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Äåìîíñòðèðóåòñÿ ïîäõîä ê ðåøåíèþ çàäà÷ äèíàìèêè ðàñïðåäåëåííûõ
ìåõàíè÷åñêèõ ñèñòåì, îáëàäàþùèõ ñôåðè÷åñêîé ñèììåòðèåé, îñíîâàííûé íà
ïðèìåíåíèè àïïàðàòà øàðîâûõ âåêòîðîâ. Ïðèâîäèòñÿ ðÿä çàäà÷ äèíàìèêè òâåð-
äîãî äåôîðìèðóåìîãî òåëà, âÿçêîé æèäêîñòè è ìàãíèòíîé ãèäðîäèíàìèêè, äëÿ
êîòîðûõ ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå, ïîçâîëÿþùåå âûÿâèòü êà÷åñòâåí-
íûå îñîáåííîñòè äèíàìèêè èçó÷àåìûõ îáúåêòîâ.

Ðàññìîòðåíà çàäà÷à î ñâîáîäíûõ óãëîâûõ äâèæåíèÿõ äåôîðìèðóåìîãî
òåëà, áëèçêîãî ïî ôîðìå ê øàðó. Íà ïðèìåðå êâàçèøàðà, îáëàäàþùåãî êó-
áè÷åñêîé ñèììåòðèåé ôîðìû òåëà è êâàçèøàðîâûì òåíçîðîì èíåðöèè â íå-
äåôîðìèðîâàííîì ñîñòîÿíèè, äåìîíñòðèðóåòñÿ âîçìîæíîñòü ãëîáàëüíîãî ïå-
ðåìåùåíèÿ â òåëå îñè óñòîé÷èâîãî ñòàöèîíàðíîãî âðàùåíèÿ (ïîëþñà). Ýô-
ôåêò îáóñëîâëåí òåì, ÷òî ïðè âðàùåíèè òåëà ñ áîëüøîé ñêîðîñòüþ îïðåäåëÿ-
þùàÿ ðîëü â åãî äèíàìèêå ïðèíàäëåæèò óïðóãèì ñâîéñòâàì. Ñî âðåìåíåì óã-
ëîâàÿ ñêîðîñòü âðàùåíèÿ óìåíüøàåòñÿ è íà äâèæåíèè òåëà â âîçðàñòàþùåé
ñòåïåíè íà÷èíàåò ñêàçûâàòüñÿ åãî ýëëèïñîèäàëüíîñòü.

Èçó÷åíî äâèæåíèå íåñæèìàåìîé âÿçêîé æèäêîñòè â ïðîñòðàíñòâå ìåæäó
âðàùàþùèìèñÿ íåêîíöåíòðè÷íûìè ñôåðîé è ýëëèïñîèäîì. Ïîêàçàíî, ÷òî
àñèììåòðèÿ ïîòîêà ïðèâîäèò ê âîçíèêíîâåíèþ ðàäèàëüíîãî òå÷åíèÿ æèäêî-
ñòè. Íàëè÷èå òàêîãî òå÷åíèÿ â ñëó÷àå ïðîâîäÿùåé æèäêîñòè ÿâëÿåòñÿ íåîáõî-
äèìûì óñëîâèåì ãåíåðàöèè ìàãíèòíîãî ïîëÿ. Ïðåäïîëàãàÿ æèäêîñòü ïðîâî-
äÿùåé, íà îñíîâå ïîëó÷åííîãî òå÷åíèÿ â ðàìêàõ êèíåìàòè÷åñêîãî ïîäõîäà
ïðîâåäåíî èññëåäîâàíèå âîçìîæíîñòè ãåíåðàöèè ìàãíèòíîãî ïîëÿ. Íàéäåíî
íàèìåíüøåå çíà÷åíèå ìàãíèòíîãî ÷èñëà Ðåéíîëüäñà, ïðè ïåðåõîäå ÷åðåç êîòî-
ðîå âîçíèêàåò ýêñïîíåíöèàëüíî ðàñòóùåå ìàãíèòíîå ïîëå.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïîëåçíû äëÿ èçó÷åíèÿ äèíàìèêè Çåì-
ëè, ïëàíåò Ñîëíå÷íîé ñèñòåìû è ìåõàíèçìà ãåíåðàöèè ãåîìàãíèòíîãî ïîëÿ.

Êëþ÷åâûå ñëîâà: ñôåðè÷åñêàÿ ñèììåòðèÿ, àïïàðàò øàðîâûõ âåêòîðîâ,
óïðóãèé êâàçèøàð, ïðîâîäÿùàÿ âÿçêàÿ æèäêîñòü, êâàçèøàðîâîé ñëîé, ìàãíèò-
íîå äèíàìî.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ àêòóàëüíîé îñòàåòñÿ ïðîáëåìà ïîèñêà ìàòåìàòè÷åñêîãî àï-
ïàðàòà, ñ ïîìîùüþ êîòîðîãî óäàëîñü áû âûÿâèòü îáùèå çàêîíîìåðíîñòè äèíàìèêè
òâåðäûõ òåë è æèäêîñòåé. Ñóùåñòâóåò êëàññ çàäà÷, îáúåêòîì èññëåäîâàíèÿ êîòîðûõ
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ÿâëÿþòñÿ òåëà, îáëàäàþùèå ñôåðè÷åñêîé ñèììåòðèåé. Ñóùåñòâåííî óïðîùàåò ðå-
øåíèå çàäà÷ â ñôåðè÷åñêèõ îáëàñòÿõ àïïàðàò øàðîâûõ âåêòîðîâ [1], øèðîêî ïðèìå-
íÿåìûé â êâàíòîâîé ìåõàíèêå [2, 3]. Â ñî÷åòàíèè ñ àñèìïòîòè÷åñêèìè ìåòîäàìè
èñïîëüçîâàíèå øàðîâûõ âåêòîðîâ ïîçâîëÿåò ïîëó÷èòü ïðèáëèæåííîå àíàëèòè÷åñ-
êîå ðåøåíèå, ñïîñîáíîå âûÿâèòü íåêîòîðûå îñîáåííîñòè äèíàìèêè ñïëîøíîé ñðå-
äû, èëè çíà÷èòåëüíî óïðîñòèòü ÷èñëåííîå ðåøåíèå çàäà÷è.

Ïðèìåíåíèå àïïàðàòà øàðîâûõ âåêòîðîâ â çàäà÷àõ ìåõàíèêè âïåðâûå âñòðå÷à-
åòñÿ â ðàáîòàõ Ã.È. Ïåòðàøåíÿ [1] ïî òåîðèè óïðóãîñòè. Ýòà ìåòîäèêà ïîëó÷èëà
äàëüíåéøåå ðàçâèòèå â ðàáîòàõ, ïîñâÿùåííûõ äèíàìèêå âÿçêîóïðóãèõ äåôîðìèðó-
åìûõ òåë [4–6] è ãèäðîäèíàìèêå ïðîâîäÿùåé âÿçêîé æèäêîñòè [7–10].

Â [4] ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå êâàçèñòàòè÷åñêîé çàäà÷è î äåôîðìèðî-
âàíèè èçîòðîïíîãî óïðóãîãî êâàçèøàðà. Íà ïðèìåðå êâàçèøàðà ñ êóáè÷åñêîé ñèì-
ìåòðèåé, îáëàäàþùåãî â íåäåôîðìèðîâàííîì ñîñòîÿíèè êâàçèøàðîâûì òåíçîðîì
èíåðöèè, ïîêàçàíà äèíàìèêà òåëà ïðè ðàçëè÷íûõ ñêîðîñòÿõ ñîáñòâåííîãî âðàùå-
íèÿ. Â ðàìêàõ ýòîé ìîäåëè ïðåäëîæåí âîçìîæíûé ìåõàíèçì ãëîáàëüíîãî ïåðåìå-
ùåíèÿ â òåëå îñè óñòîé÷èâîãî ñòàöèîíàðíîãî âðàùåíèÿ [5].

Â [9] íàéäåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î äâèæåíèè âÿçêîé æèäêîñòè ìåæäó
íåêîíöåíòðè÷åñêèìè ñôåðàìè, â [8] ïîëó÷åíî ðåøåíèå íåñòàöèîíàðíîé çàäà÷è î
òå÷åíèè æèäêîñòè ìåæäó ñîîñíî âðàùàþùèìèñÿ ñôåðîé è ýëëèïñîèäîì. Ïîêàçàíî
[8, 9], ÷òî ñäâèã âíóòðåííåé ïîâåðõíîñòè îòíîñèòåëüíî âíåøíåé â íàïðàâëåíèè,
ïåðïåíäèêóëÿðíîì îñÿì âðàùåíèÿ, è ìàëàÿ ýëëèïñîèäàëüíîñòü âíóòðåííåé ïîâåðõ-
íîñòè ïðèâîäÿò ê âîçíèêíîâåíèþ ðàäèàëüíîãî òå÷åíèÿ, ïðåäñòàâëÿþùåãî èíòåðåñ
â òåîðèè ìàãíèòíîãî äèíàìî [11–21].

Â [7, 10] èçó÷åí âîïðîñ î âîçìîæíîñòè âîçáóæäåíèÿ ìàãíèòíîãî ïîëÿ òå÷åíèåì
[8, 9]. Èñïîëüçóÿ ïðåäñòàâëåíèÿ âåêòîðîâ ñêîðîñòè è íàïðÿæåííîñòè ìàãíèòíîãî
ïîëÿ â âèäå ðÿäà ïî øàðîâûì âåêòîðàì, óäàëîñü èçáàâèòüñÿ îò íåëèíåéíîñòè è ñâå-
ñòè çàäà÷ó ê ñèñòåìå îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé îò-
íîñèòåëüíî íåèçâåñòíûõ ðàäèàëüíûõ ôóíêöèé. Âîïðîñ î âîçíèêíîâåíèè ìàãíèò-
íîãî äèíàìî ðåøàåòñÿ èññëåäîâàíèåì íàëè÷èÿ ñîáñòâåííûõ çíà÷åíèé ñ ïîëîæè-
òåëüíîé äåéñòâèòåëüíîé ÷àñòüþ, îòâå÷àþùèõ ýêñïîíåíöèàëüíî ðàñòóùåìó ìàãíèò-
íîìó ïîëþ.

Â íàñòîÿùåé ñòàòüå ïðåäñòàâëåíû çàäà÷è, ðåøåíèå êîòîðûõ ïîëó÷åíî àâòîðàìè
ñ èñïîëüçîâàíèåì àïïàðàòà øàðîâûõ âåêòîðîâ, è îñíîâíûå ðåçóëüòàòû, ïîçâîëÿþ-
ùèå âûÿâèòü êà÷åñòâåííûå îñîáåííîñòè äèíàìèêè ñðåäû.

1. Àïïàðàò øàðîâûõ âåêòîðîâ

Øàðîâûìè âåêòîðàìè íà åäèíè÷íîé ñôåðå íàçûâàþò ïîëíóþ ñèñòåìó ëèíåéíî
íåçàâèñèìûõ âåêòîð-ôóíêöèé:
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ãäå ),( ϕθlmY  – ñôåðè÷åñêèå ôóíêöèè. Ýòîò àïïàðàò ïîëó÷èë ðàçâèòèå â ñâÿçè ñ èçó-
÷åíèåì êâàíòîâî-ìåõàíè÷åñêîãî ñòðîåíèÿ âåùåñòâà [2, 3]. Ïðèìåíåíèå øàðîâûõ
âåêòîðîâ â çàäà÷àõ äèíàìèêè ñïëîøíûõ ñðåä ïîçâîëÿåò ñâåñòè âåêòîðíóþ çàäà÷ó ê
çàäà÷àì äëÿ ñêàëÿðíûõ ðàäèàëüíûõ ôóíêöèé [1].

2. Ñâîáîäíûå óãëîâûå äâèæåíèÿ êâàçèøàðà

Ðàññìîòðèì çàäà÷ó î äåôîðìèðîâàíèè èçîòðîïíîãî óïðóãîãî êâàçèøàðà, ñîâåð-
øàþùåãî ñâîáîäíûå óãëîâûå äâèæåíèÿ.

Ðàçëîæèì óðàâíåíèå ïîâåðõíîñòè òåëà â ðÿä ïî ñôåðè÷åñêèì ôóíêöèÿì ),( ϕθlmY
è îãðàíè÷èìñÿ N ÷ëåíàìè ðàçëîæåíèÿ:
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Ñâÿæåì ñ òåëîì ñèñòåìó êîîðäèíàò Ox1x2x3, âðàùàþùóþñÿ ñ óãëîâîé ñêîðîñòüþ
ωωωωω(t). Ñìåùåíèå ýëåìåíòà îáúåìà îòíîñèòåëüíî Ox1x2x3 áóäåì õàðàêòåðèçîâàòü âåê-
òîðîì u(r, t).

Ââåäåì îáîçíà÷åíèÿ:
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ãäå ρ – ïëîòíîñòü òåëà, R0 – õàðàêòåðíûé ðàçìåð òåëà, t* – õàðàêòåðíîå âðåìÿ äâèæå-
íèÿ òåëà êàê öåëîãî, λ è μ  – óïðóãèå ïîñòîÿííûå.

Âÿçêîñòü òåëà ñ÷èòàåòñÿ ìàëîé è ó÷èòûâàåòñÿ ëèøü êàê ïðè÷èíà çàòóõàíèÿ óã-
ëîâûõ äâèæåíèé. Ýòî ïîçâîëÿåò èñêàòü âåêòîð ïåðåìåùåíèé â âèäå ðÿäà ïî ìàëîìó
ïàðàìåòðó ε:

...),(),(),( 2 +′′ε+′ε= ttt rururu
Çàïèøåì óðàâíåíèÿ äâèæåíèÿ ýëåìåíòà îáúåìà V è óñëîâèÿ îòñóòñòâèÿ íàïðÿ-

æåíèé íà ïîâåðõíîñòè S â ñâÿçàííîé ñèñòåìå:
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ãäå u′ij – òåíçîð ìàëûõ äåôîðìàöèé, nj – êîìïîíåíòû âåêòîðà íîðìàëè ê ïîâåðõíîñ-
òè S; δij – ñèìâîë Êðîíåêåðà.

Ñ÷èòàåòñÿ, ÷òî ïàðàìåòðû ε è δ, õàðàêòåðèçóþùèå óïðóãèå ñâîéñòâà è ìàëîå
îòêëîíåíèå ïîâåðõíîñòè òåëà îò ñôåðû, ñâÿçàíû íåðàâåíñòâîì:
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ζ  îáóñëîâëåíû ìàëûì îòêëîíåíèåì ïîâåðõíîñòè òåëà îò ñôåðû
(ζ = 0, +1, –1). Óãëîâàÿ ñêîðîñòü ωωωωω îïðåäåëÿåòñÿ â ðåçóëüòàòå ðåøåíèÿ óðàâíåíèÿ
äëÿ êèíåòè÷åñêîãî ìîìåíòà K
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ãäå â ðàññìàòðèâàåìîì ïðèáëèæåíèè .][ )(0
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0
ijI  – êîìïî-

íåíòû òåíçîðà èíåðöèè òåëà äî åãî äåôîðìèðîâàíèÿ, à ijij II ′′′ ,  – ïîïðàâêè òåíçîðà
èíåðöèè, ñâÿçàííûå ñ ó÷åòîì óïðóãèõ ñâîéñòâ òåëà [4, 5].

Âîçìîæíîñòü ãëîáàëüíîãî ïåðåìåùåíèÿ â òåëå îñè óñòîé÷èâîãî ñòàöèîíàðíîãî
âðàùåíèÿ ïðîäåìîíñòðèðîâàíà íà ïðèìåðå óïðóãîãî òåëà, îáëàäàþùåãî êóáè÷åñ-
êîé ñèììåòðèåé ôîðìû ïîâåðõíîñòè [5]. Â ýòîì ñëó÷àå â óðàâíåíèè ïîâåðõíîñòè
òåëà áóäåò ïðèñóòñòâîâàòü ÷åòâåðòàÿ ãàðìîíèêà:

.),(),(),(1),( ][ )( 4,444444040 ϕθ+ϕθα+ϕθαδ+=ϕθ −YYYR

Ñèñòåìà ãëàâíûõ îñåé Ox1x2x3 âûáðàíà òàê, ÷òîáû îñü Ox3 ïðîõîäèëà ÷åðåç
ãëàâíóþ äèàãîíàëü «êóáà». Â Ox1x2x3 òåíçîð èíåðöèè íåäåôîðìèðîâàííîãî êâàçè-
øàðà èìååò âèä:
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Ñ÷èòàåòñÿ, ÷òî Ox3 – îñü ñðåäíåãî ïî âåëè÷èíå ìîìåíòà èíåðöèè:

.132 Δ<Δ<Δ

Òåëî ïðèâåäåíî â áûñòðîå âðàùåíèå âîêðóã îñè Ox3 ñ óãëîâîé ñêîðîñòüþ

.3,2,1,,)( 332211 =Ω<<ωω+Ω+ω+ω= iieeeω
Ïåðåìåùåíèå â òåëå îñè óñòîé÷èâîãî ñòàöèîíàðíîãî âðàùåíèÿ îïèñûâàåòñÿ

ãåîìåòðè÷åñêè ñ ïîìîùüþ èçîáðàæåíèÿ ãîäîãðàôà âåêòîðà êèíåòè÷åñêîãî ìîìåíòà
K íà ñôåðå K2 = const.

Ïðè áîëüøîé ñêîðîñòè âðàùåíèÿ êà÷åñòâî äèíàìèêè òåëà îïðåäåëÿåòñÿ ÷åò-
âåðòîé ãàðìîíèêîé ôîðìû (ðèñ. 1). Ñ óìåíüøåíèåì óãëîâîé ñêîðîñòè Ω äî íåêîòî-
ðîãî çíà÷åíèÿ Ω1 îáëàñòü ïðèòÿæåíèÿ óñòîé÷èâîãî âðàùåíèÿ óìåíüøàåòñÿ (ðèñ. 2).

Ïðè Ω = Ω1 îáëàñòü ïðèòÿæåíèÿ âìåñòå ñ ïðèìûêàþùåé ê íåé ÿ÷åéêîé èñ÷åçà-
åò, åå ìåñòî çàïîëíÿþò òðàåêòîðèè, îõâàòûâàþùèå îñü íàèìåíüøåãî ìîìåíòà èíåð-
öèè Ox2 (ðèñ. 3). Ïðè äàëüíåéøåì çàìåäëåíèè âðàùåíèÿ ñåäëî áóäåò äâèãàòüñÿ ê
ïîëîæåíèþ îñè Ox3. Óìåíüøåíèå óãëîâîé ñêîðîñòè äî Ω2 ïðèâîäèò ê èñ÷åçíîâå-
íèþ íåóñòîé÷èâûõ ôîêóñîâ, çàêëþ÷åííûõ â ïåòëÿõ ñåïàðàòðèñ ñåäëîâîé òî÷êè â
ïîëîæåíèè îñè íàèáîëüøåãî ìîìåíòà èíåðöèè Ox1, è ðîæäåíèþ â îêðåñòíîñòè ýòîé

Ðèñ. 1

x1

x2

x3

x1

x2

x3

Ðèñ. 2
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îñè óñòîé÷èâîãî ôîêóñà. Ñ ýòîãî ìîìåíòà ýëëèïñîèä èíåðöèè òåëà â íåäåôîðìèðî-
âàííîì ñîñòîÿíèè ïîëíîñòüþ îïðåäåëÿåò êà÷åñòâî åãî äèíàìèêè (ðèñ. 4).

Â ðàññìîòðåííîé ìîäåëè âíóòðåííÿÿ äèññèïàöèÿ íå ïðèâîäèò ê êà÷åñòâåííîìó
èçìåíåíèþ äèíàìèêè òåëà. Èíà÷å îáñòîèò äåëî, êîãäà íàðÿäó ñ âíóòðåííåé äèññè-
ïàöèåé ýíåðãèè ïðèñóòñòâóåò è ìàëîå âíåøíåå ñîïðîòèâëåíèå äâèæåíèþ òåëà. Êè-
íåòè÷åñêèé ìîìåíò íå ñîõðàíÿåòñÿ, íî åãî èçìåíåíèå ââèäó ìàëîñòè ìîæíî íå ïðè-
íèìàòü â ðàñ÷åò. Âíåøíåå ñîïðîòèâëåíèå óìåíüøàåò óãëîâóþ ñêîðîñòü òåëà è ñî
âðåìåíåì èçìåíÿåò ñîîòíîøåíèå ìåæäó ôàêòîðàìè, îïðåäåëÿþùèìè äèíàìèêó òåëà.
Â ðåçóëüòàòå ïðè Ω = Ω* îñü óñòîé÷èâîãî ñòàöèîíàðíîãî âðàùåíèÿ ñìåùàåòñÿ â
òåëå â íîâîå ïîëîæåíèå. Â ðàññìîòðåííîé çàäà÷å ìèíèìóì êèíåòè÷åñêîé ýíåðãèè
«ïåðåìåùàåòñÿ» îò Ox3 ê íàïðàâëåíèþ Ox1.

3. Òå÷åíèå æèäêîñòè ìåæäó ñôåðè÷åñêîé
è êâàçèñôåðè÷åñêîé ïîâåðõíîñòÿìè

Ðàññìîòðèì çàäà÷ó î äâèæåíèè âÿçêîé íåñæèìàåìîé æèäêîñòè â ïðîñòðàíñòâå
ìåæäó âðàùàþùèìèñÿ ñôåðè÷åñêîé è êâàçèñôåðè÷åñêîé ïîâåðõíîñòÿìè. Ïîä êâàçè-
ñôåðè÷íîñòüþ ïîíèìàåòñÿ íàëè÷èå ìàëîãî ïîñòîÿííîãî ñìåùåíèÿ âíóòðåííåé ïî-
âåðõíîñòè îòíîñèòåëüíî âíåøíåé è ìàëîé ýëëèïñîèäàëüíîñòè âíóòðåííåé ïîâåðõ-
íîñòè.

Ïóñòü ýëëèïñîèä ÿâëÿåòñÿ ýëëèïñîèäîì âðàùåíèÿ ñ ïîëóîñÿìè a, b, îðèåíòè-
ðîâàííûì ñîãëàñíî ðèñ. 5. Ýëëèïñîèä âðàùàåòñÿ âîêðóã îñè O1z1 íåïîäâèæíîé ñè-
ñòåìû O1x1y1z1 ñ ïîñòîÿííîé óãëîâîé ñêîðîñòüþ ω1, à âíåøíÿÿ ñôåðà ñ ðàäèóñîì r2 –
îòíîñèòåëüíî îñè O2z2 íåïîäâèæíîé ñèñòåìû O2x2y2z2 ñ ïîñòîÿííîé ñêîðîñòüþ ω2.
Ñ÷èòàåòñÿ, ÷òî öåíòð ñèììåòðèè ýëëèïñîèäà O1 ñäâèíóò îòíîñèòåëüíî öåíòðà âíåø-
íåé ñôåðû O2 íà ìàëîå ðàññòîÿíèå

,1,,22 <<δδδ+δ=δ zxzx

òàêèì îáðàçîì, ÷òî öåíòð O1 â ñèñòåìå O2x2y2z2 èìååò êîîðäèíàòû O1(δx, 0, δz).
Äëÿ îïèñàíèÿ äâèæåíèÿ æèäêîñòè èñïîëüçóåòñÿ ñôåðè÷åñêàÿ ñèñòåìà êîîðäè-

íàò, ñîãëàñîâàííàÿ ñ ñèñòåìîé O2x2y2z2. Óðàâíåíèå âíóòðåííåé ïîâåðõíîñòè â ñôå-
ðè÷åñêîé ñèñòåìå êîîðäèíàò ñ òî÷íîñòüþ äî ÷ëåíîâ ïåðâîãî ïîðÿäêà ïî ïàðàìåò-
ðàì ñäâèãà δx, δz è ïàðàìåòðó ýëëèïñîèäàëüíîñòè μ  èìååò âèä:

).(sinsincoscossin 1
22 taar zx ω−ϕθμ+θδ+ϕθδ+=

Ðèñ. 3
x1

x3

x2

Ðèñ. 4

x2

x3

x1
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Çàäà÷à ðåøàåòñÿ â ïðåäïîëîæåíèè ìàëîñòè ÷èñëà Ðåéíîëüäñà. Â ýòîì ñëó÷àå
ïîëå ñêîðîñòè îïðåäåëÿåòñÿ èç ðåøåíèÿ óðàâíåíèé Íàâüå – Ñòîêñà ïîñëå èñêëþ÷å-
íèÿ èç íåãî ãðàäèåíòà äàâëåíèÿ è óðàâíåíèÿ íåðàçðûâíîñòè:

,rot vv
Δν=

∂
∂

t
(2)

0div =v
ñîâìåñòíî ñ óñëîâèÿìè ïðèëèïàíèÿ æèäêîñòè ê îãðàíè÷èâàþùèì åå ïîâåðõíîñòÿì,
ãäå ν – êèíåìàòè÷åñêàÿ âÿçêîñòü.

Ðåøåíèå óðàâíåíèé (2) èùåòñÿ â âèäå ðÿäà ïî øàðîâûì âåêòîðàì (1):

.),(),(),(),(),(),(),,,(
||,0

0 )(∑
≤=

−+ ϕθ+ϕθ+ϕθ=ϕθ
lml

lmlmlmlmlmlm trMtrPtrKtr YYYv

Íà ðèñ. 6, 7 èçîáðàæåíû âåêòîðíûå ïîëÿ ñêîðîñòè v áåç îñåñèììåòðè÷íîé ñî-
ñòàâëÿþùåé v0, îòâå÷àþùåé ðåøåíèþ çàäà÷è î äâèæåíèè æèäêîñòè â ïðîñòðàíñòâå
ìåæäó äèôôåðåíöèàëüíî âðàùàþùèìèñÿ êîíöåíòðè÷åñêèìè ñôåðàìè.

Ðèñóíîê 6 èëëþñòðèðóåò âëèÿíèå ñäâèãà δx âíóòðåííåé ïîâåðõíîñòè îòíîñè-
òåëüíî âíåøíåé â ýêâàòîðèàëüíîé ïëîñêîñòè ïðè îòñóòñòâèè ýëëèïñîèäàëüíîñòè
μ  = 0. Ëèíèè âåêòîðíîãî ïîëÿ v – v0 ìîæíî ðàçäåëèòü íà òðè òèïà: ëèíèè, êîíöû
êîòîðûõ ëåæàò íà âíåøíåé ñôåðå (çåëåíûé öâåò), ëèíèè ñ êîíöàìè íà âíóòðåííåé
ñôåðå (êðàñíûé öâåò) è çàìêíóòûå ëèíèè, ðàñïîëîæåííûå âíóòðè ïðîñòðàíñòâà
ìåæäó ñôåðàìè (ñèíèé öâåò). Êàæäàÿ ëèíèÿ ëåæèò â îïðåäåëåííîé ïîëóïëîñêîñòè
ñ ãðàíèöåé âäîëü îñè O2y2. Îáëàñòè, ñîäåðæàùèå çàìêíóòûå ëèíèè, óìåíüøàþòñÿ
ïðè ïîâîðîòå ïîëóïëîñêîñòè îòíîñèòåëüíî O2y2 îò {θ = π/2, π/2 < ϕ < 3π/2} ê {θ =
= π/2, –π/2 < ϕ < π/2}, â êîòîðîé çàìêíóòûå ëèíèè îòñóòñòâóþò.

Ðèñóíîê 7 îòâå÷àåò ñëó÷àþ îòñóòñòâèÿ ñäâèãà âíóòðåííåé ýëëèïñîèäàëüíîé
ïîâåðõíîñòè îòíîñèòåëüíî âíåøíåé (δx = δz = 0). Â ýòîì ñëó÷àå âáëèçè âíóòðåííåé
ïîâåðõíîñòè ðàñïîëàãàþòñÿ çàìêíóòûå ëèíèè âåêòîðíîãî ïîëÿ. Â âåðõíåé è íèæ-
íåé ÷àñòÿõ ïîëîñòè, ðàçäåëåííûõ ýêâàòîðèàëüíîé ïëîñêîñòüþ, ëèíèè êðàñíîãî öâå-
òà ïðåäñòàâëÿþò ñîáîé èçîãíóòûå êðèâûå, íå ëåæàùèå íà ñåìåéñòâå ïëîñêîñòåé
èëè ñôåðè÷åñêèõ ïîâåðõíîñòåé. Â ýêâàòîðèàëüíîé ïëîñêîñòè èìåþòñÿ öåíòðàëüíî-
ñèììåòðè÷íûå ëèíèè ñèíåãî öâåòà, âûòÿíóòûå âäîëü îñè O2x2, êîòîðûå ÿâëÿþòñÿ

Ðèñ. 5

z2

x1

ω2
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ω1 δx
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ñóïåðýëëèïòè÷åñêèìè êðèâûìè (êðèâûìè Ëàìå). Âáëèçè âíåøíåé ïîâåðõíîñòè
ïðèñóòñòâóþò íåçàìêíóòûå ëèíèè (çåëåíîãî öâåòà), ñîïðèêàñàþùèåñÿ ñî ñôåðîé â
äâóõ òî÷êàõ.

Òàêèì îáðàçîì, îñåâàÿ àñèììåòðèÿ ïîòîêà â ðàññìîòðåííûõ ìîäåëÿõ ïðèâîäèò
ê âîçíèêíîâåíèþ ðàäèàëüíîãî òå÷åíèÿ, íåîáõîäèìîãî äëÿ ãåíåðàöèè ìàãíèòíîãî
ïîëÿ. Íàëè÷èå çàìêíóòûõ òðàåêòîðèé âåêòîðíîãî ïîëÿ v – v0 ïðåäñòàâëÿåò èíòåðåñ
ïðè èçó÷åíèè êîíâåêöèîííûõ òå÷åíèé [12].

4. Î ãåíåðàöèè ìàãíèòíîãî ïîëÿ

Ðàññìîòðèì çàäà÷ó î ãåíåðàöèè ìàãíèòíîãî ïîëÿ òå÷åíèåì, îïèñàííûì â ï. 3.
Ïîëíàÿ ñèñòåìà óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè â áåçðàçìåðíîì âèäå [12, 18]:

,rot),(rot),(rot vHHvvv
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– áåçðàçìåðíûå ïàðàìåòðû; R – ìàñøòàá äëèíû, t* – ìàñøòàá âðåìåíè, I – ìàñøòàá
ñèëû òîêà, v* – õàðàêòåðíàÿ ñêîðîñòü ïîòîêà, Rm – ìàãíèòíîå ÷èñëî Ðåéíîëüäñà, ρ –
ïëîòíîñòü æèäêîñòè, ν – êèíåìàòè÷åñêàÿ âÿçêîñòü æèäêîñòè.

Óñëîâèÿ, íàëàãàåìûå íà ïàðàìåòðû ε << 1, s << 1, ïîçâîëÿþò èñêàòü ðåøåíèå
ñèñòåìû (3), (4) â âèäå ðàçëîæåíèÿ ïî ñòåïåíÿì ε, s:

......, 210210 ++ε+=++ε+= HHHHvvvv ss
Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ v0 áåðåòñÿ ñòàöèîíàðíàÿ ñîñòàâëÿþùàÿ

ðåøåíèÿ, ïîëó÷åííîãî èç çàäà÷è ãèäðîäèíàìèêè (3). Íàïðÿæåííîñòü ìàãíèòíîãî
ïîëÿ H0, ñîçäàâàåìîãî òå÷åíèåì v0 â ïðîñòðàíñòâå ìåæäó ñôåðàìè, íàõîäèòñÿ èç
óðàâíåíèé:

x2 y2
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.0div,,rot 0000
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Ðåøåíèå íåñòàöèîíàðíîé çàäà÷è (5) â ïðîñòðàíñòâå ìåæäó âðàùàþùèìèñÿ ïî-
âåðõíîñòÿìè èùåòñÿ â âèäå ðÿäà ïî øàðîâûì âåêòîðàì (1):
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Âåêòîðíîå ïðîèçâåäåíèå [v0, H0] ïðåäñòàâëÿåòñÿ â âèäå ðàçëîæåíèÿ:
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â êîòîðîì ôóíêöèè )(rlm
ζΦ  ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè íåèçâåñòíûõ ðà-

äèàëüíûõ ôóíêöèé ),(rlm
ζΨ  ζ = 0, +1, –1.

Ïîäñòàíîâêà ðàçëîæåíèé H0 è [v0, H0] â óðàâíåíèÿ (5) è ãðóïïèðîâêà êîýôôè-
öèåíòîâ ïåðåä øàðîâûìè âåêòîðàìè ñ îäèíàêîâûìè èíäåêñàìè ïîçâîëÿåò ñâåñòè
çàäà÷ó ê ðåøåíèþ áåñêîíå÷íîìåðíîé ëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ ðàäèàëüíûõ ôóíêöèé ).(rlm

νΨ
Ïîñëå çàìåíû ïðîèçâîäíûõ ðàçíîñòíûìè àíàëîãàìè çàäà÷à ñâîäèòñÿ ê íàõîæ-

äåíèþ ñîáñòâåííûõ çíà÷åíèé λk ìàòðèöû óñå÷åííîé ñèñòåìû. Çíà÷åíèÿ λk áóäóò
çàâèñåòü îò âåëè÷èíû ìàãíèòíîãî ÷èñëà Ðåéíîëüäñà Rm, âûñòóïàþùåãî â êà÷åñòâå
ïàðàìåòðà â ìîäåëè. Åñëè äåéñòâèòåëüíûå ÷àñòè âñåõ ñîáñòâåííûõ ÷èñåë îòðèöà-
òåëüíû, ïîëå H0, ñîçäàâàåìîå òå÷åíèåì v0, ñî âðåìåíåì áóäåò çàòóõàòü. Åñëè ïðè
íåêîòîðîì çíà÷åíèè Rm äåéñòâèòåëüíàÿ ÷àñòü õîòÿ áû îäíîãî λk ñòàíîâèòñÿ ïîëî-
æèòåëüíîé, ñîîòâåòñòâóþùåå åìó ìàãíèòíîå ïîëå íà÷èíàåò ýêñïîíåíöèàëüíî íàðà-
ñòàòü, ÷òî îçíà÷àåò âîçíèêíîâåíèå äèíàìî. Èíòåðåñ ïðåäñòàâëÿåò ñîáñòâåííîå çíà-
÷åíèå ñ íàèáîëüøåé äåéñòâèòåëüíîé ÷àñòüþ Re λ* = max Re λk.

Äëÿ îöåíêè âåëè÷èíû Re λ* â ðàñ÷åòàõ èñïîëüçîâàëèñü óñðåäíåííûå õàðàêòå-
ðèñòèêè Çåìëè [19, 20, 22] è ó÷èòûâàëîñü îïåðåæàþùåå âðàùåíèå òâåðäîãî ÿäðà
îòíîñèòåëüíî ìàíòèè. Äëÿ çíà÷åíèé L = 1, 2, îïðåäåëÿþùèõ íàèâûñøèé ïîðÿäîê
ãàðìîíèê â ðàçëîæåíèè âåêòîðà H0, ïîëó÷åíà çàâèñèìîñòü Re λ* îò ìàãíèòíîãî ÷èñëà
Ðåéíîëüäñà. Ïîêàçàíî, ÷òî ïðè )(êð LRR mm >  äåéñòâèòåëüíàÿ ÷àñòü Re λ* ñòàíîâèò-
ñÿ ïîëîæèòåëüíîé. Ïðè L = 1 êðèòè÷åñêîå çíà÷åíèå ìàãíèòíîãî ÷èñëà Ðåéíîëüäñà
ðàâíî ,32êð ≈mR  ïðè L = 2 – .29êð ≈mR

Ïî ñðàâíåíèþ ñ îöåíêàìè Rm äëÿ æèäêîãî ÿäðà Çåìëè ïîëó÷åííîå ÷èñëî 
êð
mR

îêàçûâàåòñÿ ìåíüøå. Òàêèì îáðàçîì, â ðàìêàõ ðàññìîòðåííîé ìîäåëè âîçìîæíî
âîçáóæäåíèå ýêñïîíåíöèàëüíî ðàñòóùåãî ìàãíèòíîãî ïîëÿ.

Çàêëþ÷åíèå

Èñïîëüçóåìûé ïîäõîä, îñíîâàííûé íà ïðèìåíåíèè àïïàðàòà øàðîâûõ âåêòî-
ðîâ, ìîæåò áûòü ïîëåçåí ïðè ðåøåíèè çàäà÷ ìåõàíèêè, îáëàäàþùèõ ñôåðè÷åñêîé
ñèììåòðèåé. Â ðÿäå ñëó÷àåâ ýòîò àïïàðàò ïîçâîëÿåò íàéòè àíàëèòè÷åñêîå ðåøåíèå
óðàâíåíèé èëè çíà÷èòåëüíî óïðîñòèòü èõ ÷èñëåííîå ðåøåíèå. Ïîëó÷åííûå àâòîðà-
ìè êà÷åñòâåííûå ðåçóëüòàòû [4–10], ñâèäåòåëüñòâóþùèå î âîçìîæíîñòè ãëîáàëüíî-
ãî ïåðåìåùåíèÿ ïîëþñîâ óïðóãîãî äåôîðìèðóåìîãî òåëà [4, 5], íàëè÷èè ðàäèàëü-
íîãî òå÷åíèÿ æèäêîñòè â ïðîñòðàíñòâå ìåæäó âðàùàþùèìèñÿ êâàçèñôåðè÷åñêèìè
ïîâåðõíîñòÿìè [8, 9] è ñâÿçàííîé ñ íèì âîçìîæíîñòè âîçáóæäåíèÿ ìàãíèòíîãî ïîëÿ
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[7, 10], ïðåäñòàâëÿþò èíòåðåñ äëÿ èçó÷åíèÿ äèíàìèêè Çåìëè è ìåõàíèçìà ìàãíèò-
íîãî äèíàìî.
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APPLICATION OF THE APPARATUS OF BALL VECTORS
IN PROBLEMS OF MECHANICS

Novikov V.V., Fevralskikh L.N.

National Research Lobachevsky State University of Nizhny Novgorod,
Nizhny Novgorod, Russian Federation

An approach to solving problems of dynamics of distributed mechanical systems with spherical
symmetry based on the use of the ball vector apparatus is demonstrated. A number of problems of
the dynamics of a solid deformable body, liquid fluid, and magnetic hydrodynamics are presented,
for which an analytical solution is obtained that allows us to identify qualitative features of the
dynamics of the studied objects.
The problem of free angular movements of a deformable body close in shape to a ball is considered.
The example of almost of ball possessing cubic symmetry, body shape and almost spherical the
inertia tensor in the undeformed condition, demonstrates the ability of the global movement in the
body axis of steady rotation (pole). The effect is due to the fact that when a body rotates at high
speed, the elastic properties play a decisive role in its dynamics. Over time, the angular velocity of
the drag decreases and the movement of the body is increasingly affected by its ellipsoidplicity.
The motion of an incompressible viscous fluid in the space between a rotating non-concentric
sphere and an ellipsoid is studied. It is shown that the asymmetry of the flow leads to the appearance
of a radial flow of the liquid. The presence of such a flow in the case of a conducting liquid is a
necessary condition for generating a magnetic field.
 Assuming that the liquid is conductive, a study of the possibility of generating a magnetic field is
carried out on the basis of the obtained flow in the framework of the kinematic approach. The
smallest value of the Reynolds magnetic number is found, which creates an exponentially growing
magnetic field when passing through it.
The results obtained can be useful for studying the dynamics of the Earth and the planets of the
Solar system and the mechanism of generating a geomagnetic field.

Keywords: spherical symmetry, apparatus of spherical vectors, elastic quasiball, conducting viscous
liquid, quasispherical layer, magnetic dynamo.


