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Â áîëüøèíñòâå ñëó÷àåâ êðèâûå äåôîðìèðîâàíèÿ, îïðåäåëÿþùèå ñâîéñòâà
óïðóãîïëàñòè÷åñêèõ ìàòåðèàëîâ, ïðåäñòàâëÿþò ñîáîé ýìïèðè÷åñêèå çàâèñè-
ìîñòè, èíòåðïîëèðóþùèå îïðåäåëåííóþ âûáîðêó ýêñïåðèìåíòàëüíûõ òî÷åê.
Â òî æå âðåìÿ ýìïèðè÷åñêèå êðèâûå íå äàþò ïðåäñòàâëåíèÿ î ôèçèêå äåôîð-
ìàöèîííûõ ïðîöåññîâ â òàêèõ ìàòåðèàëàõ. Â êà÷åñòâå àëüòåðíàòèâû ïðåäëà-
ãàåòñÿ ïîñòðîèòü êðèâûå äåôîðìèðîâàíèÿ êàê ðåøåíèå äèôôåðåíöèàëüíîãî
óðàâíåíèÿ, êàæäûé ÷ëåí êîòîðîãî èìååò ôèçè÷åñêèé ñìûñë è îïðåäåëÿåò ñî-
îòâåòñòâóþùèé ìåõàíèçì äåôîðìàöèè, ñâîéñòâåííûé êàæäîìó ìàòåðèàëó.
Ñòðîèòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà ñ ïåðåìåííûìè
êîýôôèöèåíòàìè, ñîáñòâåííûìè ôóíêöèÿìè êîòîðîãî ÿâëÿþòñÿ ïîëèíîìû è
ñòåïåííûå ôóíêöèè, îíè îáåñïå÷èâàþò ïðååìñòâåííóþ ñâÿçü ýòîé ìîäåëè ñ
ýìïèðè÷åñêîé ìîäåëüþ Ðàìáåðãà – Îñãóäà. Ïîêàçàíî, ÷òî îïåðàòîð ýòîãî óðàâ-
íåíèÿ åñòü îïåðàòîð Ýéëåðà, îí ÿâëÿåòñÿ ïðîèçâåäåíèåì äâóõ îïåðàòîðîâ âòî-
ðîãî ïîðÿäêà. Ïåðâûé îïåðàòîð îïðåäåëÿåò ìåõàíèçì ëèíåéíîãî äåôîðìèðî-
âàíèÿ, à âòîðîé – ìåõàíèçì íåëèíåéíîãî äåôîðìèðîâàíèÿ  ìàòåðèàëà. Ïàðà-
ìåòðû ìàòåðèàëà äëÿ îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ îïðåäåëåíû ìå-
òîäàìè ïðèêëàäíîé ìàòåìàòèêè. Äëÿ ñîêðàùåíèÿ îáúåìà âû÷èñëåíèé ïðåäëà-
ãàåòñÿ ìåòîä ñæàòèÿ äâóìåðíîé (â êîîðäèíàòàõ äåôîðìàöèÿ–íàïðÿæåíèå) îá-
ëàñòè äëÿ íàõîæäåíèÿ õàðàêòåðíîé òî÷êè êðèâîé äåôîðìèðîâàíèÿ – ïðåäåëà
ïðîïîðöèîíàëüíîñòè. Ýòîò ìåòîä îïðåäåëåíèÿ ïðåäåëà ïðîïîðöèîíàëüíîñòè
ÿâëÿåòñÿ ôîðìàëüíûì, ìàòåìàòè÷åñêèì è ëèøåí ñóáúåêòèâèçìà, â îòëè÷èå îò
ìåòîäà, ïðåäïèñàííîãî äåéñòâóþùèì  ÃÎÑÒîì. Ñôîðìóëèðîâàíà ôèçè÷åñêè
îáîñíîâàííàÿ íåïðîòèâîðå÷èâàÿ ñèñòåìà ÷åòûðåõ ãðàíè÷íûõ óñëîâèé íà èí-
òåðâàëå íåëèíåéíîé óïðóãîñòè êðèâîé äåôîðìèðîâàíèÿ. Ìàòåìàòè÷åñêàÿ ìî-
äåëü ïîñòðîåíèÿ êðèâûõ äåôîðìèðîâàíèÿ ðàçëè÷íûõ ôèçè÷åñêè íåëèíåéíûõ
ìàòåðèàëîâ ïîçâîëÿåò ñîçäàâàòü ìàòåìàòè÷åñêèå ìîäåëè ðåñóðñà òàêèõ ìàòå-
ðèàëîâ.

Êëþ÷åâûå ñëîâà: çàêîí Ðàìáåðãà – Îñãóäà, ýìïèðè÷åñêèå êðèâûå äåôîð-
ìèðîâàíèÿ, ìàòåìàòè÷åñêàÿ ìîäåëü, îáðàáîòêà ýêñïåðèìåíòàëüíûõ äàííûõ.

Ââåäåíèå

Îöåíêà è ïðîãíîçèðîâàíèå ñîñòîÿíèÿ ìàòåðèàëà ïðåäïîëàãàåò çíàíèå åãî ìåõà-
íè÷åñêèõ ñâîéñòâ. Òî÷íàÿ îöåíêà ìåõàíè÷åñêèõ õàðàêòåðèñòèê ìîæåò áûòü ïîëó÷å-
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íà â ðåçóëüòàòå àíàëèçà êðèâîé äåôîðìèðîâàíèÿ, çàïèñàííîé â êîîðäèíàòàõ íàïðÿ-
æåíèå–äåôîðìàöèÿ âî âðåìÿ ñòàíäàðòíîãî èñïûòàíèÿ íà ðàñòÿæåíèå. Êðèâóþ äå-
ôîðìèðîâàíèÿ ìîæíî ðàçäåëèòü íà äâå ÷àñòè: ôèçè÷åñêè ëèíåéíóþ è ôèçè÷åñêè
íåëèíåéíóþ.

Â ëèòåðàòóðå ñôîðìóëèðîâàí ðÿä ìîäåëåé [1–12], îïèñûâàþùèõ ýìïèðè÷åñêèå
çàâèñèìîñòè íàïðÿæåíèå–äåôîðìàöèÿ. Îäíîé èç ñàìûõ èçâåñòíûõ ìîäåëåé ÿâëÿåòñÿ
ìîäåëü Ðàìáåðãà – Îñãóäà, êîòîðàÿ ïîïóëÿðíà êàê ñðåäè ó÷åíûõ, çàíèìàþùèõñÿ ìî-
äåëèðîâàíèåì ñâîéñòâ ìàòåðèàëîâ [13–17], òàê è ñðåäè èíæåíåðîâ, ðåøàþùèõ çàäà-
÷è ïðîåêòèðîâàíèÿ êîíñòðóêöèé èç ïëàñòè÷íûõ ìàòåðèàëîâ [18–21].

Êëàññè÷åñêàÿ ìîäåëü Ðàìáåðãà – Îñãóäà [22] ïîñòóëèðóåòñÿ êàê òðåõïàðàìåò-
ðè÷åñêàÿ ôóíêöèÿ äåôîðìàöèè îò íàïðÿæåíèÿ è òðåõ ïàðàìåòðîâ ñðåäû:

,ησ+σ=ε BA (1)

ãäå ε = f (σ, A, B, η) – äåôîðìàöèÿ, çàâèñÿùàÿ îò íàïðÿæåíèÿ σ è òðåõ ïàðàìåòðîâ
A, B, η, îòðàæàþùèõ ñâîéñòâà ìàòåðèàëà. Îòìåòèì, ÷òî ïàðàìåòð η – áåçðàçìåð-
íûé, à ïàðàìåòðû A, B èìåþò ðàçìåðíîñòü.

Ïðè ñðàâíèòåëüíîì àíàëèçå äîñòîèíñòâ è íåäîñòàòêîâ ìîäåëåé äåôîðìèðîâà-
íèÿ è äëÿ ñîïîñòàâëåíèÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè óäîáíî èñïîëüçîâàòü áåç-
ðàçìåðíóþ ôîðìó çàïèñè çàêîíà äåôîðìèðîâàíèÿ. Äëÿ ýòîãî âûáåðåì òî÷êó àáñî-
ëþòíîãî ìàêñèìóìà íàïðÿæåíèé èç âûáîðêè ýêñïåðèìåíòàëüíûõ òî÷åê è íàçîâåì
åå òî÷êîé ïðåäåëà ïðî÷íîñòè ñ êîîðäèíàòàìè (εñ, σñ). Îòáðîñèì âñå òî÷êè, ëåæà-
ùèå ñïðàâà îò òî÷êè ïðåäåëà ïðî÷íîñòè, êàê íå îòðàæàþùèå ñâîéñòâ íåðàçðóøåí-
íûõ ìàòåðèàëîâ. Íîðìèðóåì íàïðÿæåíèÿ σ íà íàïðÿæåíèå ïðåäåëà ïðî÷íîñòè σñ:
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Çàêîí äåôîðìèðîâàíèÿ Ðàìáåðãà – Îñãóäà (1) â áåçðàçìåðíûõ ïåðåìåííûõ:

,)( ***** ησ+σ=ε BA (2)

åãî ìîæíî çàïèñàòü â âèäå

.1
1

*

*

*
0

*
*

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
σ
σ

α+
σ

=ε
−η

eE
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Ýìïèðè÷åñêèé çàêîí Ðàìáåðãà – Îñãóäà èìååò äâà ïðèíöèïèàëüíî âàæíûõ íå-
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äîñòàòêà, îãðàíè÷èâàþùèõ åãî ïðèìåíåíèå êàê ïðè ìîäåëèðîâàíèè ñâîéñòâ ìàòå-
ðèàëîâ, òàê è ïðè ïðîåêòèðîâàíèè êîíñòðóêöèé èç íèõ.

1. Âîçüìåì äèôôåðåíöèàë îò ñîîòíîøåíèÿ (2):

.*1**** ])([ σση+=ε −η dBAd
Îòñþäà ñëåäóåò, ÷òî
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1****
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)( −ηση+
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ε
σ
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d (3)

Îáðàòèì âíèìàíèå íà òî, ÷òî êàñàòåëüíûé ìîäóëü ê èíæåíåðíîé êðèâîé äåôîðìè-
ðîâàíèÿ, ñîîòâåòñòâóþùèé çàêîíó Ðàìáåðãà – Îñãóäà, íå ìîæåò ïðèíèìàòü íóëåâîå
çíà÷åíèå è ïîýòîìó îí íåñîâìåñòèì ñ óñëîâèåì òåîðåòè÷åñêîé ïðî÷íîñòè:
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2. Èç ñîîòíîøåíèÿ (3) ñëåäóåò, ÷òî êàñàòåëüíûé ìîäóëü ÿâëÿåòñÿ ìîíîòîííî
óáûâàþùåé ôóíêöèåé è, ñëåäîâàòåëüíî, êðèâàÿ äåôîðìèðîâàíèÿ, ñîîòâåòñòâóþùàÿ
çàêîíó Ðàìáåðãà – Îñãóäà, íå èìååò ëèíåéíîãî ó÷àñòêà.

Ñòàòüÿ ïîñâÿùåíà ïîñòðîåíèþ êðèâîé äåôîðìèðîâàíèÿ, ñâîáîäíîé îò óêàçàí-
íûõ äâóõ íåäîñòàòêîâ çàêîíà Ðàìáåðãà – Îñãóäà.

1. Ôîðìóëèðîâêà èñêîìîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Â êà÷åñòâå àëüòåðíàòèâû áåðåòñÿ èäåÿ, âûñêàçàííàÿ â [1], ÷òî êðèâàÿ äåôîðìè-
ðîâàíèÿ èìååò äâà ïðèíöèïèàëüíî ðàçíûõ ó÷àñòêà (ëèíåéíûé è íåëèíåéíûé), óñò-
ðàíÿþùàÿ âòîðîå ïðîòèâîðå÷èå çàêîíà Ðàìáåðãà – Îñãóäà:
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Îäíàêî ýòà èäåÿ íå óòî÷íÿåò âèä êðèâîé äåôîðìèðîâàíèÿ íà âòîðîì ó÷àñòêå, à
îãðàíè÷èâàåòñÿ ëèøü êîíñòàòàöèåé ôàêòà, ÷òî ýòî ïðîèçâîëüíàÿ ôóíêöèÿ, êîòîðàÿ
ìîæåò áûòü ïðåäñòàâëåíà â âèäå ðàçëîæåíèÿ â ðÿä Òåéëîðà. Ðàçâèâàÿ ýòó èäåþ,
ìîæíî ïðåäïîëîæèòü, ÷òî êðèâàÿ äåôîðìèðîâàíèÿ íà íåëèíåéíîì ó÷àñòêå íå ïðî-
ñòî îïðåäåëÿåòñÿ ðàçëîæåíèåì â ðÿä Òåéëîðà, à ÿâëÿåòñÿ ðåøåíèåì íåêîòîðîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà, ýòî ïîçâîëÿåò óñòðàíèòü ïåðâûé
íåäîñòàòîê çàêîíà Ðàìáåðãà – Îñãóäà, à èìåííî: íåñîâìåñòèìîñòü ñ óñëîâèåì òåî-
ðåòè÷åñêîé ïðî÷íîñòè (3).

Íà êîíöàõ êàæäîãî ó÷àñòêà ìîæíî ñôîðìóëèðîâàòü äâà óñëîâèÿ, êîòîðûì äîëæ-
íà óäîâëåòâîðÿòü êðèâàÿ äåôîðìèðîâàíèÿ. Äåéñòâèòåëüíî, íà êîíöàõ ëþáîãî ó÷àñò-
êà äîëæíû áûòü çàäàíû íàïðÿæåíèÿ è êàñàòåëüíûé ìîäóëü:

– ïðè ε* = 0

⎪
⎪
⎩

⎪⎪
⎨

⎧

=
ε
σ

=σ

=ε

=ε

;

,0

*
0

0
*

*
0

*

*

*

E
d
d (4)

– ïðè **
eε=ε



308

⎪
⎪
⎩

⎪⎪
⎨

⎧

=
ε
σ

ε=σ

ε=ε

ε=ε

;

,

*
0*

*

**
0

*

**

**

E
d
d

E

e

e
e

(5)

– ïðè ε* = 1
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Èç ýòèõ óñëîâèé ñëåäóåò, ÷òî êðèâàÿ äåôîðìèðîâàíèÿ óäîâëåòâîðÿåò íåêîòîðî-
ìó îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ÷åòâåðòîãî ïîðÿäêà, äëÿ ïîñò-
ðîåíèÿ åäèíñòâåííîãî ðåøåíèÿ êîòîðîãî òðåáóåòñÿ êàê ðàç ïî äâà óñëîâèÿ íà êàæ-
äîì êîíöå èíòåðâàëà îïðåäåëåíèÿ.

Èñõîäÿ èç ñòðóêòóðû óðàâíåíèÿ çàêîíà Ðàìáåðãà – Îñãóäà (2) ìîæíî êîíñòàòè-
ðîâàòü, ÷òî îíî ñîäåðæèò ëèíåéíóþ ÷àñòü (ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè óðàâ-
íåíèÿ), ñîîòâåòñòâóþùóþ ïðîñòîìó îïåðàòîðó âòîðîãî ïîðÿäêà, ïðîïîðöèîíàëü-
íîìó âòîðîé ïðîèçâîäíîé ïî íàïðÿæåíèÿì. Â ðàññìàòðèâàåìîì ñëó÷àå íàïðÿæåíèÿ –
ýòî ôóíêöèè äåôîðìàöèè íà íåëèíåéíîì ó÷àñòêå. Òåì íå ìåíåå áóäåì ïîëàãàòü, ÷òî
ëèíåéíûé ïîëèíîì åñòü ñîáñòâåííàÿ ôóíêöèÿ èñêîìîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ÷åòâåðòîãî ïîðÿäêà. Îãðàíè÷èìñÿ ïîêà ìîäåëèðîâàíèåì êðèâûõ äåôîðìèðî-
âàíèÿ â ðàìêàõ îáðàòèìûõ ïðîöåññîâ. Òîãäà ìîæíî ñ÷èòàòü, ÷òî îïåðàòîð èñêîìîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÿâëÿåòñÿ ñàìîñîïðÿæåííûì. Ìîæíî ïðåäñòàâèòü
äèôôåðåíöèàëüíûé îïåðàòîð ÷åòâåðòîãî ïîðÿäêà ýòîãî óðàâíåíèÿ êàê ïðîèçâåäå-
íèå äâóõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà. Ñ ó÷åòîì òîãî, ÷òî ëè-
íåéíûé ïîëèíîì ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé îïåðàòîðà âòîðîãî ïîðÿäêà, ìîæ-
íî óòâåðæäàòü, ÷òî îäèí èç ýòèõ äâóõ îïåðàòîðîâ âòîðîãî ïîðÿäêà îïðåäåëåí. Âèä
âòîðîãî îïåðàòîðà ìîæíî ïîñòóëèðîâàòü, îïèðàÿñü íà òî, ÷òî â çàêîíå Ðàìáåðãà –
Îñãóäà ïîìèìî ëèíåéíîãî ïîëèíîìà èìååò ìåñòî ñëàãàåìîå, îòðàæàþùåå ñòåïåí-
íóþ çàâèñèìîñòü. Îïåðàòîðîì, ñîáñòâåííûå ôóíêöèè êîòîðîãî ÿâëÿþòñÿ ñòåïåí-
íûìè ôóíêöèÿìè, äîëæåí áûòü îïåðàòîð Ýéëåðà. Òàêèì îáðàçîì, ñòðóêòóðà èñêî-
ìîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîëíîñòüþ îïðåäåëåíà, è îíî ìîæåò áûòü çà-
ïèñàíî â ñëåäóþùåì âèäå:

,0)2(
IV2 =σ−η−σε+σε ∗∗∗∗∗ "''' (7)

ãäå (η – 2) – íåêîòîðûé ôèçè÷åñêèé ïàðàìåòð, îòðàæàþùèé ôèçè÷åñêèå ñâîéñòâà
ìàòåðèàëà. Â ïðèíöèïå, ïðè êàæäîì ñëàãàåìîì äîëæåí ñòîÿòü ñâîé ìíîæèòåëü, îò-
ðàæàþùèé ôèçè÷åñêèå ñâîéñòâà, îäíàêî â öåëÿõ ïðîñòîòû îãðàíè÷èìñÿ åäèíñòâåí-
íûì ìåõàíè÷åñêèì ñâîéñòâîì â ñîîòâåòñòâèè ñ (7).

2. Ìîäèôèöèðîâàííàÿ ìîäåëü êàê ðåøåíèå êîíòàêòíîé çàäà÷è
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà

Â îòëè÷èå îò (2), â ðàññìàòðèâàåìîé ìîäåëè íàïðÿæåíèå ÿâëÿåòñÿ ôóíêöèåé
äåôîðìàöèè, à íå íàîáîðîò. Ñîîòâåòñòâåííî êðèâàÿ äåôîðìèðîâàíèÿ îïðåäåëÿåòñÿ
ëèíåéíîé êîìáèíàöèåé ôóíäàìåíòàëüíûõ ðåøåíèé óðàâíåíèÿ (7) íà êàæäîì èç äâóõ
ó÷àñòêîâ êðèâîé äåôîðìèðîâàíèÿ.
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Ðåøåíèå èìååò âèä:

⎩
⎨
⎧

≤ε≤εε+ε+ε+
ε≤ε≤ε+ε+ε+

=εσ
∗∗η−∗η∗∗

∗∗η−∗η∗∗
∗∗

.1,
,0,

4
3210

4
3210)(

e

e

cccc
CCCC

(8)

Êàñàòåëüíûé ìîäóëü:

⎩
⎨
⎧

≤ε≤εεη−+ηε+
ε≤ε≤εη−+ηε+

=εσ
∗∗η−∗−η∗

∗∗η−∗−η∗
∗∗

.1,)4(
,0,)4(

3
3

1
21

3
3

1
21)(

e

e

ccc
CCC' (9)

Ãðàíè÷íûå óñëîâèÿ (4) ïðè ε* = 0 äëÿ ðåøåíèÿ íà èíòåðâàëå ëèíåéíîñòè:

⎪⎩

⎪
⎨
⎧

==
ε
σ

=

==σ
∗

∗

∗
∗

∗

.)0(

,0)0(

01

0

EC
d
dE

C

Ãðàíè÷íûå óñëîâèÿ (5) ïðè 
**
eε=ε  äëÿ ðåøåíèÿ íà èíòåðâàëå ëèíåéíîñòè:

⎩
⎨
⎧

=εη−+ηε+=ε
ε=ε+ε+ε=εσ

∗η−∗−η∗∗∗∗

∗∗η−∗η∗∗∗∗∗

.)4(
,

0
3

3
1

20

0
4

320

)(
)(

ECCEE
ECCE

eee

eeeee

Ãðàíè÷íûå óñëîâèÿ (5) ïðè 
**
eε=ε  äëÿ ðåøåíèÿ íà èíòåðâàëå íåëèíåéíîñòè:

⎩
⎨
⎧

=εη−+ηε+=ε
ε=ε+ε+ε+=εσ

∗η−∗−η∗∗∗

∗∗η−∗η∗∗∗∗

.)4(
,

0
3

3
1

21

0
4

3210

)(
)(

EcccE
Ecccc

eee

eeeee

Ãðàíè÷íûå óñëîâèÿ (6) ïðè ε* = 1 äëÿ ðåøåíèÿ íà èíòåðâàëå íåëèíåéíîñòè:

⎩
⎨
⎧

=η−+η+=
=+++=σ

∗

∗

.0)4()1(
,1)1(

321

3210

cccE
cccc

Ãðàíè÷íûå óñëîâèÿ íà èíòåðâàëå ëèíåéíîñòè ïðèâîäÿò ê ñëåäóþùèì çíà÷åíè-
ÿì Ci:

.0,,0 32010 ==== ∗ CCECC (10)

Óäîâëåòâîðåíèå ãðàíè÷íûì óñëîâèÿì íà èíòåðâàëå íåëèíåéíîñòè ñâîäèòñÿ ê
÷èñëåííîìó ðåøåíèþ ñèñòåìû ÷åòûðåõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ÷å-
òûðüìÿ íåèçâåñòíûìè ïîñòîÿííûìè èíòåãðèðîâàíèÿ:

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=η−+η+
=+++

=εη−+ηε+
ε=ε+ε+ε+

∗η−∗−η∗

∗∗η−∗η∗∗

.0)4(
,1

,)4(
,

321

3210

0
3

3
1

21

0
4

3210

ccc
cccc

Eccc
Ecccc

ee

eee

(11)

Ïîäñòàâëÿÿ ïîëó÷åííûå â ðåçóëüòàòå ðåøåíèÿ ñèñòåìû (11) çíà÷åíèÿ ci è çíà÷å-
íèÿ Ci â (8), ïîëó÷èì ôîðìóëó êðèâîé äåôîðìèðîâàíèÿ.

3. Îáðàáîòêà ýêñïåðèìåíòàëüíûõ äàííûõ
è îïðåäåëåíèå ïàðàìåòðîâ ìîäåëè

Èñïîëüçóåòñÿ ìåòîäèêà îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ, îñíîâàííàÿ íà
÷èñëåííîì ïîèñêå ìèíèìóìà ñóììàðíîãî êâàäðàòè÷íîãî îòêëîíåíèÿ òåîðåòè÷åñ-
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êîé êðèâîé äåôîðìèðîâàíèÿ êàê ôóíêöèè òðåõ ïàðàìåòðîâ îò âûáîðêè êîíå÷íîãî
÷èñëà n ýêñïåðèìåíòàëüíûõ òî÷åê. Íà ïðèìåðå âûáîðêè èç 30 ýêñïåðèìåíòàëüíûõ
òî÷åê äëÿ ñòàëè 20ÕÃÐ ïðîâåäåì àíàëèç ðàáîòîñïîñîáíîñòè è ïðåäñêàçàòåëüíîé
ñèëû ïðåäëîæåííîé òåîðåòè÷åñêîé ìîäåëè.

Àëãîðèòì îáðàáîòêè ñâîäèòñÿ ê ñëåäóþùåé ïîñëåäîâàòåëüíîñòè øàãîâ.
Øàã  1. Êàæäàÿ ýêñïåðèìåíòàëüíàÿ òî÷êà âûáèðàåòñÿ â êà÷åñòâå ïðîáíîãî ïðå-

äåëà ïðîïîðöèîíàëüíîñòè. Äëÿ íåå ïîäáèðàåòñÿ òàêîé ïîêàçàòåëü η, ÷òîáû ñóììàð-
íîå êâàäðàòè÷íîå îòêëîíåíèå òåîðåòè÷åñêîé êðèâîé äåôîðìèðîâàíèÿ, ïðîõîäÿùåé
÷åðåç ýòó âûáðàííóþ òî÷êó, áûëî ìèíèìàëüíûì. Â ðåçóëüòàòå èùåòñÿ òàêàÿ ýêñïå-
ðèìåíòàëüíàÿ òî÷êà ,, )( ∗∗ σε nn  äëÿ êîòîðîé òåîðåòè÷åñêàÿ êðèâàÿ äåôîðìèðîâàíèÿ,
ïðîõîäÿùàÿ ÷åðåç íåå, èìååò ìèíèìàëüíîå ñóììàðíîå êâàäðàòè÷íîå îòêëîíåíèå îò
âûáîðêè ýêñïåðèìåíòàëüíûõ òî÷åê ïî ñðàâíåíèþ ñ äðóãèìè òî÷êàìè, ÷åðåç êîòî-
ðûå ïðîõîäÿò äðóãèå êðèâûå äåôîðìèðîâàíèÿ ñ áî′ëüøèì ñóììàðíûì êâàäðàòè÷-
íûì îòêëîíåíèåì (òàáë. 1).

Òàáëèöà 1
Ðåçóëüòàòû îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ

ñ öåëüþ îïðåäåëåíèÿ ïàðàìåòðîâ ìàòåðèàëà

Íîìåð ýêñïåðèìåíòàëüíîé òî÷êè n 2 3 4
Íîðìèðîâàííûå  êîîðäèíàòû òî÷êè ε*

e 0,018182 0,027273 0,036364
ïðåäåëà ïðîïîðöèîíàëüíîñòè

σ*
e 0,500000 0,850000 0,900000íà òåîðåòè÷åñêîé êðèâîé

Íîðìèðîâàííûé ìîäóëü óïðóãîñòè
â òî÷êå ïðåäåëà ïðîïîðöèîíàëüíîñòè E*

0 27,50000 31,16667 24,75000

c0 1,057464 0,968299 0,971444Ïîñòîÿííûå èíòåãðèðîâàíèÿ â ðåøåíèè c1 –0,049732 0,034834 0,030411óðàâíåíèÿ (7), îïðåäåëÿåìûå èç ñèñòåìû c2 0,007375 –0,003133 –0,001855óðàâíåíèé (11)
c3 –0,015107 0,000000 0,000000

Ôèçè÷åñêèé ïàðàìåòð, îòðàæàþùèé
η 4,900000 11,12000 16,39000ôèçè÷åñêèå ñâîéñòâà ìàòåðèàëà

Ñóììàðíîå êâàäðàòè÷íîå îòêëîíåíèå
òåîðåòè÷åñêîé êðèâîé îò âûáîðêè Δ 0,061819 0,015593 0,041460
ýêñïåðèìåíòàëüíûõ òî÷åê

Øàã  2. Ïóñòü ìèíèìàëüíîå êâàäðàòè÷íîå îòêëîíåíèå èìååò êðèâàÿ äåôîðìè-
ðîâàíèÿ, äëÿ êîòîðîé ïðåäåëîì ïðîïîðöèîíàëüíîñòè ÿâëÿåòñÿ ýêñïåðèìåíòàëüíàÿ
òî÷êà )( , ∗∗ σε nn  ñ íîìåðîì n. Êîîðäèíàòû áëèæàéøèõ ê íåé òî÷åê ,, )( 11

∗
−

∗
− σε nn

)( 11, ∗
+

∗
+ σε nn  îïðåäåëÿþò ïðÿìîóãîëüíóþ îáëàñòü ñ êîîðäèíàòàìè óãëîâ ,, )( 11

∗
−

∗
− σε nn

,,,,,, )()()( 111111
∗
+

∗
−

∗
+

∗
+

∗
−

∗
+ σεσεσε nnnnnn  n – 1 – íîìåð áëèæàéøåé ýêñïåðèìåíòàëüíîé

òî÷êè, ëåæàùåé íèæå è ëåâåå ïðåäåëà ïðîïîðöèîíàëüíîñòè; n + 1 – íîìåð áëèæàé-
øåé ýêñïåðèìåíòàëüíîé òî÷êè, ëåæàùåé âûøå è ïðàâåå ïðåäåëà ïðîïîðöèîíàëü-
íîñòè (òàáë. 2).

Òàáëèöà 2
Êîîðäèíàòû óãëîâûõ òî÷åê îáëàñòè,

ñîäåðæàùåé íàéäåííóþ òî÷êó â ñîîòâåòñòâèè ñ øàãîì 1
Ïåðâîå ïðèáëèæåíèå

ε*n–1 0,018182 ε*n+1 0,036364
σ*n–1 0,500000 σ*n+1 0,900000
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Ïîêðîåì ýòó îáëàñòü ïðÿìîóãîëüíîé ñåòêîé .kk× Êàæäûé óçåë ýòîé ñåòêè áóäåì
ñ÷èòàòü ïðîáíûì ïðåäåëîì ïðîïîðöèîíàëüíîñòè è ïðîâîäèòü ÷åðåç íåå òåîðåòè-
÷åñêóþ êðèâóþ ñ òàêèì ïàðàìåòðîì η, ÷òîáû ñóììàðíîå êâàäðàòè÷íîå îòêëîíåíèå
òåîðåòè÷åñêîé êðèâîé îò âûáîðêè ýêñïåðèìåíòàëüíûõ òî÷åê áûëî ìèíèìàëüíûì.
Â ðåçóëüòàòå íàéäåì òî÷êó, ÷åðåç êîòîðóþ ìîæíî ïðîâåñòè òåîðåòè÷åñêóþ êðèâóþ
ñ ìèíèìàëüíûì ñóììàðíûì êâàäðàòè÷íûì îòêëîíåíèåì îò âûáîðêè ýêñïåðèìåí-
òàëüíûõ òî÷åê. Ñîñåäíèå ñ íàéäåííîé òî÷êîé óçëû îïðåäåëÿò íîâóþ ïðÿìîóãîëü-
íóþ îáëàñòü, ëèíåéíûå ðàçìåðû êîòîðîé â k ðàç ìåíüøå èñõîäíîé îáëàñòè.

×åðåç äîñòàòî÷íî ìàëîå ÷èñëî èòåðàöèé ñòîðîíû ñòÿãèâàþùåéñÿ îáëàñòè äî-
ñòèãíóò âåëè÷èí èíñòðóìåíòàëüíûõ ïîãðåøíîñòåé èçìåðåíèÿ äåôîðìàöèé è íàïðÿ-
æåíèé. Èç òàáëèöû 3 âèäíî, ÷òî ìèíèìàëüíîå ñóììàðíîå êâàäðàòè÷íîå îòêëîíå-
íèå ñîîòâåòñòâóåò òî÷êå ñ êîîðäèíàòàìè: σ* = 0,74 è ε* = 0,025455.

Òàáëèöà 3
Ñóììàðíûå êâàäðàòè÷íûå îòêëîíåíèÿ äëÿ óãëîâûõ òî÷åê îáëàñòè, ñîäåðæàùåé òî÷êó

ïðåäåëà ïðîïîðöèîíàëüíîñòè òåîðåòè÷åñêîé êðèâîé äåôîðìèðîâàíèÿ
ε* 0,021091 0,025455 0,029091σ*

0,66 0,022461 0,031895 0,047255
0,74 0,016934 0,010095 0,027003
0,82 0,044345 0,027003 0,016147

Íàéäåííàÿ òî÷êà ïðåäåëà ïðîïîðöèîíàëüíîñòè è ñîîòâåòñòâóþùèé åé ïîêàçà-
òåëü ñòåïåíè îïðåäåëÿþò âñå ôèçè÷åñêèå ïàðàìåòðû òåîðåòè÷åñêîé êðèâîé. Ýòè
ïàðàìåòðû ïðåäñòàâëåíû â òàáëèöå 4.

Òàáëèöà 4
Ôèçè÷åñêèå ïàðàìåòðû òåîðåòè÷åñêîé êðèâîé äëÿ ñòàëè 20ÕÃÐ

Ôèçè÷åñêèé ïàðàìåòð òåîðåòè÷åñêîé êðèâîé Îáîçíà÷åíèå Çíà÷åíèå
Íîðìèðîâàííàÿ  êîîðäèíàòà òî÷êè ïðåäåëà ε*e 0,025455
ïðîïîðöèîíàëüíîñòè íà òåîðåòè÷åñêîé êðèâîé σ*e 0,740000
Íîðìèðîâàííûé ìîäóëü óïðóãîñòè â òî÷êå ïðåäåëà
ïðîïîðöèîíàëüíîñòè E*

0 29,07142

c0 0,972413Ïîñòîÿííûå èíòåãðèðîâàíèÿ â ðåøåíèè c1 0,036302óðàâíåíèÿ (7), îïðåäåëÿåìûå c2 –0,000002
èç ñèñòåìû óðàâíåíèé (11) c3 –0,008712
Ôèçè÷åñêèé ïàðàìåòð, îòðàæàþùèé ôèçè÷åñêèå
ñâîéñòâà ìàòåðèàëà  η 13,20000

Ñóììàðíîå êâàäðàòè÷íîå îòêëîíåíèå òåîðåòè÷åñêîé
êðèâîé îò âûáîðêè ýêñïåðèìåíòàëüíûõ òî÷åê Δ 0,010095

Ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå òåîðåòè÷åñêîé
S 0,018344êðèâîé îò âûáîðêè 30 ýêñïåðèìåíòàëüíûõ òî÷åê

Îïðåäåëèâ ôèçè÷åñêèå ïàðàìåòðû, ìîæíî ïîñòðîèòü è ñàìó êðèâóþ äåôîðìè-
ðîâàíèÿ ïî ôîðìóëå (8) (ðèñ. 1).

Ðèñóíîê 1 ïîêàçûâàåò, ÷òî òåîðåòè÷åñêàÿ êðèâàÿ, ïîñòðîåííàÿ ïî èçëîæåííîé
ìåòîäèêå, èìååò âûñîêóþ òî÷íîñòü ñîîòâåòñòâèÿ ýêñïåðèìåíòàëüíûì äàííûì. Êàê
âèäíî èç òàáëèöû 4, äëÿ ñòàëè 20ÕÃÐ ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå ñîñòàâèëî
÷óòü áîëåå 1,8%. Àíàëîãè÷íî îïðåäåëåíû ïàðàìåòðû êðèâîé äåôîðìèðîâàíèÿ äëÿ
äðóãîãî ìàòåðèàëà – ñòàëè 35. Çíà÷åíèÿ ïàðàìåòðîâ òåîðåòè÷åñêîé êðèâîé äëÿ ñòà-
ëè 35 ïðèâåäåíû â òàáëèöå 5.
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Òàáëèöà 5
Ôèçè÷åñêèå ïàðàìåòðû òåîðåòè÷åñêîé êðèâîé äëÿ ñòàëè 35

Ôèçè÷åñêèé ïàðàìåòð òåîðåòè÷åñêîé êðèâîé Îáîçíà÷åíèå Çíà÷åíèå
Íîðìèðîâàííûå  êîîðäèíàòû òî÷êè ïðåäåëà ε*e 0,009000
ïðîïîðöèîíàëüíîñòè íà òåîðåòè÷åñêîé êðèâîé σ*e 0,117904
Íîðìèðîâàííûé ìîäóëü óïðóãîñòè â òî÷êå ïðåäåëà
ïðîïîðöèîíàëüíîñòè E*

0 13,100437

c0 –0,182816Ïîñòîÿííûå èíòåãðèðîâàíèÿ â ðåøåíèè c1 –0,550845óðàâíåíèÿ (7), îïðåäåëÿåìûå c2 1,733660
èç ñèñòåìû óðàâíåíèé (11) c3 –0,315985
Ôèçè÷åñêèé ïàðàìåòð, îòðàæàþùèé ôèçè÷åñêèå
ñâîéñòâà ìàòåðèàëà  η 2,25000

Ñóììàðíîå êâàäðàòè÷íîå îòêëîíåíèå òåîðåòè÷åñêîé
êðèâîé îò âûáîðêè ýêñïåðèìåíòàëüíûõ òî÷åê Δ 0,245425

Ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå òåîðåòè÷åñêîé
S 0,020535êðèâîé îò âûáîðêè 582 ýêñïåðèìåíòàëüíûõ òî÷åê

Îïðåäåëèâ ôèçè÷åñêèå ïàðàìåòðû, ìîæíî ïîñòðîèòü è ñàìó êðèâóþ äåôîðìè-
ðîâàíèÿ ïî ôîðìóëå (8) (pèñ. 2).
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Ðèñóíîê 2 ïîêàçûâàåò, ÷òî òåîðåòè÷åñêàÿ êðèâàÿ, ïîñòðîåííàÿ ïî èçëîæåííîé
ìåòîäèêå, èìååò âûñîêóþ òî÷íîñòü ñîîòâåòñòâèÿ ýêñïåðèìåíòàëüíûì äàííûì. Êàê
âèäíî èç òàáëèöû 5, äëÿ ñòàëè 35 ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå ñîñòàâèëî ÷óòü
áîëåå 2%.

Çàêëþ÷åíèå

Ïîêàçàíî, ÷òî êðèâàÿ äåôîðìèðîâàíèÿ óäîâëåòâîðÿåò íåêîòîðîìó îáûêíîâåí-
íîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ÷åòâåðòîãî ïîðÿäêà, äëÿ ïîñòðîåíèÿ åäèíñò-
âåííîãî ðåøåíèÿ êîòîðîãî òðåáóåòñÿ çàäàíèå íàïðÿæåíèÿ è êàñàòåëüíîãî ìîäóëÿ
(ïî äâà óñëîâèÿ) íà êàæäîì êîíöå èíòåðâàëà îïðåäåëåíèÿ. Ïðåäñòàâëåí ïðèìåð òå-
îðåòè÷åñêîãî îáîñíîâàíèÿ ýìïèðè÷åñêîé êðèâîé äåôîðìèðîâàíèÿ ìîäèôèöèðîâàí-
íîãî çàêîíà Ðàìáåðãà – Îñãóäà, óñòàíàâëèâàþùåé, â îòëè÷èå îò êëàññè÷åñêîãî çàêî-
íà Ðàìáåðãà – Îñãóäà, ñòåïåííóþ çàâèñèìîñòü ìåæäó íàïðÿæåíèåì è äåôîðìàöèåé.
Ïîëó÷åííîå ðåøåíèå îáëàäàåò òåì ïðåèìóùåñòâîì, ÷òî óäîâëåòâîðÿåò, â îòëè÷èå
îò ýìïèðè÷åñêîãî çàêîíà Ðàìáåðãà – Îñãóäà, óñëîâèþ òåîðåòè÷åñêîé ïðî÷íîñòè.

Ïîëó÷åííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü àïðîáèðîâàíà íà ýêñïåðèìåíòàëüíûõ äàí-
íûõ äëÿ ñòàëè 20ÕÃÐ è ñòàëè 35. Äëÿ ñòàëè 20ÕÃÐ ñðåäíåå êâàäðàòè÷íîå îòêëîíå-
íèå òåîðåòè÷åñêîé êðèâîé îò âûáîðêè èç 30 ýêñïåðèìåíòàëüíûõ òî÷åê ñîñòàâèëî
0,0183, äëÿ ñòàëè 35 ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå òåîðåòè÷åñêîé êðèâîé îò
âûáîðêè èç 582 ýêñïåðèìåíòàëüíûõ òî÷êåê ñîñòàâèëî 0,0205. Äîñòèãíóòàÿ òî÷íîñòü
ìàòåìàòè÷åñêîé ìîäåëè âïîëíå äîñòàòî÷íà äëÿ èíæåíåðíûõ ïðèëîæåíèé.
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MODEL OF A CURVE OF NONLINEAR DEFORMATION
OF STEEL 20HGR AND STEEL 35

Golovina N.Ya.1, Belov P.A.2

1Industrial University of Tyumen, Tyumen, Russian Federation
2Institute of Applied Mechanics of RAS, Moscow, Russian Federation

In most cases the deformation curves that determine the properties of elastoplastic materials are
empirical dependencies that interpolate a certain sample of experimental points. At the same time,
empirical curves do not provide an idea of the physics of deformation processes in such materials.
As an alternative, the article proposes to construct deformation curves as a solution to a differential
equation, each term of which has a physical meaning and determines a certain deformation
mechanism specific to each material. The offered differential equation is a fourth-order equation
with variable coefficients, whose eigenfunctions are polynomials and power functions, which ensures
the continuity of this model with the empirical Ramberg−Osgood model. It is shown that the
operator of this equation is the Euler operator and is the product of two second-order operators.
The first operator defines the mechanism of linear deformation, and the second - the mechanism of
nonlinear deformation of the material. The parameters of the material for processing experimental
data are determined by the methods of applied mathematics. To reduce the amount of calculations,
a method of compressing a two-dimensional (in the coordinates of deformation−stress) region is
proposed to find the characteristic point of the deformation curve, which is the proportionality
limit. The proposed method for determining the proportionality limit is formal, mathematical and
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devoid of subjectivity, in contrast to the method prescribed by the current GOST. A consistent
physically substantiated system of four boundary conditions on the interval of nonlinear elasticity
of the deformation curve is formulated. The mathematical model of building of deformation curves
of various physically nonlinear materials allows to create mathematical models of the resource of
such materials.

Keywords: Ramberg – Osgood law, empirical strain curves, mathematical model, experimental
data processing.


