
399

ÓÄÊ 539.3 DOI: 10.32326/1814-9146-2020-82-4-399-412

ÏÑÅÂÄÎÒÅÍÇÎÐÍÀß ÔÎÐÌÓËÈÐÎÂÊÀ
ÌÅÕÀÍÈÊÈ ÃÅÌÈÒÐÎÏÍÛÕ ÌÈÊÐÎÏÎËßÐÍÛÕ ÑÐÅÄ*

© 2020 ã. Ðàäàåâ Þ.Í., Ìóðàøêèí Å.Â.

Èíñòèòóò ïðîáëåì ìåõàíèêè èì. A.Þ. Èøëèíñêoãî PÀÍ,
Ìîñêâà, Ðîññèéñêàÿ Ôåäåðàöèÿ

radayev@ipmnet.ru, evmurashkin@gmail.com

Ïîñòóïèëà â ðåäàêöèþ 23.10.2020

Ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ îòíîñèòåëüíûõ òåíçîðîâ â
ìåõàíèêå ìèêðîïîëÿðíîãî êîíòèíóóìà, â ÷àñòíîñòè ãåìèòðîïíûõ ìèêðîïî-
ëÿðíûõ òåë. Ââîäÿòñÿ ôóíäàìåíòàëüíûå òåíçîðû è îðèåíòèðóþùèå îòíîñè-
òåëüíûå ñêàëÿðû â òðåõìåðíîì ïðîñòðàíñòâå. Èññëåäóþòñÿ ñèìâîëû ïåðåñòà-
íîâîê è àáñîëþòíûå òåíçîðû Ëåâè-×èâèòû. Îáñóæäàþòñÿ ñâîéñòâà îòíîñè-
òåëüíûõ òåíçîðîâ. Ïðèâîäèòñÿ îáùàÿ ôîðìà êîâàðèàíòíîãî äèôôåðåíöèðî-
âàíèÿ îòíîñèòåëüíîãî òåíçîðà è åå êîíêðåòíûå ïðåäñòàâëåíèÿ äëÿ òåíçîðîâ
ðàíãîâ, íàèáîëåå ÷àñòî èñïîëüçóåìûõ â ïðèêëàäíûõ çàäà÷àõ. Óêàçàíû âåñà
îñíîâíûõ êèíåìàòè÷åñêèõ òåíçîðîâ. Èç âåêòîðîâ ìèêðîïîâîðîòà è ïåðåìå-
ùåíèé ñòðîÿòñÿ òåíçîð èçãèáà-êðó÷åíèÿ è «ïîëíûé» àñèììåòðè÷íûé òåíçîð
äåôîðìàöèé. Ïîëó÷åíû ðåçóëüòàòû, êàñàþùèåñÿ ïîíÿòèé âåêòîðà ïîâåðõíîñò-
íûõ ñèë è ìîìåíòîâ, àññîöèèðîâàííîãî âåêòîðà ñèëîâûõ è ìîìåíòíûõ íàïðÿ-
æåíèé, òåíçîðà ñèëîâûõ è ìîìåíòíûõ íàïðÿæåíèé. Îïðåäåëÿþòñÿ âåñà ñèëî-
âûõ è ìîìåíòíûõ õàðàêòåðèñòèê ìèêðîïîëÿðíîãî êîíòèíóóìà. Ââîäèòñÿ îï-
ðåäåëÿþùàÿ ôîðìà ãåìèòðîïíîãî ìèêðîïîëÿðíîãî óïðóãîãî ïîòåíöèàëà, êî-
òîðàÿ ïðåäñòàâëÿåò ñîáîé àáñîëþòíûé ñêàëÿð. Â ëèíåéíîì ñëó÷àå óïðóãèé
ïîòåíöèàë ïðåäñòàâëÿåò ñîáîé êâàäðàòè÷íóþ ôîðìó, êîýôôèöèåíòû êîòîðîé
ÿâëÿþòñÿ ïñåâäîñêàëÿðàìè. Íàéäåíû âåñà îïðåäåëÿþùèõ ïñåâäîñêàëÿðîâ.
Âûäåëåíû áåçðàçìåðíûå îïðåäåëÿþùèå ìèêðîïîëÿðíûå êîíñòàíòû è îïðåäå-
ëÿþùèå êîíñòàíòû, èìåþùèå ôèçè÷åñêóþ ðàçìåðíîñòü. Ïðèâîäÿòñÿ óðàâíå-
íèÿ äâèæåíèÿ ìèêðîïîëÿðíîãî êîíòèíóóìà â òåðìèíàõ îòíîñèòåëüíûõ òåíçî-
ðîâ. Îáñóæäàþòñÿ âàðèàíòû äèíàìè÷åñêèõ óðàâíåíèé ìèêðîïîëÿðíîãî ãåìè-
òðîïíîãî êîíòèíóóìà â çàâèñèìîñòè îò âûáîðà ñèñòåìû êîîðäèíàò. Âûâîäèò-
ñÿ êîíå÷íàÿ ôîðìà äèíàìè÷åñêèõ óðàâíåíèé äëÿ ïåðåìåùåíèé è ìèêðîâðà-
ùåíèé â ñëó÷àå ïîëóèçîòðîïíîé (ãåìèòðîïíîé) ñèììåòðèè â ëåâîîðèåíòèðî-
âàííîé äåêàðòîâîé ñèñòåìå êîîðäèíàò. Ñîçäàí ñâîä îñíîâíûõ ôîðìóë è ïîíÿ-
òèé, êàñàþùèõñÿ àëãåáðû è äèôôåðåíöèðîâàíèÿ îòíîñèòåëüíûõ òåíçîðîâ ïðî-
èçâîëüíîãî ðàíãà.

Êëþ÷åâûå ñëîâà: îòíîñèòåëüíûé òåíçîð, îðèåíòèðóþùèé ïñåâäîñêàëÿð,
ìèêðîïîâîðîò, ïåðåìåùåíèå, ìèêðîïîëÿðíûé ãåìèòðîïíûé êîíòèíóóì.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 82, ¹ 4, 2020 ã.

* Âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ (¹ ãîñðåãèñòðàöèè ÀÀÀÀ-À20-
120011690132-4) è ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû ¹¹ 18-01-00844, 20-01-00666).



400

Ââåäåíèå

Êëàññè÷åñêèå òåîðèè ìåõàíèêè ñïëîøíûõ ñðåä îêàçûâàþòñÿ íåïðèåìëåìûìè
äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïîâåäåíèÿ ñîâðåìåííûõ ìàòåðèàëîâ (íàïðè-
ìåð, óïðóãèõ ìåòàìàòåðèàëîâ èëè áèîìàòåðèàëîâ, òàêèõ êàê ãðóíòû, çåðíèñòûå óïðó-
ãèå ñðåäû, èäåàëüíî ïëàñòè÷åñêèå äèëàòèðóþùèå ìàòåðèàëû, âîëîêíèñòûå ìàòå-
ðèàëû, ñîòîâûå ñòðóêòóðû, àðìèðîâàííûå êîìïîçèòíûå ìàòåðèàëû, êîñòè, ñîñóäû,
ìûøöû è äðóãèå áèîëîãè÷åñêèå òêàíè). Òåîðèÿ ìèêðîïîëÿðíûõ êîíòèíóóìîâ – àê-
òèâíî ðàçâèâàþùàÿñÿ îáëàñòü ñîâðåìåííîé ìåõàíèêè ñïëîøíûõ ñðåä [1–8]. Â îá-
ùåì ñëó÷àå ìèêðîïîëÿðíîé àíèçîòðîïèè óïðóãèé ìàòåðèàë îïðåäåëÿåòñÿ 171 ìà-
òåðèàëüíîé êîíñòàíòîé, ÷òî ÷ðåçâû÷àéíî óñëîæíÿåò àíàëèç óðàâíåíèé ïðè ðåøå-
íèè ïðèêëàäíûõ çàäà÷. Èçîòðîïíîå öåíòðàëüíî-ñèììåòðè÷íîå ìèêðîïîëÿðíîå óïðó-
ãîå òåëî çàäàåòñÿ øåñòüþ îïðåäåëÿþùèìè êîíñòàíòàìè. Ãåìèòðîïíîå (ïîëóèçî-
òðîïíîå) ìèêðîïîëÿðíîå óïðóãîå òåëî ìîæåò áûòü êëàññèôèöèðîâàíî òàê æå, êàê
èçîòðîïíîå íåöåíòðàëüíî-ñèììåòðè÷íîå, çàäàâàåìîå äåâÿòüþ îïðåäåëÿþùèìè êîí-
ñòàíòàìè. Â ïîñëåäíåì ñëó÷àå ìàòåðèàëüíûé òåíçîð îïðåäåëÿþùèõ êîíñòàíò èíâà-
ðèàíòåí îòíîñèòåëüíî ïðîñòðàíñòâåííûõ ïîâîðîòîâ îðòîãîíàëüíîãî êîîðäèíàòíî-
ãî ðåïåðà, íî îí îêàçûâàåòñÿ ÷óâñòâèòåëüíûì (sensible) ê çåðêàëüíûì îòðàæåíèÿì
è èíâåðñèÿì òðåõìåðíîãî ïðîñòðàíñòâà. Âîëíîâûå ïðîöåññû â ãåìèòðîïíûõ ñðå-
äàõ ðàñïîçíàþòñÿ ðàñïðîñòðàíåíèåì ñâÿçàííûõ âîëí ìèêðîâðàùåíèé è ïåðåìåùå-
íèé ñ îäíîâðåìåííûì íàëè÷èåì çåðêàëüíûõ âîëíîâûõ ìîä, ÷òî îáúÿñíÿåòñÿ ÷óâ-
ñòâèòåëüíîñòüþ äèôôåðåíöèàëüíûõ óðàâíåíèé ãåìèòðîïíîé óïðóãîñòè ê ïðåîáðà-
çîâàíèÿì çåðêàëüíîãî îòðàæåíèÿ.

Àíàëèç ëèòåðàòóðíûõ èñòî÷íèêîâ [1–8] óêàçûâàåò íà îòñóòñòâèå ôîðìóëèðîâîê
òåîðèè ãåìèòðîïíûõ ìèêðîïîëÿðíûõ òåë â òåðìèíàõ îòíîñèòåëüíûõ òåíçîðîâ
(relative tensors), çàêîí ïðåîáðàçîâàíèÿ êîòîðûõ ÷óâñòâèòåëåí ê ïðåîáðàçîâàíèÿì
çåðêàëüíîãî îòðàæåíèÿ è èíâåðñèÿì òðåõìåðíîãî ïðîñòðàíñòâà. Îòíîñèòåëüíûå
òåíçîðû ïðèìåíÿþòñÿ â ìåõàíèêå óïðóãèõ ìèêðîïîëÿðíûõ ñðåä. Â ÷àñòíîñòè, òàêî-
âûìè ÿâëÿþòñÿ: âåêòîð ìèêðîïîâîðîòà, òåíçîð èçãèáà-êðó÷åíèÿ, âåêòîð è òåíçîð
ìîìåíòíûõ íàïðÿæåíèé, êîýôôèöèåíò ìèêðîèíåðöèè, ðàñïðåäåëåíèå îáúåìíûõ
ìîìåíòîâ. Îáçîð ëèòåðàòóðíûõ èñòî÷íèêîâ ïîêàçûâàåò, ÷òî èñïîëüçîâàíèå îòíîñè-
òåëüíûõ òåíçîðîâ â òåîðèÿõ êîíòèíóàëüíîé ìåõàíèêè âñòðå÷àåòñÿ ðåäêî, íåñìîòðÿ
íà õîðîøî ðàçâèòûé ìàòåìàòè÷åñêèé àïïàðàò (àëãåáðó, òåîðèþ èíâàðèàíòîâ è äèô-
ôåðåíöèðîâàíèå îòíîñèòåëüíûõ òåíçîðîâ) [9–19]. Ôîðìóëèðîâêà óðàâíåíèé ìèêðî-
ïîëÿðíîé òåîðèè óïðóãîñòè â òåðìèíàõ îòíîñèòåëüíûõ òåíçîðîâ èëè ïñåâäîòåíçî-
ðîâ (pseudotensors) ïîçâîëÿåò áîëåå ãëóáîêî ïîíÿòü ôèçè÷åñêóþ è ãåîìåòðè÷åñêóþ
ïðèðîäó òåõ èëè èíûõ ôèçè÷åñêèõ ïîëåé.

Ôèçè÷åñêè ïðèåìëåìûå ìàòåìàòè÷åñêèå ìîäåëè ïîëó÷àþòñÿ â ðåçóëüòàòå èñ-
ïîëüçîâàíèÿ òåîðåòèêî-ïîëåâîãî ôîðìàëèçìà [9–11], à ãåîìåòðè÷åñêóþ êîððåêòíîñòü
îáåñïå÷èâàåò àïïàðàò âåêòîðíîãî àíàëèçà è òåíçîðíîãî èñ÷èñëåíèÿ [12–14]. Òàêîé
ïîäõîä õîðîøî çàðåêîìåíäîâàë ñåáÿ â ñîâðåìåííîé êîíòèíóàëüíîé ìåõàíèêå è ôè-
çèêå [15, 16]. Áîëåå òîãî, ïîñëåäîâàòåëüíîå ïðèìåíåíèå ñðåäñòâ òåíçîðíîãî èñ÷èñ-
ëåíèÿ ñóùåñòâåííî óïðîùàåò ìàòåìàòè÷åñêèå ïðåäñòàâëåíèÿ ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé, ôèçè÷åñêèõ çàêîíîâ èëè ãåîìåòðè÷åñêèõ ñâîéñòâ, à òàêæå ïî-
çâîëÿåò ïðîñòûì ñïîñîáîì êîíñòðóèðîâàòü ôóíêöèè (óïðóãóþ ýíåðãèþ, ãðàíè÷íûå
óñëîâèÿ â ìåõàíèêå ðàñòóùèõ òåë), àðãóìåíòàìè êîòîðûõ ÿâëÿþòñÿ àëãåáðàè÷åñêèå
èíâàðèàíòû [17].
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1. Îòíîñèòåëüíûå òåíçîðû (ïñåâäîòåíçîðû)
â òðåõìåðíîì ïðîñòðàíñòâå

Âûáåðåì â òðåõìåðíîì ïðîñòðàíñòâå ñèñòåìó êîîðäèíàò xk (k = 1, 2, 3). Ìåòðè-
êà ïðîñòðàíñòâà çàäàåòñÿ êâàäðàòîì ëèíåéíîãî ýëåìåíòà äëèíû ñîãëàñíî

,2 ji
ij dxdxgds = (1)

ãäå gij – êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà. Êîìïîíåíòû ôóíäàìåíòàëüíîãî òåíçî-
ðà ñâÿçàíû ñ ìåòðè÷åñêèì òåíçîðîì ñîîòíîøåíèåì

.i
kij

ij gg δ= (2)

È ìåòðè÷åñêèé, è ôóíäàìåíòàëüíûé òåíçîðû ÿâëÿþòñÿ àáñîëþòíûìè (èñòèííûìè)
òåíçîðàìè. Òî æå ñàìîå îòíîñèòñÿ ê ñèìâîëó Êðîíåêåðà .i

kδ
Êâàäðàòè÷íàÿ ôîðìà (1) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, îòêóäà ñëåäóåò

íåðàâåíñòâî

.0det >= ijgg (3)

Ââåäåì â ðàññìîòðåíèå ëîêàëüíûå áàçèñíûå òðèýäðû, ñâÿçàííûå ñ âûáðàííîé êî-
îðäèíàòíîé ñèñòåìîé â òðåõìåðíîì ïðîñòðàíñòâå: )3,2,1( =s

s
ι  – ëîêàëüíûé êîâà-

ðèàíòíûé áàçèñ; )3,2,1( =s
s
ι  – ëîêàëüíûé êîíòðàâàðèàíòíûé (âçàèìíûé) áàçèñ.

Áàçèñíûå âåêòîðû è âçàèìíûå áàçèñíûå âåêòîðû óäîâëåòâîðÿþò ñîîòíîøåíèþ

).3,2,1;3,2,1( ==δ=⋅ sk
k

s

k

s
ιι

Áàçèñíûå íàïðàâëåíèÿ è ðàçëè÷íûå ñïîñîáû èõ íóìåðàöèè ÿâëÿþòñÿ ôóíäàìåí-
òàëüíûìè ïîíÿòèÿìè â òåîðèè îòíîñèòåëüíûõ òåíçîðîâ.

Ñ îðèåíòàöèåé ëîêàëüíûõ áàçèñîâ ñâÿçàí ôóíäàìåíòàëüíûé îáúåêò òåíçîðíîé
àëãåáðû è ìíîãîìåðíîé ãåîìåòðèè – ñèìâîëû ïåðåñòàíîâîê [12, 18], êîòîðûå íå
ÿâëÿþòñÿ àáñîëþòíûì òåíçîðàìè è îïðåäåëÿþòñÿ ñîãëàñíî ñîîòíîøåíèÿì:

⎪⎩

⎪
⎨

⎧
−
+

=∋=∋
ñëó÷àÿõ.îñòàëüíûõ âñåõ  âî0

1
1

3), 1, (2, 2), 3, (1, 1), 2, (3,òðîåêäëÿ
2), 1, (3, 1), 3, (2, 3), 2, (1,òðîåêäëÿ

ijk
ijk (4)

Ñèìâîëû ïåðåñòàíîâîê ijk∋ è 
ijk∋  ÿâëÿþòñÿ îòíîñèòåëüíûìè êîâàðèàíòíûìè òåí-

çîðàìè (ïñåâäîòåíçîðàìè) âåñà –1 (w.g.t. = –1) è îäíîâðåìåííî – îòíîñèòåëüíûìè
êîíòðàâàðèàíòíûìè òåíçîðàìè âåñà +1 (w.g.t. = +1), ïîýòîìó óäîáíî ââåñòè äëÿ íèõ

ñëåäóþùèå îáîçíà÷åíèÿ: .
1][1][ +−
∋∋ ijkijk

Äàëåå ñâåðõó êîðíåâîãî ñèìâîëà îòíîñèòåëüíîãî òåíçîðà â êâàäðàòíûõ ñêîáêàõ
áóäåì îòìå÷àòü åãî âåñ. Íóëåâîé âåñ, ïðèñóùèé àáñîëþòíûì òåíçîðàì, íå îòðàæà-
åòñÿ â îáîçíà÷åíèÿõ.

Ââåäåì â ðàññìîòðåíèå îðèåíòèðóþùèé òðåõìåðíîå ïðîñòðàíñòâî ïñåâäîñêà-
ëÿð (îòíîñèòåëüíûé ñêàëÿð âåñà +1 (w.g.t. = +1)), îáðàçîâàííûé ïîñëåäîâàòåëüíûì
ïðèìåíåíèåì îïåðàöèé ñêàëÿðíîãî è âåêòîðíîãî ïðîèçâåäåíèÿ (òðîéíîãî ïðîèçâå-
äåíèÿ) ê áàçèñíûì âåêòîðàì:

,)(
321

]1[
ιιι ×⋅==

+
ee (5)

,

,

, .
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 è îòíîñèòåëüíûé ñêàëÿð îòðèöàòåëüíîãî âåñà –1 (w.g.t. = –1):

).(1 321]1[
1

ιιι ×⋅==
−

−
e

e
(6)

Îáðàòèì âíèìàíèå, ÷òî ïñåâäîñêàëÿð (5) ñ òî÷íîñòüþ äî çíàêà ñîâïàäàåò ñ îáúå-
ìîì ïàðàëëåëåïèïåäà, ïîñòðîåííîãî íà âåêòîðàõ .

s
ι  Ïîä÷åðêíåì, ÷òî e > 0 äëÿ ïðà-

âîîðèåíòèðîâàííîé êîîðäèíàòíîé ñèñòåìû, e < 0 äëÿ ëåâîîðèåíòèðîâàííîé êîîð-
äèíàòíîé ñèñòåìû. Îðèåíòèðóþùèé ïðîñòðàíñòâî ïñåâäîñêàëÿð ïîçâîëÿåò îñóùå-
ñòâèòü ïåðåõîä îò îòíîñèòåëüíûõ òåíçîðîâ ê àáñîëþòíûì. Ìîæíî âèäåòü, ÷òî

e2 = g,

îòêóäà ñëåäóåò, ÷òî g ÿâëÿåòñÿ ïñåâäîñêàëÿðîì âåñà +2, òî åñòü

,
]2[+

= gg
è, êðîìå òîãî,

.|| ge =
Äàëåå ó ôóíäàìåíòàëüíûõ ñèìâîëîâ, òàêèõ êàê e è g, óêàçàíèå íà èõ âåñ áóäåì
îïóñêàòü.

Èñòèííûå (àáñîëþòíûå) e-òåíçîðû [14] (òåíçîðû ïåðåñòàíîâîê, òåíçîðû Ëåâè-
×èâèòû, äèñêðèìèíàíòíûå òåíçîðû) eijk, eijk ìîæíî âû÷èñëèòü ñîãëàñíî ñîîòíîøå-
íèÿì:

,,
]1[1]1[]1[]1[ +−−−+

∋⋅=∋⋅= ijkijk
ijkijk eeee (7)

òî åñòü

⎪
⎪
⎩

⎪⎪
⎨

⎧

<∋−

>∋+
=

⎪⎩

⎪
⎨
⎧

<∋−

>∋+
= +

−

+

−

.0,
||

1

,0,
||

1

,0,||

,0,||

åñëè

åñëè

åñëè

åñëè
1][

1][

1][

1][

e
e

e
ee

ee

ee
e

sld

sld
skl

sld

sld
skl

Êðîìå òîãî, î÷åâèäíî, ÷òî

,
l

sklks
e ιιι =×

,
l

skl
ks

e ιιι =×
(8)

,)(
lksskle ιιι ×⋅=

.)(
lks

skle ιιι ×⋅=

2. Îïðåäåëåíèå è ôîðìóëà êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ
îòíîñèòåëüíîãî òåíçîðà

Ñâåäåíèÿ, êàñàþùèåñÿ ñèìâîëîâ ïåðåñòàíîâîê è ïñåâäîòåíçîðîâ, èìåþòñÿ âî ìíî-
ãèõ ðóêîâîäñòâàõ ïî ìíîãîìåðíîé ãåîìåòðèè [20, 21] è òåíçîðíîìó àíàëèçó [12–14,
17]. Â îáùåì ñëó÷àå îïðåäåëåíèå îòíîñèòåëüíîãî òåíçîðà âåñà W òàêîâî [17, 19]:
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,...
...

...
... ))...()()()...()(( spq

cab
c

k
b

j
a

i
n

s
m

q
l

p
Wnlm

kij TxxxxxxJT ∂∂∂∂∂∂= (9)

ãäå

.,),det( pppp
i

j xx
xJ

∂
∂

=∂
∂
∂

=∂∂=

Çäåñü ÷åðòà ñâåðõó óêàçûâàåò íà çíà÷åíèå âåëè÷èíû â íîâîé ñèñòåìå êîîðäèíàò 
kx

(k = 1, 2, 3), J – ÿêîáèàí ïðåîáðàçîâàíèÿ1.
Ïðåîáðàçîâàíèå îòíîñèòåëüíîãî òåíçîðà (9) ÿâëÿåòñÿ ëèíåéíûì è îäíîðîäíûì.

Ýòî îçíà÷àåò íåèçìåííîñòü íóëåâîãî òåíçîðà ïðè èçìåíåíèè ñèñòåìû êîîðäèíàò.
Èç ýòîãî óòâåðæäåíèÿ ñëåäóåò, ÷òî äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïîëó÷åííûå â
òåðìèíàõ îòíîñèòåëüíûõ òåíçîðîâ, ñïðàâåäëèâûå â îäíîé ñèñòåìå êîîðäèíàò, îñòà-
þòñÿ âåðíûìè è â ëþáîé äðóãîé ñèñòåìå êîîðäèíàò. Ïðè ýòîì âåñà îòíîñèòåëüíûõ
òåíçîðîâ â ðàçëè÷íûõ ÷àñòÿõ èññëåäóåìûõ óðàâíåíèé äîëæíû ñîâïàäàòü.

Êðîìå òîãî, äëÿ îòíîñèòåëüíûõ òåíçîðîâ ñïðàâåäëèâû ñëåäóþùèå óòâåðæäå-
íèÿ:

1) îòíîñèòåëüíûå òåíçîðû îäèíàêîâîé âàëåíòíîñòè è âåñà ìîæíî ñóììèðîâàòü,
â ðåçóëüòàòå ïîëó÷àåòñÿ îòíîñèòåëüíûé òåíçîð òîé æå âàëåíòíîñòè è âåñà, ÷òî è
ñëàãàåìûå;

2) ðåçóëüòàòîì òåíçîðíîãî ïðîèçâåäåíèÿ îòíîñèòåëüíûõ òåíçîðîâ ÿâëÿåòñÿ îò-
íîñèòåëüíûé òåíçîð ñ âåñîì, ðàâíûì ñóììå âåñîâ òåíçîðîâ, âõîäÿùèõ â ïðîèçâåäå-
íèå;

3) îïåðàöèÿ ñâåðòêè îòíîñèòåëüíîãî òåíçîðà íå ìåíÿåò âåñà îòíîñèòåëüíîãî
òåíçîðà.

×òîáû îòëè÷àòü èñòèííûå òåíçîðû îò îòíîñèòåëüíûõ òåíçîðîâ, äëÿ ïåðâûõ ÷à-
ñòî ïðèìåíÿåòñÿ òåðìèí «àáñîëþòíûé òåíçîð».

Êîâàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíîãî òåíçîðà 
nlm

kijT ...
...  âåñà W âû÷èñëÿåòñÿ

ïî àíàëîãèè ñ ñîîòâåòñòâóþùåé îïåðàöèåé äëÿ îáû÷íûõ òåíçîðîâ [13, 14, 19]:

−Γ++Γ+∂=∇ s
ip

W
slm

kij
l
sp

W
nsm

kij

W
nlm

kijp

W
nlm

kijp TTTT
][

...
...

][
...

...

][
...

...

][
...

... ...

....
][

...
...

][
...

...

][
...

...
l
sp

W
nlm

kij

W
nlm

sij
l
sp

W
nlm

ksj
l
sp TWTT Γ−Γ−−Γ− (10)

Âûïèøåì ôîðìóëó (10) äëÿ êîíêðåòíûõ ñëó÷àåâ:
– êîâàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíîãî ñêàëÿðà âåñà W:

;
][][][

s
sp

WW

p

W

p TWTT Γ−∂=∇ (11)

– êîâàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíîãî êîíòðàâàðèàíòíîãî âåêòîðà âåñà W:

;
][][][][

s
sp

W
kk

sp

W
s

W
k

p

W
k

p TWTTT Γ−Γ−∂=∇ (12)

– êîâàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíîãî òåíçîðà êîíòðàâàðèàíòíîé âàëåí-
òíîñòè 2 âåñà W:

;
][][][][][

s
sp

W
jii

sp

W
jsj

sp

W
si

W
ji

p

W
ji

p TWTTTT Γ−Γ+Γ+∂=∇ (13)

1Â ñîâðåìåííîé íàó÷íîé ëèòåðàòóðå èìååòñÿ íåñêîëüêî ðàçëè÷íûõ îïðåäåëåíèé îòíî-
ñèòåëüíûõ òåíçîðîâ. Îáçîð ëèòåðàòóðû ïîêàçûâàåò, ÷òî èõ íàñ÷èòûâàåòñÿ êàê ìèíèìóì
òðè [10].
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– êîâàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíîãî òåíçîðà êîíòðàâàðèàíòíîé âàëåí-
òíîñòè 1 êîâàðèàíòíîé âàëåíòíîñòè 1 âåñà W:

.
][][][][][

s
sp

W
j

i
j

sp

W
s

i
s

ip

W
j

s

W
j

ip

W
j

ip TWTTTT Γ−Γ+Γ−∂=∇ (14)

3. Êèíåìàòèêà ìèêðîïîëÿðíîãî êîíòèíóóìà

Êèíåìàòèêà ìèêðîïîëÿðíûõ êîíòèíóóìîâ îïðåäåëÿåòñÿ ìèêðîïîâîðîòàìè è
òðàíñëÿöèîííûìè ïåðåìåùåíèÿìè ýëåìåíòàðíîãî îáúåìà [22–24]. Ïåðâîíà÷àëüíûå
õàðàêòåðèñòèêè òåëà â ìèêðîïîëÿðíîé òåîðèè óïðóãîñòè – ìàññîâàÿ ïëîòíîñòü ρ è

êîýôôèöèåíò ìèêðîèíåðöèè .
]2[−

ℑ  Âåñ êîýôôèöèåíòà ìèêðîèíåðöèè 

]2[−
ℑ  ìîæíî

âû÷èñëèòü, âîñïîëüçîâàâøèñü îïðåäåëåíèåì òåíçîðà èíåðöèè, èçâåñòíûì èç êóðñà
àíàëèòè÷åñêîé ìåõàíèêè [25].

Ïëîòíîñòü, ìèêðîèíåðöèÿ è âñå îñòàëüíûå âåëè÷èíû, èñïîëüçóåìûå â ìèêðî-
ïîëÿðíîé òåîðèè óïðóãîñòè, îòíåñåíû ê èíâàðèàíòíîìó ýëåìåíòó îáúåìà:

,
]1[−

τ= eddV
ãäå

321
]1[

dxdxdxd =τ
−

– åñòåñòâåííûé ýëåìåíò îáúåìà îòðèöàòåëüíîãî âåñà –1. Åñòåñòâåííûé ýëåìåíò îáúå-
ìà øèðîêî èñïîëüçóåòñÿ â ìåõàíèêå è ôèçèêå â ñëó÷àå òåîðåòèêî-ïîëåâûõ ôîðìó-
ëèðîâîê [9–11].

Èçâåñòíî, ÷òî ìàëûé ïîâîðîò â òðåõìåðíîì ïðîñòðàíñòâå ïðåäñòàâëÿåòñÿ àáñî-
ëþòíûì àíòèñèììåòðè÷íûì òåíçîðîì âòîðîãî ðàíãà – òåíçîðîì ìèêðîïîâîðîòà
(microrotation tensor) Ωik (w.g.t. = 0):

.][ikik Ω=Ω (15)

Çäåñü êâàäðàòíûå ñêîáêè îáîçíà÷àþò îïåðàöèþ àëüòåðíèðîâàíèÿ ïî çàêëþ÷åííûì
â íèõ èíäåêñàì. Ñ àíòèñèììåòðè÷íûì òåíçîðîì Ωik ñâÿçûâàåòñÿ îòíîñèòåëüíûé âåê-

òîð (micropolar microrotation vector) 
]1[+

φ  (w.g.t. = +1):

.
2
1 1][

l
]1[

kl
iki Ω∋=φ
++

(16)

Òåíçîð Ωik ìîæåò áûòü âûðàæåí ÷åðåç âåêòîð :
]1[+

φi

.
]1[]1[ +−

φ∋=Ω j
kljkl (17)

Òàêèì îáðàçîì, îñíîâíûìè êèíåìàòè÷åñêèìè ïåðåìåííûìè ìèêðîïîëÿðíîé òåî-

ðèè ÿâëÿþòñÿ àáñîëþòíûé âåêòîð uk è îòíîñèòåëüíûé âåêòîð .
]1[+

φi
 Êàðòèíà äåôîð-

ìàöèè ìèêðîïîëÿðíîãî êîíòèíóóìà ëó÷øå âñåãî îïèñûâàåòñÿ âåêòîðîì îòíîñèòåëü-
íîãî ìèêðîâðàùåíèÿ (relative microrotation vector) ϕi (w.g.t. = +1):

.
2
1 ]1[]1[]1[

lk
iklii u∇∋−φ=ϕ

−++

(18)
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«×èñòàÿ» äåôîðìàöèÿ ïðè ýòîì õàðàêòåðèçóåòñÿ àáñîëþòíûì ñèììåòðè÷íûì òåí-
çîðîì ìàëûõ äåôîðìàöèé

),(
2
1

)()( ijjijiij uuu ∇+∇=∇=ε (19)

ãäå êðóãëûå ñêîáêè îáîçíà÷àþò ñèììåòðèçàöèþ ïî çàêëþ÷åííûì â íèõ èíäåêñàì.
Òåíçîð ε(ij) – òåíçîð ìàëûõ äåôîðìàöèé, èçâåñòíûé èç êëàññè÷åñêèõ òåîðèé ìåõàíè-
êè äåôîðìèðóåìûõ òåë.

Íàêîíåö, ïîëå ìèêðîïîâîðîòîâ 

]1[+

φi
 ïîðîæäàåò åùå îäèí òåíçîð (òåíçîð èçãèáà-

êðó÷åíèÿ, wryness tensor), õàðàêòåðèçóþùèé äåôîðìàöèþ èçãèáà-êðó÷åíèÿ:

.
]1[1][ ++

φ∇=κ s
i

s
i (20)

Îïðåäåëèì òàêæå âåêòîð κi (w.g.t. = 0), ñîïóòñòâóþùèé àíòèñèììåòðè÷íîé ÷àñòè

òåíçîðà èçãèáà-êðó÷åíèÿ 

1][+

κs
i  (w.g.t. = +1):

.
2
1 ]1[

][
]1[ −−
κ∋=κ js

ijsi (21)

Â áîëüøèíñòâå èññëåäîâàíèé ïî òåîðèè àñèììåòðè÷íîé óïðóãîñòè ââîäèòñÿ
«ïîëíûé» àñèììåòðè÷íûé òåíçîð äåôîðìàöèè εij (w.g.t. = 0). Îí êîíñòðóèðóåòñÿ èç
ñèììåòðè÷íîãî òåíçîðà äåôîðìàöèè (19) è àíòèñèììåòðè÷íîãî òåíçîðà

]1[]1[

][

+−
ϕ∋−=∋ k

ijkij (22)

ïðîñòûì ñëîæåíèåì òåíçîðîâ (19) è (22):

.][)( ijijij ∋+∋=∋ (23)

Ìîæíî ïîêàçàòü, ÷òî «ïîëíûé» àñèììåòðè÷íûé òåíçîð äåôîðìàöèè âû÷èñëÿåòñÿ
ïî ôîðìóëå

.
]1[]1[ +−

φ∋−∇=∋ k
ijkjiij u (24)

4. Äèíàìè÷åñêèå óðàâíåíèÿ ìèêðîïîëÿðíîãî êîíòèíóóìà

Âåêòîð ñèëîâûõ íàïðÿæåíèé (force traction vector) è âåêòîð ìîìåíòíûõ íàïðÿ-
æåíèé (couple traction vector) ÿâëÿþòñÿ áàçîâûìè ïîíÿòèÿìè ìèêðîïîëÿðíîé ìåõà-
íèêè è ñâÿçûâàþòñÿ ñ òåíçîðîì ñèëîâûõ íàïðÿæåíèé σ ik è òåíçîðîì ìîìåíòíûõ

íàïðÿæåíèé 
]1[−

μi
k ñîãëàñíî ñîîòíîøåíèÿì Êîøè

,ik
i

k nt σ= (25)

.
]1[]1[ −−

μ= i
kik nm (26)

Î÷åâèäíî, ÷òî òåíçîð ñèëîâûõ íàïðÿæåíèé σik ÿâëÿåòñÿ àáñîëþòíûì òåíçîðîì âòîðî-

ãî ðàíãà, à òåíçîð ìîìåíòíûõ íàïðÿæåíèé 
]1[−

μi
k – îòíîñèòåëüíûì òåíçîðîì âåñà –1.

Ñ ó÷åòîì óêàçàííîãî îáñòîÿòåëüñòâà äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ
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ìèêðîïîëÿðíîãî êîíòèíóóìà â òåðìèíàõ îòíîñèòåëüíûõ òåíçîðîâ ìîæíî âûïèñàòü
â ôîðìå [22–24]:

,kkik
i vX ∂ρ+−=σ∇ (27)

,2
]1[]2[]1[]1[]1[ +−−−−

φ∂ℑ+−τ−μ∇ k
kk

i
ki Y (28)

ãäå ρ – ìàññîâàÿ ïëîòíîñòü, vk – êîìïîíåíòû âåêòîðà ñêîðîñòè, Xk – îáúåìíûå ñèëû,

Yk (w.g.t. = –1) – îáúåìíûå ìîìåíòû, 
]1[−

τk  (w.g.t. = –1)) – àññîöèèðîâàííûé âåêòîð
ñèëîâûõ íàïðÿæåíèé, ñâÿçàííûé ñ àíòèñèììåòðè÷íîé ÷àñòüþ òåíçîðà ñèëîâûõ íà-
ïðÿæåíèé σ[ik] ñîîòíîøåíèåì

.
]1[1][

][
−+

τ∋−=σ j
ikjik (29)

Àíàëîãè÷íî îïðåäåëÿåòñÿ àññîöèèðîâàííûé âåêòîð ìîìåíòíûõ íàïðÿæåíèé

.
1][]1[

][
j

isjis μ∋−=μ−
−−

(30)

Çàïèøåì êîâàðèàíòíûå ïðîèçâîäíûå â (27) è (28), ñëåäóÿ (15), (16):

,kkk
si

isi
si

skik
i vX ∂ρ+−=Γσ+Γσ+σ∂ (31)

.2
]1[]2[]1[]1[]1[]1[]1[]1[ +−−−−−−−

φ∂ℑ+−=τ−Γμ+Γμ−Γμ+μ∂ k
kk

s
si

i
k

s
ki

i
s

i
si

s
k

i
ki Y (32)

Äëÿ ïîñòàíîâêè êðàåâûõ çàäà÷ òåîðèè ìîìåíòíîé óïðóãîñòè íåîáõîäèìî çà-
äàòü ñèëû t k è ìîìåíòû mk, äåéñòâóþùèå íà âíåøíåé ïîâåðõíîñòè äåôîðìèðóåìî-
ãî òåëà.

Ïîëó÷åííûå óðàâíåíèÿ (31), (32) â ñîâîêóïíîñòè ñ êðàåâûìè óñëîâèÿìè (25),
(26) äàþò îáùóþ ïîñòàíîâêó êðàåâîé çàäà÷è òåîðèè ìèêðîïîëÿðíîé óïðóãîñòè â
ïðîèçâîëüíîé êðèâîëèíåéíîé ñèñòåìå êîîðäèíàò.

5. Ãåìèòðîïíîå ìèêðîïîëÿðíîå òåëî

Ââåäåì ìèêðîïîëÿðíûé óïðóãèé ïîòåíöèàë U  ñ ñîîòâåòñòâóþùèìè àðãóìåí-
òàìè

.,,( )
1][1][

)(
)( i

iij
ij κϕκ∋=

++

UU (33)

 Îí ïðåäñòàâëÿåò ñîáîé àáñîëþòíûé ñêàëÿð, âàðèàöèÿ êîòîðîãî âû÷èñëÿåòñÿ ñî-
ãëàñíî
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Ïðèíöèï âèðòóàëüíîé ðàáîòû, ÿâëÿþùèéñÿ ñëåäñòâèåì ïðèíöèïà âèðòóàëüíûõ
ïåðåìåùåíèé è êîòîðûé ìîæåò áûòü ïîëîæåí â îñíîâó ìîäåëèðîâàíèÿ ìåõàíè÷åñ-
êîãî ïîâåäåíèÿ ìèêðîïîëÿðíûõ ñðåä, èìååò âèä [24]:
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ϕδ+δ=δU (35)

Â òîì ñëó÷àå, êîãäà ïîòåíöèàë U  èíâàðèàíòåí îòíîñèòåëüíî ãåìèòðîïíîé ãðóï-
ïû, îí ïðåäñòàâëÿåòñÿ â ôîðìå
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ãäå ñèìâîëû 
i
A  (i = 1, …, 9) ñ ñîîòâåòñòâóþùèìè âåñàìè – îïðåäåëÿþùèå ïñåâäî-

ñêàëÿðû. Òîãäà îïðåäåëÿþùèå óðàâíåíèÿ ïîëó÷àþòñÿ â âèäå:
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Âìåñòî äåâÿòè îïðåäåëÿþùèõ ïñåâäîñêàëÿðîâ ,
i
A  ïîÿâëÿþùèõñÿ â âûðàæåíèè

äëÿ óïðóãîãî ïîòåíöèàëà (36), óäîáíåå ââåñòè äðóãèå îïðåäåëÿþùèå ïñåâäîîáúåêòû:
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÷òîáû â èòîãå ïðèøëîñü èìåòü äåëî ñ äâóìÿ ðàçìåðíûìè è ñåìüþ áåçðàçìåðíûìè
ïàðàìåòðàìè: G – ìîäóëü ñäâèãà (èìååò ðàçìåðíîñòü ñèëîâûõ íàïðÿæåíèé); ν –

êîýôôèöèåíò Ïóàññîíà (íå èìååò ôèçè÷åñêîé ðàçìåðíîñòè); 
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cc  c3, c4, c5, c6 – íå èìåþùèå ôèçè÷åñêîé ðàçìåð-

íîñòè ïñåâäîñêàëÿðû.
Â ðåçóëüòàòå âìåñòî óðàâíåíèé (37) ïðèõîäèì ê îïðåäåëÿþùèì óðàâíåíèÿì
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Âûáåðåì ñèñòåìó êîîðäèíàò, ïîä÷èíèâ åå óñëîâèþ
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Â òðåõìåðíîì ïðîñòðàíñòâå òàêèõ ñèñòåì ñóùåñòâóåò áåñêîíå÷íî ìíîãî, íà-
ïðèìåð äåêàðòîâû ëåâî- è ïðàâîîðèåíòèðîâàííûå ñèñòåìû êîîðäèíàò. Äëÿ òàêèõ
ñèñòåì êîîðäèíàò îñîáåííî ïðîñòî ïîëó÷àþòñÿ óðàâíåíèÿ äâèæåíèÿ â ïåðåìåùå-
íèÿõ è ìèêðîâðàùåíèÿõ, ïîñêîëüêó
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ãäå «+» ñîîòâåòñòâóåò ïðàâîîðèåíòèðîâàííîé ñèñòåìå êîîðäèíàò, à çíàê «–» – ëåâî-
îðèåíòèðîâàííîé.

Çàêëþ÷åíèå

Ðàçâèòà ëèíåéíàÿ ìèêðîïîëÿðíàÿ òåîðèÿ óïðóãîñòè â òåðìèíàõ îòíîñèòåëüíûõ
òåíçîðîâ. Òàêîé ïîäõîä ÿâëÿåòñÿ â íåêîòîðîì ñìûñëå áîëåå ôóíäàìåíòàëüíûì, ïî-
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ñêîëüêó ñ åãî ïîìîùüþ ìîæíî âñåãäà ïåðåéòè ê ôîðìóëèðîâêàì â òåðìèíàõ àáñî-
ëþòíûõ òåíçîðîâ.

Çàìåòèì, ÷òî ôóíäàìåíòàëüíûå óðàâíåíèÿ (45) â ëåâîîðèåíòèðîâàííîé äåêàð-
òîâîé ñèñòåìå êîîðäèíàò ïðèîáðåòàþò âèä:
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Ïðîâåäåíî îáñóæäåíèå ôóíäàìåíòàëüíûõ òåíçîðîâ, õàðàêòåðèçóþùèõ ìåòðè-
÷åñêèå è îðèåíòàöèîííûå ñâîéñòâà òðåõìåðíîãî ïðîñòðàíñòâà. Äàíî ïðåäñòàâëå-
íèå î ôóíäàìåíòàëüíîì îðèåíòèðóþùåì ïñåâäîñêàëÿðå.

Ïðèâåäåíû îñíîâíûå ôîðìóëû è ïîíÿòèÿ, êàñàþùèåñÿ àëãåáðû è äèôôåðåíöè-
ðîâàíèÿ îòíîñèòåëüíûõ òåíçîðîâ ïðîèçâîëüíîãî ðàíãà. Óñòàíîâëåíà ïðîöåäóðà ïå-
ðåõîäà îò îòíîñèòåëüíûõ òåíçîðîâ ê àáñîëþòíûì, õàðàêòåðíàÿ äëÿ ìèêðîïîëÿðíûõ
òåîðèé.

Àïïàðàò îòíîñèòåëüíûõ òåíçîðîâ ïðèìåíåí ê èññëåäîâàíèþ êèíåìàòèêè è äè-
íàìèêè ìèêðîïîëÿðíîãî êîíòèíóóìà. Óêàçàíû âåñà îñíîâíûõ îòíîñèòåëüíûõ òåí-
çîðîâ ìèêðîïîëÿðíîé òåîðèè óïðóãîñòè.

Ïðåäëîæåíà ôîðìà óïðóãîãî ïîòåíöèàëà äëÿ ëèíåéíîé ãåìèòðîïíîé ìèêðî-
ïîëÿðíîé ñðåäû â òåðìèíàõ îòíîñèòåëüíûõ îïðåäåëÿþùèõ òåíçîðîâ è îïðåäåëÿþ-
ùèõ ïñåâäîñêàëÿðîâ.

Ïîëó÷åíà êîíå÷íàÿ ôîðìà äèíàìè÷åñêèõ óðàâíåíèé â ïåðåìåùåíèÿõ è ìèêðî-
âðàùåíèÿõ ñ ó÷åòîì èõ ïñåâäîòåíçîðíîãî õàðàêòåðà. Èññëåäîâàíèå îãðàíè÷åíî ãåìè-
òðîïòíûìè ñðåäàìè.
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PSEUDOTENSOR FORMULATION
OF THE MECHANICS OF HEMITROPIC MICROPOLAR MEDIA

Radayev Yu.N., Murashkin E.V.

Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Moscow, Russian Federation

The possibility of applications of relative tensors concepts to the mechanics of micropolar continuum
and, in particular, for the hemitropic micropolar continua is considered. The fundamental tensors
and orienting relative scalars in three-dimensional space are introduced. Permutation symbols and
absolute Levi-Civita tensors are investigated in further details. Algebraic and differential properties
of the relative tensors are discussed. The weights of the fundamental kinematic tensors are
determined. The wryness tensor and the asymmetric strain tensor are constructed in terms of the
vectors of micro-rotation and displacements. Notions of force and couple traction vectors, associated
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force and associated couple stress vector, force and couple stresses tensors are discussed in the
frameworks of relative tensors algebra. The weights of the basic micropolar elasticity tensors are
determined and discussed. The constitutive form of the micropolar elastic potential is introduced
as an absolute scalar in order to obtain micropolar constitutive equations. In the linear case, the
elastic potential is a quadratic form whose coefficients are pseudoscalars. The weights of the
constitutive pseudoscalars are calculated. The dimensionless constitutive micropolar constants and
constitutive constants with physical dimensions are discriminated. Statics and dynamics of
micropolar elastic continua are developed in terms of relative tensors. Dynamic equations involving
displacements and microrotations in the case of semi-isotropic (hemitropic) symmetry are derived
and represented by the pseudotensor technique. The paper can be considered as a script of
fundamental formulas and concepts related to the algebra and differentiation of relative tensors of
arbitrary rank.

Keywords: relative tensor, orienting pseudoscalar, microrotation, displacement, micropolar
hemitropic continuum.


