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Îïèñàíî ïðèìåíåíèå ìåòîäà Vector Fitting äëÿ àïïðîêñèìàöèè ôóíêöèé
â èçîáðàæåíèÿõ Ëàïëàñà ñ ïîìîùüþ ïåðåìåùåíèÿ ïîëþñîâ. Èñïîëüçóåìûé
âàðèàíò ìåòîäà èçëîæåí äëÿ îäíîé ôóíêöèè è äëÿ íàáîðà ôóíêöèé. Ïðåäñòàâ-
ëåí àëãîðèòì àäàïòèâíîãî ïîñòðîåíèÿ ïðàâèëüíûõ äðîáíî-ðàöèîíàëüíûõ
àïïðîêñèìàöèé íàáîðîâ ôóíêöèé íà îñíîâå ìåòîäà Vector Fitting. Â õîäå ðàáî-
òû àëãîðèòìà ïîñëåäîâàòåëüíî îïðåäåëÿþòñÿ àïïðîêñèìàöèè ñ âîçðàñòàþùè-
ìè ïîðÿäêàìè äî äîñòèæåíèÿ çàäàííîãî óñëîâèÿ ñõîäèìîñòè. Ïðèâåäåíû êîí-
êðåòíûå ðåêîìåíäàöèè ïî âûáîðó ïàðàìåòðîâ àëãîðèòìà. Îïèñàííûé àëãî-
ðèòì ïîçâîëÿåò àäàïòèâíî âûáèðàòü ÷àñòîòíûå òî÷êè, êîòîðûå èñïîëüçóþòñÿ
äëÿ ïîñòðîåíèÿ äðîáíî-ðàöèîíàëüíûõ àïïðîêñèìàöèé, áåç êàêîé-ëèáî ïðåä-
âàðèòåëüíîé èíôîðìàöèè î õàðàêòåðå ôóíêöèé â èçîáðàæåíèÿõ. Ðåøåíèÿ âî âðå-
ìåííî′é îáëàñòè ñòðîÿòñÿ àíàëèòè÷åñêèì îáðàùåíèåì ïîëó÷åííûõ äðîáíî-
ðàöèîíàëüíûõ àïïðîêñèìàöèé. Ðàçðàáîòàííûé àëãîðèòì äåòàëüíî ïðîòåñòè-
ðîâàí íà çàäà÷å î ðàñïðîñòðàíåíèè âîëí â îäíîìåðíîì ïîðîóïðóãîì ñòåðæíå
êîíå÷íîé äëèíû. Èñïîëüçóåòñÿ ìîäåëü Áèî ëèíåéíîé èçîòðîïíîé ïîëíîñòüþ
íàñûùåííîé ïîðîóïðóãîñòè. Äëÿ îáùåãî ñëó÷àÿ ïðèâåäåíû àíàëèòè÷åñêèå
ðåøåíèÿ çàäà÷è â èçîáðàæåíèÿõ äëÿ ïåðåìåùåíèé, íàïðÿæåíèé, ïîðîâûõ äàâ-
ëåíèé è ïîòîêà. Äëÿ ïðåäåëüíîãî çíà÷åíèÿ êîýôôèöèåíòà ïðîíèöàåìîñòè
ïîðîóïðóãîãî ìàòåðèàëà ïðèâåäåíû ñîîòâåòñòâóþùèå àíàëèòè÷åñêèå ðåøå-
íèÿ âî âðåìåíè. Ïîäðîáíî ðàññìîòðåíû ðåçóëüòàòû ðàáîòû àëãîðèòìà ïðè ïî-
ñòðîåíèè àïïðîêñèìàöèé ðåøåíèé â èçîáðàæåíèÿõ äëÿ äâóõ çíà÷åíèé êîýô-
ôèöèåíòà ïðîíèöàåìîñòè. Èññëåäîâàíà ñõîäèìîñòü àëãîðèòìà â çàâèñèìîñòè
îò êîëè÷åñòâà êîìïëåêñíûõ ÷àñòîò. Óñòàíîâëåíî, ÷òî ïðè ðîñòå ïîðÿäêà ðàöè-
îíàëüíîé àïïðîêñèìàöèè îòíîñèòåëüíàÿ ïîãðåøíîñòü èçìåíÿåòñÿ åäèíî-
îáðàçíî äëÿ âñåõ ðàññìàòðèâàåìûõ ôóíêöèé. Ïîêàçàíî, ÷òî ïðè âûáîðå ïàðà-
ìåòðîâ àëãîðèòìà â ðåêîìåíäóåìûõ äèàïàçîíàõ ðåøåíèÿ âî âðåìåíè óñòîé÷è-
âû è àìïëèòóäà îñöèëëÿöèé, âûçâàííûõ îòñå÷åíèåì âûñîêî÷àñòîòíîé ÷àñòè
ñïåêòðà, îñòàåòñÿ óìåðåííîé íà âñåì çàäàííîì âðåìåííîì èíòåðâàëå. Äëÿ ïðå-
äåëüíîãî çíà÷åíèÿ êîýôôèöèåíòà ïðîíèöàåìîñòè íàãëÿäíî ïðîäåìîíñòðèðî-
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âàíà âûñîêàÿ òî÷íîñòü ïîëó÷åííûõ ïðèáëèæåííûõ ðåçóëüòàòîâ â ñðàâíåíèè
ñ àíàëèòè÷åñêèìè ðåøåíèÿìè âî âðåìåíè.

Êëþ÷åâûå ñëîâà: îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà, Vector Fitting, ðà-
öèîíàëüíûå àïïðîêñèìàöèè, ïîðîóïðóãîñòü, äèíàìèêà.

Ââåäåíèå

Èññëåäîâàíèÿ ðàñïðîñòðàíåíèÿ âîëí òåîðåòè÷åñêèìè è ýêñïåðèìåíòàëüíûìè
ìåòîäàìè â íàñûùåííîé æèäêîñòüþ èëè ãàçîì ïîðèñòîé ñðåäå ÿâëÿþòñÿ àêòóàëü-
íûìè è èìåþò ñóùåñòâåííîå çíà÷åíèå äëÿ ðàçâèòèÿ ïðåäñòàâëåíèé î ïðîöåññàõ,
ñîïðîâîæäàþùèõ ïðèìåíåíèå ïîðèñòûõ ñðåä â ñîâðåìåííûõ òåõíîëîãèÿõ. Ðåøå-
íèå òàêîé çàäà÷è ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ â ñâÿçè ñ ïðîáëåìàìè ðàçâå-
äî÷íîé ãåîôèçèêè, ôèçèêè ãîðíûõ ïîðîä, ñåéñìîàêóñòèêè. Â ýòèõ ñëó÷àÿõ ÷àñòî
òðåáóåòñÿ ñîâìåñòíî ñ ïîëíîöåííîé ìåõàíè÷åñêîé ìîäåëüþ íàïðÿæåííî-äåôîðìè-
ðîâàííîãî ñîñòîÿíèÿ ñðåäû îïèñàòü ôèëüòðàöèþ íàïîëíèòåëÿ â ïîðàõ, ÷òî äàæå
ïðè ñóùåñòâåííûõ óïðîùåíèÿõ çíà÷èòåëüíî óñëîæíÿåò âû÷èñëèòåëüíóþ ñõåìó êðà-
åâîé çàäà÷è ïî ñðàâíåíèþ ñ óïðóãîé èëè âÿçêîóïðóãîé ïîñòàíîâêàìè è òðåáóåò ðàç-
ðàáîòêè àäåêâàòíîãî ìàòåìàòè÷åñêîãî, ìåòîäè÷åñêîãî è ñîîòâåòñòâóþùåãî ïðîãðàì-
ìíîãî îáåñïå÷åíèÿ. Â òî æå âðåìÿ îòñóòñòâèå äî íàñòîÿùåãî âðåìåíè îáùåïðèíÿ-
òîé ìîäåëè ïîðèñòîé ñðåäû, êîòîðàÿ îáëàäàåò ìàòåìàòè÷åñêèìè ñâîéñòâàìè, îáåñ-
ïå÷èâàþùèìè ýôôåêòèâíîå ïðèìåíåíèå ñîâðåìåííûõ âûñîêîòî÷íûõ ÷èñëåííûõ ìå-
òîäîâ, îáóñëîâëèâàåò çíà÷èòåëüíûé èíòåðåñ ê ïðîâåäåíèþ èññëåäîâàíèé ñ ïîìî-
ùüþ àíàëèòè÷åñêèõ è ÷èñëåííî-àíàëèòè÷åñêèõ ïîäõîäîâ. Àíàëèòè÷åñêèå è ÷èñ-
ëåííî-àíàëèòè÷åñêèå ðåøåíèÿ äàþò âîçìîæíîñòü áîëåå ýôôåêòèâíîãî àíàëèçà ïðàê-
òè÷åñêè çíà÷èìûõ çàäà÷, âûÿâëåíèÿ ìåõàíèçìîâ âçàèìîäåéñòâèÿ òâåðäîé è æèäêîé
ôàç, ïðîâåäåíèÿ àïîñòåðèîðíîé îöåíêè ÷èñëåííûõ ðåçóëüòàòîâ, ïåðåõîäíûõ ïðî-
öåññîâ, îáåñïå÷èâàÿ òðåáóåìûé êîìïðîìèññ ìåæäó òî÷íîñòüþ ðåøåíèÿ è ýôôåê-
òèâíîñòüþ ÷èñëåííîé ðåàëèçàöèè.

Ïîäðîáíûé îáçîð ñóùåñòâóþùèõ àíàëèòè÷åñêèõ ðåøåíèé ïîðîóïðóãîé äèíà-
ìèêè ïðåäñòàâëåí â [1]. Îäíîìåðíûå àíàëèòè÷åñêèå ðåøåíèÿ çàäà÷è î ðàñïðîñòðà-
íåíèè ïðîäîëüíûõ âîëí â ïîðîóïðóãîì ïîëóáåñêîíå÷íîì ñòåðæíå ïðèâåäåíû â ñòà-
òüÿõ [2–4] ïðè ïðåäåëüíûõ çíà÷åíèÿõ êîýôôèöèåíòà ïðîíèöàåìîñòè ïîðèñòîé ñðå-
äû. Â [5] ñ èñïîëüçîâàíèåì ðÿäîâ Ôóðüå ðàçðàáîòàíî àíàëèòè÷åñêîå ðåøåíèå äëÿ
äèíàìè÷åñêîãî îòêëèêà â ñòåðæíå êîíå÷íîé äëèíû âî âñåì äèàïàçîíå çíà÷åíèé êî-
ýôôèöèåíòà ïðîíèöàåìîñòè. Àíàëèòè÷åñêèå ðåøåíèÿ äëÿ êîíå÷íûõ è ïîëóáåñêîíå÷-
íûõ ïîðîóïðóãèõ è ïîðîâÿçêîóïðóãèõ ñòåðæíåé ïðè ðàçëè÷íûõ âèäàõ ãðàíè÷íûõ
óñëîâèé, ïîëó÷åííûå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ïðåäñòàâëåíû â [6–9].

Íà ïðàêòèêå ÷àñòî èñïîëüçóåòñÿ u–p-ôîðìóëèðîâêà (ïåðåìåùåíèÿ – ïîðîâûå äàâ-
ëåíèÿ) ìîäåëè Áèî [10, 11] ëèíåéíîé èçîòðîïíîé ïîëíîñòüþ íàñûùåííîé ïîðîóïðó-
ãîñòè. Â ýòîì ñëó÷àå àíàëèòè÷åñêèå âûðàæåíèÿ óðàâíåíèé äâèæåíèÿ áåç îãðàíè÷å-
íèé íà çíà÷åíèå êîýôôèöèåíòà ïðîíèöàåìîñòè óäàåòñÿ ïîëó÷èòü òîëüêî â ïðîñòðàí-
ñòâå èçîáðàæåíèé Ëàïëàñà. Äëÿ ìîäåëè Áèî â [12] ïîñòðîåíû ÷èñëåííî-àíàëèòè-
÷åñêèå ðåøåíèÿ â èçîáðàæåíèÿõ Ëàïëàñà äëÿ ñòåðæíÿ êîíå÷íîé äëèíû. Ïîñëå ðå-
øåíèÿ çàäà÷è â èçîáðàæåíèÿõ äëÿ ïîëó÷åíèÿ ðåøåíèÿ âî âðåìåííî′é îáëàñòè íåîá-
õîäèìî èñïîëüçîâàòü êàêóþ-ëèáî ñõåìó ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ
Ëàïëàñà.

Ïðåîáðàçîâàíèå Ëàïëàñà ïðåäñòàâëÿåò ñîáîé óíèâåðñàëüíîå ñðåäñòâî äëÿ ðå-
øåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, èìåþùèõñÿ âî ìíîãèõ çàäà÷àõ ðàçëè÷íûõ



526

îáëàñòåé ìåõàíèêè è ìàòåìàòèêè. Ñ ðàçâèòèåì âû÷èñëèòåëüíîé òåõíèêè àêòóàëü-
íûì ñòàë âîïðîñ î ðàçðàáîòêå ÷èñëåííûõ ìåòîäîâ îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàï-
ëàñà. Â íàñòîÿùåå âðåìÿ èìååòñÿ çíà÷èòåëüíîå ÷èñëî ðàçëè÷íûõ ïîäõîäîâ [13–22].
Âî âñåõ ïîäõîäàõ çíà÷åíèÿ êîìïëåêñíûõ ÷àñòîò, â êîòîðûõ âû÷èñëÿåòñÿ ôóíêöèÿ,
ïîäëåæàùàÿ îáðàùåíèþ, îïðåäåëÿþòñÿ çàäàâàåìûìè ïàðàìåòðàìè êîíêðåòíîãî
ìåòîäà áåç ó÷åòà õàðàêòåðà ñàìîé ôóíêöèè. Ýòî íå ñîçäàåò áîëüøèõ çàòðóäíåíèé,
åñëè èçâåñòåí çàìêíóòûé âèä ôóíêöèè â èçîáðàæåíèÿõ. Åñëè æå ñàìà öåëåâàÿ ôóíê-
öèÿ ÿâëÿåòñÿ ðåøåíèåì êàêîé-ëèáî çàäà÷è è åå çíà÷åíèÿ ìîæíî ïîëó÷èòü òîëüêî ñ
ïðèìåíåíèåì ÷èñëåííûõ ìåòîäîâ (íàïðèìåð, ðåøåíèå ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé äâèæåíèÿ ëèíåéíîé òåîðèè ïîðîóïðóãîñòè ìåòîäîì ãðàíè÷íûõ ýëå-
ìåíòîâ), òî ïðåäïî÷òèòåëüíåå èñïîëüçîâàòü ìåòîä îáðàùåíèÿ, â êîòîðîì òðåáóåòñÿ
ìåíüøåå êîëè÷åñòâî âû÷èñëåíèé çíà÷åíèé ôóíêöèè. Ñèòóàöèÿ åùå áîëüøå óñëîæ-
íÿåòñÿ, êîãäà òðåáóåòñÿ îäíîâðåìåííî îáðàùàòü íåñêîëüêî ôóíêöèé.

Vector Fitting (VF) – ýòî ìåòîä àïïðîêñèìàöèè ôóíêöèé â èçîáðàæåíèÿõ ñ ïîìî-
ùüþ ïåðåìåùåíèÿ ïîëþñîâ [23–25], êîòîðûé ïîçâîëÿåò ñòðîèòü äðîáíî-ðàöèîíàëü-
íûå àïïðîêñèìàöèè íåñêîëüêèõ ôóíêöèé íà îáùåì íàáîðå ïîëþñîâ. Â íàñòîÿùåé
ñòàòüå ïðåäñòàâëåí àëãîðèòì àäàïòèâíîãî ïîñòðîåíèÿ ðàöèîíàëüíûõ àïïðîêñèìà-
öèé íåñêîëüêèõ ôóíêöèé â èçîáðàæåíèÿõ Ëàïëàñà, â îñíîâå êîòîðîãî ëåæèò ìåòîä
VF. Öåíòðàëüíîé èäååé àëãîðèòìà ÿâëÿåòñÿ ïîñëåäîâàòåëüíîå îïðåäåëåíèå äâóõ
àïïðîêñèìàöèé ñ óâåëè÷èâàþùèìèñÿ ïîðÿäêàìè äî òåõ ïîð, ïîêà íå áóäåò âûïîë-
íåíî çàäàííîå óñëîâèå ñõîäèìîñòè. Ïîñëå ýòîãî ïîëó÷åííûå äðîáíî-ðàöèîíàëü-
íûå ôóíêöèè ìîæíî àíàëèòè÷åñêè îáðàòèòü âî âðåìåííó′þ îáëàñòü. Ðàçðàáîòàííûé
àëãîðèòì ïðîòåñòèðîâàí íà çàäà÷å î ðàñïðîñòðàíåíèè âîëí â îäíîìåðíîì ïîðîóïðó-
ãîì ñòåðæíå. Âûñîêàÿ òî÷íîñòü ïîëó÷àåìûõ àïïðîêñèìàöèé ïîäòâåðæäåíà ñðàâíå-
íèåì ñ àíàëèòè÷åñêèìè ðåøåíèÿìè â ÷àñòîòíîé è âðåìåííî′é îáëàñòÿõ.

1. Ìåòîä Vector Fitting äëÿ îäíîé ôóíêöèè

Èçëîæèì ìåòîä VF [23] â òîì âàðèàíòå, â êîòîðîì îí èñïîëüçóåòñÿ â ðàçðàáî-
òàííîì àëãîðèòìå. Ïóñòü çàäàíà ôóíêöèÿ  f (t): R → R, òàêàÿ, ÷òî  f (t) = 0 ïðè t < 0.
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ãäå M < Np (òî åñòü P(s)/Q(s) ÿâëÿåòñÿ ïðàâèëüíîé äðîáíî-ðàöèîíàëüíîé ôóíêöè-
åé) è êîýôôèöèåíòû ïîëèíîìîâ P(s) è Q(s) – âåùåñòâåííûå ÷èñëà.

Ïîñòóëèðóåì, ÷òî çíàìåíàòåëü Q(s) èìååò ïðîñòûå íóëè p1, p2, …, pNp
. Ïðåäñòà-

âèì ïðàâèëüíóþ äðîáíî-ðàöèîíàëüíóþ ôóíêöèþ P(s)/Q(s) â âèäå ñóììû êîíå÷íî-
ãî ÷èñëà ïðîñòåéøèõ äðîáåé:
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ãäå Np – êîëè÷åñòâî ïîëþñîâ (ïîðÿäîê àïïðîêñèìàöèè); âû÷åòû rk è ïîëþñû pk ÿâ-
ëÿþòñÿ âåùåñòâåííûìè âåëè÷èíàìè èëè êîìïëåêñíî-ñîïðÿæåííûìè ïàðàìè ÷èñåë,
òî åñòü ,ip R∈  èëè ,, 1 iiii ip ω±α=+ ., R∈ωα ii  Ïîëþñû pk ôóíêöèè F(s) – ýòî íóëè
ïîëèíîìà Q(s). Âû÷åòû è ïîëþñû â (2) äîëæíû áûòü âåùåñòâåííûìè ÷èñëàìè èëè
êîìïëåêñíî-ñîïðÿæåííûìè ïàðàìè ÷èñåë, òàê êàê êîýôôèöèåíòû ïîëèíîìîâ P(s) è
Q(s) ÿâëÿþòñÿ âåùåñòâåííûìè ÷èñëàìè. Êðîìå òîãî, îáðàòíîå ïðåîáðàçîâàíèå Ëàï-
ëàñà ][ )()]()( [11 sFLsfLtf −− ≈=  äîëæíî áûòü âåùåñòâåííîé ôóíêöèåé. Â îòëè÷èå
îò îðèãèíàëüíîé ôîðìóëèðîâêè VF [23], ðàññìàòðèâàþòñÿ ñòðîãî ïðàâèëüíûå äðîá-
íî-ðàöèîíàëüíûå àïïðîêñèìàöèè, ïîýòîìó â ïðàâîé ÷àñòè (2) îòñóòñòâóåò öåëàÿ
÷àñòü d + sh, òàê êàê M < Np.

Ââåäåì âñïîìîãàòåëüíóþ íåèçâåñòíóþ ðàöèîíàëüíóþ ôóíêöèþ σ(s):
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Çàäàäèì íà÷àëüíûå çíà÷åíèÿ ak â (3), çàòåì ïðåäïîëîæèì, ÷òî ôóíêöèÿ σ(s)F(s)
ìîæåò áûòü àïïðîêñèìèðîâàíà ñ èñïîëüçîâàíèåì ýòîãî æå èçâåñòíîãî íàáîðà ïî-
ëþñîâ ak:
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Óìíîæèì ïðàâóþ ÷àñòü â (3) íà F(s) è ïðèðàâíÿåì ïðàâîé ÷àñòè (4):
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Çäåñü ak – èçâåñòíûå ïîëþñû, âåùåñòâåííûå èëè êîìïëåêñíî-ñîïðÿæåííûå ïàðû;
Ml – âåêòîð-ñòðîêà; x – âåêòîð-ñòîëáåö, ñîäåðæàùèé íåèçâåñòíûå âû÷åòû c1, …, cNp

è b1, …, bNp.
Åñëè ïîëþñû aj ∈ C è aj+1 ∈ C ñîñòàâëÿþò êîìïëåêñíî-ñîïðÿæåííóþ ïàðó, òî

åñòü aj+1 = aj*, òî ñîîòâåòñòâóþùèå âû÷åòû cj, cj+1 è bj, bj+1 òîæå äîëæíû áûòü êîì-
ïëåêñíî-ñîïðÿæåííûìè ïàðàìè. Ïóñòü
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1 RR ∈′′∈′′′−′==′′+′= + ccciccccicc jjj (12)

,,,, *
1 RR ∈′′∈′′′−′==′′+′= + bbbibbbbibb jjj (13)

òîãäà çàïèøåì ñóììó j-ãî è ( j + 1)-ãî ñëàãàåìûõ (ñîîòâåòñòâóþùèõ íåèçâåñòíûì
âû÷åòàì cj, cj+1) èç ïðîèçâåäåíèÿ Mlx â âèäå:

=′′−′+′′+′=+ +++ )()( 1,,11,, cicciccc jljljjljjl MMMM

.)()( 1,,1,, ciic jljljljl ′′−+′+= ++ MMMM (14)

Àíàëîãè÷íî äëÿ ñóììû ( j + Np)-ãî è ( j + Np + 1)-ãî ñëàãàåìûõ, ñîîòâåòñòâóþùèõ
íåèçâåñòíûì âû÷åòàì bj, bj+1:
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pppp NjlNjljNjljNjl MMMM

.)()( 1,,1,, biib
pppp NjlNjlNjlNjl ′′−+′+= ++++++ MMMM (15)

Ñäåëàåì â âåêòîðå êîýôôèöèåíòîâ Ml çàìåíû
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Ýòî ïðèâîäèò ê òîìó, ÷òî â âåêòîðå íåèçâåñòíûõ x ñîîòâåòñòâóþùèå âû÷åòû cj, cj+1
è bj, bj+1 ñòàíîâÿòñÿ ðàâíûìè c′, c″ è b′, b″. Òåïåðü âñå íåèçâåñòíûå â x ÿâëÿþòñÿ
äåéñòâèòåëüíûìè âåëè÷èíàìè.

Äëÿ çàäàííîãî íàáîðà çíà÷åíèé {sl}, ,,1 sNl =  ñîñòàâèì ïåðåîïðåäåëåííóþ
ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ):



529

.yxM = (20)

×òîáû ñîõðàíèòü ñâîéñòâî êîìïëåêñíîé ñîïðÿæåííîñòè, ïåðåôîðìóëèðóåì ïå-
ðåîïðåäåëåííóþ ñèñòåìó óðàâíåíèé (20) â äåéñòâèòåëüíûõ âåëè÷èíàõ
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.,,,,, 12 ×× ∈′′′∈′′′′′+′=′′+′= sps NNNii RR yyMMyyyMMM (22)

Ðåøåíèå ïåðåîïðåäåëåííîé ñèñòåìû (21) äàåò çíà÷åíèÿ íåèçâåñòíûõ âû÷åòîâ
c1, …, cNp è b1, …, bNp. Òåïåðü çàïèøåì
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ãäå zk – íóëè ôóíêöèè σ(s), à kz~ – íóëè ôóíêöèè σ(s)F(s).
Óìíîæèì ïðàâóþ ÷àñòü (23) íà F(s) è ïðèðàâíÿåì ê ïðàâîé ÷àñòè (24), ïîëó÷èì

∏
∏

∏
∏

=

−

=

=

=

−

−
=

−

−
p

p

p

p

N
k k

N
k k

N
k k

N
k k

as

zs

as

zs
sF

1

1
1

1

1

)(

)~(

)(

)(
)( (25)

,
)(

)~(

)()(

)()~(
)(

1

1
1

11

1
1

1

/
/

∏
∏

∏∏
∏∏

=

−

=

==

=

−

=

−

−
=

−−

−−
=⇒

p

p

pp

pp

N
k k

N
k k

N
k k

N
k k

N
k k

N
k k

zs

zs

aszs

aszs
sF (26)

òàêèì îáðàçîì, íóëè zk ôóíêöèè σ(s) ÿâëÿþòñÿ ïîëþñàìè ôóíêöèè F(s).
Íóëè zk ôóíêöèè σ(s) ìîæíî íàéòè êàê ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû [26]:
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Åñëè åñòü êîìïëåêñíî-ñîïðÿæåííûå ïàðû ïîëþñîâ, íàïðèìåð aj = a′ + ia″,
aj+1 = a*j = a′ – ia″, è ñîîòâåòñòâóþùèõ èì âû÷åòîâ bj = b′ + ib″, bj+1 = b*

j  = b′ – ib″, òî
ñîîòâåòñòâóþùèå ïîäìàòðèöû â D, q è bT ïðåîáðàçóþòñÿ (ñ èñïîëüçîâàíèåì ïðåîá-
ðàçîâàíèÿ ïîäîáèÿ [23]) ê âèäó:
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Ýòî ïðèâîäèò ê òîìó, ÷òî ìàòðèöà D ñòàíîâèòñÿ äåéñòâèòåëüíîé, à åå ñîáñòâåí-
íûå çíà÷åíèÿ (è, ñëåäîâàòåëüíî, íóëè zk ôóíêöèè σ(s)) – ëèáî äåéñòâèòåëüíûå, ëèáî
êîìïëåêñíî-ñîïðÿæåííûå ïàðû.

Ïðèìåì íóëè zk ôóíêöèè σ(s) çà ïîëþñû pk ôóíêöèè F(s) è ðåøèì èñõîäíóþ
çàäà÷ó (3) îòíîñèòåëüíî íåèçâåñòíûõ âû÷åòîâ rk:
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L xM (34)

Äëÿ çàäàííîãî íàáîðà çíà÷åíèé ,,1,}{ sl Nls =  ñîñòàâèì ïåðåîïðåäåëåííóþ
ÑËÀÓ:

.yMx = (35)

Ðåøåíèå ñèñòåìû (35) ñ ñîõðàíåíèåì ñâîéñòâà êîìïëåêñíîé ñîïðÿæåííîñòè
àíàëîãè÷íî (12)–(22).

2. Ìåòîä Vector Fitting äëÿ íàáîðà ôóíêöèé

Ïóñòü çàäàí íàáîð èç Nf ôóíêöèé â èçîáðàæåíèÿõ. Ïðåäñòàâèì åãî â âèäå âåê-
òîð-ôóíêöèè :)(sf
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Ðàññìîòðèì ïðàâèëüíûå äðîáíî-ðàöèîíàëüíûå àïïðîêñèìàöèè êîìïîíåíò )(sf
íà îáùåì íàáîðå ïîëþñîâ p1, p2, …, pNp
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ãäå 
j

kr  – âû÷åòû, ñîîòâåòñòâóþùèå ôóíêöèè Fj(s), .1, fNj =
Äàëåå ââåäåì îáùóþ äëÿ âñåõ Fj(s) âñïîìîãàòåëüíóþ íåèçâåñòíóþ ðàöèîíàëü-

íóþ ôóíêöèþ σ(s), îïðåäåëÿåìóþ ñîîòíîøåíèåì (3), çàäàäèì íà÷àëüíûå çíà÷åíèÿ
åå ïîëþñîâ ak è ðàññìîòðèì àïïðîêñèìàöèþ σ(s)F(s) íà ýòèõ ïîëþñàõ:
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Òåïåðü, ñëåäóÿ (5), (6), çàïèøåì àíàëîãè÷íîå (7) âûðàæåíèå
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Äëÿ çàäàííîãî çíà÷åíèÿ êîìïëåêñíîé ÷àñòîòû s = sl çàïèøåì
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Ïðè íàëè÷èè êîìïëåêñíî-ñîïðÿæåííûõ ïàð ïîëþñîâ aj ∈ C è aj+1 ∈ C ïðåîáðà-
çîâàíèÿ â Ml è x, íåîáõîäèìûå äëÿ ñîõðàíåíèÿ êîìïëåêñíîé ñîïðÿæåííîñòè èñêî-
ìûõ âû÷åòîâ, àíàëîãè÷íû (12)–(19).

Cîñòàâèì ïåðåîïðåäåëåííóþ ÑËÀÓ äëÿ çàäàííîãî íàáîðà çíà÷åíèé êîìïëåêñ-
íûõ ÷àñòîò {sl}, :,1 sNl =

Mx = y, (44)

è ïåðåôîðìóëèðóåì åå â äåéñòâèòåëüíûõ âåëè÷èíàõ, ÷òîáû ñîõðàíèòü ñâîéñòâî êîì-
ïëåêñíîé ñîïðÿæåííîñòè
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Àíàëîãè÷íî (23)–(26) íóëè ôóíêöèè σ(s) ÿâëÿþòñÿ ïîëþñàìè pk ôóíêöèé Fj (s),
.,1 fNj =  Îïðåäåëèì íóëè ôóíêöèè σ(s) ïî âûðàæåíèÿì (27)–(30), ïðèìåì èõ çà

ïîëþñû pk è ðåøèì îòäåëüíî, èñïîëüçóÿ (31)–(35), êàæäóþ çàäà÷ó ïî îòûñêàíèþ
íåèçâåñòíûõ âû÷åòîâ .,1,...,,, 21 f

j
N

jj Njrrr
p

=

3. Àëãîðèòì àäàïòèâíîãî ïîñòðîåíèÿ ðàöèîíàëüíûõ àïïðîêñèìàöèé

Ïóñòü çàäàí íàáîð ôóíêöèé (36), äëÿ êîìïîíåíòîâ êîòîðîãî íàäî ïîñòðîèòü
äðîáíî-ðàöèîíàëüíûå àïïðîêñèìàöèè (37) íà ÷àñòîòíîì èíòåðâàëå s = α + iω, α, ω ∈
∈ R, ω ∈ [0, ωmax], ãäå ωmax – íåêîòîðîå çàäàííîå çíà÷åíèå. Ýòè àïïðîêñèìàöèè
äàëåå èñïîëüçóþòñÿ äëÿ àíàëèòè÷åñêîãî îáðàùåíèÿ âî âðåìåííó′þ îáëàñòü:
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(47)

ãäå tmax – çàäàííîå ìàêñèìàëüíîå çíà÷åíèå âðåìåíè, äëÿ êîòîðîãî íàäî ïîëó÷èòü îðè-
ãèíàëû ôóíêöèé.

Íåò îáùåãî ïðàâèëà, êîòîðîå áû îäíîçíà÷íî îïðåäåëÿëî, êàê êîíêðåòíî íóæíî
çàäàâàòü çíà÷åíèå äåéñòâèòåëüíîé ÷àñòè êîìïëåêñíûõ ÷àñòîò Re (s) = α. Áóäåì äàëåå
çàäàâàòü äåéñòâèòåëüíûå ÷àñòè ÷àñòîò, îïèðàÿñü íà ñîîòíîøåíèå, èñïîëüçóåìîå âî
ìíîãèõ ñõåìàõ ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà, îñíîâàííûõ íà
èñïîëüçîâàíèè ðÿäîâ Ôóðüå (íàïðèìåð, [27]):

,10ln)(Re
maxt

s ξ
=α= (48)

ãäå ξ > 0. Íà ïðàêòèêå ïàðàìåòð ξ ÷àñòî çàäàåòñÿ â èíòåðâàëå 2,0 ≤ ξ ≤ 3,0.
Çàäàäèì ñòàðòîâûå ÷àñòîòû
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Çäåñü è äàëåå çíà÷åíèÿ ôóíêöèé âû÷èñëÿþòñÿ è çàòåì ìàñøòàáèðóþòñÿ àáñîëþò-
íûì çíà÷åíèåì ôóíêöèè íà ìàêñèìàëüíîé ÷àñòîòå:
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Çàäàäèì çíà÷åíèå ïàðàìåòðà tol – ìàêñèìàëüíî äîïóñòèìîé àáñîëþòíîé ïî-
ãðåøíîñòè ìåæäó äâóìÿ ïîñëåäîâàòåëüíî ïîñòðîåííûìè àïïðîêñèìàöèÿìè ìàñøòà-
áèðîâàííûõ èçîáðàæåíèé ôóíêöèé. Çàäàäèì ìàêñèìàëüíî äîïóñòèìîå êîëè÷åñòâî
øàãîâ àëãîðèòìà Nmax (ìàêñèìàëüíîå êîëè÷åñòâî êîìïëåêñíûõ ÷àñòîò) è êîëè÷åñò-
âî äîïîëíèòåëüíûõ øàãîâ äëÿ óñòàíîâëåíèÿ ñõîäèìîñòè Nsteps.

Ïîñòðîèì äðîáíî-ðàöèîíàëüíûå àïïðîêñèìàöèè íà ÷àñòîòàõ 
0
ls  è ïîëþñàõ

,,~: }{ 0010
klk asa F  äîáàâèì íîâûé ïîëþñ }0,1{0 Ukk aa ←  è óñòàíîâèì .0

ll ss ←  Òåïåðü
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ïîâòîðÿåì ïîñëåäîâàòåëüíî äëÿ max,2 Nv =  ñëåäóþùèå ïóíêòû, ïîêà íå áóäåò äîñ-
òèãíóòî ìàêñèìàëüíîå êîëè÷åñòâî ÷àñòîò èëè óñëîâèå ñõîäèìîñòè:

1. Ïîñòðîèì äðîáíî-ðàöèîíàëüíûå àïïðîêñèìàöèè íà ÷àñòîòàõ sl è ïîëþñàõ
}.,{~: kl

v
k asa F

2. Îïðåäåëèì ìàêñèìàëüíîå çíà÷åíèå vE max;abs  àáñîëþòíîé ïîãðåøíîñòè è çíà-
÷åíèå êîìïëåêñíîé ÷àñòîòû snew ïðè êîòîðîì îíî äîñòèãàåòñÿ:

],,0[)(Im,,1,|)(~)(~)( max
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== (50)

3. Åñëè ,,1,tol stepsmax;abs
step NqE qNv =<+−

 òî óñëîâèå ñõîäèìîñòè äîñòèãíóòî, äðîáíî-
ðàöèîíàëüíûå àïïðîêñèìàöèè ïîñòðîåíû ],[ )(~

fit j
v
j GsF=F  àëãîðèòì ïðåêðàùàåò

ðàáîòó.
4. Åñëè v = Nmax, òî çà çàäàííîå ìàêñèìàëüíîå êîëè÷åñòâî øàãîâ óñëîâèå ñõîäè-

ìîñòè äîñòèãíóòî íå áûëî, àëãîðèòì ïðåêðàùàåò ðàáîòó.
5. Äîáàâèì â íàáîð ÷àñòîò çíà÷åíèå òî÷êè, â êîòîðîé àáñîëþòíàÿ ïîãðåøíîñòü

ìàêñèìàëüíà: }.{ newsss ll U←
6. Óâåëè÷èì ïîðÿäîê àïïðîêñèìàöèè – äîáàâèì íîâûå ïîëþñû:
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sN  – êîëè÷åñòâî ÷àñòîò â íàáîðå, îïðåäåëåííîì â ï. 5, v

pN  – êîëè÷åñòâî ïîëþ-
ñîâ íà òåêóùåì øàãå, ⎣⎣⎣⎣⎣.⎦⎦⎦⎦⎦ îáîçíà÷àåò îêðóãëåíèå äî áëèæàéøåãî öåëîãî â ìåíüøóþ
ñòîðîíó. Òàêèì îáðàçîì, ìû çàäàåì ìàêñèìàëüíîå êîëè÷åñòâî ïîëþñîâ (ïîðÿäîê
àïïðîêñèìàöèè), ïðè êîòîðîì ðàçðåøàþùàÿ ÑËÀÓ ìåòîäà VF íà ýòàïå îïðåäåëå-
íèÿ îáùèõ ïîëþñîâ íå ñòàíîâèòñÿ íåîïðåäåëåííîé.

7. Óñòàíîâèì v ← v +1, ïåðåéäåì ê ï. 1.
Îïèñàííûé àëãîðèòì ïîçâîëÿåò àäàïòèâíî âûáèðàòü ÷àñòîòíûå òî÷êè, êîòîðûå

èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ äðîáíî-ðàöèîíàëüíûõ àïïðîêñèìàöèé ìåòîäîì VF,
áåç êàêîé-ëèáî ïðåäâàðèòåëüíî èçâåñòíîé èíôîðìàöèè î õàðàêòåðå ôóíêöèé â èçîá-
ðàæåíèÿõ.

4. Ðàñïðîñòðàíåíèå âîëí â îäíîìåðíîì ïîðîóïðóãîì ñòåðæíå

Òåñòèðîâàíèå ðàçðàáîòàííîãî àëãîðèòìà ïðîâåäåì íà çàäà÷å ïîðîóïðóãîé äè-
íàìèêè, èìåþùåé àíàëèòè÷åñêîå ðåøåíèå: î äåéñòâèè îñåâîé íàãðóçêè â âèäå ôóíê-
öèè Õåâèñàéäà ïî âðåìåíè íà îäíîìåðíûé ïîðîóïðóãèé ñòåðæåíü (ðèñ. 1).

Ðèñ. 1. Îäíîìåðíûé ïîðîóïðóãèé ñòåðæåíü ïîä äåéñòâèåì îñåâîé íàãðóçêè

y

l

σ(t) = –FH(t)
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Íà êîíöàõ ñòåðæíÿ çàäàíû ãðàíè÷íûå óñëîâèÿ:

,0),(),(H),(,0)0,( ==−==σ== lytptFlytytu
ãäå u(t, y) – ïåðåìåùåíèÿ (ì), σ(t, y) – íàïðÿæåíèÿ (Ïà), F = 1 Ïà – îñåâàÿ íàãðóçêà,
p(t, y) – ïîðîâûå äàâëåíèÿ (Ïà), l – äëèíà ñòåðæíÿ (ì), H(.) – ôóíêöèÿ Õåâèñàéäà.

Äëÿ çàäàííûõ ãðàíè÷íûõ óñëîâèé ôóíêöèè ïåðåìåùåíèé, äàâëåíèé, íàïðÿæå-
íèé è ïîòîêà â èçîáðàæåíèÿõ Ëàïëàñà çàïèñûâàþòñÿ ñëåäóþùèìè àíàëèòè÷åñêèìè
ôîðìóëàìè [12]:
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çäåñü φ – ïîðèñòîñòü, ρ – ïëîòíîñòü ïîðîóïðóãîãî ìàòåðèàëà, ρf – ïëîòíîñòü æèäêî-
ãî íàïîëíèòåëÿ, K è G – îáúåìíûé ìîäóëü è ìîäóëü ñäâèãà ïîðîóïðóãîãî ìàòåðèà-
ëà, Ks – îáúåìíûé ìîäóëü çåðåí òâåðäîãî ñêåëåòà, Kf – îáúåìíûé ìîäóëü æèäêîãî
íàïîëíèòåëÿ, κ – ïðîíèöàåìîñòü.

Äëÿ ÷àñòíîãî ñëó÷àÿ [12], êîãäà òðåíèå ìåæäó æèäêèì íàïîëíèòåëåì è òâåð-
äûì ñêåëåòîì ïðåíåáðåæèìî ìàëî, òî åñòü ïðîíèöàåìîñòü κ → ∞, óäàåòñÿ âûðàçèòü
îðèãèíàëû ôóíêöèé â àíàëèòè÷åñêîì âèäå:
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Ðàññìàòðèâàåòñÿ ïîðîóïðóãèé ìàòåðèàë ñ ïàðàìåòðàìè [12]: φ = 0,48, ρ =
= 1884 êã/ì3, ρf = 1000 êã/ì3, K = 2,1.108 Ïà, G = 9,8.107 Ïà, Ks = 1,1.1010 Ïà, Kf =
= 3,3.109 Ïà, κ = 3,55.10–9 ì4/Í/ñ. Äëèíà ñòåðæíÿ l = 10 ì.

Íà ïåðâîì ýòàïå ïðîèëëþñòðèðóåì ñõîäèìîñòü àëãîðèòìà â çàâèñèìîñòè îò
êîëè÷åñòâà êîìïëåêñíûõ ÷àñòîò (ïîðÿäêà àïïðîêñèìàöèè – êîëè÷åñòâà ïîëþñîâ).
Äðîáíî-ðàöèîíàëüíûå àïïðîêñèìàöèè ñòðîÿòñÿ äëÿ íàáîðà ôóíêöèé ),10,( ì{ =ysu

}.)5,2,(),5,(),5,7,( ììì ==σ= ysqysysp  Ìàêñèìàëüíîå çíà÷åíèå âðåìåíè, ïðè
êîòîðîì íàñ èíòåðåñóþò îðèãèíàëû ôóíêöèé, çàäàíî êàê tmax = 0,3 ñ. Â ñîîòâåò-
ñòâèè ñ óêàçàííûìè ðåêîìåíäàöèÿìè äåéñòâèòåëüíàÿ ÷àñòü êîìïëåêñíûõ ÷àñòîò îï-
ðåäåëÿåòñÿ êàê Re (s) = ξ ln 10/tmax, â äàííîì ñëó÷àå ξ = 3,0.

Ìíèìûå ÷àñòè êîìïëåêñíûõ ÷àñòîò îãðàíè÷åíû ìàêñèìàëüíûì çíà÷åíèåì
ωmax  = 10000 ðàä/ñ. Êîëè÷åñòâî ñòàðòîâûõ ÷àñòîò .30 =sN
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Çàâèñèìîñòè ïîëó÷åííûõ îòíîñèòåëüíûõ ïîãðåøíîñòåé äëÿ çàäàííîãî íàáîðà
ôóíêöèé ïðèâåäåíû íà ðèñ. 2 äëÿ κ = 3,55.10–9 ì4/Í/ñ è íà ðèñ. 3 äëÿ κ → ∞. Äëÿ
âñåõ ðàññìàòðèâàåìûõ ôóíêöèé õàðàêòåð èçìåíåíèÿ ïîãðåøíîñòè îäèíàêîâ: ïðè
äîñòèæåíèè îïðåäåëåííîãî ïîðÿäêà àïïðîêñèìàöèè (êîëè÷åñòâà ïîëþñîâ Np) ïî-
ãðåøíîñòü áûñòðî óáûâàåò è çàòåì ñòàáèëèçèðóåòñÿ.

Äàëåå ïðîèëëþñòðèðóåì ïîäðîáíåå ðåçóëüòàòû ðàáîòû àëãîðèòìà ïðè ïîñòðî-
åíèè äðîáíî-ðàöèîíàëüíûõ àïïðîêñèìàöèé â èçîáðàæåíèÿõ è ïðè èõ îáðàùåíèè
âî âðåìåííó′þ îáëàñòü. Çíà÷åíèå ïàðàìåòðà ìàêñèìàëüíî äîïóñòèìîé àáñîëþòíîé
ïîãðåøíîñòè äëÿ ìàñøòàáèðîâàííûõ èçîáðàæåíèé ôóíêöèé çàäàíî tol = 10–2. Êî-
ëè÷åñòâî äîïîëíèòåëüíûõ øàãîâ äëÿ óñòàíîâëåíèÿ ñõîäèìîñòè Nsteps = 5.

Äëÿ ñëó÷àÿ κ = 3,55.10–9 ì4/Í/ñ ïàðàìåòðû àëãîðèòìà ñëåäóþùèå: ωmax = 104 ðàä/ñ,
tmax = 0,3 c, íàáîð ôóíêöèé }.{ )5,(),0,(),10,( ììì =σ== ysyspysu  Çàäàííûå
óñëîâèÿ ñõîäèìîñòè áûëè äîñòèãíóòû ïðè êîëè÷åñòâå êîìïëåêñíûõ ÷àñòîò Ns = 49.
Íà ðèñ. 4–6 ïðèâåäåíû èòîãîâîå ðàñïîëîæåíèå ÷àñòîòíûõ òî÷åê è ñðàâíåíèå ìàã-
íèòóä àíàëèòè÷åñêèõ âûðàæåíèé )(an sf  è ïîëó÷åííûõ àïïðîêñèìàöèé )(fit sf  äëÿ
κ = 3,55.10–9 ì4/Í/ñ. Îòìåòèì, ÷òî ïðè çàäàííîì ìàêñèìàëüíîì çíà÷åíèè àáñîëþò-
íîé ïîãðåøíîñòè tol = 10–2 ìåæäó äâóìÿ ïîñëåäîâàòåëüíûìè àïïðîêñèìàöèÿìè èòî-
ãîâîå àáñîëþòíîå îòêëîíåíèå îò àíàëèòè÷åñêèõ âûðàæåíèé êàê ìèíèìóì íà 2 ïî-

Ðèñ. 2. Îòíîñèòåëüíàÿ ïîãðåøíîñòü Erel
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ðÿäêà ìåíüøå. Ýòî ñîîòâåòñòâóåò áûñòðîìó ïàäåíèþ ïîãðåøíîñòè íà äîïîëíèòåëü-
íûõ øàãàõ, êîòîðîå íàáëþäàåòñÿ ïðè äîñòèæåíèè äîñòàòî÷íîãî ïîðÿäêà àïïðîêñè-
ìàöèè (ñì. ðèñ. 2, 3).

Ðèñ. 4. Ñðàâíåíèå |u–an(s)| è |u–fit(s)|
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Íà ðèñ. 7–9 äëÿ  κ = 3,55.10–9 ì4/Í/ñ ïðèâåäåíû ñîîòâåòñòâóþùèå ðåøåíèÿ âî
âðåìåíè, ïîëó÷åííûå ïî ôîðìóëå (47).

Ïî àíàëîãèè ñ óïðóãèì ñëó÷àåì, íàïðÿæåíèÿ ñîõðàíÿþò ïðÿìîóãîëüíóþ ôîð-
ìó, à ïåðåìåùåíèÿ – òðåóãîëüíóþ. Ñ òå÷åíèåì âðåìåíè èõ àìïëèòóäà óìåíüøàåòñÿ
äî íóëÿ èç-çà äèññèïàöèè â âÿçêîì æèäêîì ïîðîâîì íàïîëíèòåëå. Ïðè ýòîì ñðåäíåå
çíà÷åíèå ïåðåìåùåíèé çàìåòíî èçìåíÿåòñÿ óæå íà ìàëîì îòðåçêå âðåìåíè. Ïîëó-

Ðèñ. 7. Ïåðåìåùåíèÿ ufit(t)
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÷åííûå ðåøåíèÿ óñòîé÷èâû íà âñåì çàäàííîì âðåìåííî′ì ïðîìåæóòêå è â ýòîì âàæ-
íóþ ðîëü èãðàåò çíà÷åíèå ïàðàìåòðà ξ. Åãî èçìåíåíèå â ñòîðîíó óâåëè÷åíèÿ ìîæåò
óñêîðèòü ñõîäèìîñòü àëãîðèòìà, íî ðåøåíèÿ ñ ðîñòîì âðåìåíè ñòàíîâÿòñÿ íåóñòîé-
÷èâûìè. Âûáîð çíà÷åíèÿ ïàðàìåòðà ξ íà èíòåðâàëå 2,0 ≤ ξ ≤ 3,0 îáåñïå÷èâàåò õîðî-
øèé áàëàíñ ìåæäó ñõîäèìîñòüþ àëãîðèòìà è óñòîé÷èâîñòüþ ðåøåíèé âî âðåìåí-
íî′é îáëàñòè.

Äëÿ ñëó÷àÿ κ → ∞ ïàðàìåòðû àëãîðèòìà ñëåäóþùèå: ωmax = 15000 ðàä/ñ, tmax =
= 0,1 ñ, íàáîð ôóíêöèé }.{ )5,(),5,(),5,(),5,( ìììì ==σ== ysqysyspysu  Çà-
äàííûå óñëîâèÿ ñõîäèìîñòè áûëè äîñòèãíóòû ïðè êîëè÷åñòâå êîìïëåêñíûõ ÷àñòîò
Ns = 285. Ñðàâíåíèå ìàãíèòóä àíàëèòè÷åñêèõ âûðàæåíèé )(an sf  è ïîëó÷åííûõ àï-
ïðîêñèìàöèé )(fit sf  ïðèâåäåíî íà ðèñ. 10–13. Èòîãîâîå ðàñïîëîæåíèå ÷àñòîò â çíà-
÷èòåëüíîé ñòåïåíè îïðåäåëÿåòñÿ õàðàêòåðîì ôóíêöèè ïîòîêà.

Îñîáî îòìåòèì, ÷òî ïîëó÷åííûå ðåçóëüòàòû íàãëÿäíî äåìîíñòðèðóþò ýôôåê-
òèâíîñòü ðàçðàáîòàííîãî àëãîðèòìà ïðè ïîñòðîåíèè äðîáíî-ðàöèîíàëüíûõ àïïðîê-
ñèìàöèé ñ çàäàííîé òî÷íîñòüþ íà îáùèõ íàáîðàõ ïîëþñîâ äàæå äëÿ íàáîðîâ ôóíê-
öèé ñ ñèëüíî ðàçëè÷àþùèìèñÿ ìàãíèòóäàìè. Íàïðèìåð, â îáîèõ ðàññìîòðåííûõ
ñëó÷àÿõ (κ = 3,55.10–9 ì4/Í/ñ è κ → ∞) â íàáîðàõ åñòü ôóíêöèè, ìàãíèòóäû êîòîðûõ
îòëè÷àþòñÿ íà 10 ïîðÿäêîâ.

Ðèñ. 10. Ñðàâíåíèå  |u–an(s)| è |u–fit(s)|
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Íà ðèñ. 14–17 ïðåäñòàâëåíû âðåìåííû′ å çàâèñèìîñòè ðàññìàòðèâàåìûõ ôóíê-
öèé ïðè κ → ∞, ïîëó÷åííûå àíàëèòè÷åñêèì îáðàùåíèåì âî âðåìåííó′þ îáëàñòü
ïîñòðîåííûõ äðîáíî-ðàöèîíàëüíûõ àïïðîêñèìàöèé ïî ôîðìóëå (47), â ñðàâíåíèè
ñ ðåøåíèÿìè ïî àíàëèòè÷åñêèì ôîðìóëàì.
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Äëÿ âñåõ ôóíêöèé óâåëè÷åíèå êîýôôèöèåíòà ïðîíèöàåìîñòè ïðèâîäèò ê çíà-
÷èòåëüíîìó èçìåíåíèþ àìïëèòóä âîëí è ïîçâîëÿåò íàãëÿäíî ïðîäåìîíñòðèðîâàòü
ýôôåêò ìåäëåííîé âîëíû, îáóñëîâëåííûé îòíîñèòåëüíûì ñìåùåíèåì íàïîëíèòåëÿ
â ïîðàõ â íàïðàâëåíèè, ïðîòèâîïîëîæíîì ñìåùåíèþ ñêåëåòà. Â ÷àñòíîñòè, íà ðèñ. 15
âèäíî, êàê ïîñëå ïðèáûòèÿ âîëíû ñæàòèÿ â ìîìåíò âðåìåíè t ≈ 0,0028 ñ, çàòåì ïðè-
áûòèÿ îòðàæåííîé âîëíû îò çàêðåïëåííîãî êîíöà â t ≈ 0,0084 ñ è ïîñëåäóþùåãî
ïðèáûòèÿ îòðàæåííîé îò íàãðóæåííîãî êîíöà áûñòðîé âîëíû â t ≈ 0,014 ñ, â ìî-

0           0,02        0,04        0,06        0,08          t, c
–2,0

p, Ïà

0

–1,5

–1,0

–0,5

1,0

0,5

1,5
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ìåíò ïðèáûòèÿ ìåäëåííîé âîëíû â t ≈ 0,016 ñ ïðîèñõîäèò ïàäåíèå ñðåäíåãî çíà÷å-
íèÿ ïîðîâûõ äàâëåíèé íà âåëè÷èíó, ðàâíóþ àìïëèòóäå ìåäëåííîé âîëíû. Àíàëî-
ãè÷íî ìîæíî îòìåòèòü âëèÿíèå ìåäëåííîé âîëíû íà îòêëèê êàæäîé ôóíêöèè èç
çàäàííîãî íàáîðà. Ïðè κ → ∞ òàêæå îò÷åòëèâî ïðîÿâëÿþòñÿ âûñîêî÷àñòîòíûå îñ-
öèëëÿöèè (ýôôåêò Ãèááñà) îêîëî ñêà÷êîâ ïîðîâûõ äàâëåíèé, íàïðÿæåíèé è ïîòîêà.
Ýòîò ýôôåêò âûçâàí îòñå÷åíèåì âûñîêî÷àñòîòíîé ÷àñòè ñïåêòðà. Íåñìîòðÿ íà ýòî,
ïîëó÷åííûå ðåøåíèÿ óñòîé÷èâû, è àìïëèòóäà îñöèëëÿöèé Ãèááñà îñòàåòñÿ óìå-
ðåííîé è íå èçìåíÿåòñÿ íà âñåì ðàññìàòðèâàåìîì âðåìåííî′ì èíòåðâàëå.

Çàêëþ÷åíèå

Íà îñíîâå ìåòîäà Vector Fitting ïðåäñòàâëåí àëãîðèòì àäàïòèâíîãî ïîñòðîåíèÿ
ïðàâèëüíûõ äðîáíî-ðàöèîíàëüíûõ àïïðîêñèìàöèé íàáîðîâ ôóíêöèé â èçîáðàæå-
íèÿõ Ëàïëàñà. Ïðîñòîé âèä ïîëó÷àåìûõ àïïðîêñèìàöèé äîïóñêàåò èõ äàëüíåéøåå
èñïîëüçîâàíèå äëÿ àíàëèòè÷åñêîãî îáðàùåíèÿ âî âðåìåííó′þ îáëàñòü. Îñíîâíûìè
ïóíêòàìè àëãîðèòìà ÿâëÿþòñÿ îïðåäåëåíèå î÷åðåäíîé êîìïëåêñíîé ÷àñòîòû è çà-
äàíèå äîïîëíèòåëüíûõ ïîëþñîâ äëÿ èñïîëüçîâàíèÿ â ìåòîäå Vector Fitting, ïðîâåð-
êà äîñòèæåíèÿ çàäàííîãî óñëîâèÿ ñõîäèìîñòè.

Àëãîðèòì äåòàëüíî ïðîòåñòèðîâàí íà çàäà÷å ïîðîóïðóãîé äèíàìèêè î ðàñïðîñ-
òðàíåíèè âîëí â îäíîìåðíîì ïîðîóïðóãîì ñòåðæíå. Óñòàíîâëåíî, ÷òî õàðàêòåð èç-
ìåíåíèÿ îòíîñèòåëüíîé ïîãðåøíîñòè îäèíàêîâ äëÿ âñåõ ôóíêöèé â íàáîðå: ïðè
äîñòèæåíèè íåîáõîäèìîãî ïîðÿäêà ïîãðåøíîñòü áûñòðî óáûâàåò, çàòåì ñòàáèëèçè-
ðóåòñÿ è äàëåå ñ ðîñòîì ïîðÿäêà àïïðîêñèìàöèè èçìåíÿåòñÿ íåçíà÷èòåëüíî. Èñ-
ïîëüçîâàíèå ìàñøòàáèðîâàíèÿ ôóíêöèé â èçîáðàæåíèÿõ ïîçâîëÿåò ñòðîèòü ñ âûñî-
êîé òî÷íîñòüþ àïïðîêñèìàöèè äëÿ íàáîðîâ ôóíêöèé ñ ñèëüíî ðàçëè÷àþùèìèñÿ
ìàãíèòóäàìè. Ïðîäåìîíñòðèðîâàíà âûñîêàÿ òî÷íîñòü è óñòîé÷èâîñòü îðèãèíàëîâ
ðàññìàòðèâàåìûõ ôóíêöèé, ïîëó÷åííûõ àíàëèòè÷åñêèì îáðàùåíèåì ïîñòðîåííûõ
äðîáíî-ðàöèîíàëüíûõ àïïðîêñèìàöèé âî âðåìåííó′þ îáëàñòü.
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ALGORITHM FOR OBTAINING RATIONAL FUNCTION APPROXIMATION
IN LAPLACE DOMAIN WITH APPLICATION
TO DYNAMIC POROELASTIC PROBLEMS

Markov I.P., Petrov A.N., Boev A.V.

Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

In this paper, the Vector Fitting method is used for fitting functions in Laplace domain by pole
relocating. The used version of the method is described for one function and for vector functions.
An algorithm based on the Vector Fitting method for obtaining strictly proper rational approximations
of vector functions is presented. Algorithm produces approximations with increasing orders until
the specified convergence condition is satisfied. Specific recommendations for selecting algorithm
parameters are given. The proposed algorithm allows to adaptively select frequency samples that
are used for obtaining rational approximations, without any previously known information about
the nature of functions in Laplace domain. Time-domain solutions are obtained by analytical
inversion of the rational approximations. The developed algorithm is tested in detail on the problem
of wave propagation in one-dimensional poroelastic column with finite length. The model of linear
isotropic fully saturated poroelasticity proposed by Biot is employed. For the general case, analytical
solutions of the problem are presented in Laplace domain for displacements, stresses, pore pressures
and flux. For the limiting value of the permeability of a poroelastic material, the corresponding
analytical solutions are also given in time domain. Rational approximations of solutions in Laplace
domain obtained with the proposed algorithm are presented in details for two values of the
permeability. The convergence of the algorithm is investigated depending on the number of complex
frequencies. It was found that with an increase in the order of approximation, the relative error
changes similarly for all considered functions. It is shown that when parameters of the algorithm
are chosen within the recommended ranges, the solutions in time domain are stable and the amplitude
of the oscillations caused by truncation of the high frequency parts of the solutions remains moderate
over the entire specified time interval. For the limiting value of the permeability, high accuracy of
the obtained approximate results in comparison with analytical solutions in time domain is clearly
demonstrated.

Keywords: Laplace transform inversion, Vector Fitting, rational approximation, poroelasticity,
dynamics.


