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Íà îñíîâå óòî÷íåííîé òåîðèè ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèÿ
íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ öèëèíäðè÷åñêèõ îáîëî÷åê ñ ó÷å-
òîì ïüåçîýëåêòðè÷åñêîãî ýôôåêòà. Èñêîìûå ïåðåìåùåíèÿ è ýëåêòðè÷åñêèå
ïîòåíöèàëû îáîëî÷êè àïïðîêñèìèðóþòñÿ ïîëèíîìàìè ïî íîðìàëüíîé êîîð-
äèíàòå íà äâå ñòåïåíè âûøå ïî îòíîøåíèþ ê êëàññè÷åñêîé òåîðèè òèïà Êèðõ-
ãîôà – Ëÿâà. Ïðè ïîñòðîåíèè òåîðèè â êà÷åñòâå óðàâíåíèé ýëåêòðîóïðóãîñò-
íîãî ñîñòîÿíèÿ îáîëî÷êè ïðèìåíÿþòñÿ óðàâíåíèÿ òåîðèè óïðóãîñòè è çàêîíû
ýëåêòðîñòàòèêè. Ñ ïîìîùüþ âàðèàöèîííîãî ïðèíöèïà Ëàãðàíæà ïîëó÷åíà
ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ â ïåðåìåùåíèÿõ è ïîòåí-
öèàëàõ ñ ñîîòâåòñòâóþùèìè ãðàíè÷íûìè óñëîâèÿìè. Òðèãîíîìåòðè÷åñêèå
ðÿäû Ôóðüå ïî îêðóæíîé êîîðäèíàòå èñïîëüçîâàíû äëÿ ïðèâåäåíèÿ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ê ñèñòåìå îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé. Ñôîðìóëèðîâàííàÿ êðàåâàÿ çàäà÷à ýëåêòðîóïðó-
ãîñòíîãî ñîñòîÿíèÿ îáîëî÷êè ðåøàåòñÿ îïåðàòîðíûì ìåòîäîì, îñíîâàííûì
íà ïðåîáðàçîâàíèè Ëàïëàñà. Ïîïåðå÷íûå íîðìàëüíûå è êàñàòåëüíûå íàïðÿ-
æåíèÿ îáîëî÷êè îïðåäåëÿþòñÿ ïðÿìûì èíòåãðèðîâàíèåì óðàâíåíèé ðàâíîâå-
ñèÿ òðåõìåðíîé òåîðèè óïðóãîñòè. Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàþòñÿ ðàñ-
÷åòû íàïðÿæåííîãî ñîñòîÿíèÿ öèëèíäðè÷åñêîé ïüåçîîáîëî÷êè ñ æåñòêî çàê-
ðåïëåííûìè êðàÿìè. Àíàëèçèðóþòñÿ äâà ñëó÷àÿ: îáîëî÷êà íàõîäèòñÿ ïîä äåé-
ñòâèåì ìåõàíè÷åñêèõ íàãðóçîê è ýëåêòðè÷åñêèõ ïîòåíöèàëîâ. Ïðîâåäåíî ñðàâ-
íåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ïî ïðåäëàãàåìîé òåîðèè, ñ äàííûìè, ñîîòâåò-
ñòâóþùèìè êëàññè÷åñêîé òåîðèè. Óñòàíîâëåíî, ÷òî âáëèçè æåñòêî çàêðåïëåí-
íîãî êðàÿ èìååò ìåñòî äîïîëíèòåëüíîå íàïðÿæåííîå ñîñòîÿíèå òèïà «ïîãðàí-
ñëîé», âåëè÷èíû êîòîðîãî ñîèçìåðèìû ñ íàïðÿæåíèÿìè, îïðåäåëÿåìûìè ïî
êëàññè÷åñêîé òåîðèè. Ýòî ïîçâîëèëî ïîäòâåðäèòü ïðàêòè÷åñêóþ öåííîñòü ðàç-
ðàáîòàííîé ìàòåìàòè÷åñêîé ìîäåëè è ñóùåñòâåííûé âêëàä â îáùåå íàïðÿ-
æåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ïðè àíàëèçå ïðî÷íîñòè è äîëãîâå÷íîñòè
öèëèíäðè÷åñêèõ îáîëî÷åê, ìîäåëèðóþùèõ ýëåìåíòû êîíñòðóêöèé ìàøèíî-
ñòðîåíèÿ ñ ó÷åòîì ïüåçîýëåêòðè÷åñêîãî ýôôåêòà.

Êëþ÷åâûå ñëîâà: öèëèíäðè÷åñêàÿ îáîëî÷êà, óòî÷íåííàÿ òåîðèÿ, ïüåçî-
ýëåêòðè÷åñêèé ýôôåêò, ýëåêòðîóïðóãîñòíîå ñîñòîÿíèå, âàðèàöèîííûé ïðèí-
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öèï Ëàãðàíæà, óðàâíåíèÿ òðåõìåðíîé òåîðèè óïðóãîñòè, òðèãîíîìåòðè÷åñ-
êèå ðÿäû, êðàåâàÿ çàäà÷à, ïðåîáðàçîâàíèå Ëàïëàñà, íàïðÿæåíèÿ òèïà «ïîãðàí-
ñëîé».

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ïüåçîìàòåðèàëû øèðîêî ïðèìåíÿþòñÿ â ðàçëè÷íûõ îòðàñ-
ëÿõ òåõíèêè [1]. Íàïðèìåð, â àâèàöèè ïüåçîìàòåðèàëû èñïîëüçóþòñÿ â êà÷åñòâå ñåí-
ñîðîâ è àêòþàòîðîâ â âèäå êîðïóñíûõ ýëåìåíòîâ êîíñòðóêöèé íà ëåòàòåëüíûõ àïïà-
ðàòàõ (ËÀ) [2, 3] äëÿ ïîâûøåíèÿ êà÷åñòâà àýðîäèíàìèêè è ýôôåêòèâíîãî óïðàâëå-
íèÿ èõ äåôîðìàöèÿìè. Îñíîâíûìè ðàñ÷åòíûìè ñõåìàìè óêàçàííûõ ýëåìåíòîâ êîí-
ñòðóêöèé ÿâëÿþòñÿ òîíêèå ïëàñòèíêè è îáîëî÷êè, íàõîäÿùèåñÿ ïîä äåéñòâèåì ðàç-
ëè÷íûõ íàãðóçîê. Ðàñ÷åòàì òîíêèõ ïëàñòèíîê, îáîëî÷åê (öèëèíäðè÷åñêèõ, ñôåðè-
÷åñêèõ, êîíè÷åñêèõ) ïîñòîÿííîé è ïåðåìåííîé òîëùèíû ïîñâÿùåíî ìíîãî ïóáëè-
êàöèé, â òîì ÷èñëå [4–6], â êîòîðûõ íå ó÷èòûâàåòñÿ âëèÿíèå ïüåçîýëåêòðè÷åñêîãî
ýôôåêòà â êðàåâîé çîíå íà èõ íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå (ÍÄÑ). Â
íàòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ ýëåêòðîóïðóãîñòíîå ñîñòîÿíèå àíèçîòðîïíûõ
öèëèíäðè÷åñêèõ îáîëî÷åê èç smart-ìàòåðèàëîâ, èçãîòîâëåííûõ ñ èñïîëüçîâàíèåì
ïüåçîýëåêòðèêîâ, ïîä äåéñòâèåì ïðîèçâîëüíûõ íàãðóçîê.

Â ìîíîãðàôèÿõ Ïàðòîíà [7], Óëèòêî [8], Tzou [9], îñíîâàííûõ íà êëàññè÷åñêîé
òåîðèè òèïà Êèðõãîôà – Ëÿâà [10, 11], ïîñòðîåíû êðàåâûå çàäà÷è òåîðèè òîíêèõ
ïëàñòèí è îáîëî÷åê ñ ó÷åòîì ïüåçîýôôåêòà ïóòåì ñîâìåñòíîãî ðåøåíèÿ îñíîâíûõ
óðàâíåíèé òåîðèè óïðóãîñòè è ýëåêòðîñòàòèêè Ìàêñâåëëà. Â [4, 5, 12] è äð. ïîêàçà-
íî, ÷òî ðàñ÷åòû ïî êëàññè÷åñêîé òåîðèè íå äàþò óäîâëåòâîðèòåëüíîãî ñîîòâåòñòâèÿ
ñ ïðàêòèêîé ïðè èññëåäîâàíèè ÍÄÑ îáîëî÷åê â óçêèõ êðàåâûõ çîíàõ åãî èñêàæåíèÿ
(íåïðåðûâíûå ñîåäèíåíèÿ, ñòûêè, äåéñòâèå ëîêàëüíûõ íàãðóçîê è äð.) âñëåäñòâèå
íàëè÷èÿ äîïîëíèòåëüíûõ íàïðÿæåíèé òèïà «ïîãðàíñëîé». Mindlin [13] è Ãîëüäåí-
âåéçåð [14] ðàçâèâàþò òåîðèþ ó÷åòà ñäâèãîâûõ äåôîðìàöèé. Reddy [15] ïðåäëîæèë
òåîðèè ñäâèãîâûõ äåôîðìàöèé ïåðâûõ, òðåòüèõ è âûñøèõ ïîðÿäêîâ (FSDT, TSDT è
HSDT) äëÿ èññëåäîâàíèè ÍÄÑ è ýëåêòðîìåõàíè÷åñêîãî ñîñòîÿíèÿ (ÝÌÑ) èçîòðîï-
íûõ è àíèçîòðîïíûõ ìàòåðèàëîâ ñ ó÷åòîì òåðìîìåõàíè÷åñêèõ íàãðóçîê è ìàãíèòî-
ýëåêòðè÷åñêîãî ýôôåêòà. Â [9, 16] ïðåäñòàâëåíû ÷èñëåííûå ìåòîäû, îñíîâàííûå íà
ìåòîäå êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ), è èçâåñòíûå ïðîãðàììíûå ïàêåòû, â òîì ÷èñëå
Ansys, Nastran è äð. äëÿ ìîäåëèðîâàíèÿ ÍÄÑ êîíñòðóêöèè íà ýëåêòðîííî-âû÷èñëè-
òåëüíûõ ìàøèíàõ (ÝÂÌ). Â ñòàòüÿõ [17–19] èñïîëüçóþòñÿ ìîäèôèêàöèè ìåòîäîâ
àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ äëÿ ðåøåíèÿ çàäà÷ ÝÌÑ ïëàñòèí è îáîëî÷åê.

Â íàñòîÿùåé ñòàòüå ïðåäñòàâëåíà óòî÷íåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ÍÄÑ öè-
ëèíäðè÷åñêèõ îáîëî÷åê ïîä äåéñòâèåì ïðîèçâîëüíûõ ìåõàíè÷åñêèõ è ýëåêòðè÷åñ-
êèõ íàãðóçîê ñ ó÷åòîì ïüåçîýôôåêòà, îñíîâàííàÿ íà âàðèàöèîííî-ïîëèíîìèàëüíîì
ìåòîäå [20]. Ïðåäëàãàåìàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, ïî ñðàâíåíèþ ñ êëàññè÷åñêîé
òåîðèåé, äàåò áîëåå äîñòîâåðíûå ðåçóëüòàòû, òàê êàê ïîçâîëÿåò ó÷åñòü â çîíå æåñò-
êî çàùåìëåííûõ êðàåâ îáîëî÷êè ÍÄÑ òèïà «ïîãðàíñëîé».

1. Ìàòåìàòè÷åñêàÿ ìîäåëü öèëèíäðè÷åñêîé îáîëî÷êè
ñ ó÷åòîì ïüåçîýëåêòðè÷åñêîãî ýôôåêòà

Óðàâíåíèÿ ñîñòîÿíèÿ ïüåçîìàòåðèàëîâ ïðè äåôîðìàöèè [7, 8] ñ ó÷åòîì ñîïðÿ-
æåííîãî ýëåêòðè÷åñêîãî ïîëÿ ìîæíî çàïèñàòü â âèäå:
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},{][}]{[}{ T EeC −ε=σ
(1)

},{][}]{[}{ T EeD μ+ε=

ãäå }{ ,,,,, ξθξθθξ τττσσσ=σ zzz  – âåêòîð íàïðÿæåíèÿ, }{ ,,,,, ξθξθθξ εεεεεε=ε zzz  –
âåêòîð äåôîðìàöèè, C – ñèììåòðè÷íàÿ ìàòðèöà êîýôôèöèåíòîâ ïîäàòëèâîñòè ïðè
ïîñòîÿííîì íóëåâîì ýëåêòðè÷åñêîì ïîëå, D = {Dξ, Dθ, Dz} – âåêòîð ýëåêòðè÷åñêîé
èíäóêöèè, E = {Eξ, Eθ, Ez} – âåêòîð íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ, e – ìàòðè-
öà ïüåçîýëåêòðè÷åñêèõ ïîñòîÿííûõ, μ – ñèììåòðè÷íàÿ ìàòðèöà äèýëåêòðè÷åñêèõ
ïðîíèöàåìîñòåé ïðè íóëåâîé äåôîðìàöèè.

Ðàññìàòðèâàåòñÿ öèëèíäðè÷åñêàÿ îáîëî÷êà èç ïüåçîìàòåðèàëà äëèíîé L, òîë-
ùèíîé 2h è ðàäèóñîì R (ðèñ. 1). Îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì âíåøíèõ ìåõà-
íè÷åñêèõ íàãðóçîê ,3,2,1),,(33 =θξ= ± iqq ii  íà ïîâåðõíîñòè Sq è ýëåêòðè÷åñêèõ
ïðîèçâîëüíûõ ïîòåíöèàëîâ ,3,2,1),,( =θξϕ=ϕ ± ii  íà áîêîâûõ ïîâåðõíîñòÿõ Sϕ îáî-
ëî÷êè ( hz ±= ).

Â ñîîòâåòñòâèè ñ [4, 5] ïåðåìåùåíèÿ öèëèíäðè÷åñêèõ îáîëî÷åê ïðåäñòàâëÿþò-
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Äëÿ îïèñàíèÿ ýëåêòðîìåõàíè÷åñêîãî ñîñòîÿíèÿ îáîëî÷êè ñ ó÷åòîì ïüåçîýôôåêòà
[9] èñïîëüçóåòñÿ ýíòàëüïèÿ
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Êîìïîíåíòû ÝÌÑ îáîëî÷êè âûðàæàþòñÿ ÷åðåç ýíòàëüïèþ ïî ôîðìóëàì

Ðèñ. 1. Öèëèíäðè÷åñêàÿ îáîëî÷êà
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Èç óðàâíåíèé ýëåêòðîñòàòèêè Ìàêñâåëëà ñëåäóåò, ÷òî âåêòîð íàïðÿæåííîñòè E
ìîæåò áûòü âûðàæåí ÷åðåç ïîòåíöèàë ϕ:
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ãäå A1 = R, A2 = 1 + z/R – ïàðàìåòðû Ëàìå öèëèíäðè÷åñêîé îáîëî÷êè.
Ýëåêòðè÷åñêèé ïîòåíöèàë ìîæíî ïðåäñòàâèòü â âèäå ïîëèíîìà ïî êîîðäèíàòå z:
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ãäå ϕ+ – ýëåêòðè÷åñêèé ïîòåíöèàë íà âåðõíåé, à ϕ– – íà íèæíåé ïîâåðõíîñòè îáî-
ëî÷êè.

Äëÿ ïîëó÷åíèÿ îñíîâíûõ óðàâíåíèé òåîðèè öèëèíäðè÷åñêèõ îáîëî÷åê ñ ó÷å-
òîì ïüåçîýëåêòðè÷åñêîãî ýôôåêòà èñïîëüçóåì âàðèàöèîííûé ïðèíöèï Ëàãðàíæà
[21] â âèäå
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Ïîäñòàâëÿÿ àïïðîêñèìàöèè (2) â ðàâåíñòâà (3) è (1), à çàòåì âíîñÿ ïîëó÷åííûå
âûðàæåíèÿ â (9), ïîñëå ìàòåìàòè÷åñêèõ ïðåîáðàçîâàíèé ïîëó÷èì ñèñòåìó óðàâíå-
íèé ðàâíîâåñèÿ òåîðèè öèëèíäðè÷åñêèõ îáîëî÷åê â ïåðåìåùåíèÿõ è ïîòåíöèàëàõ
ñ ó÷åòîì ïüåçîýëåêòðè÷åñêîãî ýôôåêòà:
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.)( 0=ϕ+ϕ+ −−++ KK (10)

Â óðàâíåíèÿõ (10) ÷åðåç Ki ñ âåðõíèìè è íèæíèìè èíäåêñàìè îáîçíà÷åíû êîýô-
ôèöèåíòû, çàâèñÿùèå îò ãåîìåòðè÷åñêèõ ïàðàìåòðîâ, óïðóãèõ è ïüåçîýëåêòðè÷åñ-
êèõ ñâîéñòâ ìàòåðèàëà îáîëî÷êè, êîòîðûå çäåñü íå ïðèâîäÿòñÿ ââèäó èõ ãðîìîçä-
êîñòè.

Ãðàíè÷íûå óñëîâèÿ íà æåñòêî çàùåìëåííûõ êðàÿõ öèëèíäðè÷åñêèõ îáîëî÷åê
ïðèíèìàþòñÿ â âèäå

).( 3,10,0 0 ==ϕ=== iwvu iii (11)

2. Ðåøåíèå ñôîðìóëèðîâàííîé êðàåâîé çàäà÷è

Ðåøåíèå êðàåâîé çàäà÷è (10) è (11) îñóùåñòâëÿåòñÿ ïðèâåäåíèåì ê ñèñòåìå îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Äëÿ ýòîãî èñïîëüçóþòñÿ ðàçëîæåíèÿ ïå-
ðåìåùåíèé, ýëåêòðè÷åñêèõ ïîòåíöèàëîâ è âíåøíèõ ýëåêòðîìåõàíè÷åêèõ íàãðóçîê,
äåéñòâóþùèõ íà îáîëî÷êó, â òðèãîíîìåòðè÷åñêèå ðÿäû ïî îêðóæíîé êîîðäèíàòå θ
ñëåäóþùåãî âèäà:
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Ïîäñòàâëÿÿ (12) â (10) è (11), íàõîäèì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé, ñîîòâåòñòâóþùèå ãðàíè÷íûå óñëîâèÿ â ïåðåìåùåíèÿõ è ïîòåíöèà-
ëàõ.

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ïðèâåäåì êðàåâóþ çàäà÷ó ê ëèíåéíûì àë-
ãåáðàè÷åñêèì óðàâíåíèÿì. Ðåøàÿ ýòó ñèñòåìó, ïîëó÷èì èñêîìûå ïåðåìåùåíèÿ è
ïîòåíöèàë. Äåôîðìàöèè îáîëî÷êè îïðåäåëÿþòñÿ ãåîìåòðè÷åñêèìè ñîîòíîøåíèÿ-
ìè (3), òàíãåíöèàëüíûå íàïðÿæåíèÿ íàõîäÿòñÿ èç îáîáùåííîãî çàêîíà ýëåêòðîóï-
ðóãîñòè (1). Ïîïåðå÷íûå íàïðÿæåíèÿ ïîëó÷àþòñÿ íåïîñðåäñòâåííûì èíòåãðèðîâà-
íèåì óðàâíåíèé ðàâíîâåñèÿ òðåõìåðíîé òåîðèè óïðóãîñòè.

3. Ïðèìåð ðàñ÷åòà

Ðàññìàòðèâàåòñÿ çàìêíóòàÿ êðóãîâàÿ öèëèíäðè÷åñêàÿ îáîëî÷êà, æåñòêî çàùåì-
ëåííàÿ ïî òîðöàì, èç ïüåçîìàòåðèàëà «Ïîëèâèíèëèäåíôòîðèä» (PVDF) ñî ñëåäóþ-
ùèìè ïàðàìåòðàìè: ðàäèóñ R = 1 ì, äëèíà L = 4R, ïîëóòîëùèíà h = R/100.
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Ýëåêòðîìåõàíè÷åcêèå õàðàêòåðèñòèêè îáîëî÷êè â ñîîòâåòñòâèè ñ [22]: ìîäóëü
Þíãà EÞ = 2,0 ÃÏà, êîýôôèöèåíò Ïóàññîíà η = 0,33. Ýëåêòðè÷åñêèå êîíñòàíòû:
e1 = –30,0.10–12 Êë/Í; e2 = 23,0.10–12 Êë/Í; e3 = 3,0.10–12 Êë/Í; e4 = e5 = 0. Äèýëåê-
òðè÷åñêèå ïðîíèöàåìîñòè: Ô/ì;103142,0 10

1
−⋅=μ  Ô/ì;103078,0 10

2
−⋅=μ  =μ3

Ô/ì.103078,0 10−⋅=  Ðåçóëüòàòû ðàñ÷åòà íàïðÿæåííîãî ñîñòîÿíèÿ îáîëî÷êè ïîêà-
çàíû íà ðèñ. 2–5. Çäåñü Class è NonCls îáîçíà÷àþò ðåçóëüòàòû ðàñ÷åòîâ ïî êëàññè-
÷åñêîé òåîðèè è ïî ïðåäëàãàåìîé óòî÷íåííîé òåîðèè.

Â êà÷åñòâå ïåðâîãî ïðèìåðà ðàññìîòðèì îáîëî÷êó, íàõîäÿùóþñÿ ïîä äåéñò-
âèåì ðàñïðåäåëåííîé ìåõàíè÷åñêîé íàãðóçêè íà âåðõíåé ïîâåðõíîñòè ïî çàêîíó

const.0033 ,5cos)(),( =θξ=θξ+ QQq  Ãðàôèêè íîðìàëüíûõ è êàñàòåëüíûõ íàïðÿæå-
íèé ïîêàçàíû íà ðèñ. 2à (ðàñïðåäåëåíèå ïî äëèíå â ñðåäèííîé ïîâåðõíîñòè îáî-
ëî÷êè) è ðèñ. 2á (ðàñïðåäåëåíèå ïî òîëùèíå â êðàåâîé çîíå îáîëî÷êè).

Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ ðàñïðåäåëåíèÿ íàïðÿæåíèé ïî äëèíå è ïî òîë-
ùèíå â êðàåâîé çîíå îáîëî÷êè ïîêàçûâàåò, ÷òî ïðè íåçíà÷èòåëüíîì óäàëåíèè îò åå
êðàåâ ïîïåðå÷íîå íîðìàëüíîå íàïðÿæåíèå σz, êàê è ñëåäîâàëî îæèäàòü â ñîîòâåò-
ñòâèè ñ êëàññè÷åñêîé òåîðèåé, ïðàêòè÷åñêè ðàâíî íóëþ (ðèñ. 2à) è èì ìîæíî ïðå-
íåáðå÷ü. Íî âáëèçè æåñòêî çàùåìëåííûõ êðàåâ (ðèñ. 2á) ïîïåðå÷íîå íàïðÿæåíèå σz
ñîñòàâëÿåò 46% îò ìàêñèìàëüíûõ íîðìàëüíûõ íàïðÿæåíèé σξ.

Â êà÷åñòâå âòîðîãî ïðèìåðà ðàññìîòðèì îáîëî÷êó, íàõîäÿùóþñÿ ïîä äåéñòâè-
åì ïî çàêîíó ϕ+(ξ, θ) = V0(ξ)cos 5θ, V0 = const, ýëåêòðè÷åñêîãî ïîòåíöèàëà íà âåðõ-
íåé ïîâåðõíîñòè. Íà ðèñ. 4à ïîêàçàíî ðàñïðåäåëåíèå ïî äëèíå â ñðåäèííîé ïîâåðõíî-
ñòè îáîëî÷êè, à íà ðèñ. 4á – ðàñïðåäåëåíèå ïî òîëùèíå â êðàåâîé çîíå îáîëî÷êè.

Ðèñ. 2. Ãðàôèêè íîðìàëüíûõ è êàñàòåëüíûõ íàïðÿæåíèé
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Íà ðèñ. 5 ïðåäñòàâëåíî ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòà ïðè äåéñòâèè ýëåêòðè-
÷åñêîãî ïîòåíöèàëà â ñðåäèííîé ïîâåðõíîñòè.

Â ýòîì ïðèìåðå, ïî àíàëîãèè ñ ïðåäûäóùèì (ñì. ðèñ. 2, 3), ïîïåðå÷íîå íîð-
ìàëüíîå íàïðÿæåíèå σz íà æåñòêî çàùåìëåííûõ êðàÿõ îáîëî÷êè (ñì. ðèñ. 4á), êîòî-
ðûì â êëàññè÷åñêîé òåîðèè ïðåíåáðåãàþò, ñîñòàâëÿåò ïðèìåðíî 50% îò ìàêñèìàëü-
íûõ íîðìàëüíûõ íàïðÿæåíèé σξ è ïðè óäàëåíèè îò êðàåâûõ çîí íà ðàññòîÿíèå ïî-
ðÿäêà åå òîëùèíû íàïðÿæåíèÿ òèïà «ïîãðàíñëîé» çàòóõàþò è ïî÷òè ðàâíû íóëþ
(ñì. ðèñ. 4à). Êðîìå òîãî, ðàñïðåäåëåíèÿ îñíîâíûõ íàïðÿæåíèé σξ è σθ âî âíóòðåí-
íåé îáëàñòè îáîëî÷êè â ñòàòüå ïî îáîèì âàðèàíòàì ïðè ñðàâíåíèè ñ êëàññè÷åñêîé
òåîðèåé (ñì. ðèñ. 3à,á è ðèñ. 5à,á) ïðàêòè÷åñêè ñîâïàäàþò, ÷òî ïîäòâåðæäàåò äîñòî-
âåðíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ.

Çàêëþ÷åíèå

Íà îñíîâàíèè óòî÷íåííîé òåîðèè ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü ÍÄÑ öè-
ëèíäðè÷åñêîé îáîëî÷êè, íàõîäÿùåéñÿ ïîä äåéñòâèåì ïðîèçâîëüíîé íàãðóçêè ñ ó÷å-
òîì ïüåçîýëåêòðè÷åñêîãî ýôôåêòà.

Ïðèâåäåíû ïðèìåðû ðàñ÷åòîâ íàïðÿæåííîãî ñîñòîÿíèÿ â êðàåâîé çîíå æåñòêî
çàùåìëåííîé öèëèíäðè÷åñêîé îáîëî÷êè. Ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷å-
òà íàïðÿæåííîãî ñîñòîÿíèÿ ïðè èñïîëüçîâàíèè óêàçàííîé ìîäåëè è êëàññè÷åñêîé
òåîðèè. Óñòàíîâëåíî, ÷òî âáëèçè æåñòêî çàùåìëåííîãî êðàÿ îáîëî÷êè èìåþò ìåñòî
ñóùåñòâåííûå äîïîëíèòåëüíûå íàïðÿæåíèÿ òèïà «ïîãðàíñëîé», îñîáåííî â ÷àñòè
ïîïåðå÷íûõ íîðìàëüíûõ íàïðÿæåíèé, êîòîðûå íåîáõîäèìî ó÷èòûâàòü äëÿ ïîâû-

Ðèñ. 4. Ãðàôèêè íîðìàëüíûõ è êàñàòåëüíûõ íàïðÿæåíèé
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øåíèÿ äîñòîâåðíîñòè ðàñ÷åòîâ íà ïðî÷íîñòü è äîëãîâå÷íîñòü êîíñòðóêöèé, ñîäåð-
æàùèõ íåïðåðûâíûå ñîåäèíåíèÿ.
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STRESSED STATE IN EDGE ZONE OF CYLINDRICAL SHELLS BASED
ON A NON-CLASSIC THEORY WITH THE PIEZOELECTRIC EFFECT

Firsanov Val.V.1, Nguyen L.H.1,2

1Moscow Aviation Institute (National Research University), Moscow, Russian Federation
2Le Quy Don Technical University, Hanoi, Vietnam

Based on the refined theory in this paper presents the stress-strain state of cylindrical shells taking
into account the piezoelectric effect. The mechanical displacements and electrical potentials of the
shell are approximated by polynomials in the normal coordinate two degrees higher in relation to
the classical theory of the Kirchhoff-Love type. The equations of the theory of elasticity and the
laws of electrostatics are used to obtain model of electroelasticity behavior. By using Lagrange
variational principle a system of differential equations of equilibrium  in displacements and potentials
with boundary conditions is derived. Trigonometric Fourier series in the circumferential coordinate
is used to reduce partial differential equations system to ordinary differential equations. The
formulated boundary value problem of the electroelastic state of the shell is solved by an operator
method based on the Laplace transform. Transverse normal and tangential stresses of the linear
equilibrium equation of the three-dimensional theory of elasticity.
Examples of calculating the stress state of a cylindrical piezoelectric shell with clamped support
are provided. Two cases are analyzed: the shell is under the influence of mechanical loads and
electrical potentials. A comparison of the results obtained according to the proposed theory and the
classical theory is carried out. It has been established that there is an additional stress state of the
"boundary layer" type. It allows to confirm the practical value of the developed mathematical
model and a significant contribution to the general stress-strain state with the strength and durability
of cylindrical shells modeled elements of mechanical engineering structures taking into account
the piezoelectric effect.

Keywords: cylindrical shell, variational Lagrange principle, piezoelectric effect, electromechanical
state, non-classical theory, edge zone, stress of the “boundary layer” type, electroelasticity.


