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Èçó÷àåòñÿ ïðîöåññ ãàøåíèÿ ïîïåðå÷íûõ êîëåáàíèé âðàùàþùåãîñÿ â
ãîðèçîíòàëüíîé ïëîñêîñòè óïðóãîãî ñòåðæíÿ, çàêðåïëåííîãî íà îäíîì èç åãî
êîíöîâ. Ïðåäïîëàãàåòñÿ, ÷òî ñòåðæåíü âðàùàåòñÿ âîêðóã âåðòèêàëüíîé îñè ñ ïî-
ñòîÿííîé óãëîâîé ñêîðîñòüþ è ñîâåðøàåò ïîïåðå÷íûå êîëåáàíèÿ â âåðòèêàëü-
íîé ïëîñêîñòè, êîëåáàíèÿ ïðåäïîëàãàþòñÿ ìàëûìè ïî àìïëèòóäå. Ïîïåðå÷-
íûå êîëåáàíèÿ âðàùàþùåãîñÿ ñòåðæíÿ ñîâåðøàþòñÿ ïîä âíåøíèì ìåõàíè-
÷åñêèì âîçäåéñòâèåì. Ñ ïðèìåíåíèåì êëàññè÷åñêîé áàëî÷íîé ìîäåëè ïî-
ïåðå÷íûå êîëåáàíèÿ îïèñûâàþòñÿ ôóíêöèåé ñìåùåíèé è ðàññìàòðèâàþòñÿ âî
âðàùàþùåéñÿ ïëîñêîñòè. Âûâåäåíû íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè,
ïðèìåíÿåìûå äëÿ ïîäàâëåíèÿ óïðóãèõ êîëåáàíèé íà êîíå÷íîì èíòåðâàëå âðå-
ìåíè. Çàäà÷à îïòèìàëüíîãî ïîäàâëåíèÿ ïîïåðå÷íûõ êîëåáàíèé, âûçâàííûõ
íà÷àëüíûìè âîçìóùåíèÿìè, ñôîðìóëèðîâàíà â âèäå âàðèàöèîííîé çàäà÷è ñ
îãðàíè÷åíèÿìè, êîòîðûå ó÷èòûâàþò ïîäàâëÿþùåå âîçäåéñòâèå íà ñòåðæåíü.
Îãðàíè÷èâàþùèå óñëîâèÿ ïðåäñòàâëåíû â âèäå íåðàâåíñòâ. Ñ ââåäåíèåì äî-
ïîëíèòåëüíîé ïåðåìåííîé ýòè îãðàíè÷åíèÿ ñâîäÿòñÿ ê ñòàíäàðòíîìó èíòåã-
ðàëüíîìó ðàâåíñòâó, ïðè ýòîì ó÷èòûâàþòñÿ ýíåðãåòè÷åñêèå îãðàíè÷åíèÿ, íà-
ëàãàåìûå íà óïðàâëÿþùèå âîçäåéñòâèÿ. Ïðåäëîæåííûé èòåðàöèîííûé àëãî-
ðèòì ðåøåíèÿ ñôîðìóëèðîâàííîé çàäà÷è ÿâëÿåòñÿ ÷èñëåííî-àíàëèòè÷åñêèì
àëãîðèòìîì è çàêëþ÷àåòñÿ â ìèíèìèçàöèè êâàäðàòè÷íîãî êðèòåðèÿ êà÷åñòâà.
Ýòîò êðèòåðèé õàðàêòåðèçóåò ïðîöåññ ãàøåíèÿ êîëåáàíèé è ïîçâîëÿåò ðåàëè-
çîâàòü óëó÷øàþùèå âàðèàöèè. Â ðåçóëüòàòå ïðîâîäèìûõ îïåðàöèé âûÿñíåíà
çàâèñèìîñòü ïðîöåññà ãàøåíèÿ êîëåáàíèé îò îïðåäåëÿþùèõ ïàðàìåòðîâ, òà-
êèõ êàê óãëîâàÿ ñêîðîñòü âðàùåíèÿ, èçîïàðàìåòðè÷åñêàÿ ýíåðãåòè÷åñêàÿ êîí-
ñòàíòà è ïðîòÿæåííîñòü ðàññìàòðèâàåìîãî ïðîöåññà ïîäàâëåíèÿ êîëåáàíèé
âî âðåìåíè. Ïðèâåäåí ïðèìåð, èëëþñòðèðóþùèé ðåàëèçàöèþ ïðåäëîæåííîãî
àëãîðèòìà è ïîêàçûâàþùèé ýôôåêòèâíîñòü óêàçàííîãî ìåòîäà ïîäàâëåíèÿ
ïîïåðå÷íûõ êîëåáàíèé.

Êëþ÷åâûå ñëîâà: âðàùàþùèéñÿ ñòåðæåíü, ãàøåíèå êîëåáàíèé, îïòèìèçà-
öèÿ ïîäàâëÿþùèõ âîçäåéñòâèé.
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Ââåäåíèå

Èçó÷åíèå ïîïåðå÷íûõ êîëåáàíèé äâèæóùèõñÿ òîíêîñòåííûõ ýëåìåíòîâ äåôîð-
ìèðóåìûõ êîíñòðóêöèé â øèðîêîì äèàïàçîíå ñêîðîñòåé, ìàòåðèàëüíûõ ñâîéñòâ è
âíåøíèõ âîçäåéñòâèé èìååò òåîðåòè÷åñêèé è ïðèêëàäíîé èíòåðåñ. Ýòî îáúÿñíÿåò-
ñÿ òåì, ÷òî ñîîòâåòñòâóþùèå äèíàìè÷åñêèå ïðîöåññû ÷àñòî ñîïðîâîæäàþòñÿ ÿâëå-
íèÿìè íåóñòîé÷èâîñòè è ðàçðóøåíèÿìè ðàçëè÷íîãî âèäà.

Â íåêîòîðûõ ïóáëèêàöèÿõ, ïîñâÿùåííûõ èññëåäîâàíèÿì ïðîäîëüíî äâèæóùèõñÿ
è ñîâåðøàþùèõ ïîïåðå÷íûå êîëåáàíèÿ ýëåìåíòîâ êîíñòðóêöèé, ñîñòîÿùèõ èç óï-
ðóãèõ è âÿçêîóïðóãèõ ìàòåðèàëîâ, íàõîäÿùèõñÿ ïîä âëèÿíèåì âíåøíèõ âîçäåéñòâèé,
øèðîêî èñïîëüçîâàëèñü ìàòåìàòè÷åñêèå ìîäåëè ïðîäîëüíî äâèæóùèõñÿ ñòðóí, ñòåðæ-
íåé, ìåìáðàí è ïëàñòèí, õàðàêòåðèçóþùèõñÿ óïðóãèì, âÿçêîóïðóãèì è òåðìîóïðó-
ãèì ïîâåäåíèåì [1–10]. Ãèäðîòåðìîóïðóãîìó è àýðîóïðóãîìó âçàèìîäåéñòâèÿì ïðî-
äîëüíî äâèæóùèõñÿ òîíêîñòåííûõ ýëåìåíòîâ êîíñòðóêöèé ñ ïîòîêîì æèäêîñòè (ãàçà)
ïîñâÿùåíû ñòàòüè [11–15].

Ïðîáëåìû îïòèìàëüíîãî ïîäàâëåíèÿ ïîïåðå÷íûõ êîëåáàíèé èçó÷àëèñü â [16–19]
êàê äëÿ ñëó÷àÿ ïðîäîëüíî äâèæóùèõñÿ òåðìîóïðóãèõ ïàíåëåé, òàê è äëÿ ñëó÷àÿ óï-
ðóãîé ïàíåëè, ñîâåðøàþùåé ïðîäîëüíîå äâèæåíèå â ïîòîêå æèäêîñòè. Ïðè ýòîì
èññëåäîâàëèñü àêòèâíûå ñïîñîáû ãàøåíèÿ êîëåáàíèé çà ñ÷åò èñïîëüçîâàíèÿ âíåø-
íèõ âçàèìîäåéñòâèé (àêòþàòîðíûõ ñèñòåì) è ïàññèâíûå ñïîñîáû ïîäàâëåíèÿ âîç-
ìóùåíèé ïðè ñîçäàíèè âíóòðåííèõ äåìïôèðóþùèõ ñòðóêòóð.

Äëÿ âðàùàþùèõñÿ òîíêîñòåííûõ ýëåìåíòîâ êîíñòðóêöèé (ñòðóí, áàëîê, äèñêîâ
è äð.) èç óïðóãèõ, òåðìîóïðóãèõ è âÿçêîóïðóãèõ ìàòåðèàëîâ èçó÷åíèå ìàëûõ ïîïåðå÷-
íûõ êîëåáàíèé îòðàæåíî â [20–24] â ðàìêàõ ìåìáðàííîé ìîäåëè, ïðèãîäíîé äëÿ
îïèñàíèÿ ïðîöåññà êîëåáàíèé ïðè áîëüøèõ óãëîâûõ ñêîðîñòÿõ âðàùåíèÿ. Óñòîé÷è-
âîñòü âðàùàþùåãîñÿ äèñêà èçó÷àëàñü â ðàìêàõ ïëàñòèí÷àòîé ìîäåëè â [25–27] (ñì.
òàêæå [28, 29]) ñ ó÷åòîì ïðèëîæåíèÿ ê äèñêó âíåøíèõ ïîïåðå÷íûõ âîçäåéñòâèé.

Â íàñòîÿùåé ñòàòüå ïðåäëîæåí èòåðàöèîííûé àëãîðèòì ðåøåíèÿ çàäà÷è îïòè-
ìàëüíîãî ïîäàâëåíèÿ ïîïåðå÷íûõ êîëåáàíèé, îñíîâàííûé íà ïðèìåíåíèè ìåòîäà
Ãàëåðêèíà, è âûâåäåíû óñëîâèÿ îïòèìàëüíîñòè, ïðèìåíÿåìûå äëÿ ïîäàâëåíèÿ óï-
ðóãèõ êîëåáàíèé íà êîíå÷íîì èíòåðâàëå âðåìåíè.

Îñíîâíûå ñîîòíîøåíèÿ çàäà÷è îïòèìèçàöèè

Ðàññìàòðèâàåòñÿ âðàùàþùèéñÿ âîêðóã âåðòèêàëüíîé îñè z ñ ïîñòîÿííîé óãëî-
âîé ñêîðîñòüþ ω óïðóãèé ñòåðæåíü (ðèñ. 1), çàêðåïëåííûé â òî÷êå x = 0, êîëåáàíèÿ

ïðîèñõîäÿò â âåðòèêàëüíîé ïëîñêîñòè è îïèñûâàþòñÿ
ôóíêöèåé ñìåùåíèé w = w(x, t) âî âðàùàþùåéñÿ ïëîñ-
êîñòè xz. Ñ÷èòàåòñÿ, ÷òî êîëåáàíèÿ âðàùàþùåãîñÿ ñòåðæ-
íÿ ÿâëÿþòñÿ ìàëûìè è ñîâåðøàþòñÿ ïîä âíåøíèì ìåõà-
íè÷åñêèì âîçäåéñòâèåì q(x, t). Îáîçíà÷àÿ ìàññó åäèíè-
öû äëèíû ñòåðæíÿ ÷åðåç ρ, à ÷åðåç EI öèëèíäðè÷åñêóþ
(áàëî÷íóþ) æåñòêîñòü, ïðåäñòàâèì óðàâíåíèå êîëåáàíèé,
ïðîèñõîäÿùèõ âî âðàùàþùåéñÿ ïëîñêîñòè xz, â âèäå
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ãäå l, E, I – ñîîòâåòñòâåííî äëèíà ñòåðæíÿ, ìîäóëü Þíãà, ìîìåíò èíåðöèè ïîïåðå÷-
íîãî ñå÷åíèÿ, à íèæíèìè èíäåêñàìè x è t îáîçíà÷åíû ÷àñòíûå ïðîèçâîäíûå ïî ñî-
îòâåòñòâóþùèì ïåðåìåííûì. Èñïîëüçóÿ îáîçíà÷åíèÿ äëÿ ïîñòîÿííûõ ìíîæèòåëåé
è ôóíêöèè èíòåíñèâíîñòè íàãðóçêè
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çàïèøåì óðàâíåíèå êîëåáàíèé â óäîáíîì äëÿ ïðîâåäåíèÿ äàëüíåéøèõ îïåðàöèé
âèäå:

).,()( ][ )( 22 txgwwxlwwL xxxxxxtt =β+−α−= (3)

Óðàâíåíèå (3) ðàññìàòðèâàåòñÿ ïðè ñëåäóþùèõ êðàåâûõ è íà÷àëüíûõ óñëîâè-
ÿõ:

,0,000 ====
==== lxxxxlxxxxxx wwww (4)

).(),( 2010 xgwxgw ttt ==
==

(5)

Êðàåâûå óñëîâèÿ (4) âûïîëíÿþòñÿ ïðè t ∈ [0, tf], à íà÷àëüíûå óñëîâèÿ (5) çàäàþò
ðàñïðåäåëåíèÿ ïåðåìåùåíèé è ñêîðîñòåé ïðè x ∈ [0, l]. Çäåñü g1(x), g2(x) – çàäàí-
íûå ôóíêöèè, à tf   – âðåìÿ îêîí÷àíèÿ ðàññìàòðèâàåìîãî ïðîöåññà ãàøåíèÿ êîëåáà-
íèé. Çàìåòèì, ÷òî êðàåâûå óñëîâèÿ ïðè x = 0 ñîîòâåòñòâóþò æåñòêîìó çàùåìëåíèþ,
à óñëîâèÿ ïðè x = l ïðåäïîëàãàþò îòñóòñòâèå ìîìåíòîâ è ïåðåðåçûâàþùèõ ñèë íà
ñâîáîäíîì êðàå ñòåðæíÿ.

Ôóíêöèÿ g(x, t) ðàññìàòðèâàåòñÿ äàëåå â êà÷åñòâå óïðàâëÿþùåãî âîçäåéñòâèÿ,
ðåàëèçóþùåãî ïîäàâëåíèå êîëåáàíèé ñòåðæíÿ. Êà÷åñòâî ïðîöåññà ïîäàâëåíèÿ êî-
ëåáàíèé âðàùàþùåãîñÿ ñòåðæíÿ îöåíèâàåòñÿ çíà÷åíèåì ôóíêöèîíàëà
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(6)

çàâèñÿùåãî îò ïåðåìåùåíèé w(x, tf ) è ñêîðîñòåé wt(x, tf ) â êîíå÷íûé ìîìåíò âðåìå-
íè t = tf . Ïàðàìåòðû α1 ≥ 0 è α2 ≥ 0 ñ÷èòàþòñÿ çàäàííûìè.

Íà ïîäàâëÿþùåå âîçäåéñòâèå g(x, t) íàëàãàåòñÿ ýíåðãåòè÷åñêîå îãðàíè÷åíèå â
âèäå íåðàâåíñòâà

,),( 0
0 0

2 MdxdttxgJ
ft l

≤= ∫ ∫μ (7)

ãäå M0 > 0 – çàäàííàÿ ïîñòîÿííàÿ îãðàíè÷åíèÿ ýíåðãèè.
Ïîäàâëåíèå êîëåáàíèé â îïòèìèçàöèîííîé ïîñòàíîâêå çàêëþ÷àåòñÿ â îòûñêà-

íèè óïðàâëÿþùåãî âîçäåéñòâèÿ g(x, t), óäîâëåòâîðÿþùåãî ýíåðãåòè÷åñêîìó íåðà-
âåíñòâó (7) è ìèíèìèçèðóþùåãî êâàäðàòè÷íûé ôóíêöèîíàë êà÷åñòâà (6).

Óñëîâèÿ îïòèìàëüíîñòè

Äëÿ ìèíèìèçàöèè ðàññìàòðèâàåìîãî ôóíêöèîíàëà êà÷åñòâà (6) âûâåäåì óñëî-
âèÿ îïòèìàëüíîñòè, âàðüèðóÿ ñ ýòîé öåëüþ îñíîâíûå ñîîòíîøåíèÿ íà÷àëüíî-êðàå-
âîé çàäà÷è:

],,0[,0,0 00 lxww ttt ∈=δ=δ
== (8)
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],,0[,0,000 flxxxxlxxxxxx ttwwww ∈=δ=δ=δ=δ
====

(9)

.)()()()()( ][ )( 22 gwwxlwwLwL xxxxxxtt δ=δβ+δ−α−δ=δ=δ (10)

Èñïîëüçóåì òàêæå âûðàæåíèÿ äëÿ âàðèàöèé ìèíèìèçèðóåìîãî ôóíêöèîíàëà δJg è
îãðàíè÷åíèÿ (7), çàïèñàííîãî ïðåäâàðèòåëüíî â âèäå ðàâåíñòâà ïðè ïîìîùè ââåäå-
íèÿ âñïîìîãàòåëüíîé âåëè÷èíû θ [30–32]:

.02
0 =θ+−μ MJ (11)

Áóäåì èìåòü

∫ =
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ttttg dxwwwwJ
f

0
21 ,2 )( (12)

.022)(
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2
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ft l

dxdtggMJ (13)

Ââåäåì â ðàññìîòðåíèå ñîïðÿæåííóþ ïåðåìåííóþ v(x, t), óäîâëåòâîðÿþùóþ
ãðàíè÷íûì óñëîâèÿì:

,0,000 ====
==== lxxxxlxxxxxx vvvv (14)

ñîâïàäàþùèì ñ ãðàíè÷íûìè óñëîâèÿìè, íàëîæåííûìè íà ïåðåìåííóþ w â (4). Çà-
òåì óìíîæèì óðàâíåíèå â âàðèàöèÿõ (10) íà ïåðåìåííóþ v(x, t) ñ ïîñëåäóþùèì èí-
òåãðèðîâàíèåì ïðîèçâåäåíèÿ ïî t è ïî x. Ó÷èòûâàÿ íà÷àëüíî-êðàåâûå óñëîâèÿ (8) è
(9) è âûïîëíÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëó÷èì
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Íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè ïðîöåññà ãàøåíèÿ êîëåáàíèé âðàùàþ-
ùåãîñÿ ñòåðæíÿ ñâîäèòñÿ ê ðàâåíñòâó íóëþ âàðèàöèè ðàñøèðåííîãî ôóíêöèîíàëà
Ëàãðàíæà J, òî åñòü
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⎟

⎠

⎞

⎜
⎜

⎝

⎛
θδθ+δμ+δ+δ=δ ∫ ∫

ft l

ag gdxdtgJJJ (16)

ãäå μ – ìíîæèòåëü Ëàãðàíæà, ñîîòâåòñòâóþùèé ó÷åòó ýíåðãåòè÷åñêîãî íåðàâåíñòâà (7).
Ïîäñòàíîâêà âûðàæåíèé (12), (13), (15) â óðàâíåíèå (16) è ó÷åò ïðîèçâîëüíîñòè âà-
ðèàöèé δg, δw è âàðèàöèè δθ ïðèâîäèò ê íåîáõîäèìîìó óñëîâèþ îïòèìàëüíîñòè

,,0],,0[),,(
2
1),( ][ fttlxtxvtxg ∈∈
μ

= (17)

åñëè îãðàíè÷åíèå (7) âûïîëíÿåòñÿ ñî çíàêîì ñòðîãîãî ðàâåíñòâà è, ñëåäîâàòåëüíî,
θ = 0. Â ýòîì ñëó÷àå

.),(
4

1

0 0

2

0

2 ∫ ∫=μ
ft l

dxdttxv
M

(18)

Â ñëó÷àå ñòðîãîãî íåðàâåíñòâà â (7) âåëè÷èíà âñïîìîãàòåëüíîé ïåðåìåííîé θ â
(11) îòëè÷íà îò íóëÿ, à èç íåîáõîäèìîãî óñëîâèÿ ýêñòðåìóìà ),0( =μθ  êîòîðîå ïî-
ëó÷àåòñÿ èç (16), ñëåäóåò, ÷òî .0=μ
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Èç óñëîâèÿ îáðàùåíèÿ â íîëü ïîëíîé (ðàñøèðåííîé) âàðèàöèè â (16) òàêæå
ïîëó÷èì îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ äëÿ
ñîïðÿæåííîé ïåðåìåííîé

,0)( ][ )( 22 =β+−α−= xxxxxxtt vvxlvvL (19)
óäîâëåòâîðÿþùåé óñëîâèÿì â êîíå÷íûé ìîìåíò âðåìåíè t = tf  ðàññìàòðèâàåìîãî
âðåìåííîãî èíòåðâàëà [0, tf ]:

].,0[,2,2 12 lxwvwv
ffff tttttttttt ∈α=α−=

==== (20)

Òàêèì îáðàçîì, ðàññìàòðèâàåìàÿ çàäà÷à îïòèìàëüíîãî ãàøåíèÿ êîëåáàíèé âðà-
ùàþùåãîñÿ ñòåðæíÿ ñâîäèòñÿ ê ðåøåíèþ ñâÿçàííûõ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ
w(x, t) è êðàåâîé çàäà÷è äëÿ v(x, t) ñ óñëîâèÿìè â êîíå÷íûé ìîìåíò âðåìåíè t = tf .
Ïðè ýòîì îïòèìàëüíîå äåìïôèðóþùåå âîçäåéñòâèå g(x, t) íàõîäèòñÿ ñ ïðèìåíåíè-
åì óñëîâèé ýêñòðåìóìà.

Èòåðàöèîííûé àëãîðèòì

Ðàçâèâàåìûé èòåðàöèîííûé àëãîðèòì îïðåäåëåíèÿ óïðàâëÿþùåãî âîçäåéñòâèÿ
îñíîâûâàåòñÿ íà ïðèìåíåíèè ìåòîäà Ãàëåðêèíà [33, 34]. Ïðåäñòàâèì èñêîìûå ðàñ-
ïðåäåëåíèÿ ïîïåðå÷íûõ ïåðåìåùåíèé ñòåðæíÿ w(x, t) è ñîïðÿæåííîé ïåðåìåííîé
v(x, t) â âèäå ðÿäîâ

,)()(),(,)()(),(
00

11
∑∑
==

Ψ=Ψ=
n

n
nn

n

n
nn xtstxvxtqtxw (21)

ãäå qn(t), sn(t) (n = 1, 2, …, n0) – íåèçâåñòíûå ôóíêöèè âðåìåíè, ïîäëåæàùèå îïðå-
äåëåíèþ ñ èñïîëüçîâàíèåì óðàâíåíèé, îïðåäåëÿþùèõ w è v, à Ψn(x) – ôóíêöèè
ôîðìû, óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (4) äëÿ w è àíàëîãè÷íûì óñëîâèÿì
(14) äëÿ v. Ïîëó÷èì îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ êîîðäèíàò-
íûõ ôóíêöèé ìåòîäà Ãàëåðêèíà qn(t) è sn(t), ïîäñòàâèâ âûðàæåíèÿ (21) â ñîîòâåò-
ñòâóþùèå äèíàìè÷åñêèå óðàâíåíèÿ (3), (19) è óìíîæèâ ïîëó÷àþùèåñÿ ñîîòíîøå-
íèÿ íà Ψj(x) ( j = 1, 2, …) ñ ïîñëåäóþùèì èíòåãðèðîâàíèåì ïî x (0 ≤ x ≤ l). Âûïîë-
íèâ ñòàíäàðòíûå îïåðàöèè [35], áóäåì èìåòü

,0)()(
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1
}{ )( =−α−β+∑
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tGqBCqA j
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n
njnjnttnjn (22)

,0)(
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1
}{ )( =α−β+∑

=

n

n
njnjnttnjn sBCsA (23)

ãäå

,,
0

22

0

][ )(∫∫ ΨΨ−=ΨΨ=
l

jxnjn

l

jnjn dxxlBdxA
(24)

...,2,1,),()(,)(
00

=Ψ=ΨΨ= ∫∫ jdxtxgtGdxC
l

jj

l

jxxxxnjn

Íà÷àëüíûå óñëîâèÿ äëÿ qj ïðè t = 0 è óñëîâèÿ äëÿ sj â êîíå÷íûé ìîìåíò âðåìåíè t =
= tf  çàïèñûâàþòñÿ â âèäå:
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jntn dxgAqdxgAq (25)
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(26)

Ïðèìåð ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìèçàöèè

Ðàññìîòðèì ïðèìåð, ïîëàãàÿ n0 = 1 è áåðÿ ôóíêöèþ ôîðìû

,
3

)(
3

)(41)( 4

4

1 l
xl

l
xlx −

+
−

−=Ψ (27)

óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì äëÿ w è v.
Êàê ñëåäóåò èç (24), (27),

.2,3,6025,0,9905,0 3311
3

211111 l
ClBllA =λ==λ=≈=λ= (28)

Ïîëàãàÿ, ÷òî g1(x) = Ψ1(x) è g2(x) = 0 è ÷òî íà ïåðâîé èòåðàöèè g (1) = 1, ïîëó÷èì

,
5
2

0
0

1
)1()1(

1 ldxgG
l

=λ=Ψ= ∫ (29)

.0,
0
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1

110
)1(

11
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110
)1(

1 )( =Ψ=λ=Ψ= ∫∫ −

==

l

tt

l

t
dxgAqdxgq (30)

Ó÷èòûâàÿ âûðàæåíèå (29) è íà÷àëüíûå óñëîâèÿ (30), à òàêæå îáùåå ñîîòíîøåíèå
(22), ïðèõîäèì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ êîîðäèíàòíîé ôóíêöèè )1(

1q
(íà ïåðâîé èòåðàöèè)

],,0[,00
)1(

11
)1(

1 )( ftt ttqq ∈=γ+γ+ (31)

â êîòîðîì

,, 111110
)1(

10 BCG α−β=γλ−=−=γ (32)

à ðåøåíèå äàåòñÿ ôîðìóëîé

].,0[,cos
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0
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)1(
1 )( ftttq ∈

γ
γ

+γ⎟⎟
⎠

⎞
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⎝

⎛
γ
γ

−λ= (33)

Äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ñîïðÿæåííîé ïåðåìåííîé 
)1(

1s  è óñëîâèÿ â êî-
íå÷íûé ìîìåíò âðåìåíè, êàê ñëåäóåò èç (23), (26), èìåþò âèä
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qs (35)
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(36)

Äàëåå ïîëîæèì α2 = 0. Èíòåãðèðóÿ óðàâíåíèå (34) â îáðàòíîì íàïðàâëåíèè ñ óñëî-
âèÿìè (35), (36) â êîíå÷íûé ìîìåíò âðåìåíè, ïîëó÷èì
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Ñ èñïîëüçîâàíèåì ïðåäñòàâëåíèé (17), (18) ïðèõîäèì ê âûðàæåíèÿì äëÿ ïîäàâëÿþ-
ùåãî âîçäåéñòâèÿ:
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= (38)
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ff tt l

dtts
M
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(39)

Ïðèìåíèì íàéäåííîå ïîäàâëÿþùåå âîçäåéñòâèå g(2)(x, t) äëÿ îòûñêàíèÿ ñîîòâåò-
ñòâóþùåãî âòîðîãî ïðèáëèæåíèÿ 

)2(
1q  íà îñíîâå èíòåãðèðîâàíèÿ äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ

,02
)2(

11
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1 )( =γ+γ+ qq tt (40)
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Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

+γχ+γχ= )()( 1111
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1 cossin)( tttq

.sincos
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1 )]()()[( 1121211
1

ttQtQtQ γγ−γ−γ
μγ

+ (42)

Ïðîèçâîëüíûå ïîñòîÿííûå χ1 è χ2 íàõîäÿòñÿ ïðè ïîìîùè óñëîâèé
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Ïîëó÷àåì âûðàæåíèÿ äëÿ êîíñòàíò èíòåãðèðîâàíèÿ:
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(44)

Â ðàññìîòðåííîì ñëó÷àå îïòèìàëüíîãî ïîäàâëåíèÿ êîëåáàíèé âåëè÷èíà êðèòåðèÿ
êà÷åñòâà áóäåò ðàâíà

.2)2(
11 )(

fttgggg qJJ
==

∗ α== ∗ (45)

Äëÿ ñðàâíåíèÿ: ïðè îòñóòñòâèè ïîäàâëÿþùèõ âîçäåéñòâèé â ðàññìàòðèâàåìîì ñëó-
÷àå, êîãäà g = G1 = γ0 = 0 è α2 = 0, áóäåì èìåòü

).1(cos,cos)( 11
22

11011 )()( ≈λγλα=γλ=
= fgg tJttq (46)

Íà ðèñ. 2 ïðåäñòàâëåíà çàâèñèìîñòü ôóíêöèîíàëà Jg îò ïàðàìåòðà çàäà÷è tf.
Ñïëîøíàÿ êðèâàÿ ñîîòâåòñòâóåò ñîîòíîøåíèþ (45) ïðè îïòèìàëüíîì âîçäåéñòâèè
íà ñòåðæåíü, à øòðèõîâàÿ – ñîîòíîøåíèÿì (46) ïðè îòñóòñòâèè ïîäàâëÿþùåãî âîç-
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äåéñòâèÿ. Ïðè ðàñ÷åòàõ (îïóñêàÿ ñîîòâåòñòâóþùèå ðàçìåðíîñòè) ïîëàãàëîñü α1 = 1,
γ1 = 1, l = 1, .25,0=μ

Íåêîòîðûå çàìå÷àíèÿ è âûâîäû

Îïèñàíà íîâàÿ ïîñòàíîâêà çàäà÷è îïòèìàëüíîãî ïîäàâëåíèÿ âîçíèêàþùèõ ïî-
ïåðå÷íûõ êîëåáàíèé âðàùàþùåãîñÿ ñòåðæíÿ. Ïðåäñòàâëåíû îñíîâíîå óðàâíåíèå
äèíàìèêè óïðóãîãî ñòåðæíÿ è ñîïðÿæåííîå óðàâíåíèå, ó÷èòûâàþùèå ïîïåðå÷íóþ
ñèëó èíåðöèè, öåíòðîáåæíóþ ñèëó è èçãèáíóþ (áàëî÷íóþ) æåñòêîñòü. Ðàçâèò è
ïðîèëëþñòðèðîâàí íà ïðèìåðå àëãîðèòì ÷èñëåííî-àíàëèòè÷åñêîãî îòûñêàíèÿ îïòè-
ìàëüíîãî óðàâíåíèÿ, îñíîâàííûé íà ýôôåêòèâíîì ïðèìåíåíèè ìåòîäà Ãàëåðêèíà.

Â êà÷åñòâå çàìå÷àíèé îòìåòèì: âûïîëíÿåìûå â èçëàãàåìîì ïðèìåðå îïåðàöèè
ïîêàçûâàþò, ÷òî áåç ñóùåñòâåííûõ óñëîæíåíèé ïîñòàíîâêà çàäà÷è îïòèìèçàöèè
ìîæåò áûòü ðàñøèðåíà íà îñíîâå èñïîëüçîâàíèÿ â îáùåì ñëó÷àå ïðåäñòàâëåíèÿ
óïðàâëÿþùåãî âîçäåéñòâèÿ â âèäå g(x, t) =  f (t)κ(x) ñ ðàçäåëåííûìè ôóíêöèÿìè ïî-
ëîæåíèÿ è âðåìåíè, îïèñûâàþùèìè êàê êîíêðåòíóþ ãåîìåòðè÷åñêóþ ðåàëèçà-
öèþ ðàñïîëîæåíèÿ âîçäåéñòâèé (ïðèâîäîâ, àêòþàòîðîâ), çàäàâàåìóþ ïîñðåäñòâîì
κ(x) â âèäå δ-ôóíêöèé, ñòóïåí÷àòûõ ôóíêöèé è ëîêàëèçîâàííûõ ôóíêöèé, òàê è
ñïîñîá èçìåíåíèÿ âîçäåéñòâèé ïî âðåìåíè, îáîçíà÷àåìûé ÷åðåç  f (t). Òàêîé ïîäõîä
ïîçâîëèò ñðàâíèòü ïî ýôôåêòèâíîñòè ñïîñîáû ïðèëîæåíèÿ âîçäåéñòâèé ê ðàçëè÷-
íûì ÷àñòÿì ñòåðæíÿ è ñîñðåäîòî÷åííûõ âîçäåéñòâèé â îòäåëüíûõ òî÷êàõ, à òàêæå
ñîïîñòàâèòü òàêèå âîçäåéñòâèÿ âî âðåìåíè, êàê ðåëåéíûå, ãàðìîíè÷åñêèå, óäàðíûå
è äðóãèå óïðàâëåíèÿ.
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OPTIMAL SUPPRESSION OF TRANSVERSE VIBRATIONS
OF SPINNING ELASTIC RODS

Afanas'åv V.S., Baniñhuk N.V.

A. Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Moscow, Russian Federation

The process of suppressing transverse vibrations of an elastic rod spinning in a horizontal plane
and fixed at one of its ends is studied. It is supposed that the rod spins around the vertical axis at a
constant angular velocity and performs transverse vibrations in the vertical plane, the vibrations
are assumed small in amplitude. Transverse vibrations of the spinning rod are performed under
external mechanical action. Lateral vibrations are described by the displacement function and
considered in a rotating plane by using the classical beam model. The necessary conditions of
optimality are derived and applied for suppressing elastic vibrations on a finite time-interval. The
problem of optimal suppression of lateral vibrations caused by initial disturbances is formulated as
a variational problem with constraints that take into account the suppressing effects on the rod.
The limiting restrictions are presented in the form of inequalities. With the introduction of an
additional variable, these restrictions are reduced to standard integral equality, while taking into
account the energy constraints imposed on the control actions. The proposed iterative algorithm
for solving the formulated problem is a numerical-analytical algorithm and consists in minimizing
the quadratic quality criterion. This criterion characterizes the vibration suppression process and
allows the implementation of improving variations. As a result of the operations carried out, the
dependence of the vibration suppression process on the determining parameters, such as the angular
velocity of rotation, the isoperimetric energy constant, and the length of the considered process of
vibration suppression in time, has been clarified. An example that illustrates the implementation of
the proposed algorithm and shows the effectiveness of this method for suppressing lateral vibrations
is given.

Keywords: spinning rod, vibration suppression, suppressing action optimization.


