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Uccnenyercst BnusiHUE Masioil IOTIEPEYHON HArpy3KHA HAa YCTOWIHMBOCTH CKa-
TOW B OJJHOM HAallpaBJICHUU YIPYTOil MPSIMOYTONbHON IJIACTUHBI CO CBOOOIHBIMU
MIPOAOIBHBIMH KPasiMH, JIeKaIel Ha HeTMHEWHO-yIpyroM ocHoBaHnU. [limactuHa
COZCPKUT MCTOUYHUKU BHYTPEHHUX HANpPSHDKEHUH B BUJIE HENIPEPBIBHO pacipesie-
JICHHBIX KPAaeBBIX TUCIOKAINI M KIMHOBBIX TUCKIMHAIIMA WITH IPYTHe UCTOYHHKH,
HalpuMep TeIUIoBble. Peakiys HeIMHEeHHO-yIIPyTroro OCHOBAaHHS yUYUTHIBACTCS B
BHUJI€ MHOTOWIEHA TPEThel CTerneHu oT mporuda. Cxumaromias Harpy3ka paBHO-
MEPHO pacIipeesIeHa 0 ABYM ITPOTHBOIIOIOKHBIM KPasiM IIACTHHBI, KOTOPBIE CBO-
00HO 3amIeMIIeHBI HJIH MIaPHUPHO ONEpThL. J[Ba Npyrux Kpas IIacTUHBI CBOOOI-
Hbl. PaccmarpuBaeTcs HenmMHelHas KpaeBas 3a1a4a Jiisi MOAU(pUIIMPOBaHHON CHC-
TeMbI HeNTMHEHHBIX ypaBHeHNH KapmaHa, yInTHIBAIOMINX BHYTPEHHHE HAIpsDKe-
HUsl. 3aMEHOW NMEePEMEHHBIX 3a/1a4a CBOJIUTCS K [TOCIIEIOBATEILHOCTH JIBYX 3a/1ad,
13 KOTOPBIX JIMHEHAs KpaeBas 3a7ada onpenesnseT QyHKIMIO HapsHKEHUH, BBI3-
BaHHBIX HAJIMYMEM BHYTPEHHHX UCTOYHMKOB, a JApyras, HeJIMHEWHasl, OlpeesieT
poru0 IIacTUHBI U QYHKIHIO HANPSDKEHNH, 00y CIIOBICHHBIX ISHCTBHEM CKUMa-
tomelt Harpy3ku. C nomouisio Merona JIsnyHosa — [lIMunra uccinenyercs: BETBiIe-
HHUE peUICHUH MOAM(UIIMPOBAHHON CHCTEMbl HEJTMHEHHBIX ypaBHeHHI KapmaHa.
Kpurnyeckue 3HaueHHs TapaMeTpa Harpy3KHu ONPEeNsoTCs U3 TMHEapU30BaHHON
Ha TPUBHAIBLHOM PEIICHUH 3a1a4K. [Ipn 9TOM [UIs peneHust INHEapU30BaHHOH 3a-
Ja4y MPUMEHSETCSl BapUAIIMOHHBIH METOJl B COYETAHUU C KOHEYHO-PA3HOCTHBIM
metonoM. KoadpuimeHTs! cucTeMsl ypaBHEHHUI pa3BeTBICHUS MeToIa JIsmyHoBa —
[IImuaTa OonpeesstoTces ¢ MOMOLIBIO YHCIEHHOTO MeTona. McecienoBano mnocie-
KPHUTHUYECKOE ITOBEICHHE IIACTHHBI M BBIBEICHBI ACUMITTOTHYECKUE (OPMYIIBI IS
HOBBIX COCTOSIHUI PaBHOBECHSI B OKPECTHOCTH KPUTHYECKHX HArpy3ok. J{is pas-
JIMYHBIX 3HAUYCHU TapaMeTPOB CKMMAIOIINX HArpy30K M apaMeTpa BHYTPEHHUX
HaIpsHKEHUH yCTaHOBJICHBI COOTHOIICHHS MEX/ly 3HAUYCHUSMH [1apaMeTPOB OCHO-
BaHMs, IPH KOTOPBIX COXPAHSIETCS €€ HeCcyIast ClIoCOOHOCTh B OKPECTHOCTH KJlac-
CHYECKOT0 3HaUCHHs KPUTHUECKOM Harpy3Ku.

Kniouesvie crosa: ynpyras IIacTUHA, KDUTUUECKUE HArpy3KH, BHYTPEHHHE
HaIpsHKEHUs, HeIMHEHHO-yIpyroe ocHoBanue, Meto Jismynosa — llImuara, ypas-
HEHUE Pa3BETBICHHUS.

* Boinonueno npu punaHcoBoii nojyiepskke PODU (rpant Ne19-08-00074).
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BBepeHune

Cucrema HenMHENHbIX ypaBHEeHUM KapMana paBHOBecHs yIIPYTHUX ILUIACTUH C BHYT-
PEHHHMH UCTOYHUKAMH HaNpsbKeHW Obiia moaupuuporana JI.M. 3y6oBbiM [1] u uc-
cienoBanack B ctarbe [2]. B [3] B ciiyuae 6€CKOHEUHOM MIACTUHBI ¢ MAJIBIMH HECOBEP-
LIEHCTBAaMH paccMaTpuBaiach 3ajada O BIUSHUM HEJIMHEHHO-YIIPyroro OCHOBAaHUS Ha
MOCTICKPUTUYECKOE TOBEJCHNE OE3MOMEHTHOTO IIOCKO-HAMPSKEHHOTO COCTOsIHUA. B
cTathbe [4] MpOBEIEHO UCCIEOBAHNE 33/1a9H 00 YCTOMUNBOCTH JBYXCIOWHON KPYroBOH
IUTACTUHBI C TIPEIBAPUTEIBHO HAMIPSHKEHHBIM cnoeM. B [5] paccmarpuBanucs 6eckoHed-
HO MaJble Ae(opManny IIACTUHBI U3 THIEPYIPYTHX MaTepUaIOB C YIETOM HEOJHOPOI-
HO pacIpeieJICHHBIX HauaJIbHBIX HAPsDKEHUN. B cTathe [6] nccnenoBanbl n3ruOHbIE -
(opManuy TPEXCIOWHOH ITACTHHBI C YYETOM TTOBEPXHOCTHBIX U MEK(a3HBIX HaIpsDKe-
HUH U BBIBEACHBI (POPMYIBI AJIS TAPAMETPOB JKECTKOCTH IacTUHBL. Metox JIsmyHoBa —
[Imuara a71s U3y4eHUs BETBICHHS PEIICHUI HEJIMHEHHBIX ypaBHEHUH ObLT Pa3BUT B ITy0-
nukanusx B.A. Tpenoruna, JI.C. CpyOmuka u apyrux [7—11]. B cratbe [12] nuccnenosa-
HbI KPUTUYECKHE HAarpy3KH CHKaTOM yIPYToH MIIaCTUHBI C IUCIIOKALUSMU U TUCKIMHALM-
ssMu. B [13] nccnenoBaHo BITyYHBAaHHUE CXKATOH YHIPYTO# MPsIMOYTOJIBHOM TJIACTUHBI C
BHYTPEHHUMH HaINpsDKEHUSIMH, JIeXkKallell Ha HeTMHEHHO-yIIPYTOM OCHOBAaHUM, AJIS CITy-
YaeB KPAeBbIX YCIOBHI CBOOOAHOTO 3aIEMIICHHUS WU TIO/IBIXKHOTO IIAPHUPHOTO OIHpa-
HUs KpaeB. B HacTosimieit crathe paccmarpuBaeTcst ananornyHasi [ 13] 3amava auis ciryva-
B, KOTJIa COKUMAIOII[asi Harpy3Ka paBHOMEPHO PAcCIpe/esiCHa 10 ABYM MPOTUBOIMOIOXK-
HBIM KpasiM, KOTOpbIe CBOOOIHO 3aIeMIICHBI FIIH ITApPHUPHO OTIEPTHI, IPH ATOM J[BA JIPY-
THX Kpast INTACTUHBI CBOOO/IHBIL.

1. MNocTaHoBKa 3apauun

[TycTs TOHKAs ympyrasi IpsIMOYTOIbHAS IDTACTHHA, COAEpIKaIIasi B ITIOCKOM COCTOSI-
HUH aHCAaMOJIN HEMPEPBIBHO PACTIPECICHHBIX KPAEBBIX AUCIOKALNIl U KITMHOBBIX TUCK-
JIMHAIHH, JIC)KAT Ha HETMHEWHO-YIIPYTOM OCHOBAHUH M HAXOAUTCS TIOJ ICHCTBUEM Ma-
JIOM HOPMAJILHON HArpy3KU UHTEHCUBHOCTBIO EG(X,Y) M BHENIHETO KPAeBOroO JIABJIEHUS,
JeWCTBYIOMIETO BIONB och X. Hadamo cucTeMbl KOOpMHAT PACIIONIOKEHO B IICHTPE TLIac-
TUHBL, 1 ocu X, Y mapaniensHsl ee kpasMm. Torga cuctema ypaBHeHHi paBHoBecus [1] ¢
YYETOM peakilii OCHOBAHUS U HEKOTOPHIX IIpeoOpa3oBanuii [12] B Ge3pa3MepHbIX Tiepe-
MEHHBIX MOXKET OBITH 3alMCaHa B BUJE ABYX 3a/]a4:

AzuFuzﬁ, (x,y)eQu F,=(F,),=0 na rpanuue Q, (1)
A w+ paw, +kw—kw’ = afw, F]+ rofw,F, ]+¢&g,
A F +a[w,w]/2=0, (x,y)eQ,
AO=0p+a()y, AL =AA,, [WFl=w.F, +w F. —2w_F

xtyy woxx xy© oxy?

@

C Kpa€BbIMHU YCJIOBUAMH OIHOTO U3 TUIIOB

w=w =F=F =0, |x|=1/2, |y|<1/2,
w, tvow, =w, +(2-vjow,, =F=F, =0, [y[=1/2, [x[<1/2,

(€)

w=w, =F=F =0, |x|=1/2, |y|<1/2,
w,tvaw, =w, +2-v)aw,  =F=F =0, [y[=1/2, |x|<1/2.

4)
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Venosust mipu | x| = 1/2 orBeuaror B (3) ’KeCTKOMY 3allleMJICHHIO Kpaes, a B (4) — moj-
BWOKHOI LIapHUpHOI orope. Yeiosus ipu |y | = 1/2 B (3) u (4) cOOTBETCTBYIOT CBOOO-
HBIM KpasiM. bespasmepusie QyHKuu HanpsokeHuit £, v £ BbI3BaHbI BHYTPCHHUMH HC-
TOYHHKAMH ¥ BHEITHUMH HATPY3KaMH COOTBETCTBEHHO. CBA3b ¢ Ge3pa3sMepHBIMH Iepe-
MEHHBIMHU BBIPAXKaeTCst HOpMyamu:

X=ax, Y=by, W(X,¥)=w(x,»)2, O(X,¥)=DF(x,y), F=F+F,, PZ%,
Y
Dk v*Ehk hDg(x,y)
Klzﬁa K3:W437 G(XaY):—4a
ER’ oo_w 2
Dzy—z, aza—z, MZW, 212(1—\/ )

3nech a, b — pa3Mepsl IacTuHbl; P — cuita, AeHCTBYIOIIAs HA SMHUILY [UTUHBI COKIMAC-
MOT0 Kpasi IIacTHHBL FLL(X, V') — cKasipHas Mepa HECOBMECTHOCTH, KOTOPAst BRIPAKALT-
Csl uepe3 MIIOTHOCTH AUCIIOKANNH 1 TUCKITUHALIUH, YKCII0 ¥ HA30BEM IMapaMeTPOM UHTCH-
CHBHOCTH BHYTpeHHUX Hanpsokenuii; W(X, Y) — nporu6 miactunsr, O (X, V) — dynkmus
HanpsuKeHui Dpu; i — TOJIMHA IACTUHBI, V — Kodddurment [Tyaccona; £ — Moxyib
OHuTa; & — MankIii unciosoit mapamerp; K, W — K, W? — peaxuus ynpyroro 0CHOBaHHs
(Amazuro [14] u Xancen [15]); K, > 0. Ilpu K5 > 0 ocHOBaHMe Ha3bIBaETCS pa3MsIrdeH-
HBIM, a B caydae K5 < 0 — ynpounstomumcs. [Ipennonaraercs, ato sneprust nedopmarim
YIPYTroro OCHOBAHUS MOJIOKUTEIIbHA, TO €CTh

” KW? KW

dxdy > 0.
2 e

2. MeTtop pelieHus

Henunetinas 3anaga (2) ¢ kpaeBbIMH yCIIOBUSIMHE (3) vitH (4) BicCTeIyeTcs ¢ NCIOIb30-
BaHUEM pe3ynbTaroB u3 [16—18] merogom JlamyHoBa — IlIMunTa B COYETaHUH C YHUCIICH-
HBIMHU METOJIlaMH, aHanorndHo [ 13], B KoTopo# ucciiejoBana 3aada (2) ¢ KpaeBbIMHU yc-
JIOBUSIMH JKECTKOTO 3aIIEMJICHHS MM IIIAPHUPHOTO OMMPAHUS BCEX KpaeB. MOXKHO MOKa-
3aTh, UTO BCE BHIKIAAKH 13 [ 13] cripaBeintuBEI 1 st Citydast KpaeBbix ycnoBuit (3) u (4),
a Taxoke 000CHOBATh BapPUAIIMOHHBIE METO/bI PELICHUSI BOSHUKAIOIIUX IIPU 3TOM 3a/au
Ha cOOCTBEHHBIC 3HaUYeHUsL. [loaTOMY IpHBEEM TOITBKO (OPMYITBI, ONPEACIISIONIHE CUC-
TeMy ypaBHEHUil pa3BeTBieHNs MeTosia JIsimynosa — LlImunra asst ciryyasi BETBICHHUS 110
JIBYM COOCTBEHHBIM (hOpMaM:

D, (1) =@ +h05 A D +dE=0, D, (1, 1) =17 +by05 + A, =0, (5)
3rech

_7 _ 7 _7 QY] _7 M
a; = L3005 b1 =Lizoos A1 =LigiooM + Ligoiora>  d1 = Logpors
_ 7@ _712) _72) (2) _ _
2 =L500> Dy =Lozooos Az =Loriooh + Lotoiohas Ai=p—pos hy=r—ry,

Ligoo = @ Hml dxdy =1, Liipg = ”(Dﬁdxdy =1, Lo = Hgmldx‘iy,

m - _ (2) M
L10100—0L”(031,x) dxdy,  Lihooo = Li2ooos  Liooro = _[ oy, F, Jodxdy,
Q
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L)oo = oc”(coz,x)z dxdy >0,  Lig = ”[mzan]mzdxd%
o o
L300 =0t ” (AuW11000)” dxdy =201 ” AW 2000080 W 020008X L,
Q Q
L0 =0t ” (AW 20000)” dxely + ky H @ dxdy,
Q o

L0 = _OLH(Am\l’ozooo)2 dxdy + ks H w)dixdy,
0 o

e o, (x, »), 0,(x, y) — coOOCTBEHHBIE (hyHKIIMH, OTBEUAIOIIIE HANMEHbIIIEMY JBYKPaTHO-
My COOCTBEHHOMY 3HAYCHHMIO P, TIPH 7' = 7', 331241
2
Ao+ ko-rofoF,]=-poo,, (6)

C OJTHAM M3 CJIETYIOIINX KPACBBIX YCIOBHHA

o=0, =0, |x|=1/2,|y|<1/2,
{(Dyy +voo,, =0, +(2-v)joo,, =0, |y[=1/2, |x[<1/2, ™
o=0,=0, |x|=1/2,|y|<1/2,
{coyy tvoao, =0, +(2-viao,, =0, |y[=1/2, |x|<1/2. ®

Ecnu gyHKIms [ 4eTHas1, TO B CHIIy CHMMETPHH KpaeBbIX ycioBwid 3amad (1) u (6)
MOJKHO CUUTATh, 4TO O, (X, ) — 4eTHas 10 00EUM HEePEMEHHBIM H (),(X, V) — HeUeTHasl 110
OJIHOM TIEPEMEHHOM M YeTHAsK MJIW HEYETHAS 10 IPYTOH TIepeMEHHON. OYHKIHU Yy 00005
W0200000 V110000 OTPEACIIAIOTCSA U3 KPAEBBIX 3a/1a4

0L[('Ol’('ol] 2 2
2 s —AuWo20000 = > s A Wii0000 = 0 ®5,0,]

C KpaeBbIMHU yCIOBUAMH Y =\, = 0 Ha rpaHuIe MPIMOyroibHHUKa 2.

ofw,,m,]
2 2,05
=AW 200000 =

3. Pe3yanaT|:.| YUCIEeHHbIX pacyeToB

Pacemorpum 3amauy (1)—(3) mpu L =1, g(x,v) = (1 —4x?)(1 — 4y?) (mpsmMoyroipHas
racTrHa ¢ pasmepamu @ = 1 M, b=2 m, h = 0,05 m). B pe3yibrare 4rciIeHHBIX pacueToB
HoJIy4€eHo pemenue 3a1adn (1), koropoe mokaspiBaeT GopMy GyHKIMU HaNpsKeHUH F
(puc. 1), BBI3BaHHBIX HAJIMYHEM BHYTPEHHUX MCTOYHHMKOB C IIOCTOSHHOW (QyHKUMEH He-
COBMECTHOCTH [ = 1.

0,5 0,5 y

Puc. 1. I'padux QpyHkunn Hanpsokenui F,
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Jlnst 3HaYeHust apaMeTpa HHTEHCUBHOCTH BHYTPEHHUX HanpspkeHuit 7 = 1646,3 u
koa¢dunnenrta mocrenu ocHoBanus k; = 500 B 3amaue (6), (7) moay4eHo AByKpaTrHoe
coOCTBeHHOE 3HaYeHHe p, = 65,5, KOTOPOMY OTBEYaIOT JBE COOCTBEHHBIC (DYHKLIUU O,
, (puc. 2).

1,0

®; 0,5

Puc. 2. I'papuku cobcTBeHHBIX QyHKIMN O, (@), M, (0)

Koaddurmentst cuctemsl ypaBHenwnit passersienus (5): a, =—0,251+0,125k,, b, =
=-5,687, A, = 3,545\, — 0,0418N,, d, = 2,24, a, = —5,687, b, = —6,488 + 0,177k,
A, =4,835\, — 0,113A,. Vicnions3ys yciosue norepu ycroiuusoctu [9, 10]

oP, 0@, 00, 0D, _ 0
Ouy Ou,  Op, Oy
FIMEeM C y4eTOM (5) TpH ypaBHEHHsI JUTst ONIPEIEIICHIS YEThIPEX apameTpos W, Ly, A, U A,.

Jli1st onipeesIeHHOCTH TIPUMEM JIOTIOHUTENbHOE YCIoBre A = A,, U3 KOTOPOTO Clie-
nyer A, = c\,, e ¢ = 18,118. O603Haunm yepes u = (w, F) BeKTop-QyHKIHIO — perie-
HUE HETTMHEWHOM CUCTeMbI ypaBHEeHUH (2). BeiBeneM GpopMyibl 1711 KpUTHYECKOTO 3HA-
YeHHs A, = p,— P, ¥ ACHMIITOTUYECKUE MPEICTABICHNS HOBBIX PEIIECHHUI cHcTeMBI (2):

1) M=p,—py=- (3/0)\3/a1d12§2/4, u==,/=ch/(3a,) @ +Cuggo +O(%,), mpu
atoM eci k3 < 2,008 (k3> 2,008), T0 p, > p, (P <Pyo)s

2) A, =(3/(b,—b, ))3\/ d’€b,(a,b, — a,b,)/4, GOpMyIBI HOBBIX pEleHHUiT PUBE/IEHBI
B tabmuue 1, e T, = (b, — b,)/(3(a,b, — a,b))), T, = 2a,b, — 3a,b, + a,b,)/(3b,(a,b, —
— ayb)).

Tabruya 1

Ne Wnrepsaisl k, 3Hak A, | AcumrnroTnueckue GOpMyIIbl HOBBIX PELICHHUI

1 <-28,18 | u= A0 £ T 0, + Elge + O,

2 (—28,18; —22,64) + u =T A @, + &ty + OR)

3 (-22,64:4.52) |~ | u=tJth,@, + Etggg + O,

4 (4.52; 36,65) L u= A0 £ TA 0, + Elge + O,

50 (665:5168) |t | u=tTh,0, + Eug + O

6 (51,68; 61,31) | u= @) E Tk @y + Bl + OL,)

7 > 61,31 - U =21 A Q@ £/ ToA Py + Eltggoe ~ O(N,))
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3nech @, = (®, 7o, F,), @, = (0,7, F 1), Uggo0; = Woooo1> 0)s PYHKIIHS W, OTIPEnENAET-
Csl KaK pernieHue 3aauu Aiw = g ¢ KpaeBbIMH ycioBusiMH (3). OTpHLaTebHBIH 3HAK A,
O3HAYaeT, YTO KPUTHUECKOE 3HAUCHUE P, HA KOTOPOE BIUSIECT HATHIHE MAIIOTO HOPMaJb-
Horo nasnenus &g (& << 1), MeHblIe KIACCHYECKOTO KPUTHYECKOTO 3HAYEHHUSL P, [IOTEPH
yctoiunBoctu cxxaroi mactunsl (§ = 0). Koiirep [19], Byasuckuii u Xarauncon [20, 21]
samernin, uto npu & # 0 Touka Gudypkaunmn p, nepexoauT B KPUTHYECKYIO TOUKY P,

3aknyeHune

PaccmotrpeHna 3anada 0 BETBIEHUU PAaBHOBECHI CKATOW B OTHOM HaIllpaBIEHUU yIIPY-
ol IJIACTUHBI C BHYTPCHHHUMU HAIPsKCHUSIMU, nemamef/‘l Ha HCHHHCﬁHO—pryFOM ocC-
HoBaHMH. VcclienoBaHO BIMSHUE MAJION ONEPEYHON HArpy3KU Ha KPUTUYECKUE 3HAYe-
HUSL COKUMAroero JaBJICHUs, MIOCTPOCHBI ACUMIITOTUYCCKUC Q)OpMyJII)I HOBBIX paBHOBC-
CHi{, HaliJIeHbl COOTHOLLIEHMS MEXKAY MapaMeTpaMy OCHOBAHUS, IPU KOTOPBIX HecyIlas
CIIOCOOHOCTD C3KaTO! MJIACTHHBI HE CHIKACTCS.
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BUCKLING A COMPRESSED ELASTIC RECTANGULAR PLATE
WITH FREE EDGES

Peshkhoev I.M., Sobol B.V.

Don State Technical University, Rostov-on-Don, Russian Federation

The influence of a small transverse load on the stability of an elastic rectangular plate compressed
in one direction with free longitudinal edges, lying on a nonlinear elastic base, is studied. The plate
contains internal stress sources in the form of continuously distributed edge dislocations and
disclinations, or other sources, such as heat. The reaction of a nonlinear elastic base is taken into
account in the form of a polynomial of the third degree of deflection. The compressive load is
evenly distributed along the two opposite edges of the plate, which are freely pinched or pivotally
supported. The other two edges of the plate are free. We consider a nonlinear boundary value
problem for a modified system of nonlinear Karman equations that take into account internal
stresses. By replacing variables, the problem is reduced to a sequence of two problems, of which
the linear boundary value problem determines the function of stresses caused by the presence of
internal sources, and the other, nonlinear, determines the deflection of the plate and the function of
stresses caused by the compressive load. Using the Lyapunov—Schmidt method, the branching of
solutions of a modified system of nonlinear Karman equations is investigated. The critical values
of the load parameter are determined from a linearized problem based on a trivial solution. In this
case, the variational method in combination with the finite-difference method is used to solve the
linearized problem. The coefficients of the system of branching equations of the Lyapunov—Schmidt
method are calculated numerically. The post-critical behavior of the plate is investigated and
asymptotic formulas for new equilibria in the vicinity of critical loads are derived. For different
parameter values of compressive loads and internal stresses the relations between the values of the
parameters of the base, which preserve its load-bearing capacity in the vicinity of the classical
critical load.

Keywords: elastic plate, critical load, internal stresses, nonlinear elastic base, Lyapunov—Schmidt
method, ramification equation.
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