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Èññëåäóåòñÿ ðàñïðîñòðàíåíèå âîëí â ïîðîâÿçêîóïðóãîì ìàòåðèàëå. Â êà-
÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ïîëíîñòüþ íàñûùåííîé ïîðîóïðóãîé ñðåäû
ðàññìàòðèâàåòñÿ ìîäåëü Áèî ñ ÷åòûðüìÿ áàçîâûìè ôóíêöèÿìè – ïîðîâûì
äàâëåíèåì è ïåðåìåùåíèÿìè ñêåëåòà. Ìîäåëü Áèî äîïîëíÿåòñÿ ïðèíöèïîì
ñîîòâåòñòâèÿ óïðóãîé è âÿçêîóïðóãîé ðåàêöèé â îòíîøåíèè ñêåëåòà ïîðèñòîãî
ìàòåðèàëà, ÷òî ïîçâîëÿåò ìîäåëèðîâàòü ïîðèñòóþ ïîëíîñòüþ íàñûùåííóþ ñðå-
äó ñ âÿçêîóïðóãèì ñêåëåòîì, òàê íàçûâàåìóþ ïîðîâÿçêîóïðóãóþ ñðåäó. Äëÿ
îïèñàíèÿ âÿçêîóïðóãèõ ñâîéñòâ ñêåëåòà ïðèìåíÿåòñÿ ìîäåëü ñòàíäàðòíîãî
âÿçêîóïðóãîãî òåëà. Èñõîäíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à ñâîäèòñÿ ê êðàåâîé çà-
äà÷å ïîñðåäñòâîì ôîðìàëüíîãî ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Ðåøå-
íèå ñòðîèòñÿ â ïðîñòðàíñòâå ïðåîáðàçîâàíèé Ëàïëàñà. Çàäà÷è ðåøàþòñÿ ìå-
òîäîì ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé. Äëÿ ðåøåíèÿ ãðàíè÷íûõ èíòåã-
ðàëüíûõ óðàâíåíèé ïðèìåíÿåòñÿ ìåòîä ãðàíè÷íûõ ýëåìåíòîâ. Äëÿ ãðàíè÷íî-
ýëåìåíòíîé äèñêðåòèçàöèè èñïîëüçîâàíû ÷åòûðåõóãîëüíûå âîñüìèóçëîâûå
áèêâàäðàòè÷íûå ýëåìåíòû. Àïïðîêñèìàöèÿ îáîáùåííûõ ãðàíè÷íûõ ôóíêöèé
ïîñòðîåíà ïî ñîãëàñîâàííîé ìîäåëè. ×èñëåííîå èíòåãðèðîâàíèå ïðîèçâîäèò-
ñÿ ïî êâàäðàòóðíûì ôîðìóëàì Ãàóññà ñ ïðèìåíåíèåì àëãîðèòìîâ ïîíèæåíèÿ
ïîðÿäêà è óñòðàíåíèÿ îñîáåííîñòåé. Äëÿ ïîëó÷åíèÿ ðåøåíèÿ â ÿâíîì âðåìå-
íè ïðèìåíÿåòñÿ ÷èñëåííîå îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà íà îñíîâå
àëãîðèòìà Äóðáèíà ñ ïåðåìåííûì øàãîì ïî ÷àñòîòå.

Ïðåäñòàâëåííîå èññëåäîâàíèå ÿâëÿåòñÿ ðàçâèòèåì ñóùåñòâóþùåé ãðà-
íè÷íî-ýëåìåíòíîé ìåòîäèêè äëÿ ðåøåíèÿ çàäà÷ î ñëîèñòûõ ïîðîâÿçêîóïðóãèõ
ïîëóïðîñòðàíñòâàõ, ïîçâîëÿþùåå ó÷èòûâàòü íåîäíîðîäíîñòü ãðóíòîâ ïî ãëó-
áèíå. Ðàññìîòðåíà çàäà÷à î äåéñòâèè âåðòèêàëüíîé ñèëû â âèäå ôóíêöèè Õý-
âèñàéäà íà ïîâåðõíîñòü ñëîèñòîãî ïîðîâÿçêîóïðóãîãî ïîëóïðîñòðàíñòâà è ïî-
ëóïðîñòðàíñòâà ñ ïîëîñòüþ. Ðàññìàòðèâàþòñÿ âàðèàíòû îäíîðîäíîãî è íå-
îäíîðîäíîãî ïîëóïðîñòðàíñòâà (ïîä ìîäåëüþ íåîäíîðîäíîñòè ïîíèìàåòñÿ  êó-
ñî÷íî-îäíîðîäíîå òåëî). Ïîëó÷åíû ðåçóëüòàòû ãðàíè÷íî-ýëåìåíòíîãî ìîäå-
ëèðîâàíèÿ ïðîäîëüíûõ è ïîâåðõíîñòíûõ âîëí. Ïðèâåäåíû îòêëèêè ãðàíè÷-
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íûõ ïåðåìåùåíèé íà äíåâíîé ïîâåðõíîñòè ïîëóïðîñòðàíñòâà. Ïðîäåìîíñò-
ðèðîâàíî âëèÿíèå ïàðàìåòðà ìîäåëè âÿçêîóïðóãîãî ìàòåðèàëà íà äèíàìè÷åñ-
êèå îòêëèêè ïåðåìåùåíèé. Óñòàíîâëåíî, ÷òî ïàðàìåòðû âÿçêîñòè îêàçûâàþò
ñóùåñòâåííîå âëèÿíèå íà õàðàêòåð ðàñïðåäåëåíèÿ ïàðàìåòðîâ âîëíîâûõ ïðî-
öåññîâ.

Êëþ÷åâûå ñëîâà: ïîðîóïðóãîñòü, ïîðîâÿçêîóïðóãîñòü, ïîëóïðîñòðàíñòâî,
ìåòîä ãðàíè÷íûõ ýëåìåíòîâ, ïðåîáðàçîâàíèå Ëàïëàñà, ìåòîä ãðàíè÷íî-èíòåã-
ðàëüíûõ óðàâíåíèé, ìåòîä Äóðáèíà.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ÿâëÿåòñÿ îäíèì èç îñíîâ-
íûõ èíñòðóìåíòîâ, èñïîëüçóåìûõ äëÿ àíàëèçà è îïòèìèçàöèè ïðîöåññîâ ðàçðàáîò-
êè íåôòåãàçîâûõ ìåñòîðîæäåíèé, â çàäà÷àõ ñåéñìîñòîéêîãî ñòðîèòåëüñòâà, áèîèí-
æåíåðèè [1–8]. Â òàêèõ çàäà÷àõ îáû÷íî èñïîëüçóåòñÿ ìîäåëü ïîðîóïðóãîé ñðåäû,
êîòîðàÿ ïîçâîëÿåò îïèñàòü ôèëüòðàöèþ ôëþèäà â ïîðàõ ñîâìåñòíî ñ ïîëíîöåííîé
ìåõàíè÷åñêîé ìîäåëüþ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ñðåäû.

Â ñîâðåìåííîì âèäå òàêèå ìîäåëè áûëè ïðåäëîæåíû â ñòàòüå À. Áèî [9]. Ìî-
äåëü îïèñûâàåò ïðîòåêàþùèå ñîâìåñòíî ïðîöåññû äåôîðìàöèè óïðóãîé ñðåäû è
òå÷åíèÿ ôëþèäà â íåé. Â ðàìêàõ ìîäåëè ïðèíèìàåòñÿ, ÷òî âìåùàþùåå ïîðîóïðó-
ãóþ ñðåäó ïðîñòðàíñòâî çàïîëíåíî äâóõôàçíîé ñðåäîé, ïðè÷åì îäíà ôàçà ñîîòâåò-
ñòâóåò óïðóãîìó ñêåëåòó, à âòîðàÿ – ñîäåðæàùåìóñÿ â ïîðàõ ôëþèäó. Îáå ôàçû ïðè-
ñóòñòâóþò â êàæäîé òî÷êå ôèçè÷åñêîãî ïðîñòðàíñòâà, à ðàñïðåäåëåíèå ôàç â ïðî-
ñòðàíñòâå îïèñûâàåòñÿ ìàêðîñêîïè÷åñêèìè âåëè÷èíàìè òèïà ïîðèñòîñòè.

Ïðèìåíåíèå òåîðèè Áèî ïîçâîëÿåò ðåøèòü ðÿä ÷àñòíûõ çàäà÷, ñðåäè êîòîðûõ
îñîáåííî èíòåðåñíû çàäà÷è î ðàñïðîñòðàíåíèè âîëí â îäíîðîäíûõ è ñëîèñòûõ ïîðî-
óïðóãèõ ïîëóïðîñòðàíñòâàõ [10–18]. Îäíàêî âîçðàñòàþùàÿ ïðè ýòîì ñëîæíîñòü
âû÷èñëèòåëüíûõ ñõåì êðàåâûõ çàäà÷ òðåáóåò ïðèâëå÷åíèÿ ðàçâèòûõ ìåòîäîâ, òàêèõ
êàê ìåòîä ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ). Îáëàäàÿ âûñîêîé òî÷íîñòüþ è ñòðîãîñòüþ
ïîäõîäà, ÌÃÝ ÿâëÿåòñÿ íàèáîëåå ïîäõîäÿùèì ìåòîäîì ïðè ðàññìîòðåíèè íåñòàöè-
îíàðíûõ ïðîöåññîâ â ïîëóáåñêîíå÷íûõ òåëàõ, òàê êàê îáåñïå÷èâàåò àâòîìàòè÷åñêîå
âûïîëíåíèå óñëîâèé ïîâåäåíèÿ ðåøåíèé íà áåñêîíå÷íîñòè. Íåñìîòðÿ íà îòìå÷åí-
íûå äîñòîèíñòâà ÌÃÝ, âîçìîæíîñòü ìîäåëèðîâàíèÿ ïîðîóïðóãîé äèíàìèêè ñ åãî
ïîìîùüþ ãëàâíûì îáðàçîì îïðåäåëÿåòñÿ íàëè÷èåì ñîîòâåòñòâóþùèõ ãðàíè÷íî-
èíòåãðàëüíûõ óðàâíåíèé (ÃÈÓ) è ôóíäàìåíòàëüíûõ ðåøåíèé. Ôóíäàìåíòàëüíûå
ðåøåíèÿ è ÃÈÓ äèíàìè÷åñêîé òåîðèè ïîðîóïðóãîñòè ïîëó÷åíû â ñòàòüÿõ [19–22];
â [23–26] ðåàëèçîâàíû ðàçëè÷íûå âàðèàíòû ãðàíè÷íî-ýëåìåíòíûõ ñõåì äëÿ ðåøå-
íèÿ çàäà÷ ïîðîäèíàìèêè è ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ. Ðå-
çóëüòàòû ãðàíè÷íî-ýëåìåíòíîãî ìîäåëèðîâàíèÿ äèíàìèêè ïîðîóïðóãèõ ïîëóïðî-
ñòðàíñòâ ïðèâåäåíû â ïóáëèêàöèÿõ [27–31].

Ïðèíöèïèàëüíîå îòëè÷èå ïîðîóïðóãîé ïîñòàíîâêè çàäà÷ îò óïðóãîé è âÿçêî-
óïðóãîé çàêëþ÷àåòñÿ â òîì, ÷òî ïîðîóïðóãàÿ ïîñòàíîâêà ïîçâîëÿåò ó÷åñòü âëèÿíèå,
îêàçûâàåìîå äâèæóùèìñÿ â ïîðàõ ôëþèäîì, íà ïîâåäåíèå ñðåäû â öåëîì. Íà îñíî-
âå òåîðèè Áèî áûëî ïðåäñêàçàíî ñóùåñòâîâàíèå â ïîðèñòîé ñðåäå äâóõ ïðîäîëüíûõ
âîëí – áûñòðîé è ìåäëåííîé. Êðîìå òîãî, ôðèêöèîííîå âçàèìîäåéñòâèå âÿçêîãî
ôëþèäà è ñêåëåòà ïðèâîäèò ê çíà÷èòåëüíîé äèññèïàöèè ýíåðãèè â ñðåäå, êîòîðàÿ â
ðåçóëüòàòå äåìîíñòðèðóåò âÿçêîóïðóãîå ïîâåäåíèå [32, 33]. Âÿçêîóïðóãîå ïîâåäå-
íèå ïîðîóïðóãîé ñðåäû òàêæå ìîæåò áûòü îáóñëîâëåíî âÿçêîóïðóãèìè ñâîéñòâàìè



366

ñêåëåòà [34–36]. Íåêîòîðûå ðåçóëüòàòû ìîäåëèðîâàíèÿ âîëíîâûõ ïðîöåññîâ â ïîðî-
óïðóãèõ òåëàõ ñ ïðèìåíåíèåì ÃÈÓ è ÌÃÝ è ðàçëè÷íûõ ìîäåëåé âÿçêîóïðóãîãî ïî-
âåäåíèÿ ñêåëåòà ïðåäñòàâëåíû â ñòàòüÿõ [37–39].

Â íàñòîÿùåé ñòàòüå ìîäåëèðóåòñÿ ðàñïðîñòðàíåíèå âîëí â îäíîðîäíûõ è íå-
îäíîðîäíûõ ïîðîâÿçêîóïðóãèõ ïîëóáåñêîíå÷íûõ òåëàõ. Èñïîëüçîâàí ìåòîä Äóðáè-
íà ÷èñëåííîãî îáðàùåíèÿ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà [40, 41]. Ðåøà-
þòñÿ çàäà÷è î äåéñòâèè íåñòàöèîíàðíîé íàãðóçêè íà ïîâåðõíîñòü ïîëóïðîñòðàí-
ñòâà, ðàññìîòðåíû ñëó÷àè ñëîèñòîãî ïîëóïðîñòðàíñòâà è ïîëóïðîñòðàíñòâà ñ ïîëî-
ñòüþ.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ïîðîóïðóãàÿ ïîñòàíîâêà. Ðàññìîòðèì îäíîðîäíîå òåëî Ω â òðåõìåðíîì åâ-
êëèäîâîì ïðîñòðàíñòâå R3 ñ äåêàðòîâîé ñèñòåìîé êîîðäèíàò Ox1x2x3, Ω∂=Γ  – ãðà-
íèöà òåëà. Ïðåäïîëàãàåòñÿ, ÷òî Ω – èçîòðîïíîå ïîðîóïðóãîå òåëî.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé òåîðèè Áèî äëÿ ïåðåìåùåíèé ñêåëåòà iu
è ïîðîâûõ äàâëåíèé p  â ïðåîáðàçîâàíèÿõ Ëàïëàñà (ïàðàìåòð ïðåîáðàçîâàíèÿ s)
èìååò âèä [19]:
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ãäå G, K – êîíñòàíòû óïðóãîñòè; φ – ïîðèñòîñòü; k – ïðîíèöàåìîñòü; ψ = 1 – K/Ks  –
êîýôôèöèåíò ýôôåêòèâíûõ íàïðÿæåíèé Áèî; ρ, ρa, ρ f – ïëîòíîñòè ñêåëåòà, ïðèñîå-
äèíåííîé ìàññû è æèäêîé ñðåäû; a,Fi  – îáúåìíûå ñèëû; Ks – îáúåìíûé ìîäóëü
çåðåí ñêåëåòà; Kf – îáúåìíûé ìîäóëü òåêó÷åé ñðåäû.

Ðàññìîòðèì ñëåäóþùèå òèïû ãðàíè÷íûõ óñëîâèé:

,31,,),,(),(),(),,(),( 44 =Γ∈=== lsfspsusfsu ull xxxxxx (4)

,31,,),,(),(),(),,(),( 44 =Γ∈=== lsgsqstsgst tll xxxxxx (5)

ãäå Γu è Γt – ÷àñòè ãðàíèöû Γ, ãäå çàäàíû ñîîòâåòñòâóþùèå îáîáùåííûå ïåðåìåùå-
íèÿ è îáîáùåííûå ïîâåðõíîñòíûå óñèëèÿ, ),(),(4 spsu xx =  – ïîðîâîå äàâëåíèå,

),(),(4 sqst xx =  – ïîòîê.
Ïîðîâÿçêîóïðóãàÿ ïîñòàíîâêà. Ïîðîâÿçêîóïðóãîå ðåøåíèå ñòðîèòñÿ íà îñíî-

âå ïîðîóïðóãîãî ðåøåíèÿ ñ ïîìîùüþ ïðèíöèïà ñîîòâåòñòâèÿ. Ñêåëåò ïîðèñòîãî ìà-
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ãäå γ – ïàðàìåòð âÿçêîóïðóãîé ìîäåëè, à äëèòåëüíûå è ìãíîâåííûå ìîäóëè îáîçíà-
÷àþòñÿ èíäåêñàìè ∞ è 0 ñîîòâåòñòâåííî, îíè ñâÿçàíû ñëåäóþùèì ñîîòíîøåíèåì:

.
00

∞∞ ==θ
G
G

K
K

2. Ìåòîäû ðåøåíèÿ

Ãðàíè÷íî-ýëåìåíòíûé ïîäõîä. Êðàåâàÿ çàäà÷à (1)–(5) ðåøàåòñÿ ñ èñïîëüçîâà-
íèåì ïðÿìîãî ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ, îïèðàþùåãîñÿ íà ñîâîêóïíîå ïðèìå-
íåíèå èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà è ãðàíè÷íûå èíòåãðàëüíûå óðàâíå-
íèÿ äëÿ òðåõìåðíîé èçîòðîïíîé òåîðèè ïîðîóïðóãîñòè. Ãðàíè÷íî-ýëåìåíòíàÿ äèñ-
êðåòèçàöèÿ ñòðîèòñÿ íà îñíîâå ðåãóëÿðíîãî ïðåäñòàâëåíèÿ ÃÈÓ [15]:
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ãäå x – òî÷êà êîëëîêàöèè, y – òî÷êà íàáëþäåíèÿ; ki tu è  – îáîáùåííûå ïåðåìåùå-
íèÿ è ïîâåðõíîñòíûå óñèëèÿ, 4,1, =ki  â ñëó÷àå èçîòðîïíîé ïîðîâÿçêîóïðóãîñòè;

ikik TU è  – ñîîòâåòñòâóþùèå ôóíäàìåíòàëüíûå è ñèíãóëÿðíûå ðåøåíèÿ; S
ikT  – ñòà-

òè÷åñêàÿ ÷àñòü ñèíãóëÿðíîãî ðåøåíèÿ; êîýôôèöèåíò αΩ = 1 â ñëó÷àå êîíå÷íîé îá-
ëàñòè Ω è αΩ = –1 â ñëó÷àå áåñêîíå÷íîé îáëàñòè Ω.

Ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ ðåøàþòñÿ ÷èñëåííî íà áàçå ìåòîäà ãðà-
íè÷íûõ ýëåìåíòîâ. Äëÿ äèñêðåòèçàöèè ÃÈÓ èñïîëüçóåòñÿ ìåòîä êîëëîêàöèè. Äëÿ
àïïðîêñèìàöèè ãðàíè÷íîé ïîâåðõíîñòè ðàññìîòðèì åå ðàçáèåíèå íà ñîâîêóïíîñòü
÷åòûðåõóãîëüíûõ è òðåóãîëüíûõ âîñüìèóçëîâûõ áèêâàäðàòè÷íûõ ýëåìåíòîâ, ïðè
ýòîì òðåóãîëüíûå ýëåìåíòû ñ÷èòàþòñÿ âûðîæäåííûìè ÷åòûðåõóãîëüíûìè (ðèñ. 1).
Êàæäûé èç ýëåìåíòîâ îòîáðàæàåòñÿ íà ýòàëîííûé – ñîîòâåòñòâåííî êâàäðàò ξ =
= (ξ1, ξ2) ∈ [–1, 1]2 ëèáî òðåóãîëüíèê 0 ≤ ξ1 + ξ2 ≤ 1, ξ1 ≥ 0, ξ2 ≥ 0.

Îòîáðàæåíèå ýëåìåíòîâ îñóùåñòâëÿåòñÿ ïî ôîðìóëå:
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ãäå β(k, l) – ãëîáàëüíûé íîìåð óçëà, l – ëîêàëüíûé íîìåð óçëà â ýëåìåíòå k, N l(ξ) –
ôóíêöèè ôîðìû.

Óçëû èíòåðïîëÿöèè íåèçâåñòíûõ ãðàíè÷íûõ ôóíêöèé ÿâëÿþòñÿ ïîäìíîæåñòâîì
ãåîìåòðè÷åñêèõ óçëîâ íàëîæåííîé ãðàíè÷íî-ýëåìåíòíîé ñåòêè. Ëîêàëüíàÿ àïïðîê-
ñèìàöèÿ ñòðîèòñÿ ïî ñîãëàñîâàííîé èíòåðïîëÿöèîííîé ìîäåëè Ð.Â. Ãîëüäøòåéíà.

Ðèñ. 1. Ãðàíè÷íûå ýëåìåíòû
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Ñîãëàñíî ìîäåëè Ãîëüäøòåéíà, îáîáùåííûå ãðàíè÷íûå ïåðåìåùåíèÿ àïïðîêñèìè-
ðóþòñÿ ïî áèëèíåéíûì ãðàíè÷íûì ýëåìåíòàì, â òî âðåìÿ êàê îáîáùåííûå óñèëèÿ
ïðåäñòàâëÿþòñÿ íà ýëåìåíòàõ ïîñòîÿííûìè. Äëÿ ìåòîäà êîëëîêàöèè âûáåðåì ìíî-
æåñòâî óçëîâ, ñîâïàäàþùåå ñ ìíîæåñòâîì óçëîâ àïïðîêñèìàöèè èñõîäíûõ ãðàíè÷-
íûõ ôóíêöèé. Â èòîãå ôîðìèðóþòñÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
(ÑËÀÓ):

,
2

1
1

,

1

4

1

),(,, ∑∑∑
== =

βΩ =+
α− M

k

k
j

km
ij

M

k l

lk
j

lkm
ij

m
i tBuAu

,
8

1
1

,

1

4

1

),(,, ∑∑∑
== =

βΩ =+
α− M

k

k
j

km
ij

M

k l

lk
j

lkm
ij

m
i tBuAu

,)()),(,()),(,()(
1

1

1

1
2121),,(

,, ][∫ ∫
− −

β ξξξξξδ−ξξ= ddJyxTsyxTRA kkmS
ijmlk

km
ijl

lkm
ij

,)()),,(,(
1

1

1

1
2121

, ∫ ∫
− −

ξξξξξ= ddJsyxUB k
km

ij
km

ij

ãäå Rl(ξ) – ëèíåéíûå ôóíêöèè ôîðìû äëÿ ÷åòûðåõóãîëüíîãî ýëåìåíòà, óðàâíåíèÿ
çàïèñàíû ñîîòâåòñòâåííî â óçëàõ àïïðîêñèìàöèè îáîáùåííûõ ãðàíè÷íûõ ïåðåìå-
ùåíèé è îáîáùåííûõ ïîâåðõíîñòíûõ ñèë. Ïîñëå ñîîòâåòñòâóþùèõ ïðåîáðàçîâà-
íèé ïîëó÷àåì ðàçðåøàþùóþ ÑËÀÓ:

},{}{][ BXA =

ãäå [A] – ïîëíîñòüþ çàïîëíåííàÿ íåñèììåòðè÷íàÿ ìàòðèöà; {A} – âåêòîð íåèçâåñò-
íûõ âåëè÷èí, â êîòîðîì îáúåäèíåíû âñå ñîîòâåòñòâóþùèå êîìïîíåíòû èñêîìûõ
îáîáùåííûõ ãðàíè÷íûõ ôóíêöèé; {B} – âåêòîð ïðàâîé ÷àñòè. Äëÿ ïîëó÷åíèÿ ðåøå-
íèÿ â ÿâíîì âðåìåíè ïðèìåíÿåòñÿ ìåòîä Äóðáèíà ÷èñëåííîãî îáðàùåíèÿ ïðåîáðà-
çîâàíèÿ Ëàïëàñà.

Îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà. Ðàññìîòðèì ôóíêöèþ f (t) äåéñòâèòåëü-
íîãî ïåðåìåííîãî t. Òîãäà ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ëàïëàñà îïðåäåëÿþò-
ñÿ ôîðìóëàìè:
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ãäå s – êîìïëåêñíûé ïàðàìåòð ïðåîáðàçîâàíèÿ, α – ïðîèçâîëüíîå âåùåñòâåííîå
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ïðÿìîé Re z = α.

Ïóñòü s = α +iω, òîãäà îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî àëãîðèòìó Äóðáè-
íà ñ ïåðåìåííûì øàãîì ïî ÷àñòîòå çàïèøåòñÿ â âèäå:
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3. ×èñëåííûå ðåçóëüòàòû

Çàäà÷à î ñëîèñòîì ïîëóïðîñòðàíñòâå. Ðàññìîòðåíà çàäà÷à î äåéñòâèè íàãðóç-
êè â âèäå ôóíêöèè Õåâèñàéäà ïî âðåìåíè íà ïîâåðõíîñòü ïîðîóïðóãîãî ñëîÿ, ðàñ-
ïîëîæåííîãî íà ïîðîóïðóãîì îñíîâàíèè (ðèñ. 2).

Ðàññìîòðåíû äâà âàðèàíòà ãåîìåòðèè çàäà÷è – ñ òîëùèíîé ñëîÿ 5 è 10 ì. Íà
ó÷àñòêå ïîâåðõíîñòè ïëîùàäüþ 1 ì2 çàäàíà âåðòèêàëüíàÿ íàãðóçêà t = –1000 Í/ì2 ,
îñòàëüíàÿ ÷àñòü ïîâåðõíîñòè ñâîáîäíà îò óñèëèé è ïðîíèöàåìà. Íà ãðàíèöå ìåæäó
ñëîåì è ïîëóáåñêîíå÷íûì îñíîâàíèåì ïîòîê, óñèëèÿ, ïåðåìåùåíèÿ è ïîðîâîå äàâ-
ëåíèå ïðèíÿòû íåèçâåñòíûìè ôóíêöèÿìè. Äèíàìè÷åñêèå îòêëèêè âåðòèêàëüíûõ
ïåðåìåùåíèé u3 â òî÷êå P, ðàñïîëîæåííîé íà ðàññòîÿíèè 10 ì îò îáëàñòè ïðèëîæå-
íèÿ íàãðóçêè, ïðåäñòàâëåíû íà ðèñ. 3–5.

Ïîðîóïðóãèé ìàòåðèàë ñëîÿ – ïî÷âà ñ ïàðàìåòðàìè ìîäåëè Áèî: K = 2,1⋅108 Í/ì2,
G = 9,8⋅107 Í/ì2, ρ = 1884 êã/ì3, φ = 0,48, Ks = 1,1⋅1010 Í/ì2, ρf = 1000 êã/ì3, Kf =
= 3,3⋅109 Í/ì2, k = 3,55⋅10–9 ì4/(Í⋅c).

Ïîðîóïðóãèé ìàòåðèàë îñíîâàíèÿ – ñêàëüíàÿ ïîðîäà (ïåñ÷àíèê Berea): K =
= 8⋅109 Í/ì2,  G = 6⋅109 Í/ì2, ρ = 2458 êã/ì3, φ = 0,66, Ks = 3,6⋅1010 Í/ì2, ρf =
= 1000 êã/ì3, Kf = 3,3⋅109 Í/ì2, k = 1,9⋅10–10 ì4/(Í⋅c).

Íà ðèñ. 3 ñðàâíèâàþòñÿ âåðòèêàëüíûå ïåðåìåùåíèÿ, âû÷èñëåííûå ïðè òîëùè-
íàõ ñëîÿ 5 è 10 ì ñîîòâåòñòâåííî. Òàêæå íà ðèñóíêå ïðåäñòàâëåíû ãðàôèêè ïåðåìå-
ùåíèé, âû÷èñëåííûõ ïðè òåõ æå çíà÷åíèÿõ ïàðàìåòðîâ ìàòåðèàëà îñíîâàíèÿ, ÷òî
îïèñûâàþò ìàòåðèàë ñëîÿ.

Âèäíî, ÷òî äî ìîìåíòà ïðèáûòèÿ áûñòðîé ïðîäîëüíîé âîëíû (ïðè t ~ 0,01 ñ) âñå
òðè êðèâûå íà ãðàôèêå ïî÷òè ñëèâàþòñÿ, îäíàêî äàëåå íàáëþäàþòñÿ êîëè÷åñòâåí-
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Ðèñ. 3. Ïåðåìåùåíèÿ â òî÷êå P ïðè ðàçíîé òîëùèíå ñëîÿ

P
t3 = –1000 Í/ì2

h

x3

x1

x2
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íûå ðàçëè÷èÿ. Â ìîìåíò ïðèáûòèÿ âîëíû Ðýëåÿ t ~ 0,047 ñ è äî ìîìåíòà t ~ 0,057 c
àìïëèòóäà âîëíû Ðýëåÿ ïðè h = 10 ì ìåíüøå àìïëèòóäû âîëíû Ðýëåÿ áåç ñëîÿ, è
àìïëèòóäà âîëíû Ðýëåÿ áåç ñëîÿ, â ñâîþ î÷åðåäü, ìåíüøå àìïëèòóäû âîëíû Ðýëåÿ
ïðè h = 5 ì. Ìîìåíò âðåìåíè t ~ 0,058 c îòìå÷åí ðîñòîì ïåðåìåùåíèé, ïðè÷åì
ïåðåìåùåíèÿ ïðè òîëùèíå ñëîÿ 5 ì âîçðàñòàþò çíà÷èòåëüíî áûñòðåå è ïî àìïëèòó-
äå ïðåâîñõîäÿò ïåðåìåùåíèÿ ïðè òîëùèíå ñëîÿ 10 ì.

Íàáëþäàåìûé ýôôåêò îáúÿñíÿåòñÿ âëèÿíèåì îòðàæåííûõ îò îñíîâàíèÿ ïðî-
äîëüíûõ âîëí è ìåíåå âûðàæåí â ñëó÷àå áîëüøåé òîëùèíû ñëîÿ â ñèëó çíà÷èòåëü-
íîé äèñïåðñèè âîëí â ïîðèñòîé ñðåäå.

Íà ðèñ. 4, 5 ïðîäåìîíñòðèðîâàíî âëèÿíèå âÿçêîóïðóãèõ ñâîéñòâ ñêåëåòà íà äè-
íàìè÷åñêèé îòêëèê âåðòèêàëüíûõ ïåðåìåùåíèé. Íà ðèñóíêàõ ïðåäñòàâëåíû âåðòè-
êàëüíûå ïåðåìåùåíèÿ íà ïîâåðõíîñòè ïîðîâÿçêîóïðóãîãî ñëîÿ, ðàñïîëîæåííîãî íà
ïîðîâÿçêîóïðóãîì îñíîâàíèè. Âèäíî, ÷òî ñ ðîñòîì ïàðàìåòðà γ âÿçêîóïðóãîå ðåøå-
íèå ïðèáëèæàåòñÿ ê ïîðîóïðóãîìó, à ñ åãî ñíèæåíèåì íàáëþäàåòñÿ óìåíüøåíèå
âåëè÷èíû ïåðåìåùåíèé. Îñîáåííî çàìåòíî âëèÿíèå äèññèïàòèâíûõ ýôôåêòîâ íà ïî-
âåðõíîñòíûå ïåðåìåùåíèÿ ïÿòèìåòðîâîãî ñëîÿ, êîãäà ïðè γ = 100 àìïëèòóäà ïåðå-
ìåùåíèé âîëíû Ðýëåÿ íå ïðåâûøàåò àìïëèòóäû ïåðåìåùåíèé ïðîäîëüíîé âîëíû.

Çàäà÷à î ïîëóïðîñòðàíñòâå ñ ïîëîñòüþ. Ðåøàåòñÿ çàäà÷à î äåéñòâèè íàãðóçêè â
âèäå ôóíêöèè Õåâèñàéäà íà ïîâåðõíîñòü ïîëóïðîñòðàíñòâà ñ ïîëîñòüþ. Ðàññìàò-

Ðèñ. 5. Âåðòèêàëüíûå ïåðåìåùåíèÿ u3 íà ïîâåðõíîñòè ïîðîâÿçêîóïðóãîãî ñëîÿ
òîëùèíîé h = 10 ì

0

–0,4

0,4

0,8

u3⋅107, ì

0            0,02         0,04         0,06         0,08          t, ñ

γ = 10
Ïîðîóïðóãîå ðåøåíèå

γ = 100
γ = 1000

Ðèñ. 4. Âåðòèêàëüíûå ïåðåìåùåíèÿ u3 íà ïîâåðõíîñòè ïîðîâÿçêîóïðóãîãî ñëîÿ
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ðèâàþòñÿ âàðèàíòû êóáè÷åñêîé è ñôåðè÷åñêîé ïîëîñòåé. Ñèëà P(t) äåéñòâóåò íà
ïëîùàäêó S = 1 ì2 íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà: P(t) = P0 f (t), f (t) = H(t), P0 =
=1000 Í/ì2. Öåíòð ñôåðè÷åñêîé ïîëîñòè íàõîäèòñÿ íà ãëóáèíå h = 7,5 ì, ðàäèóñ
ñôåðû R = 5 ì (ðèñ. 6à). Öåíòð êóáè÷åñêîé ïîëîñòè òàêæå íàõîäèòñÿ íà ãëóáèíå h,
ñòîðîíà êóáà 10 ì (ðèñ. 6á).

Èññëåäóþòñÿ ïåðåìåùåíèÿ íà äíåâíîé ïîâåðõíîñòè ïîëóïðîñòðàíñòâà â òî÷êå
Q(15 ì, 0, 0), óäàëåííîé íà 15 ì îò öåíòðà ïëîùàäêè íàãðóæåíèÿ.

Çàäà÷à ðåøàåòñÿ ñ ó÷åòîì äâóõ ïëîñêîñòåé ñèììåòðèè, ðåàëüíîå èíòåãðèðîâà-
íèå ïðîâîäèòñÿ òîëüêî íà ÷åòâåðòè ñåòêè. Ïàðàìåòðû ãðàíè÷íî-ýëåìåíòíîé ñåòêè:
864 ýëåìåíòà äëÿ ÷åòâåðòè ïîëóïðîñòðàíñòâà è 150 ýëåìåíòîâ äëÿ ÷åòâåðòè ïîëîñ-
òè (ðèñ. 7).

Ïàðàìåòðû ïîðîóïðóãîãî ìàòåðèàëà (ïåñ÷àíèê Berea): K = 8⋅109 Í/ì2, G =
= 6⋅109 Í/ì2, ρ = 2458 êã/ì3, φ = 0,66, Ks = 3,6⋅1010 Í/ì2, ρf = 1000 êã/ì3, Kf  =
= 3,3⋅109 Í/ì2, k = 1,9⋅10–10 ì4/(Í⋅c).

Íà ðèñ. 8, 9 ïðåäñòàâëåíû ãðàôèêè ïåðåìåùåíèé äëÿ çàäà÷ ñ ðàçíûìè ôîðìàìè
ïîëîñòè.

Íàèáîëåå èíòåðåñíûì ÿâëÿåòñÿ âëèÿíèå âÿçêîñòè íà àìïëèòóäó âîëíû Ðýëåÿ,
äàëåå ïðèâåäåíû ðåøåíèÿ òîëüêî äëÿ u3.

Ïîðîâÿçêîóïðóãîå ðåøåíèå ñòðîèòñÿ íà îñíîâå óïðóãîãî ðåøåíèÿ ñ ïîìîùüþ
ïðèíöèïà ñîîòâåòñòâèÿ:
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Ïàðàìåòðû ìîäåëè ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà: θ = 4, γ = 1000, 100, 10.
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Ðèñ. 6. Çàäà÷à î ïîëóïðîñòðàíñòâå ñ ïîëîñòÿìè: à – ñôåðè÷åñêîé, á – êóáè÷åñêîé

Ðèñ. 7. Ãðàíè÷íî-ýëåìåíòíûå ñåòêè äëÿ çàäà÷è ñ ïîëîñòÿìè:  à – ñôåðè÷åñêîé, á – êóáè÷åñêîé
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Íà ðèñ. 10, 11 ïðåäñòàâëåíû ãðàôèêè ïåðåìåùåíèé u3 äëÿ ìàòåðèàëîâ ñ ðàçëè÷-
íîé âÿçêîñòüþ è ðàçíûìè ôîðìàìè ïîëîñòè.

Ðèñ. 8. Ïåðåìåùåíèÿ u1 äëÿ ðàçëè÷íûõ ôîðì ïîëîñòè
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Ðèñ. 10. Ïåðåìåùåíèÿ u3 ïðè ðàçëè÷íîé âÿçêîñòè ìàòåðèàëà â ñëó÷àå êóáè÷åñêîé ïîëîñòè
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Çàêëþ÷åíèå

Äàíî îïèñàíèå ìàòåìàòè÷åñêîé ìîäåëè Áèî ïîðîóïðóãîãî ìàòåðèàëà. Çàïèñà-
íû ñèñòåìû óðàâíåíèé òåîðèè äèíàìè÷åñêîé ïîðîóïðóãîñòè, ïîñòàíîâêè êðàåâûõ
çàäà÷ â ïðåîáðàçîâàíèÿõ ïî Ëàïëàñó. Ìîäåëèðîâàíèå ïîðîâÿçêîóïðóãîãî ìàòåðèàëà
îñíîâàíî íà òåîðèè ïîðîóïðóãîñòè Áèî â ñî÷åòàíèè ñ ïðèíöèïîì ñîîòâåòñòâèÿ óï-
ðóãîé è âÿçêîóïðóãîé ðåàêöèé. Ìåòîäû ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé è ãðà-
íè÷íûõ ýëåìåíòîâ ïðèìåíÿþòñÿ äëÿ ðåøåíèÿ òðåõìåðíûõ êðàåâûõ çàäà÷. Âÿçêèå
ñâîéñòâà ñêåëåòà ïîðèñòîãî ìàòåðèàëà îïèñûâàþòñÿ ìîäåëüþ ñòàíäàðòíîãî âÿçêî-
óïðóãîãî òåëà. Äëÿ àíàëèçà òðåõìåðíûõ ïîðîâÿçêîóïðóãèõ çàäà÷ áûëà ïðåäñòàâëåíà
ÌÃÝ-ôîðìóëèðîâêà â ïðîñòðàíñòâå ïðåîáðàçîâàíèé Ëàïëàñà, îñíîâàííàÿ íà èí-
òåãðàëüíûõ ïðåäñòàâëåíèÿõ ôóíäàìåíòàëüíûõ ðåøåíèé. Èòîãîâîå ðåøåíèå èñõîä-
íîé çàäà÷è ïîëó÷åíî âî âðåìåíè ñ ïîìîùüþ àëãîðèòìà Äóðáèíà ÷èñëåííîãî îáðà-
ùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà.

Ïðåäñòàâëåíû ðåçóëüòàòû ãðàíè÷íî-ýëåìåíòíîãî ìîäåëèðîâàíèÿ çàäà÷è î äåéñò-
âèè âåðòèêàëüíîé íàãðóçêè íà ïîâåðõíîñòü ïîëóïðîñòðàíñòâà. Èññëåäîâàíû âîë-
íîâûå ïîëÿ ïåðåìåùåíèÿ äëÿ âàðèàíòîâ ïîëóïðîñòðàíñòâà ñ êóáè÷åñêîé èëè ñôå-
ðè÷åñêîé ïîëîñòüþ. Ðåøåíà çàäà÷à î ñëîå íà ïîðîóïðóãîì îñíîâàíèè. Ðàññìîòðåíû
âàðèàíòû ïîðîóïðóãîãî èëè ïîðîâÿçêîóïðóãîãî ñëîÿ, â òîì ÷èñëå èññëåäîâàíî âëè-
ÿíèå òîëùèíû è âÿçêîóïðóãèõ ñâîéñòâ ñëîÿ íà îòêëèê ïåðåìåùåíèé. Èññëåäîâàíî
âëèÿíèå âÿçêîóïðóãèõ ñâîéñòâ ñêåëåòà ïîðîóïðóãîãî ìàòåðèàëà íà âåðòèêàëüíûå
ïåðåìåùåíèÿ íà ïîâåðõíîñòè ñëîÿ. Îòìå÷åíî, ÷òî âëèÿíèå íà âèä âîëíîâûõ êàðòèí
ãëàâíûì îáðàçîì îêàçûâàþò äèññèïàòèâíûå ýôôåêòû, îáóñëîâëåííûå âÿçêîóïðó-
ãèì ïîâåäåíèåì ñëîÿ.
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BEM ANALYSIS OF WAVE PROPAGATION IN POROVISCOELASTIC LAYERED
HALFSPACE AND HALFSPACE WITH CAVITY

Ipatov A.A.

Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

The paper is dedicated to the wave propagation a porous-viscoelastic material. As a mathematical
model of a fully saturated poroelastic medium, we consider the Biot model with four basic func-
tions – pore pressure and skeleton movements. The Biot model is supplemented by the principle of
elastic and viscoelastic reaction correspondence. The skeleton of a porous material is assumed to
be viscoelastic material. A model of a standard viscoelastic solid is spplied to describe the viscoelastic
properties of a skeleton. The initial boundary-value problem is reduced to a boundary-value problem
by formal application of the Laplace transform. To solve boundary integral equations, the boundary
element method is performed. Quadrangular eight-node biquadratic elements are used for boundary
element discretization. Numerical integration is carried out according to Gaussian quadrature
formulas using algorithms for lowering the order and eliminating features. To obtain a solution in
explicit time, numerical inversion of the Laplace transform is applied based on the Durbin algorithm
with a variable frequency step.
This study is a development of the existing boundary-element technique for solving problems on
layered porous-elastic half-spaces. This will allow you to take into account the heterogeneity of the
soil in depth. The problem of the action of a vertical force in the form of the Heaviside function on
the surface of a layered porous-elastic half-space and a half-space with a cavity is considered.
Variants of a homogeneous and heterogeneous half-space are considered. Under the model of
heterogeneity we understand the piecewise homogeneous solid. The responses of the boundary
displacements on the surface of the half-space are presented. The effect of the viscoelastic material
model parameter on the dynamic response of displacements is demonstrated. It is established that
the viscosity parameters have a significant effect on the nature of the distribution of parameters of
wave processes.

Keywords: poroelasticity, poroviscoelasticity, halfspace, boundary element method, Laplace transfor-
mation, boundary integral equations.


