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Ðàññìàòðèâàåòñÿ ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü êâàçèãàðìîíè÷åñêîé
èçãèáíîé âîëíû, ðàñïðîñòðàíÿþùåéñÿ â îäíîðîäíîé áàëêå, çàêðåïëåííîé íà
íåëèíåéíî-óïðóãîì îñíîâàíèè. Äèíàìè÷åñêîå ïîâåäåíèå áàëêè îïðåäåëÿåòñÿ
òåîðèåé Òèìîøåíêî. Ìîäåëü Òèìîøåíêî, óòî÷íÿþùàÿ òåõíè÷åñêóþ òåîðèþ
èçãèáà ñòåðæíåé, ïðåäïîëàãàåò, ÷òî ïîïåðå÷íûå ñå÷åíèÿ îñòàþòñÿ ïëîñêèìè,
íî íå ïåðïåíäèêóëÿðíûìè äåôîðìèðóåìîé ñðåäèííîé ëèíèè ñòåðæíÿ; íîð-
ìàëüíûå íàïðÿæåíèÿ íà ïëîùàäêàõ, ïàðàëëåëüíûõ îñè, ðàâíû íóëþ; ó÷èòûâà-
þòñÿ èíåðöèîííûå ñîñòàâëÿþùèå, ñâÿçàííûå ñ ïîâîðîòîì ïîïåðå÷íûõ ñå÷å-
íèé. Óíèêàëüíîñòü ìîäåëè çàêëþ÷àåòñÿ â òîì, ÷òî, ïîçâîëÿÿ õîðîøî îïèñû-
âàòü ìíîãèå ïðîöåññû, ïðîèñõîäÿùèå â ðåàëüíûõ êîíñòðóêöèÿõ, îíà îñòàåòñÿ
äîñòàòî÷íî ïðîñòîé, äîñòóïíîé äëÿ àíàëèòè÷åñêèõ èññëåäîâàíèé. Ñèñòåìà
óðàâíåíèé, îïèñûâàþùàÿ èçãèáíûå êîëåáàíèÿ áàëêè, ñâîäèòñÿ ê îäíîìó íå-
ëèíåéíîìó óðàâíåíèþ ÷åòâåðòîãî ïîðÿäêà îòíîñèòåëüíî ïîïåðå÷íûõ ñìåùå-
íèé ÷àñòèö áàëêè.

Ìåòîäîì ìíîãèõ ìàñøòàáîâ ïîëó÷åíî íåëèíåéíîå óðàâíåíèå Øðåäèíãå-
ðà – îäíî èç îñíîâíûõ óðàâíåíèé íåëèíåéíîé âîëíîâîé äèíàìèêè. Ñîãëàñíî
êðèòåðèþ Ëàéòõèëëà îïðåäåëåíû îáëàñòè ìîäóëÿöèîííîé íåóñòîé÷èâîñòè.
Ïîêàçàíî, êàê ãðàíèöû ýòèõ îáëàñòåé ñìåùàþòñÿ ïðè èçìåíåíèè ïàðàìåòðîâ,
õàðàêòåðèçóþùèõ óïðóãèå ñâîéñòâà ìàòåðèàëà áàëêè è íåëèíåéíîñòü îñíîâà-
íèÿ. Ðàññìîòðåíû íåëèíåéíûå ñòàöèîíàðíûå âîëíû îãèáàþùèõ. Ïîëó÷åíî è
ïðîàíàëèçèðîâàíî êà÷åñòâåííî óðàâíåíèå, îáîáùàþùåå óðàâíåíèå Äóôôèí-
ãà, êîòîðîå ñîäåðæèò äâà äîïîëíèòåëüíûõ ñëàãàåìûõ â îòðèöàòåëüíîé ñòåïå-
íè (ïåðâîé è òðåòüåé). Íàéäåíû ðåøåíèÿ óðàâíåíèÿ Øðåäèíãåðà â âèäå ñîëè-
òîíîâ îãèáàþùèõ è ïðîàíàëèçèðîâàíû çàâèñèìîñòè èõ îñíîâíûõ ïàðàìåòðîâ
(àìïëèòóäà, øèðèíà) îò ïàðàìåòðîâ ñèñòåìû. Â ïðåäåëàõ îáëàñòè ìîäóëÿöè-
îííîé íåóñòîé÷èâîñòè ïîêàçàíî äèíàìè÷åñêîå ïîâåäåíèå òî÷åê ïåðåñå÷åíèÿ
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àìïëèòóä è øèðèí «ñâåòëûõ» ñîëèòîíîâ â ñëó÷àå ìÿãêîé íåëèíåéíîñòè îñíî-
âàíèÿ.

Êëþ÷åâûå ñëîâà: ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü, èçãèáíàÿ âîëíà, áàëêà
Òèìîøåíêî, íåëèíåéíî-óïðóãîå îñíîâàíèå, ñîëèòîíû îãèáàþùèõ.

Ââåäåíèå

Áàëêè, ëåæàùèå íà óïðóãîì îñíîâàíèè, áëàãîäàðÿ èõ øèðîêîìó èñïîëüçîâà-
íèþ â òåõíèêå, ìíîãî ëåò ïðèâëåêàþò âíèìàíèå èññëåäîâàòåëåé. Ê ðàñ÷åòíîé ìîäå-
ëè òàêîé áàëêè ìîãóò áûòü ñâåäåíû æåëåçíîäîðîæíûå ïóòè, ïîäçåìíûå òðóáîïðî-
âîäû, ïîäâîäíûå ïëàâó÷èå òîííåëè, ñåòü áàëîê â êîíñòðóêöèè ïîëà äëÿ ñóäîâ, çäà-
íèé è ìîñòîâ, âèáðàöèîííûå ìàøèíû íà óïðóãîì ôóíäàìåíòå è ò.ä. [1].

Äæ. Ýëëèíãòîí [2] ïîêàçàë, ÷òî áàëêà íà îòäåëüíûõ óïðóãèõ çàêðåïëåíèÿõ, ðàñ-
ïîëîæåííûõ ÷åðåç ðàâíûå ïðîìåæóòêè äðóã îò äðóãà, ôóíêöèîíèðóåò àíàëîãè÷-
íî áàëêå íà óïðóãîì îñíîâàíèè. Òî÷íîñòü ýòîé àíàëîãèè çàâèñèò êàê îò èçãèáíîé
æåñòêîñòè áàëêè, òàê è îò êîýôôèöèåíòà óïðóãîñòè çàêðåïëåíèÿ è ðàññòîÿíèÿ, íà
êîòîðîå îíè óäàëåíû äðóã îò äðóãà.

Ïðè èññëåäîâàíèè äèíàìè÷åñêîãî ïîâåäåíèÿ êîíñòðóêöèé ñ ïîäâèæíûìè íà-
ãðóçêàìè íàèáîëüøèé èíòåðåñ âûçûâàåò íàõîæäåíèå èõ êðèòè÷åñêèõ ñêîðîñòåé.
Ïðè äâèæåíèè ïîåçäîâ ñî ñêîðîñòüþ, áëèçêîé ê ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëí
Ðýëåÿ â îêðóæàþùåì æåëåçíîäîðîæíîå ïîëîòíî ãðóíòå, âîçíèêàåò óñèëåíèå âèáðà-
öèè ïîåçäà è æåëåçíîäîðîæíîãî ïîëîòíà [3–6]. Â çàâèñèìîñòè îò òèïà ïî÷âû ýòà
ñêîðîñòü ìîæåò âàðüèðîâàòüñÿ îò 250 äî 800 êì/÷. Ñîâðåìåííûå âûñîêîñêîðîñò-
íûå ïîåçäà óæå ïðåâîñõîäÿò íèæíèé ïðåäåë ýòîãî èíòåðâàëà. Åùå áîëüøèõ ñêîðîñ-
òåé äîñòèãàþò ðàêåòíûå ïîåçäà, ðàçãîíÿþùèå ïîëåçíóþ íàãðóçêó ïî íàïðàâëÿþùèì
ñïåöèàëèçèðîâàííûõ òðåêîâ [7–10]. Óñèëåíèå âèáðàöèé íà âûñîêèõ ñêîðîñòÿõ –
îïàñíîå ÿâëåíèå, êîòîðîå ïðèâîäèò ê áûñòðîìó èçíàøèâàíèþ æåëåçíîäîðîæíîãî
ïîëîòíà è ìîæåò âûçâàòü ñõîä ïîåçäà ñ ðåëüñîâ. Ïîýòîìó ïðè ñòðîèòåëüñòâå âûñîêî-
ñêîðîñòíûõ æåëåçíîäîðîæíûõ ìàãèñòðàëåé, îñîáåííî íà ìÿãêèõ ïî÷âàõ, óâåëè÷è-
âàþò æåñòêîñòü ãðóíòà. Óâåëè÷åíèå æåñòêîñòè ãðóíòà, â ñâîþ î÷åðåäü, îáÿçûâàåò
ó÷èòûâàòü ïðè ðàñ÷åòàõ íåëèíåéíîñòü óïðóãîãî îñíîâàíèÿ. Ââîäÿòñÿ â ðàññìîòðå-
íèå áàëêè, ëåæàùèå íà íåëèíåéíî-óïðóãîì îñíîâàíèè. Ïàðàìåòð íåëèíåéíîñòè ÿâ-
ëÿåòñÿ ìàëîé äîáàâêîé ê æåñòêîñòè îñíîâàíèÿ. Ïðè ïîëîæèòåëüíîì çíà÷åíèè ýòîé
äîáàâêè èìååì ñèñòåìó ñ «æåñòêèì» òèïîì íåëèíåéíîñòè (ïî òåðìèíîëîãèè Ðåéñ-
íåðà – «óïðî÷íÿþùååñÿ îñíîâàíèå» [11]), à ïðè îòðèöàòåëüíîì çíà÷åíèè – ñ «ìÿã-
êèì» òèïîì íåëèíåéíîñòè («ðàçìÿã÷åííîå» îñíîâàíèå [11]).

Â êà÷åñòâå áàçîâîé ìîäåëè äëÿ ïðîâåäåíèÿ àíàëèçà êîíñòðóêöèè ÷àñòî âûáèðà-
åòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü áàëêè, ïðåäëîæåííàÿ Ñ.Ï. Òèìîøåíêî [12–32]. Ìî-
äåëü áàëêè Òèìîøåíêî çàíèìàåò îñîáîå ìåñòî â ìåõàíèêå: ïîçâîëÿÿ õîðîøî îïèñû-
âàòü ìíîãèå ïðîöåññû, ïðîèñõîäÿùèå â ðåàëüíûõ êîíñòðóêöèÿõ, îíà îñòàåòñÿ äîñ-
òàòî÷íî ïðîñòîé, äîñòóïíîé äëÿ àíàëèòè÷åñêèõ èññëåäîâàíèé.

Ìàòåìàòè÷åñêàÿ ìîäåëü, ïîçâîëÿþùàÿ îïèñàòü äèíàìèêó áàëêè Òèìîøåíêî,
ëåæàùåé íà íåëèíåéíî-óïðóãîì îñíîâàíèè, áûëà ïðåäëîæåíà â [33]. Â ëèíåéíîì
ïðèáëèæåíèè ýòà ìîäåëü ïðèìåíÿåòñÿ äëÿ èçó÷åíèÿ äèñïåðñèîííûõ ñâîéñòâ áàëêè
[34], ÷òî èìååò ïåðâîñòåïåííîå çíà÷åíèå äëÿ íàõîæäåíèÿ êðèòè÷åñêèõ ñêîðîñòåé
íàãðóçîê, äâèæóùèõñÿ ïî äåôîðìèðóåìûì íàïðàâëÿþùèì ïóòåâûõ ñòðóêòóð [2–6].
Âëèÿíèå íåëèíåéíîñòè óïðóãîãî îñíîâàíèÿ íà ôîðìèðîâàíèå íåñèíóñîèäàëüíûõ
èçãèáíûõ âîëí èññëåäîâàëîñü â [33, 34].
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Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ îñîáåííîñòè ðàñïðîñòðàíåíèÿ êâàçèãàð-
ìîíè÷åñêîé èçãèáíîé âîëíû â áàëêå Òèìîøåíêî, çàêðåïëåííîé íà íåëèíåéíî-
óïðóãîì îñíîâàíèè.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Â ðàìêàõ òåîðèè Òèìîøåíêî äèíàìè÷åñêîå ïîâåäåíèå ñòåðæíÿ, çàêðåïëåííîãî
íà íåëèíåéíî-óïðóãîì îñíîâàíèè, îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé [33, 34]:
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ãäå w(x, t) – ïîïåðå÷íîå ñìåùåíèå ÷àñòèö ñðåäèííîé ëèíèè áàëêè; ϕ(x, t) – óãîë
îòêëîíåíèÿ ñå÷åíèÿ áàëêè îò âåðòèêàëüíîãî ïîëîæåíèÿ; ρ=ρμ=τ /,/ 0 Ecc  –
ñîîòâåòñòâåííî ñêîðîñòè ðàñïðîñòðàíåíèÿ ñäâèãîâûõ âîëí â íåîãðàíè÷åííîé ñðå-
äå è ïðîäîëüíûõ âîëí â ñòåðæíå; ρ – ïëîòíîñòü ìàòåðèàëà; μ  – ìîäóëü ñäâèãà; E –
ìîäóëü Þíãà; FIr yy /=  – îñåâîé ðàäèóñ èíåðöèè; Iy – îñåâîé ìîìåíò èíåðöèè
(äëÿ ïðÿìîóãîëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ Iy = a3b/12); F – ïëîùàäü ïîïåðå÷íîãî
ñå÷åíèÿ áàëêè; κ – ïîïðàâî÷íûé êîýôôèöèåíò, ó÷èòûâàþùèé îòêëîíåíèå îò òåî-
ðèè ïëîñêèõ ñå÷åíèé, åãî âåëè÷èíà çàâèñèò îò ñïîñîáà îïðåäåëåíèÿ ñðåäíåãî çíà-
÷åíèÿ äëÿ óãëà ñäâèãà è õàðàêòåðà ðàñïðåäåëåíèÿ ñäâèãîâ ïî ñå÷åíèþ (äëÿ áàëêè
ïðÿìîóãîëüíîãî ñå÷åíèÿ κ = 5/6); h1, h2 – êîýôôèöèåíòû, õàðàêòåðèçóþùèå íåëè-
íåéíî-óïðóãîå îñíîâàíèå.
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Â áåçðàçìåðíûõ ïåðåìåííûõ óðàâíåíèå (3) ïðèíèìàåò âèä:
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íåéíîñòü ñèñòåìû. Äëÿ æåñòêîé íåëèíåéíîñòè îñíîâàíèÿ ïàðàìåòð m3 > 0, äëÿ ìÿã-
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êîé íåëèíåéíîñòè m3 < 0. Ïàðàìåòð m1 → 0, åñëè ëèíåéíàÿ æåñòêîñòü îñíîâàíèÿ
ñóùåñòâåííî óñòóïàåò æåñòêîñòè áàëêè ./ 22

1 yrch τκ<<  Åñëè ëèíåéíàÿ æåñòêîñòü îñ-
íîâàíèÿ ñóùåñòâåííî ïðåâîñõîäèò æåñòêîñòü áàëêè ,/ 22

1 yrch τκ>>  òî m1 → ∞. Ïà-
ðàìåòð m1 → 1, åñëè ëèíåéíàÿ æåñòêîñòü îñíîâàíèÿ è æåñòêîñòü áàëêè ñîïîñòàâè-
ìû, òî åñòü ./ 22

1 yrch τκ≈

2. Ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü

Äëÿ àíàëèçà íåëèíåéíîãî óðàâíåíèÿ (4) âîñïîëüçóåìñÿ ìåòîäîì ìíîãèõ ìàñø-
òàáîâ [35]. Ðåøåíèå óðàâíåíèÿ (4) áóäåì èñêàòü â âèäå ðÿäà
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2
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1 +ε+ε+ε= WWWW
ãäå Wi – ôóíêöèè íåñêîëüêèõ ïðîñòðàíñòâåííûõ è âðåìåííûõ ïåðåìåííûõ Zn = εnz,
Tn = εnτ (ε – ìàëûé ïàðàìåòð, ε << 1). Âûäåëÿÿ ÷ëåíû îäèíàêîâûõ ïîðÿäêîâ ìàëî-
ñòè, ïîëó÷èì â ïåðâîì ïðèáëèæåíèè ïî ε:
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ãäå L̂  – äèôôåðåíöèàëüíûé îïåðàòîð ëèíåéíîé ÷àñòè óðàâíåíèÿ (4).
Ðåøåíèå óðàâíåíèÿ (5) â âèäå áåãóùåé êâàçèãàðìîíè÷åñêîé âîëíû èìååò âèä:

( ) .,ê.ñ)(exp,,, 002121101 +−ΤωΤΤ= kZiZZWW (6)

ãäå W10 – êîìïëåêñíàÿ àìïëèòóäà âîëíû, çàâèñÿùàÿ îò ìåäëåííûõ ïåðåìåííûõ êî-
îðäèíàòû è âðåìåíè; ê.ñ. – êîìïëåêñíî-ñîïðÿæåííàÿ âåëè÷èíà; ÷àñòîòà ω è âîëíî-
âîå ÷èñëî k ñâÿçàíû äèñïåðñèîííûì óðàâíåíèåì m2(ω2 – k2)(m1 – m2ω2 + k2) = m1 –
– m2ω2 [34].

Âî âòîðîì ïðèáëèæåíèè ïî ìàëîìó ïàðàìåòðó ñ ó÷åòîì ðåøåíèÿ (6) èìååì
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Èç óñëîâèÿ îòñóòñòâèÿ ñåêóëÿðíûõ ñëàãàåìûõ â ðåøåíèè W2 ïîëó÷àåì óðàâíå-
íèå, êîòîðîå ñ ó÷åòîì äèñïåðñèîííîãî óðàâíåíèÿ ïðèíèìàåò âèä:
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Â êà÷åñòâå ðåøåíèÿ óðàâíåíèÿ (7) ìîæíî âûáðàòü W2 = 0. Òîãäà óñëîâèå îòñóò-
ñòâèÿ ñåêóëÿðíîãî ðåøåíèÿ óðàâíåíèÿ òðåòüåãî ïðèáëèæåíèÿ ñ ó÷åòîì (8) è äèñ-
ïåðñèîííîãî óðàâíåíèÿ ïîçâîëÿåò ïîëó÷èòü ñëåäóþùåå óðàâíåíèå:
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Ïåðåõîäÿ â äâèæóùóþñÿ ñ ãðóïïîâîé ñêîðîñòüþ ñèñòåìó êîîðäèíàò, ïðèõîäèì
ê íåëèíåéíîìó óðàâíåíèþ Øðåäèíãåðà
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îäíîìó èç îñíîâíûõ óðàâíåíèé íåëèíåéíîé âîëíîâîé äèíàìèêè [35] (çäåñü äëÿ
óïðîùåíèÿ çàïèñè ââåäåíî îáîçíà÷åíèå )./ 22 dkd ω=ω′′

Èçâåñòíî, ÷òî â íåëèíåéíîé ñðåäå êâàçèãàðìîíè÷åñêàÿ âîëíà ïðè îïðåäåëåí-
íûõ óñëîâèÿõ îêàçûâàåòñÿ íåóñòîé÷èâîé ïî îòíîøåíèþ ê ðàçáèåíèþ íà îòäåëüíûå
âîëíîâûå ïàêåòû (ýôôåêò ñàìîìîäóëÿöèè èëè ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü) [36].

Íàëè÷èå ìîäóëÿöèîííîé íåóñòîé÷èâîñòè ìîæåò áûòü îïðåäåëåíî íåïîñðåäñò-
âåííî èç óðàâíåíèÿ Øðåäèíãåðà (9). Äëÿ ýòîãî ñëåäóåò âîñïîëüçîâàòüñÿ êðèòåðèåì
Ëàéòõèëëà [37, 38], ñîãëàñíî êîòîðîìó ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü ïðîñòðàí-
ñòâåííî-îäíîðîäíîãî ðåøåíèÿ âîçìîæíà ïðè âûïîëíåíèè óñëîâèÿ .0>⋅ω′′ q  Ãðà-
ôè÷åñêîå èçîáðàæåíèå çàâèñèìîñòè qkf ω′′=)(  ïðè ðàçëè÷íûõ ïàðàìåòðàõ m1 ïðåä-
ñòàâëåíî íà ðèñ. 1 (ãäå à – ïðè ,)1(

11 mm = á – ïðè m1 = 1, â – ïðè ,)2(
11 mm =  ã – ïðè

;)3(
11 mm = ;10 )3(

1
)2(

1
)1(

1 mmm <<<<  m3 < 0).

Ðèñ. 1. Çàâèñèìîñòè f (k) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà m1
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Êðèâàÿ 1 íà ðèñóíêå ñîîòâåòñòâóåò âåðõíåé âåòâè äèñïåðñèîííîé êðèâîé ω(k),
êðèâàÿ 2 – íèæíåé. Ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ ïàðàìåòðà m3 ãðàôèêè îòîáðà-
æàþòñÿ ñèììåòðè÷íî îòíîñèòåëüíî îñè àáñöèññ. Êðèâàÿ 1 íå ïåðåñåêàåò ãîðèçîí-
òàëüíóþ îñü íè ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ m1 è m2.

Íà ðèñ. 2 ïîêàçàíû îáëàñòè ìîäóëÿöèîííîé íåóñòîé÷èâîñòè. Øòðèõîâêîé îò-
ìå÷åíà îáëàñòü íåóñòîé÷èâîñòè ïðè m3 < 0; îáëàñòè, ñâîáîäíûå îò øòðèõîâêè, ñî-
îòâåòñòâóþò îáëàñòè íåóñòîé÷èâîñòè ïðè m3 > 0.

Èçìåíåíèå ãðàíèöû îáëàñòè íåóñòîé÷èâîñòè äëÿ ìàëûõ çíà÷åíèé âîëíîâîãî
÷èñëà ïðè èçìåíåíèè ïàðàìåòðà m2 èçîáðàæåíî íà ðèñ. 3 (m2 → 1 – øòðèõîâàÿ
ëèíèÿ, )1(

22 mm =  – ñïëîøíàÿ ëèíèÿ, )2(
22 mm =  – øòðèõïóíêòèð; ).1 )2(

2
)1(

2 mm <<

Ïðè óâåëè÷åíèè çíà÷åíèÿ ïàðàìåòðà m2 îáëàñòü (óñòîé÷èâîñòè, íåóñòîé÷èâîñ-
òè) ñóæàåòñÿ, èíòåðâàë âîëíîâûõ ÷èñåë ñîêðàùàåòñÿ, ïàðàìåòð m1 ïðè ýòîì íàõî-
äèòñÿ â ïðåäåëàõ 0 < m1 < 1 è 1 < m1 < 1 + 1/m2. Ïðè m3 > 0 îáëàñòü íåóñòîé÷èâîñòè
â îêðåñòíîñòè êðèâîé )1/()1( 21 −−= mmk  (íà ðèñ. 2 îòìå÷åíà øòðèõïóíêòèðîì)
ñóæàåòñÿ îòíîñèòåëüíî ýòîé êðèâîé è ñäâèãàåòñÿ â ñòîðîíó óìåíüøåíèÿ âîëíîâûõ
÷èñåë è çíà÷åíèé ïàðàìåòðà. Äëÿ áîëüøèõ çíà÷åíèé âîëíîâîãî ÷èñëà îáëàñòü íåóñ-
òîé÷èâîñòè îãðàíè÷åíà ïðÿìîé m1 = 1/(m2 – 1) (øòðèõîâàÿ ëèíèÿ íà ðèñ. 2).

Ðèñ. 2. Çàâèñèìîñòü k(m1) ïðè ôèêñèðîâàííûõ ïàðàìåòðàõ m2, m3

0                      1                  2                m1

1

2

k

Ðèñ. 3. Çàâèñèìîñòü k(m1) ïðè èçìåíåíèè ïàðàìåòðà m2

0                 0,5            1,0           1,5            m1

0,04

k
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3. Íåëèíåéíûå ñòàöèîíàðíûå âîëíû îãèáàþùèõ

Ñòàöèîíàðíûå ðåøåíèÿ óðàâíåíèÿ (9) èùåì â âèäå W10 = w10exp iφ, ãäå w10 =
= w10(ξ1), φ = φ(ξ2) – âåùåñòâåííûå àìïëèòóäà è ôàçà; ξ1 = Z1 – V1T2, ξ2 = Z1 – V2T2 –
áåãóùèå ïåðåìåííûå; V1, V2 – ñêîðîñòè ñòàöèîíàðíîé âîëíû.

Ðàçäåëÿÿ âåùåñòâåííóþ è ìíèìóþ ÷àñòè â óðàâíåíèè (9), ïîëó÷èì ñèñòåìó óðàâ-
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Èíòåãðèðóÿ âòîðîå óðàâíåíèå ñèñòåìû (10), ïîëó÷èì
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ãäå C – êîíñòàíòà èíòåãðèðîâàíèÿ. Ïåðâîå óðàâíåíèå ñèñòåìû ñ ó÷åòîì (11) ïðèìåò
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Óðàâíåíèå (12) ñîäåðæèò ïîìèìî ñëàãàåìûõ óðàâíåíèÿ Äóôôèíãà åùå äâà ñëà-
ãàåìûõ â îòðèöàòåëüíîé ñòåïåíè. Ïåðâûé èíòåãðàë ýòîãî óðàâíåíèÿ çàïèøåòñÿ â
âèäå
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ãäå êîíñòàíòà èíòåãðèðîâàíèÿ E0 èìååò ñìûñë ïîëíîé ýíåðãèè ñèñòåìû.
Ôàçîâûé ïîðòðåò óðàâíåíèÿ (12) èçîáðàæåí íà ðèñ. 4, ãäå ïàðàìåòðû ñèñòåìû

ïðèíàäëåæàò îáëàñòè ìîäóëÿöèîííîé íåóñòîé÷èâîñòè.

Ðèñ. 4. Ôàçîâûé ïîðòðåò â ïëîñêîñòè (w10, w′10)
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Ôàçîâûé ïîðòðåò ñèììåòðè÷åí îòíîñèòåëüíî âåðòèêàëüíîé îñè, ÿâëÿþùåéñÿ
àñèìïòîòîé. Íà ïðàâîé ÷àñòè ïîðòðåòà íàõîäÿòñÿ äâà óñòîé÷èâûõ ïîëîæåíèÿ ðàâ-
íîâåñèÿ òèïà «öåíòð» è îäíî íåóñòîé÷èâîå ïîëîæåíèå ðàâíîâåñèÿ òèïà «ñåäëî».
Òðàåêòîðèè, ðàñïîëîæåííûå âáëèçè «öåíòðîâ», ñîîòâåòñòâóþò êâàçèãàðìîíè÷åñêèì
ðåøåíèÿì óðàâíåíèÿ (12). Íåëèíåéíûì ïåðèîäè÷åñêèì ðåøåíèÿì óðàâíåíèÿ ñîîò-
âåòñòâóþò òðàåêòîðèè, ðàñïîëîæåííûå âíóòðè ñåïàðàòðèñíûõ ïåòåëü âáëèçè ñåä-
ëîâîé òî÷êè. Ïðîôèëè òàêèõ ðåøåíèé ïîêàçàíû íà ðèñ. 5a è ðèñ. 5á. Òðàåêòîðèè,
ðàñïîëîæåííûå âîêðóã ñåïàðàòðèñíûõ ïåòåëü âáëèçè ñåäëîâîé òî÷êè, ñîîòâåòñòâó-
þò ñèëüíî íåëèíåéíûì ðåøåíèÿì óðàâíåíèÿ, ïðîôèëü êîòîðûõ ïîêàçàí íà ðèñ. 5â.

Î÷åâèäíî, ÷òî óðàâíåíèå (12) èìååò äâà ñîëèòîííûõ ðåøåíèÿ êîëîêîëîîáðàç-
íîãî âèäà ñ ïîëîæèòåëüíîé è îòðèöàòåëüíîé ïîëÿðíîñòüþ è îòîáðàæåíèåì â íèæ-
íþþ ïîëóïëîñêîñòü. Ïðåäåëüíûå âàðèàíòû íåëèíåéíûõ ïåðèîäè÷åñêèõ ðåøåíèé,
èçîáðàæåííûõ íà ðèñ. 5a è ðèñ. 5á, ïîêàçàíû ñîîòâåòñòâåííî íà ðèñ. 6a è ðèñ. 6á.
Íà ðèñ. 6á ïðîôèëü ðåøåíèÿ íàïîìèíàåò ïåðåñå÷åíèå êèíêà è àíòèêèíêà, íî â îò-
ëè÷èå îò ïîñëåäíèõ èìååò ðàçðûâ w10 = 0.

Åñëè ñêîðîñòè ñòàöèîíàðíîé âîëíû ñîâïàäàþò (V1 = V2 = V ), òî óðàâíåíèå (12)
çàïèøåòñÿ òàê:

Ðèñ. 5. Çàâèñèìîñòè w10(ξ1) (ïåðèîäè÷åñêèå ðåøåíèÿ)
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Ðèñ. 6. Çàâèñèìîñòè w10(ξ1) (ñîëèòîííûå ðåøåíèÿ)
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Â ïðåäåëàõ îáëàñòè ìîäóëÿöèîííîé íåóñòîé÷èâîñòè êîýôôèöèåíò ïîñëåäíåãî
óðàâíåíèÿ ïðè êóáè÷åñêîì ñëàãàåìîì ïîëîæèòåëåí. Èññëåäîâàíèå óðàâíåíèÿ îñ-
öèëëÿòîðà ñ îäíîé íåëèíåéíîñòüþ â îòðèöàòåëüíîé ñòåïåíè â çàâèñèìîñòè îò çíà-
êîâ êîýôôèöèåíòîâ óðàâíåíèÿ ïðèâåäåíî â [39]. Èç íåãî ñëåäóåò, ÷òî â ðàññìàòðè-
âàåìîé ñèñòåìå íà ôàçîâîì ïîðòðåòå èìåþòñÿ äâà ñîñòîÿíèÿ ðàâíîâåñèÿ òèïà «öåíòð»,
ðàñïîëîæåííûõ ñèììåòðè÷íî îòíîñèòåëüíî âåðòèêàëüíîé îñè. Ðåøåíèÿìè óðàâíå-
íèÿ (13) ÿâëÿþòñÿ êâàçèãàðìîíè÷åñêèå è íåëèíåéíûå ïåðèîäè÷åñêèå ðåøåíèÿ.

Ñ÷èòàåì, ÷òî ôàçîâàÿ ìîäóëÿöèÿ íå âûçûâàåò àìïëèòóäíóþ ìîäóëÿöèþ, òî åñòü
â âûðàæåíèè (11) êîíñòàíòà èíòåãðèðîâàíèÿ ðàâíà íóëþ (C = 0). Óðàâíåíèå (12)
ñâîäèòñÿ ê óðàâíåíèþ Äóôôèíãà
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îïèñûâàþùåìó êîëåáàíèÿ àíãàðìîíè÷åñêîãî îñöèëëÿòîðà ñ êóáè÷åñêîé íåëèíåé-
íîñòüþ. Èññëåäîâàíèå óðàâíåíèÿ (14) íà íàëè÷èå ñåïàðàòðèñíûõ ðåøåíèé è åãî
ðåøåíèÿ ïðè ðàçëè÷íûõ çíà÷åíèÿõ êîýôôèöèåíòîâ òàêæå ïðèâåäåíû â [39].

Ðåøåíèÿ óðàâíåíèÿ (9) â âèäå ñîëèòîíîâ îãèáàþùèõ ïðè V1 > 2V2, 0/2 >ω′′q   è
V1 < 2V2, 0/2 <ω′′q  èìåþò, ñîîòâåòñòâåííî, âèä:
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– àìïëèòóäû è øèðèíû ñîëèòîíîâ îãèáàþùèõ. Ïðîôèëè ðåøåíèé (15), (16) â íåêî-
òîðûé ìîìåíò âðåìåíè èçîáðàæåíû íà ðèñ. 7.

Ðèñ. 7. Çàâèñèìîñòè W10(1)(Z1) (a) è W10(2)(Z1) (á)
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Â ãðàíèöàõ îáëàñòè ìîäóëÿöèîííîé íåóñòîé÷èâîñòè ñïðàâåäëèâî òîëüêî ðåøå-
íèå (15). Øèðèíà «ñâåòëîãî» ñîëèòîíà îáðàòíî ïðîïîðöèîíàëüíà åãî àìïëèòóäå

.1

)1(
1 qam

ω′′
=Δ (17)

Àìïëèòóäû è øèðèíû äâóõ «ñâåòëûõ» ñîëèòîíîâ âåäóò ñåáÿ íåîäíîçíà÷íî îò-
íîñèòåëüíî äðóã äðóãà. Íà ðèñ. 8 ñïëîøíàÿ ëèíèÿ ïðè )2(

)1(
)1(

)1( mm aa =  èçîáðàæàåò ñìå-
ùåíèå òî÷êè ïåðåñå÷åíèÿ àìïëèòóä ñîëèòîíîâ, ïóíêòèðîì îòìå÷åíà ãðàíèöà îáëà-
ñòè íåóñòîé÷èâîñòè, øòðèõîâûìè ëèíèÿìè ïðè )2(

1
)1(

1 Δ=Δ  ïîêàçàíî ñìåùåíèå òî÷-
êè ïåðåñå÷åíèÿ øèðèí «ñâåòëûõ» ñîëèòîíîâ.

Â îáëàñòè A (îãðàíè÷åíà ñïëîøíîé ëèíèåé íà ðèñ. 8) äëÿ àìïëèòóä ñîëèòîíîâ
âûïîëíÿåòñÿ íåðàâåíñòâî .)2(

)1(
)1(

)1( mm aa >  Â îáëàñòÿõ Â (ãðàíèöû îáëàñòåé îòìå÷åíû
øòðèõîâûìè ëèíèÿìè) äëÿ øèðèí ñîëèòîíîâ ñïðàâåäëèâî íåðàâåíñòâî .)2(

1
)1(

1 Δ<Δ
Â ñîñåäíèõ ñ A è Â îáëàñòÿõ àìïëèòóäû è øèðèíû ñîëèòîíîâ óäîâëåòâîðÿþò, ñîîò-
âåòñòâåííî, íåðàâåíñòâàì )2(

)1(
)1(

)1( mm aa <  è .)2(
1

)1(
1 Δ>Δ

Îòíîøåíèå øèðèíû ñîëèòîíà îãèáàþùåé, îïðåäåëÿþùåéñÿ âûðàæåíèåì (17),
ê äëèíå êâàçèãàðìîíè÷åñêîé íåñóùåé âîëíû λ èìååò âèä

m−π
=

λ
Δ

1
1

2
11 (18)

è çàâèñèò òîëüêî îò îòíîøåíèÿ ñêîðîñòåé m = 2V2/V1.
Ñîîòíîøåíèå (18) ïîêàçûâàåò êîëè÷åñòâî äëèí êâàçèãàðìîíè÷åñêîé âîëíû,

óêëàäûâàþùèõñÿ â øèðèíå ñîëèòîíà îãèáàþùåé. Âåëè÷èíà îòíîøåíèÿ óâåëè÷èâà-
åòñÿ ïðè ñòðåìëåíèè m → 1 è óìåíüøàåòñÿ äî 1/(2π) ïðè ñòðåìëåíèè m → 0. Ôèçè-
÷åñêè ðåëèçóåìûìè ÿâëÿþòñÿ ñëó÷àè Δ1/λ > 5.

Îòäåëüíîãî èññëåäîâàíèÿ çàñëóæèâàåò âîïðîñ î âîçìîæíîñòè ñòàáèëèçàöèè
ìîäóëÿöèîííîé íåóñòîé÷èâîñòè (äåìîäóëÿöèè) ñ ïîìîùüþ èçìåíåíèÿ ïàðàìåòðîâ
óïðóãîãî îñíîâàíèÿ. Ðàíåå  [40] òàêîé ïðîöåññ áûë îïèñàí ïðèìåíèòåëüíî ê ïëîñ-
êîé ñäâèãîâîé âîëíå, ðàñïðîñòðàíÿþùåéñÿ â íåëèíåéíîé ïëàñòèíå, ëåæàùåé íà
óïðóãîì îñíîâàíèè, ïàðàìåòðû êîòîðîãî èçìåíÿþòñÿ ïî çàêîíó áåãóùåé âîëíû.

Ðèñ. 8. Çàâèñèìîñòè k(m1) , m3 < 0
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Çàêëþ÷åíèå

Ïîêàçàíî, ÷òî ó÷åò âíåøíåãî íåëèíåéíî-óïðóãîãî îñíîâàíèÿ âëèÿåò íà ðàñïðî-
ñòðàíåíèå êâàçèãàðìîíè÷åñêèõ âîëí â áàëêå Òèìîøåíêî, ñîâåðøàþùåé ïîïåðå÷-
íûå êîëåáàíèÿ.

Â óñëîâèÿõ ìÿãêîé íåëèíåéíîñòè ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü âîçìîæíà äëÿ
âîëí, îïèñûâàåìûõ âåðõíåé äèñïåðñèîííîé âåòâüþ âî âñåì äèàïàçîíå âîëíîâûõ
÷èñåë (÷àñòîò) è ïðè ëþáûõ çíà÷åíèÿõ ïàðàìåòðîâ ñèñòåìû. Äëÿ âîëí, îïèñûâàå-
ìûõ íèæíåé äèñïåðñèîííîé âåòâüþ, äèàïàçîíû âîëíîâûõ ÷èñåë (÷àñòîò), ñîîòâåò-
ñòâóþùèå ìîäóëÿöèîííîé íåóñòîé÷èâîñòè, çàâèñÿò îò ïàðàìåòðîâ, õàðàêòåðèçóþ-
ùèõ ëèíåéíóþ æåñòêîñòü îñíîâàíèÿ è óïðóãèå ñâîéñòâà ìàòåðèàëà ñòåðæíÿ.

Äëÿ æåñòêîé íåëèíåéíîñòè ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü ïðîÿâèòñÿ òîëüêî ó
âîëí, îïèñûâàåìûõ íèæíåé äèñïåðñèîííîé âåòâüþ. Îáëàñòü íåóñòîé÷èâîñòè çàâè-
ñèò îò ïàðàìåòðîâ ñèñòåìû. Ñ óâåëè÷åíèåì êîýôôèöèåíòà Ïóàññîíà èíòåðâàë ÷àñ-
òîò óìåíüøàåòñÿ â îáëàñòè äëèííûõ âîëí è óâåëè÷èâàåòñÿ â îáëàñòè êîðîòêèõ âîëí.

Òèï íåëèíåéíîñòè («ìÿãêàÿ», «æåñòêàÿ») âíåøíåãî óïðóãîãî îñíîâàíèÿ âëèÿåò
íà ñóùåñòâîâàíèå ëîêàëèçîâàííûõ âîëí îãèáàþùèõ è ôîðìó ïåðèîäè÷åñêèõ âîëí
îãèáàþùèõ, ðàñïðîñòðàíÿþùèõñÿ â áàëêå Òèìîøåíêî. Â îáëàñòè ìîäóëÿöèîííîé
íåóñòîé÷èâîñòè âîçìîæíî ðàñïðîñòðàíåíèå äâóõ «ñâåòëûõ» ñîëèòîíîâ â ñëó÷àå ìÿã-
êîé íåëèíåéíîñòè è îäíîãî «ñâåòëîãî» ñîëèòîíà â ñëó÷àå æåñòêîé íåëèíåéíîñòè
îñíîâàíèÿ.
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QUASI-HARMONIC BENDING WAVE,
DISTRIBUTING IN THE BALK OF TIMOSHENKO,

LYING ON A NONLINEAR ELASTIC BASE

Erofeev V.I.1,2, Leontieva A.V.2

1Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

2Mechanical Engineering Research Institute of the Russian Academy of Sciences – Branch
of Federal Research Center “Institute of Applied Physics of the RAS”,

Nizhny Novgorod, Russian Federation

In this paper, we consider the modulation instability of a quasi-harmonic flexural wave propagating
in a homogeneous beam fixed on a nonlinear elastic foundation. The dynamic behavior of the
beam is determined by Timoshenko's theory. Timoshenko's model, refining the technical theory of
rod bending, assumes that the cross-sections remain flat, but not perpendicular to the deformable
midline of the rod; normal stresses on sites parallel to the axis are zero; the inertial components
associated with the rotation of the cross sections are taken into account. The uniqueness of the
model lies in the fact that, allowing a good description of many processes occurring in real structures,
it remains quite simple, accessible for analytical research. The system of equations describing the
bending vibrations of the beam is reduced to one nonlinear fourth-order equation for the transverse
displacements of the beam particles. The nonlinear Schro..dinger equation, one of the basic equations
of nonlinear wave dynamics, is obtained by the method of many scales. Regions of modulation
instability are determined according to the Lighthill criterion. It is shown hot the boundaries of
these areas shift when the parameters characterizing the elastic properties of the beam material and
the nonlinearity of the base change. Nonlinear stationary envelope waves are considered. An equation
that generalizes the Duffing equation, which contains two additional terms in negative powers
(first and third), is obtained and qualitatively analyzed. Solutions of the Schr?dinger equation in
the form of envelope solitons are found and the dependences of their main parameters (amplitude,
width) on the parameters of the system are analyzed. The dynamics of the points of intersection of
the amplitudes and widths of "light" solitons in the case of soft nonlinearity of the base is shown
within the region of modulation instability.

Keywords: modulation instability, flexural wave, Timoshenko beam, nonlinear elastic base, envelope
solitons.


