4.371.

14. Igumnov L.A., Rataushko Y.Y., Ipatov A.A. Treating coupled boundary value problems of
3D elastodynamics by means of boundary integral equations method. Advanced Materials – Studies
and Applications. 2015. P. 283–299.

15. Èãóìíîâ Ë.À., Áåëîâ À.À. ×èñëåííîå ðåøåíèå èíòåãðàëüíûõ óðàâíåíèé íà îäèíî÷-
íîé ïëîñêîé âîëíå äëÿ íà÷àëüíî-êðàåâûõ çàäà÷ òðåõìåðíîé òåîðèè óïðóãîñòè êîíå÷íûõ òåë.
Ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íîñòè. 2006. Âûï. 68. Ñ. 22–26. https://doi.org/10.32326/1814-
9146-2006-68-1-7-21.

16. Norris A.N. Dynamic Green's functions in anisotropic piezoelectric, thermoelastic and
poroelastic solids. Proceedings of the Royal Society of London. Series A: Mathematical and Physical
Sciences. 1994. Vol. 447. Iss. 1929. P. 175–188. https://doi.org/10.1098/rspa.1994.0134.

17. Èãóìíîâ Ë.À. Ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ òðåõìåðíûõ çàäà÷ íà ïëîñêèõ
âîëíàõ. Äîêë. ÐÀÍ. 2006. Ò. 409. ¹5. Ñ. 622–624.

18. Âàòóëüÿí À.Î. Î ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèÿõ I-ãî ðîäà â äèíàìè÷åñêèõ
çàäà÷àõ àíèçîòðîïíîé òåîðèè óïðóãîñòè. Äîêë. ÐÀÍ. 1993. Ò. 333. ¹3. Ñ. 312–314.

19. Roy S., Gebert J.-M., Stasiuk G., Piat R., Weidenmann K.A., Wanner A. Complete deter-
mination of elastic moduli of interpenetrating metal/ceramic composites using ultrasonic techniques
and micromechanical modeling. Materials Science and Engineering A. 2011. Vol. 528. Iss. 28.
P. 8226–8235. DOI:10.1016/j.msea.2011.07.029.

20. Áåëîâ À.À., Ïåòðîâ À.Í. Àíàëèç äèíàìèêè àíèçîòðîïíûõ óïðóãèõ òåë íà îñíîâå
íåêëàññè÷åñêèõ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé. Äèíàìè÷åñêèå è òåõíîëîãè÷åñêèå
ïðîáëåìû ìåõàíèêè êîíñòðóêöèé è ñïëîøíûõ ñðåä: Ìàòåð. XXVI Ìåæäóíàðîä. ñèìïîç.
èì. À.Ã. Ãîðøêîâà. Ò. 1. Ìîñêâà, 16–20 ìàðòà 2019 ã. Ì.: ÎÎÎ «ÒÐÏ», 2020. Ñ. 44–46.

References

1. Schanz M. Wave Propagation in Viscoelastic and Poroelastic Continua. Berlin. Springer.
2001. 170 p.

2. Liu Y.J., Mukherjee S., Nishimura N., Schanz M., Ye W., Sutradhar A., Pan E., Dumont
N.A., Frangi A., Saez A. Recent advances and emerging applications of the boundary element
method. Appl. Mech. Rev. 2011. Vol. 64. No 3. 39 p. DOI: 10.1115/1.4005491.

3. Biot M.A. Theory of propagation of elastic waves in a fluid-saturated porous solid. I. Low-
frequency range. Acoust. Soc. Am. 1956. Vol. 28. No 2. P. 168–178. DOI: 10.1121/1.1908239.

4. Biot M.A. Theory of propagation of elastic waves in a fluid-saturated porous solid. II.
Higher frequency range. J. Acoust. Soc. Am. 1956. Vol. 28. No 2. P. 179–191. DOI: 10.1121/
1.1908241.

5. Manolis G.D., Dineva P.S. Elastic waves in continuous and discontinuous geological media
by boundary integral equation methods: A review. Soil Dyn. Earthq. Eng. 2015. Vol. 70. P. 11–29.
DOI: 10.1016/J.SOILDYN.2014.11.013.

6. Manolis G.D., Beskos D.E. Integral formulation and fundamental solutions of dynamic
poroelasticity and thermoelasticity. Acta Mech. 1989. ¹ 76. P. 89–104.

7. Bazhenov V.G., Igumnov L.A. Metody granichnykh integral'nykh uravneniy i granichnykh
elementov v reshenii zadach trekhmernoy dinamicheskoy teorii uprugosti s sopryazhennymi polyami
[The Method of Boundary Integral Equations and Boundary Elements in Solving the Problem of
Three-Dimensional Dynamic Theory of Elasticity with Conjugate Fields]. Moscow. Fizmatlit Publ.
2008. 352 ñ. (In Russian).

8. Igumnov L.A., Markov I.P., Rataushko Y.Y. Modeling the dynamics of 3D elastic anisotropic
solids using boundary element method. Adv. Mater. Res. 2014. Vol. 1040. P. 633–637. DOI: 10.4028/
www.scientific.net/AMR.1040.633.

9. Gaul L., Kogl Ì., Wagner M. Boundary Element Methods for Engineers and Scientists.
Berlin. Springer. 2003. 488 p.



85

10. Brebbia C.A., Telles J.C.F., Wrobel L. Boundary Element Techniques. Berlin. Springer-
Verlag. 1984. 464 p.

11. Wang C.Y., Achenbach J.D. Three-dimensional time-harmonic elastodynamic Green's
functions for anisotropic solids. Proceedings of the Royal Society of London. Series A: Mathematical
and Physical Sciences. 1995. Vol. 449. Iss. 1937. P. 441–458. DOI:10.1098/rspa.1995.0052.

12. Babeshko V.A. Novyy metod resheniya kraevykh zadach mekhaniki sploshnoy sredy i
matematicheskoy fiziki dlya neklassicheskikh oblastey [A new method for solving boundary value
problems of continuum mechanics and mathematical physics for nonclassical domains]. Doklady
Akademii nauk SSSR [Proceedings of the USSR Academy of Science]. 1985. Vol. 284. No 1. P. 73–76
(In Russian).

13. Durbin F. Numerical inversion of Laplace transforms: an efficient improvement to Dubner
and Abate’s method. Computer J. 1974. Vol. 17. No 4. P. 371–376. DOI:10.1093/comjnl/17.4.371.

14. Igumnov L.A., Rataushko Y.Y., Ipatov A.A. Treating coupled boundary value problems of
3D elastodynamics by means of boundary integral equations method. Advanced Materials – Studies
and Applications. 2015. P. 283–299.

15. Igumnov L.A., Belov A.A. Chislennoe reshenie integralnykh uravneniy na odinochnoy
ploskoy volne dlya nachalno-kraevykh zadach trekhmernoy teorii uprugosti konechnykh tel
[Numerical solution of nonstationary problems of three-dimentional theory of elasticity using method
of integral equations on a single plane wave]. Problemy prochnosti i plastichnosti [Problems of
Strenght and Plasticity]. 2006. Iss. 68. P. 22–26. DOI: https://doi.org/10.32326/1814-9146-2006-
68-1-7-21 (In Russian).

16. Norris A.N. Dynamic Green's functions in anisotropic piezoelectric, thermoelastic and
poroelastic solids. Proceedings of the Royal Society of London. Series A: Mathematical and Physical
Sciences. 1994. Vol. 447. Iss. 1929. P. 175–188. https://doi.org/10.1098/rspa.1994.0134.

17. Igumnov L.A. Granichnye integralnye uravneniya trekhmernykh zadach na ploskikh volnakh
[Boundary integral equations on plane waves for 3D problems]. Doklady Rossiyskoy akademii
nauk [Proceedings of the Russian Academy of Sciences]. 2006. Vol. 409. No 5. P. 622–624 (In
Russian).

18. Vatulyan A.O. On boundary integral equations of the first kind in dynamic problems in the
anisotropic theory of elasticity. Doklady Mathematics. 1993. Vol. 38. No 11. P. 459–460.

19. Roy S., Gebert J.-M., Stasiuk G., Piat R., Weidenmann K.A., Wanner A. Complete determi-
nation of elastic moduli of interpenetrating metal/ceramic composites using ultrasonic techniques
and micromechanical modeling. Mater. Sci. Eng. A-Struct. 2011. Vol. 528. Iss. 28. P. 8226–8235.
DOI:10.1016/j.msea.2011.07.029.

20. Belov A.A., Petrov A.N. Analiz dinamiki anizotropnykh uprugikh tel na osnove neklas-
sicheskikh granichnykh integral'nykh uravneniy [Analysis of the dynamics of anisotropic elastic
bodies based on non-classical boundary integral equations]. Dinamicheskie i tekhnologicheskie
problemy mekhaniki konstruktsiy i sploshnykh sred: Materialy XXVI mezhdunarodnogo simpoziuma
im. A.G. Gorshkova [Dynamic and Technological Problems of Mechanics of Continuum and
Structures Dedicated to Anatoly G. Gorshkov: Proceedings of the XXVI International Symposium].
Vol. 1. Moscow. 16–20 Mar. 2019. Moscow. LLC “TRP” Publ. 2020. P. 44–46 (In Russian).

NUMERICAL ANALYSIS OF THE DYNAMICS
OF THREE-DIMENSIONAL ANISOTROPIC BODIES

BASED ON NON-CLASSICAL BOUNDARY INTEGRAL EQUATIONS

Belov A.A., Petrov A.N.

Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

The application of non-classical approach of the boundary integral equation method in combination
with the integral Laplace transform in time to anisotropic elastic wave modeling is considered. In
contrast to the classical approach of the boundary integral equation method  which is successfully
implemented for solving three-dimensional isotropic problems of the dynamic theory of elasticity,
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viscoelasticity and poroelasticity, the alternative nonclassical formulation of the boundary integral
equations method is presented that employs regular Fredholm integral equations of the first kind
(integral equations on a plane wave). The construction of such boundary integral equations is
based on the structure of the dynamic fundamental solution. The approach employs the explicit
boundary integral equations. The inverse Laplace transform is constructed numerically by the Durbin
method. A numerical solution of the dynamic problem of anisotropic elasticity theory based on the
boundary integral equations method in a nonclassical formulation is presented. The boundary element
scheme of the boundary integral equations method is built on the basis of a regular integral equation
of the first kind. The problem is solved in anisotropic formulation for the load acting along the
normal in the form of the Heaviside function on the cube face weakened by a cubic cavity. The
obtained boundary element solutions are compared with finite element solutions. Numerical results
prove the efficiency of using boundary integral equations on a single plane wave in solving three-
dimensional anisotropic dynamic problems of elasticity theory. The convergence of boundary
element solutions is studied on three schemes of surface discretization. The achieved calculation
accuracy is not inferior to the accuracy of boundary element schemes for classical boundary integral
equations.  Boundary element analysis of solutions for a cube with and without a cavity is carried
out.

Keywords: three-dimensional problems, boundary element method, Laplace transform inversion,
Fredholm equation of the first kind.


