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Ïðîâîäèòñÿ êîìïüþòåðíîå ìîäåëèðîâàíèå ìåòîäîì ãðàíè÷íûõ ýëåìåí-
òîâ çàäà÷è î äåéñòâèè íàãðóçêè âíóòðè êóáè÷åñêîé ïîëîñòè, ðàñïîëîæåííîé â
÷àñòè÷íî íàñûùåííîì ïîðîóïðóãîì ïîëóïðîñòðàíñòâå. Ïîðîóïðóãàÿ ñðåäà
ïðåäñòàâëÿåòñÿ ìîäåëüþ ãåòåðîãåííîãî ìàòåðèàëà, ñîñòîÿùåãî èç ôàçû óïðó-
ãîé ìàòðèöû è äâóõ ôàç íàïîëíèòåëåé – æèäêîñòè è ãàçà, çàïîëíÿþùèõ ñèñòå-
ìó ïîð. Ìîäåëü ìàòåðèàëà ñîîòâåòñòâóåò òðåõêîìïîíåíòíîé ñðåäå. Ðàññìàò-
ðèâàþòñÿ îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðèñòîé ñðåäû, çàïèñàííûå â ïåðå-
ìåííûõ ïåðåìåùåíèé ñêåëåòà è ïîðîâûõ äàâëåíèé íàïîëíèòåëåé. Èñõîäíàÿ
íà÷àëüíî-êðàåâàÿ çàäà÷à ñâîäèòñÿ ê êðàåâîé çàäà÷å ñ ïîìîùüþ ôîðìàëüíîãî
ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Ìåòîäèêà èññëåäîâàíèé îñíîâûâàåòñÿ
íà ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèÿõ ïðÿìîãî ïîäõîäà òðåõìåðíîé èçî-
òðîïíîé ëèíåéíîé òåîðèé ïîðîóïðóãîñòè. Ãðàíè÷íûå èíòåãðàëüíûå óðàâíå-
íèÿ, ñîîòâåòñòâóþùèå êðàåâîé çàäà÷å, ðåøàþòñÿ ìåòîäîì ãðàíè÷íûõ ýëåìåí-
òîâ â ñî÷åòàíèè ñ ìåòîäîì êîëëîêàöèè, ñ ëîêàëüíîé ïîýëåìåíòíîé àïïðîêñèìà-
öèåé íà îñíîâå ñîãëàñîâàííîé ìîäåëè èíòåðïîëèðîâàíèÿ Ãîëüäøòåéíà. Ïðè-
ìåíÿþòñÿ àëãîðèòìû óñòðàíåíèÿ îñîáåííîñòåé, ïîíèæåíèÿ ïîðÿäêà è ïîä-
ðàçáèåíèÿ ýëåìåíòîâ ïðè âû÷èñëåíèè èíòåãðàëüíûõ êîýôôèöèåíòîâ äèñêðåò-
íîãî àíàëîãà ãðàíè÷íîãî èíòåãðàëüíîãî óðàâíåíèÿ. Ðåãóëÿðíûå èíòåãðàëû
âû÷èñëÿþòñÿ ïðè ïîìîùè êâàäðàòóðíîé ôîðìóëû Ãàóññà. Ðåøåíèå âî âðåìå-
íè ïîëó÷àåòñÿ ÷èñëåííûì îáðàùåíèåì ïðåîáðàçîâàíèÿ Ëàïëàñà. Ìåòîä ÷èñ-
ëåííîãî îáðàùåíèÿ îïèðàåòñÿ íà êâàäðàòóðíûå ôîðìóëû äëÿ âû÷èñëåíèÿ èí-
òåãðàëà ñâåðòêè. Ñòðîÿòñÿ çàâèñèìîñòè îò âðåìåíè íåèçâåñòíûõ ôóíêöèé ïå-
ðåìåùåíèÿ è ïîðîâûõ äàâëåíèé â òî÷êàõ íà ïîâåðõíîñòÿõ ïîëóïðîñòðàíñòâà
è ïîëîñòè. Ïðèâîäÿòñÿ ñîîòâåòñòâóþùèå ãðàôèêè.

Èññëåäóåòñÿ âëèÿíèå âåëè÷èí çàãëóáëåíèÿ ïîëîñòè è êîýôôèöèåíòà íà-
ñûùåííîñòè íà äèíàìè÷åñêèå îòêëèêè ïåðåìåùåíèé è ïîðîâûõ  äàâëåíèé.
Ïðîâîäèòñÿ ñðàâíåíèå ñ ðåøåíèåì ïî ìîäåëè ïîëíîñòüþ íàñûùåííîãî ïîðî-
óïðóãîãî ìàòåðèàëà. Îòìå÷àåòñÿ, ÷òî èñïîëüçîâàíèå ýòîé ìîäåëè â äàííîé çà-
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äà÷å ïðèâîäèò ê çàíèæåííûì îöåíêàì ïåðåìåùåíèé è çàâûøåííûì îöåíêàì
ïîðîâîãî äàâëåíèÿ.

Êëþ÷åâûå ñëîâà: ÷àñòè÷íî íàñûùåííûé ïîðîóïðóãèé ìàòåðèàë, ïîëóïðî-
ñòðàíñòâî, ïîëîñòü, äèíàìè÷åñêèé îòêëèê, ìåòîä ãðàíè÷íûõ èíòåãðàëüíûõ
óðàâíåíèé, ïðåîáðàçîâàíèå Ëàïëàñà.

Ââåäåíèå

Ïðîöåññû, îáóñëîâëåííûå äèíàìè÷åñêèì âîçäåéñòâèåì ðàçëè÷íûõ èñòî÷íèêîâ
âîçìóùåíèÿ íà òâåðäûå òåëà, ñîäåðæàùèå ïîëîñòè è âêëþ÷åíèÿ, ïðåäñòàâëÿþò ñî-
áîé êëàññ àêòóàëüíûõ çàäà÷ ñîâðåìåííîé ìåõàíèêè, èìåþùèõ øèðîêèé ñïåêòð ïðè-
ëîæåíèé è ÿâëÿþùèõñÿ âàæíûìè â èíæåíåðíîé ïðàêòèêå. Òàê, â ãåîìåõàíèêå è ãîð-
íîì äåëå ïðè ðàñ÷åòå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãîðíûõ ïîðîä âáëè-
çè âûðàáîòîê ôîðìà âûðàáîòàííîãî ïðîñòðàíñòâà ìîæåò áûòü àïïðîêñèìèðîâàíà
ñôåðè÷åñêîé ïîâåðõíîñòüþ. Ïðè ðåøåíèè òàêèõ çàäà÷, êàê ïðàâèëî, ïðèìåíÿåòñÿ
òåîðèÿ äåôîðìèðîâàíèÿ ãîðíîãî ìàññèâà èëè ãðóíòà êàê îäíîðîäíîé ñðåäû, äèíà-
ìèêà êîòîðîé îïèñûâàåòñÿ õîðîøî ðàçðàáîòàííîé ëèíåéíîé òåîðèåé ðàñïðîñòðà-
íåíèÿ óïðóãèõ è âÿçêîóïðóãèõ âîëí. Îäíàêî â ðÿäå ñëó÷àåâ íåîáõîäèìî èñïîëüçî-
âàòü ìîäåëü ïîðîóïðóãîé ñðåäû, êîòîðàÿ ïîçâîëÿåò îïèñàòü ôèëüòðàöèþ íàïîëíè-
òåëÿ â ïîðàõ ñîâìåñòíî ñ ïîëíîöåííîé ìåõàíè÷åñêîé ìîäåëüþ íàïðÿæåííî-äåôîð-
ìèðîâàííîãî ñîñòîÿíèÿ ñðåäû. Äàæå ïðè ñóùåñòâåííûõ óïðîùåíèÿõ ïðèìåíåíèå
ìîäåëè òàêîãî íàñûùåííîãî æèäêîñòüþ ïîðèñòîãî ìàòåðèàëà çíà÷èòåëüíî óñëîæ-
íÿåò âû÷èñëèòåëüíóþ ñõåìó êðàåâîé çàäà÷è ïî ñðàâíåíèþ ñ óïðóãîé èëè âÿçêî-
óïðóãîé ïîñòàíîâêàìè è òðåáóåò ðàçðàáîòêè àäåêâàòíîãî ìàòåìàòè÷åñêîãî, ìåòîäè-
÷åñêîãî è ñîîòâåòñòâóþùåãî ïðîãðàììíîãî îáåñïå÷åíèÿ. Èñïîëüçîâàíèå ìåòîäà
ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ) äëÿ ðåøåíèÿ ðàññìàòðèâàåìîãî êëàññà çàäà÷ ÿâëÿåòñÿ
îïðàâäàííûì â ñèëó åãî êëþ÷åâûõ ïðåèìóùåñòâ: ÷èñëåííî-àíàëèòè÷åñêîãî õàðàê-
òåðà, îòíîñèòåëüíîé ïðîèçâîëüíîñòè ôîðì ãðàíè÷íûõ ïîâåðõíîñòåé, àâòîìàòè÷åñ-
êîãî âûïîëíåíèÿ óñëîâèé ïîâåäåíèÿ íà áåñêîíå÷íîñòè â ïîëóáåñêîíå÷íûõ òåëàõ.

Â íàó÷íîé ëèòåðàòóðå â áîëüøîì êîëè÷åñòâå ïðåäñòàâëåíû èññëåäîâàíèÿ, ïî-
ñâÿùåííûå ìîäåëèðîâàíèþ äèíàìèêè ïîðîóïðóãèõ òåë è ñðåä, ñîäåðæàùèõ ïîëîñ-
òè è âêëþ÷åíèÿ, ïðîâåäåííûå ñ ïðèìåíåíèåì àíàëèòè÷åñêèõ [1–5], ïîëóàíàëèòè-
÷åñêèõ [6–8] è ÷èñëåííûõ ïîäõîäîâ [9–13]. Îäíàêî ïðèâåäåííûå â íèõ ðåçóëüòàòû
êàñàþòñÿ ðåøåíèé ëèáî äâóõìåðíûõ çàäà÷ [14], ëèáî çàäà÷ ðàññåÿíèÿ [15], ëèáî
ïîëó÷åíû ñ èñïîëüçîâàíèåì ìîäåëè ïîëíîñòüþ íàñûùåííîãî ïîðîóïðóãîãî ìàòå-
ðèàëà. Íåîáõîäèìûå äëÿ ðåàëèçàöèè ãðàíè÷íî-ýëåìåíòíîé ìåòîäèêè ôóíäàìåíòàëü-
íûå ðåøåíèÿ òðåõìåðíîé äèíàìè÷åñêîé òåîðèè ÷àñòè÷íî íàñûùåííîé ïîðîóïðó-
ãîé ñðåäû, íî áåç ðåçóëüòàòîâ ðåøåíèÿ çàäà÷, ïðåäñòàâëåíû â [16]. Íà îñíîâå íå-
ñêîëüêî îòëè÷íûõ óðàâíåíèé äèíàìèêè ïîðîóïðóãîé ñðåäû â ñòàòüå [17] íàéäåíû
ôóíäàìåíòàëüíûå ðåøåíèÿ è ðåøåíû çàäà÷è î ðàñïðîñòðàíåíèè âîëí îò äåéñòâèÿ
íàãðóçêè íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà. Ðåçóëüòàòû ãðàíè÷íî-ýëåìåíòíîãî ìî-
äåëèðîâàíèÿ âîëíîâûõ ïðîöåññîâ â ÷àñòè÷íî íàñûùåííûõ ïîðîóïðóãèõ òåëàõ ñî-
äåðæàòñÿ â ïóáëèêàöèÿõ [18, 19].

Â íàñòîÿùåé ñòàòüå ìåòîäîì ãðàíè÷íûõ ýëåìåíòîâ ðåøàåòñÿ çàäà÷à î äåéñòâèè
äèíàìè÷åñêîé íàãðóçêè âíóòðè êóáè÷åñêîé ïîëîñòè, ðàñïîëîæåííîé â ÷àñòè÷íî
íàñûùåííîì ïîðîóïðóãîì ïîëóïðîñòðàíñòâå. Èññëåäóåòñÿ âëèÿíèå âåëè÷èí êîýô-
ôèöèåíòà íàñûùåííîñòè è ãëóáèíû ðàñïîëîæåíèÿ ïîëîñòè íà äèíàìè÷åñêèå îò-
êëèêè.
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1. Îïðåäåëÿþùèå ñîîòíîøåíèÿ

Ìàòåìàòè÷åñêàÿ ìîäåëü çàïèñûâàåòñÿ â ñîîòâåòñòâèè ñ ïîäõîäîì, èçëîæåííûì
â [17]. Ïîðîóïðóãàÿ ñðåäà ïðåäñòàâëÿåòñÿ ìîäåëüþ ãåòåðîãåííîãî ìàòåðèàëà: ôàçà
óïðóãîé ìàòðèöû è äâå ôàçû íàïîëíèòåëåé – æèäêîñòü è ãàç, çàïîëíÿþùèå ñèñòåìó
ïîð. Ïðåäïîëàãàåòñÿ, ÷òî âñå òðè ôàçû ÿâëÿþòñÿ ñæèìàåìûìè. Èçìåíåíèÿ òåìïå-
ðàòóðû íå ó÷èòûâàþòñÿ. Òàêîé ïîðîóïðóãèé ìàòåðèàë îòíîñèòñÿ ê ÷àñòè÷íî íàñû-
ùåííûì, à åãî ìîäåëü íàçûâàåòñÿ òðåõôàçíîé.

Ðàñïðåäåëåíèå ôàç â ïðîñòðàíñòâå îïèñûâàåòñÿ ìàêðîñêîïè÷åñêèìè âåëè÷èíà-
ìè – ïîðèñòîñòüþ ϕ è êîýôôèöèåíòàìè íàñûùåííîñòè ìàòåðèàëà Sf :

),;(, awf
V
V

S
V
V

v

f
f

v ===ϕ

ãäå Vv – îáúåì âçàèìîñâÿçàííûõ ïîð â îáðàçöå, V – îáùèé îáúåì ìàòåðèàëà, Vf –
îáúåì íàïîëíèòåëÿ, èíäåêñ w îòíîñèòñÿ ê æèäêîñòè, a – ê ãàçó. Ðàññìàòðèâàåòñÿ
ñëó÷àé, êîãäà âñå ïîðû çàïîëíåíû, òî åñòü:

.1=+ wa SS
Ïëîòíîñòü ýëåìåíòàðíîãî îáúåìà äâóõôàçíîãî ìàòåðèàëà ρ âûðàæàåòñÿ ÷åðåç

ïëîòíîñòè ìàòåðèàëîâ ôàç ρs, ρw, ρa è èõ îáúåìíîå ñîäåðæàíèå, îïðåäåëÿåìîå ïî-
ðèñòîñòüþ è êîýôôèöèåíòîì íàñûùåííîñòè:

aawws SS ρϕ+ρϕ+ϕ−ρ=ρ )1(
(ρs – ïëîòíîñòü ìàòåðèàëà, îáðàçóþùåãî óïðóãóþ ìàòðèöó).

Îïðåäåëÿþùèå ñîîòíîøåíèÿ, ñôîðìóëèðîâàííûå íà îñíîâå ïðèíöèïà ýôôåê-
òèâíûõ íàïðÿæåíèé, èìåþò âèä [20]:

,)(eff a
a

w
wijijij pSpS +αδ−σ=σ

ãäå σij – ïîëíîå íàïðÿæåíèå, 
eff
ijσ – ýôôåêòèâíîå íàïðÿæåíèå, pw è pa – ïîðîâûå

äàâëåíèÿ íàïîëíèòåëåé, δij – ñèìâîë Êðîíåêåðà. Êîýôôèöèåíò ýôôåêòèâíûõ íàïðÿ-
æåíèé α îïðåäåëÿåòñÿ òàê:

,1
sK

K
−=α

ãäå K è Ks – îáúåìíûå ìîäóëè òâåðäîãî ñêåëåòà è åãî çåðåí ñîîòâåòñòâåííî.
Ïðåäïîëàãàåòñÿ, ÷òî ïîâåäåíèå òâåðäîé ôàçû çàäàåòñÿ çàêîíîì óïðóãîñòè Ãóêà

è îïðåäåëÿåòñÿ äâóìÿ óïðóãèìè êîíñòàíòàìè: îáúåìíûì ìîäóëåì K è ìîäóëåì ñäâèãà
G, òî åñòü ñîîòíîøåíèå, ñâÿçûâàþùåå 

eff
ijσ ñ äåôîðìàöèÿìè â ñêåëåòå εij, èìååò âèä

,
3
22eff

kkijij GKG ε⎟
⎠
⎞

⎜
⎝
⎛ −+ε=σ

à êîìïîíåíòû òåíçîðà äåôîðìàöèé òâåðäîãî òåëà  εij è ñìåùåíèÿ ui ñâÿçàíû ãåîìåò-
ðè÷åñêèìè ñîîòíîøåíèÿìè:

.
2
1 )( ,, ijjiij uu +=ε

Êàê ïðàâèëî, ïðè èñïîëüçîâàíèè ôîðìóëèðîâêè â ñóììàðíûõ íàïðÿæåíèÿõ äâè-
æåíèå òåêó÷åé ñðåäû â ïîðîâîì ïðîñòðàíñòâå ìîäåëèðóåòñÿ çàêîíîì Äàðñè â äèíà-
ìè÷åñêîé ôîðìå:
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).;()( , awfvup
kK

vS f
ifif

f
i

f

rff
if =ρ+ρ+

η
−=ϕ &&&&& (1)

Çäåñü 
f

iv  – ñìåùåíèå íàïîëíèòåëÿ îòíîñèòåëüíî òâåðäîãî ñêåëåòà, k – àáñîëþòíàÿ
ïðîíèöàåìîñòü ïîðèñòîãî ìàòåðèàëà, Krf – åãî îòíîñèòåëüíàÿ ôàçîâàÿ ïðîíèöàå-
ìîñòü, ηf – âÿçêîñòü íàïîëíèòåëÿ. Äàëåå èñïîëüçóþòñÿ ýêñïåðèìåíòàëüíî óñòàíîâ-
ëåííûå â [21] çàâèñèìîñòè äëÿ Krf â ñëó÷àå ãàçî-âîäÿíîé ñìåñè â ïîðàõ:
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ãäå Se – ýôôåêòèâíàÿ íàñûùåííîñòü; Srw, Sra – îñòàòî÷íûå íàñûùåííîñòè âîäû è
ãàçà ñîîòâåòñòâåííî; θ ∈ [0,2; 3] – êîýôôèöèåíò, õàðàêòåðèçóþùèé ðàñïðåäåëåíèå
ïîð ïî ðàçìåðó.

Â ðåçóëüòàòå èñêðèâëåíèÿ ïîâåðõíîñòè æèäêîñòè, âûçâàííîãî äåéñòâèåì ñèë
ïîâåðõíîñòíîãî íàòÿæåíèÿ íà ãðàíèöå ðàçäåëà ñðåä, âîçíèêàåò ðàçíîñòü äàâëåíèé â
â ãàçå è æèäêîñòè, êîòîðàÿ íàçûâàåòñÿ êàïèëëÿðíûì äàâëåíèåì pc. Êàïèëëÿðíîå
äàâëåíèå ìîæåò áûòü ïðåäñòàâëåíî êàê ôóíêöèÿ êîýôôèöèåíòà íàñûùåííîñòè pñ =

,/1 θ−=−= e
dwa Sppp  ãäå pd – äàâëåíèå âûòåñíåíèÿ, êàïèëÿðíîå äàâëåíèå ïðè êî-

òîðîì ãàç ïîëíîñòüþ âûòåñíÿåò æèäêîñòü èç ïîð.

./1 θ−=−= e
dwac Spppp

2. Ïîñòàíîâêà êðàåâîé çàäà÷è â èçîáðàæåíèÿõ ïî Ëàïëàñó

Óðàâíåíèÿ äâèæåíèÿ ñòðîÿòñÿ îáúåäèíåíèåì îïðåäåëÿþùèõ ñîîòíîøåíèé ñ
ñîîòâåòñòâóþùèìè óðàâíåíèÿìè áàëàíñà êîëè÷åñòâà äâèæåíèÿ è óðàâíåíèÿìè áà-
ëàíñà ìàññû êàæäîé èç ôàç ñ ó÷åòîì êèíåìàòè÷åñêèõ óñëîâèé. Âèä óðàâíåíèé çàâè-
ñèò îò âûáîðà ñòåïåíåé ñâîáîäû. Â ñòàòüå [22] ïîêàçàíî, ÷òî íåèçâåñòíûõ ôóíêöèé
ïåðåìåùåíèÿ òâåðäîé ôàçû ui è ïîðîâûõ äàâëåíèé pw è pa äîñòàòî÷íî äëÿ ïîëíîãî
îïèñàíèÿ çàäà÷è ïîðîóïðóãîé äèíàìèêè. ×òîáû ïîëó÷èòü òàêóþ ôîðìóëèðîâêó, íå-
îáõîäèìî èñêëþ÷èòü îòíîñèòåëüíîå ñìåùåíèå ,f

iv  ïðåîáðàçîâàâ ñîîòíîøåíèå (1).
Ïîñêîëüêó â (1) âõîäÿò ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå ïî âðåìåíè îò ,f

iv  ýòî ïðåîá-
ðàçîâàíèå ïðîâîäèòñÿ äëÿ èçîáðàæåíèé ïî Ëàïëàñó ñ êîìïëåêñíîé ïåðåìåííîé s,
÷òî â îòñóòñòâèå îáúåìíûõ ñèë è èñòî÷íèêîâ òå÷åíèÿ ïîçâîëÿåò çàïèñàòü èòîãîâûå
óðàâíåíèÿ äâèæåíèÿ â âèäå:
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Çäåñü ââåäåíû îáîçíà÷åíèÿ:
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Óðàâíåíèÿ (2), äîïîëíåííûå ãðàíè÷íûìè óñëîâèÿìè âèäà

,,ˆ,ˆ,ˆ,~),( )( uaw
i Sppusx ∈== xυυυ (3)

),(ˆˆ,ˆˆ),ˆ,ˆ,ˆ(,~),( eff σ∈−σ=−−== Snvsqntqqts iiijiji
aw

i xttxt (4)

ãäå n – âåêòîð åäèíè÷íîé íîðìàëè ê ãðàíèöå îáëàñòè Ω; S u – ãðàíèöà Äèðèõëå è S σ –
ãðàíèöà Íåéìàíà, ïîëíîñòüþ îïèñûâàþò êðàåâóþ çàäà÷ó â èçîáðàæåíèÿõ òðåõìåð-
íîé èçîòðîïíîé äèíàìè÷åñêîé òåîðèè ïîðîóïðóãîñòè.

3. Ãðàíè÷íî-ýëåìåíòíàÿ äèñêðåòèçàöèÿ

Êðàåâàÿ çàäà÷à (2)–(4) ðåøàåòñÿ ìåòîäîì ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé
(ÃÈÓ) ïðÿìîãî ïîäõîäà. Ñîîòâåòñòâóþùèå ÃÈÓ äëÿ äèíàìè÷åñêîé ïîðîóïðóãîñòè
â îáëàñòè Ëàïëàñà ïîëó÷àþòñÿ íà îñíîâå òåîðåìû âçàèìíîñòè èëè ìåòîäà âçâåøåí-
íûõ íåâÿçîê. Ïîëó÷åíèå ÃÈÓ íà îñíîâå ìåòîäà âçâåøåííûõ íåâÿçîê èçëîæåíî â
[18], òàì æå ïðåäñòàâëåí ñïîñîá ïîëó÷åíèÿ ôóíäàìåíòàëüíûõ è ñèíãóëÿðíûõ ðå-
øåíèé.

ÃÈÓ ðåøàþòñÿ ìåòîäîì ãðàíè÷íûõ ýëåìåíòîâ. Äëÿ ââåäåíèÿ ãðàíè÷íî-ýëåìåíò-
íîé äèñêðåòèçàöèè èñïîëüçóåòñÿ ðåãóëÿðèçîâàííîå óðàâíåíèå [23]:

,,,0),(),,(),(),,(),(),,( )( 0 Ω∂=Γ∈=Γ−−∫
Γ

yxytyxUxυyxTyυyxT dssssss (5)

ãäå x, y – òî÷êè íàáëþäåíèÿ è èíòåãðèðîâàíèÿ ñîîòâåòñòâåííî, U è T – ôóíäàìåí-
òàëüíûå è ñèíãóëÿðíûå ðåøåíèÿ, T0 – ðåøåíèå, ñîäåðæàùåå îñîáåííîñòè.

Â ïðîöåññå äèñêðåòèçàöèè ïîâåðõíîñòü òåëà ïîêðûâàåòñÿ ñåòêîé èç M îáîá-
ùåííûõ ÷åòûðåõóãîëüíûõ âîñüìèóçëîâûõ ýëåìåíòîâ ñ îáùèì êîëè÷åñòâîì ãåîìåò-
ðè÷åñêèõ óçëîâ P. Êàæäûé ýëåìåíò Ek îòîáðàæàåòñÿ íà êîíòðîëüíûé ýëåìåíò â ëîêà-
ëüíûõ êîîðäèíàòàõ (ξ1, ξ2) ∈ (–1; 1)2 ñîãëàñíî ñîîòíîøåíèþ
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Äèñêðåòíûé àíàëîã ÃÈÓ (5) ñòðîèòñÿ ñ èñïîëüçîâàíèåì ìåòîäà êîëëîêàöèè. Â
êà÷åñòâå óçëîâ êîëëîêàöèè âûáèðàþòñÿ óçëû àïïðîêñèìàöèè èñõîäíûõ ãðàíè÷íûõ
ôóíêöèé. Â èòîãå ÃÈÓ ïîðîæäàåò ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:
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ãäå J – ÿêîáèàí ïðåîáðàçîâàíèé ëîêàëüíûõ êîîðäèíàò â ãëîáàëüíûå, I – åäèíè÷íàÿ
ìàòðèöà.

Ïîñòðîåíèå äèñêðåòíîãî àíàëîãà ñâîäèòñÿ ê ïðîáëåìå ÷èñëåííîãî èíòåãðèðî-
âàíèÿ, à çíà÷èò, ê âûáîðó êâàäðàòóðíîé ôîðìóëû, è ïðè íåîáõîäèìîñòè ê äîïîëíè-
òåëüíîìó ðàçáèåíèþ ýëåìåíòà íà ïîäýëåìåíòû, à òàêæå ê ñïîñîáó ðàñêðûòèÿ îñî-
áåííîñòåé [24]. Ïðè âû÷èñëåíèè íåðåãóëÿðíûõ èíòåãðàëîâ ãðàíè÷íûé ýëåìåíò ðàç-
áèâàåòñÿ íà äâà âûðîæäåííûõ ÷åòûðåõóãîëüíèêà, êîãäà òî÷êà êîëëîêàöèè ñîâïàäà-
åò ñ óçëîì èíòåðïîëÿöèè îáîáùåííûõ ãðàíè÷íûõ ïåðåìåùåíèé, è íà ÷åòûðå, êîãäà
òî÷êà êîëëîêàöèè ðàñïîëîæåíà â öåíòðå ýëåìåíòà. Ïðè ýòîì â èíòåãðàëàõ ñ îñîáåí-
íîñòüþ òèïà 1/r îñîáåííîñòü èñ÷åçàåò, à ñèíãóëÿðíûé èíòåãðàë ñ îñîáåííîñòüþ
1/r2 äîïóñêàåò ïðÿìîå âû÷èñëåíèå ñ ïîìîùüþ êâàäðàòóðíûõ ôîðìóë. Èíòåãðàëü-
íûå êîýôôèöèåíòû äèñêðåòíûõ àíàëîãîâ ÃÈÓ âû÷èñëÿþòñÿ ïðè ïîìîùè êâàäðà-
òóðíîé ôîðìóëû Ãàóññà. Ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
äàåò ðåøåíèå èñõîäíîé êðàåâîé çàäà÷è â èçîáðàæåíèÿõ ïî Ëàïëàñó.

4. Ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà

Ðåøåíèå âî âðåìåíè íà÷àëüíî-êðàåâîé çàäà÷è ïîëó÷àåòñÿ ñ ïîìîùüþ Convolution
Quadrature Method (CQM), ïðåäëîæåííîãî â ñòàòüÿõ [25, 26] äëÿ âû÷èñëåíèÿ èíòåã-
ðàëà ñâåðòêè. Åñëè èçâåñòåí âèä ñâîðà÷èâàåìûõ ôóíêöèé â ïðîñòðàíñòâå èçîáðà-
æåíèé ïî Ëàïëàñó, òî ìåòîä ìîæåò áûòü èñïîëüçîâàí äëÿ ÷èñëåííîãî íàõîæäåíèÿ
îáðàòíîãî ïðåîáðàçîâàíèÿ.

Â ñîîòâåòñòâèè ñ ìåòîäîì èíòåãðàë ñâåðòêè
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Ïðè âûâîäå ôîðìóë (6) è (7) èñïîëüçóþòñÿ àïïðîêñèìàöèÿ èíòåãðàëà ìåòîäîì



513

òðàïåöèé ñ øàãîì 2π/L è àïïðîêñèìàöèÿ ëèíåéíûì ìíîãîøàãîâûì ìåòîäîì ðåøå-
íèÿ çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà, âîçíèêàþ-
ùåé â ïðîöåññå ïðåîáðàçîâàíèÿ èíòåãðàëà ñâåðòêè, íà èíòåðâàëå (0; NΔt). Â ÷àñò-
íîñòè, ïðèìåíÿåòñÿ ìåòîä Ýéëåðà âòîðîãî ïîðÿäêà òî÷íîñòè ñ õàðàêòåðèñòè÷åñêîé
ôóíêöèåé γ(z) = 3/2 – 2z + 1/2z2, z ∈ C (C – ìíîæåñòâî êîìïëåêñíûõ ÷èñåë).

5. Ðåçóëüòàòû ìîäåëèðîâàíèÿ è àíàëèç

Ñ ïðèìåíåíèåì îïèñàííîé ìåòîäèêè è ðåàëèçîâàííîãî íà åå îñíîâå ïðîãðàì-
ìíîãî îáåñïå÷åíèÿ ðåøåíà çàäà÷à î äåéñòâèè íàãðóçêè  f0.H(t) ( f0 = 106 Í/ì2) âíóòðè
êóáè÷åñêîé ïîëîñòè ñ ðåáðîì l = 2 ì, ðàñïîëîæåííîé â ÷àñòè÷íî íàñûùåííîì ïîðî-
óïðóãîì ïîëóïðîñòðàíñòâå (ðèñ. 1).

Íàãðóçêà, ïðèëîæåííàÿ ê ïîâåðõíîñòè ïîëîñòè, ëèíåéíî íàðàñòàåò äî ìîìåíòà
âðåìåíè 0,01 ñ è äàëåå ïðèíèìàåò ïîñòîÿííîå çíà÷åíèå, ðàâíîå 104 Í/ì2. Íà ïîâåðõ-
íîñòè ïîëîñòè çàäàíû íóëåâûå ãðàíè÷íûå óñëîâèÿ äëÿ ïîòîêîâ íàïîëíèòåëåé. Ïî-
âåðõíîñòü ïîëóïðîñòðàíñòâà ïðîíèöàåìà è ñâîáîäíà îò íàãðóçêè. Ïàðàìåòðû ìàòå-
ðèàëà ïîðîóïðóãîãî ïîëóïðîñòðàíñòâà ïðèâåäåíû â òàáëèöå 1. Ðàññìîòðåíà èñòî-
ðèÿ èçìåíåíèÿ âî âðåìåíè íåèçâåñòíûõ ôóíêöèé ïðè ñëåäóþùèõ ïàðàìåòðàõ ìåòî-
äà CQM: R = 0,997, N = 500, Δt = 0,00008 ñ. Ïîñòðîåíû äèíàìè÷åñêèå îòêëèêè
ïåðåìåùåíèé è ïîðîâûõ äàâëåíèé â òî÷êàõ íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà íå-
ïîñðåäñòâåííî íàä ïîëîñòüþ è â öåíòðàëüíûõ òî÷êàõ ãðàíåé ïîëîñòè.

Òàáëèöà 1
Ïàðàìåòð Çíà÷åíèå

1 2
Ïîðèñòîñòü ϕ 0,23
Ïëîòíîñòü çåðåí ñêåëåòà ρs, êã/ì3 2650
Ïëîòíîñòü æèäêîñòè ρw, êã/ì3 997
Ïëîòíîñòü ãàçà ρa, êã/ì3 1,1
Îáúåìíûé ìîäóëü ïîðèñòîãî ìàòåðèàëà K, Í/ì2 1,02.109

Ìîäóëü ñäâèãà ïîðèñòîãî ìàòåðèàëà G, Í/ì2 1,44.109

Îáúåìíûé ìîäóëü çåðåí òâåðäîãî ñêåëåòà Ks, Í/ì2 3,5.1010

Îáúåìíûé ìîäóëü æèäêîñòè Kw, Í/ì2 2,25.109

Îáúåìíûé ìîäóëü ãàçà Ka, Í/ì2 1,1.105

Ðèñ. 1. Ñõåìà çàäà÷è
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Òàáëèöà 1 (ïðîäîëæåíèå)
1 2

Ïðîíèöàåìîñòü k, ì2 2,5.10–12

Âÿçêîñòü æèäêîñòè ηw, Í.ñ/ì2 1,0.10–3

Âÿçêîñòü ãàçà ηa, Í.ñ/ì2 1,8.10–5

Äàâëåíèå ãàçà, íåîáõîäèìîå äëÿ âûòåñíåíèÿ
æèäêîñòè èç ïîð pd, Í/ì2 5.104

Îñòàòî÷íàÿ íàñûùåííîñòü æèäêîñòè Srw 0
Îñòàòî÷íàÿ íàñûùåííîñòü ãàçà Sra 1
Êîýôôèöèåíò ðàñïðåäåëåíèÿ ðàçìåðà ïîð θ 1,5

5.1. Âëèÿíèå âåëè÷èíû çàãëóáëåíèÿ ïîëîñòè íà äèíàìè÷åñêèé îòêëèê. Âëèÿ-
íèå âåëè÷èíû çàãëóáëåíèÿ ïîëîñòè íà äèíàìè÷åñêèé îòêëèê ïðîàíàëèçèðîâàíî ïðè
çíà÷åíèÿõ ïàðàìåòðà d = 1; 2; 3; 4 ì. Êîýôôèöèåíò íàñûùåííîñòè ìàòåðèàëà Sw
ïðèíÿò ðàâíûì 0,9. Ðåçóëüòàòû ñîîòâåòñòâóþùèõ ÷èñëåííûõ ðàñ÷åòîâ ïðåäñòàâ-
ëåíû íà ðèñ. 2–7. Íà ðèñ. 2–5 ïîêàçàíû äèíàìè÷åñêèå îòêëèêè ïåðåìåùåíèÿ â òî÷-
êàõ A, B, C, D.

Ðèñ. 2. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u3 â òî÷êå À

0                 1                2                 3           t, 10–2 ñ
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Ðèñ. 3. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u3 â òî÷êå B
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Íà ðèñ. 2–5 âèäíî, ÷òî ïåðåìåùåíèÿ â òî÷êàõ A, B, C, D âîçðàñòàþò ñ óâåëè÷å-
íèåì íàãðóçêè è ïîñëå íåçíà÷èòåëüíîãî ñíèæåíèÿ ïðèíèìàþò ïîñòîÿííûå çíà÷å-
íèÿ. Ïðè ýòîì â òî÷êàõ A, B è C ïðè ìàëîé ãëóáèíå ïåðåìåùåíèÿ íàðàñòàþò áûñò-
ðåå è ïðèíèìàþò áîëüøåå çíà÷åíèå, ÷åì ïðè áîëüøåé ãëóáèíå. Êðîìå òîãî, âåðòè-
êàëüíûå ïåðåìåùåíèÿ â òî÷êå C ïðåâûøàþò ïî âåëè÷èíå ïåðåìåùåíèÿ â òî÷êàõ A
è B ïðè âñåõ çíà÷åíèÿõ d. Â òî÷êå D íàáëþäàåòñÿ îáðàòíàÿ òåíäåíöèÿ (ñì. ðèñ. 5):
ïðè ìåíüøåé ãëóáèíå ãîðèçîíòàëüíûå ïåðåìåùåíèÿ áûñòðåå äîñòèãàþò áîëüøåãî
çíà÷åíèÿ, ÷åì ïðè ìåíüøèõ ãëóáèíàõ, è ïðè d = 4 ì ñòàíîâÿòñÿ áëèçêèìè ïî âåëè-
÷èíå ê âåðòèêàëüíûì ïåðåìåùåíèÿì â òî÷êå C ïðè òîé æå ãëóáèíå.

Íà ðèñ. 6, 7 ïðåäñòàâëåíû äèíàìè÷åñêèå îòêëèêè ïîðîâîãî äàâëåíèÿ æèäêîñòè
â òî÷êàõ C è D ïðè çíà÷åíèÿõ d = 1 ì è d = 4  ì. Â îáîèõ ñëó÷àÿõ ïîðîâîå äàâëåíèå
äåìîíñòðèðóåò ñõîæåå ïîâåäåíèå âî âðåìåíè ñ ðàçëè÷èÿìè ïî âåëè÷èíå. Òàê, ïðè
d = 1 ì (ñì. ðèñ. 6) â òî÷êàõ C è D îíî ñ ïî÷òè îäèíàêîâîé ñêîðîñòüþ ðàñòåò äî
îòìåòêè 1,2.105 Í/ì2, ïîñëå ÷åãî â òî÷êå D ñíèæàåòñÿ, à â òî÷êå C ïðîäîëæàåò ðàñòè
äî îòìåòêè 2,4.105 Í/ì2. Äîñòèãíóâ ìàêñèìàëüíîãî çíà÷åíèÿ, äàâëåíèå â îáåèõ òî÷-
êàõ ñíèæàåòñÿ äî íóëÿ ïðàêòè÷åñêè â îäèí è òîò æå ìîìåíò âðåìåíè, ïîñëå ÷åãî
ïðèíèìàåò îòðèöàòåëüíûå çíà÷åíèÿ è ñíîâà âîçâðàùàåòñÿ ê íóëåâîìó çíà÷åíèþ,
ñîõðàíÿÿ åãî â îñòàâøååñÿ âðåìÿ.

Ðèñ. 4. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u3 â òî÷êå C
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Ðèñ. 5. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u1 â òî÷êå D
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Ïðè d = 4 ì (ñì. ðèñ. 7) äàâëåíèå â òî÷êàõ Ñ è D, êàê è â ïåðâîì ñëó÷àå, âîçðà-
ñòàåò äî íàèáîëüøåãî çíà÷åíèÿ ñ ïî÷òè ðàâíîé ñêîðîñòüþ, à çàòåì ñíèæàåòñÿ äî
íóëÿ. Îäíàêî çäåñü ñìåíà çíàêà äàâëåíèÿ â òî÷êå D ïðîèñõîäèò ïî÷òè â äâà ðàçà
áûñòðåå, ÷åì â òî÷êå Ñ. Ïðè ýòîì äàâëåíèå â òî÷êå D ïðèíèìàåò ìåíüøåå îòðèöà-
òåëüíîå çíà÷åíèå, ÷åì â òî÷êå Ñ, è íà ðàññìàòðèâàåìîì âðåìåííîì èíòåðâàëå íå
óñïåâàåò âûéòè íà ïîñòîÿííîå íóëåâîå çíà÷åíèå. Êðîìå òîãî, àìïëèòóäà äàâëåíèÿ
ïðè d = 4 ì ïðåâûøàåò àìïëèòóäó äàâëåíèÿ ïðè d = 1 ì â îáåèõ òî÷êàõ.

5.2. Âëèÿíèå âåëè÷èíû íàñûùåííîñòè íà äèíàìè÷åñêèé îòêëèê. Âëèÿíèå
êîýôôèöèåíòà íàñûùåííîñòè íà äèíàìè÷åñêèé îòêëèê ïðîàíàëèçèðîâàíî ïðè ÷å-
òûðåõ çíà÷åíèÿõ ïàðàìåòðà Sw = 0,5; 0,9; 0,95 è Sw = 1, ÷òî ñîîòâåòñòâóåò ïîëíîìó
íàñûùåíèþ ìàòåðèàëà. Ãëóáèíà ðàñïîëîæåíèÿ ïîëîñòè ïðèíÿòà ðàâíîé 2 ì. Ðåçóëü-
òàòû ñîîòâåòñòâóþùèõ ÷èñëåííûõ ðàñ÷åòîâ ïðåäñòàâëåíû íà ðèñ. 8–13.

Íà ðèñ. 8–11 âèäíî, ÷òî ïðè âñåõ ðàññìîòðåííûõ çíà÷åíèÿõ Sw õàðàêòåð èçìå-
íåíèÿ ïåðåìåùåíèé â òî÷êàõ A, B, C, D ñîîòâåòñòâóåò îïèñàííîìó ðàíåå. Îäíàêî
ïðè çíà÷åíèÿõ Sw = 0,5; 0,9; 0,95 êðèâûå ïåðåìåùåíèé ðàñïîëîæåíû áëèçêî äðóãó ê
äðóãó è ïðàêòè÷åñêè íåðàçëè÷èìû. Â ïðåäåëüíîì ñëó÷àå ïåðåìåùåíèÿ âîçðàñòàþò
ìåäëåííåå è ïðèíèìàþò ìåíüøåå çíà÷åíèå, ÷åì â ñëó÷àå ÷àñòè÷íîé íàñûùåííîñòè
ìàòåðèàëà.

Ðèñ. 7. Äèíàìè÷åñêèé îòêëèê ïîðîâîãî äàâëåíèÿ pw â òî÷êàõ C è D ïðè Sw = 0,9 è d = 4 ì
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Ðèñ. 6. Äèíàìè÷åñêèé îòêëèê ïîðîâîãî äàâëåíèÿ pw ñ òî÷êàõ C è D ïðè Sw = 0,9 è d = 1 ì

Òî÷êà D
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Ðèñ. 8. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u3 â òî÷êå À

Ðèñ. 9. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u3 â òî÷êå B

Ðèñ. 10. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u3 â òî÷êå C
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Ðèñ. 11. Äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ u1 â òî÷êå D

Ðèñ. 12. Äèíàìè÷åñêèé îòêëèê ïîðîâîãî äàâëåíèÿ  pw â òî÷êå C ïðè d = 2 ì

Ðèñ. 13. Äèíàìè÷åñêèé îòêëèê ïîðîâîãî äàâëåíèÿ pw â òî÷êå D ïðè d = 2 ì
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Íàèáîëåå îò÷åòëèâî âëèÿíèå âåëè÷èíû êîýôôèöèåíòà íàñûùåííîñòè ïðîÿâëÿ-
åòñÿ íà äèíàìè÷åñêîì îòêëèêå ïîðîâîãî äàâëåíèÿ (ñì. ðèñ. 12, 13).

Âèäíî, ÷òî ïðè çíà÷åíèÿõ Sw = 0,9; 0,95 ãðàôèêè äàâëåíèÿ àíàëîãè÷íû ïðåä-
ñòàâëåííûì ðàíåå. Ïðè Sw = 0,5 äàâëåíèå âîçðàñòàåò ìåäëåííåå è ñ ìåíüøåé àìïëè-
òóäîé, ÷åì â îñòàëüíûõ ñëó÷àÿõ, è ïðèíèìàåò òîëüêî ïîëîæèòåëüíûå çíà÷åíèÿ íà
ðàññìàòðèâàåìîì âðåìåííîì èíòåðâàëå. Â ïðåäåëüíîì ñëó÷àå äàâëåíèå ðàñòåò áû-
ñòðåå è ñ áîëüøåé àìïëèòóäîé, ÷åì â äðóãèõ ñëó÷àÿõ, è ïðèíèìàåò òîëüêî ïîëîæè-
òåëüíûå çíà÷åíèÿ. Ïðè ýòîì òàê æå, êàê è ïðè Sw = 0,9 è d = 2 ì, äàâëåíèå â òî÷êå C
ïðåâûøàåò ïî àìïëèòóäå äàâëåíèå â òî÷êå D.

Çàêëþ÷åíèå

Ñ ïðèìåíåíèåì ãðàíè÷íî-ýëåìåíòíîãî ïîäõîäà è àïïàðàòà ïðåîáðàçîâàíèÿ Ëàï-
ëàñà ïðîâåäåíî ÷èñëåííîå ïàðàìåòðè÷åñêîå èññëåäîâàíèå ðåøåíèÿ çàäà÷è î äåéñò-
âèè äèíàìè÷åñêîé íàãðóçêè âíóòðè êóáè÷åñêîé ïîëîñòè, ðàñïîëîæåííîé â ÷àñòè÷-
íî íàñûùåííîì ïîðîóïðóãîì ïîëóïðîñòðàíñòâå. Ïðîàíàëèçèðîâàíî âëèÿíèå âåëè-
÷èí êîýôôèöèåíòà íàñûùåííîñòè è ãëóáèíû ðàñïîëîæåíèÿ ïîëîñòè íà äèíàìè÷åñ-
êèå îòêëèêè ïåðåìåùåíèé è ïîðîâûõ äàâëåíèé â òî÷êàõ íà ïîâåðõíîñòÿõ ïîëóïðî-
ñòðàíñòâà è ïîëîñòè. Àíàëèç ðåçóëüòàòîâ ïîêàçàë:

– â òî÷êàõ íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà è íà âåðõíåé ãðàíè ïîëîñòè âåð-
òèêàëüíûå ïåðåìåùåíèÿ ðàñòóò áûñòðåå ñ óìåíüøåíèåì ãëóáèíû è ïðèíèìàþò áîëü-
øåå çíà÷åíèå. Ïðè ãëóáèíå 4 ì âåðòèêàëüíûå ïåðåìåùåíèÿ â îáåèõ òî÷êàõ íà ïî-
âåðõíîñòè ïîëóïðîñòðàíñòâà ïðèíèìàþò áëèçêèå çíà÷åíèÿ, à âåðòèêàëüíîå ïåðå-
ìåùåíèå â òî÷êå íà âåðõíåé ãðàíè ïîëîñòè ïðèíèìàåò çíà÷åíèå, áëèçêîå ê ãîðèçîí-
òàëüíîìó ïåðåìåùåíèþ â òî÷êå íà áîêîâîé ãðàíè, òî åñòü ïðè çíà÷åíèÿõ ñâûøå 4 ì
ãëóáèíà îêàçûâàåò ìåíüøåå âëèÿíèå íà äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèé íà ïî-
âåðõíîñòè ïîëîñòè;

– óâåëè÷åíèå ãëóáèíû ïðèâîäèò ê ðîñòó àìïëèòóäû ãîðèçîíòàëüíîãî ïåðåìå-
ùåíèÿ â òî÷êå íà áîêîâîé ãðàíè ïîëîñòè è ïî÷òè íå âëèÿåò íà õàðàêòåð ïîâåäåíèÿ è
àìïëèòóäó âåðòèêàëüíîãî ïåðåìåùåíèÿ â òî÷êå íà âåðõíåé ãðàíè, ÷òî ìîæåò áûòü
îáóñëîâëåíî îòíîñèòåëüíîé áëèçîñòüþ ïðîíèöàåìîé ãðàíèöû ïîëóïðîñòðàíñòâà;

– èçìåíåíèå âåëè÷èíû êîýôôèöèåíòà íàñûùåííîñòè îò 0,5 äî 0,95 ïðàêòè÷åñ-
êè íå âëèÿåò íà äèíàìè÷åñêèé îòêëèê ïåðåìåùåíèÿ, íî íàèáîëåå îò÷åòëèâî ïðîÿâ-
ëÿåòñÿ íà îòêëèêå ïîðîâîãî äàâëåíèÿ;

– èñïîëüçîâàíèå ìîäåëè ïîëíîñòüþ íàñûùåííîãî ìàòåðèàëà â äàííîé çàäà÷å
ïðèâîäèò ê çàíèæåííûì îöåíêàì ïåðåìåùåíèé è çàâûøåííûì îöåíêàì ïîðîâîãî
äàâëåíèÿ.
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NUMERICAL MODELLING OF DYNAMIC RESPONSE OF A PARTIALLY
SATURATED POROELASTIC HALF-SPACE IN CASE OF A LOAD ACTING

INSIDE A CUBIC CAVITY

Petrov A.N., Grigoryev M.V.

Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

Computer modeling based on the boundary element method is performed for the problem of loading
in terms of the Heaviside step function inside a cubic cavity located in a partially saturated poroelastic
half-space. A poroelastic medium is represented by a heterogeneous material-based model consisting
of an elastic matrix phase and two phases of fillers – liquid and gas filling the pore system. The
material model corresponds to a three-component medium. The constitutive relations of poroelastic
medium written in terms skeleton displacements and pore pressures of fillers are considered. The
original initial-boundary value problem is reduced to a boundary value problem by using the formal
application of the Laplace transform. The research technique is based on the direct approach
boundary integral equations of 3D isotropic linear theory of poroelasticity. Boundary integral
equations corresponding to the boundary value problem are solved by the boundary element method
in combination with the collocation method. In this study 8-noded elements have been adopted to
discretize the boundary of poroelastic half-space. It is assumed that the element is linear with
respect to displacements and pore pressures, while only one central node is used to represent
tractions and fluxes. Algorithms for eliminating singularities, decreasing the order and subdividing
elements are employed to compute the integral coefficients of a discrete analogue of the boundary
integral equation. Regular integrals are calculated using the Gauss quadrature formula. The solution
in time is obtained by numerical inversion of the Laplace transform. The numerical inversion
method relies on quadrature formulas for computing the convolution integral. The time dependences
of unknown displacement functions and pore pressures at points on the surface of the half-space
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and the cavity are plotted. The corresponding graphs are given. The influence of the cavity depth
and degree of saturation on dynamic responses is investigated. The solution obtained by using the
model of a fully saturated poroelastic material is compared to that of partially saturated poroelastic
material. It is noted that the model used for solving this problem leads to an underestimation of
displacement and overestimation of pore pressure estimates.

Keywords: partially saturated poroelastic media, half-space, embedded cavity, dynamic response,
BEM, Laplace transform.


