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Èññëåäóåòñÿ âëèÿíèå ìàëîé ïîïåðå÷íîé íàãðóçêè íà óñòîé÷èâîñòü ñæà-
òîé â îäíîì íàïðàâëåíèè óïðóãîé ïðÿìîóãîëüíîé ïëàñòèíû ñî ñâîáîäíûìè
ïðîäîëüíûìè êðàÿìè, ëåæàùåé íà íåëèíåéíî-óïðóãîì îñíîâàíèè. Ïëàñòèíà
ñîäåðæèò èñòî÷íèêè âíóòðåííèõ íàïðÿæåíèé â âèäå íåïðåðûâíî ðàñïðåäå-
ëåííûõ êðàåâûõ äèñëîêàöèé è êëèíîâûõ äèñêëèíàöèé èëè äðóãèå èñòî÷íèêè,
íàïðèìåð òåïëîâûå. Ðåàêöèÿ íåëèíåéíî-óïðóãîãî îñíîâàíèÿ ó÷èòûâàåòñÿ â
âèäå ìíîãî÷ëåíà òðåòüåé ñòåïåíè îò ïðîãèáà. Ñæèìàþùàÿ íàãðóçêà ðàâíî-
ìåðíî ðàñïðåäåëåíà ïî äâóì ïðîòèâîïîëîæíûì êðàÿì ïëàñòèíû, êîòîðûå ñâî-
áîäíî çàùåìëåíû èëè øàðíèðíî îïåðòû. Äâà äðóãèõ êðàÿ ïëàñòèíû ñâîáîä-
íû. Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ìîäèôèöèðîâàííîé ñèñ-
òåìû íåëèíåéíûõ óðàâíåíèé Êàðìàíà, ó÷èòûâàþùèõ âíóòðåííèå íàïðÿæå-
íèÿ. Çàìåíîé ïåðåìåííûõ çàäà÷à ñâîäèòñÿ ê ïîñëåäîâàòåëüíîñòè äâóõ çàäà÷,
èç êîòîðûõ ëèíåéíàÿ êðàåâàÿ çàäà÷à îïðåäåëÿåò ôóíêöèþ íàïðÿæåíèé, âûç-
âàííûõ íàëè÷èåì âíóòðåííèõ èñòî÷íèêîâ, à äðóãàÿ, íåëèíåéíàÿ, îïðåäåëÿåò
ïðîãèá ïëàñòèíû è ôóíêöèþ íàïðÿæåíèé, îáóñëîâëåííûõ äåéñòâèåì ñæèìà-
þùåé íàãðóçêè. Ñ ïîìîùüþ ìåòîäà Ëÿïóíîâà − Øìèäòà èññëåäóåòñÿ âåòâëå-
íèå ðåøåíèé ìîäèôèöèðîâàííîé ñèñòåìû íåëèíåéíûõ óðàâíåíèé Êàðìàíà.
Êðèòè÷åñêèå çíà÷åíèÿ ïàðàìåòðà íàãðóçêè îïðåäåëÿþòñÿ èç ëèíåàðèçîâàííîé
íà òðèâèàëüíîì ðåøåíèè çàäà÷è. Ïðè ýòîì äëÿ ðåøåíèÿ ëèíåàðèçîâàííîé çà-
äà÷è ïðèìåíÿåòñÿ âàðèàöèîííûé ìåòîä â ñî÷åòàíèè ñ êîíå÷íî-ðàçíîñòíûì
ìåòîäîì. Êîýôôèöèåíòû ñèñòåìû óðàâíåíèé ðàçâåòâëåíèÿ ìåòîäà Ëÿïóíîâà −
Øìèäòà îïðåäåëÿþòñÿ ñ ïîìîùüþ ÷èñëåííîãî ìåòîäà. Èññëåäîâàíî ïîñëå-
êðèòè÷åñêîå ïîâåäåíèå ïëàñòèíû è âûâåäåíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ
íîâûõ ñîñòîÿíèé ðàâíîâåñèÿ â îêðåñòíîñòè êðèòè÷åñêèõ íàãðóçîê. Äëÿ ðàç-
ëè÷íûõ çíà÷åíèé ïàðàìåòðîâ ñæèìàþùèõ íàãðóçîê è ïàðàìåòðà âíóòðåííèõ
íàïðÿæåíèé óñòàíîâëåíû ñîîòíîøåíèÿ ìåæäó çíà÷åíèÿìè ïàðàìåòðîâ îñíî-
âàíèÿ, ïðè êîòîðûõ ñîõðàíÿåòñÿ åå íåñóùàÿ ñïîñîáíîñòü â îêðåñòíîñòè êëàñ-
ñè÷åñêîãî çíà÷åíèÿ êðèòè÷åñêîé íàãðóçêè.

Êëþ÷åâûå ñëîâà: óïðóãàÿ ïëàñòèíà, êðèòè÷åñêèå íàãðóçêè, âíóòðåííèå
íàïðÿæåíèÿ, íåëèíåéíî-óïðóãîå îñíîâàíèå, ìåòîä Ëÿïóíîâà − Øìèäòà, óðàâ-
íåíèå ðàçâåòâëåíèÿ.
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Ââåäåíèå

Ñèñòåìà íåëèíåéíûõ óðàâíåíèé Êàðìàíà ðàâíîâåñèÿ óïðóãèõ ïëàñòèí ñ âíóò-
ðåííèìè èñòî÷íèêàìè íàïðÿæåíèé áûëà ìîäèôèöèðîâàíà Ë.Ì. Çóáîâûì [1] è èñ-
ñëåäîâàëàñü â ñòàòüå [2]. Â [3] â ñëó÷àå áåñêîíå÷íîé ïëàñòèíû ñ ìàëûìè íåñîâåð-
øåíñòâàìè ðàññìàòðèâàëàñü çàäà÷à î âëèÿíèè íåëèíåéíî-óïðóãîãî îñíîâàíèÿ íà
ïîñëåêðèòè÷åñêîå ïîâåäåíèå áåçìîìåíòíîãî ïëîñêî-íàïðÿæåííîãî ñîñòîÿíèÿ. Â
ñòàòüå [4] ïðîâåäåíî èññëåäîâàíèå çàäà÷è îá óñòîé÷èâîñòè äâóõñëîéíîé êðóãîâîé
ïëàñòèíû ñ ïðåäâàðèòåëüíî íàïðÿæåííûì ñëîåì. Â [5] ðàññìàòðèâàëèñü áåñêîíå÷-
íî ìàëûå äåôîðìàöèè ïëàñòèíû èç ãèïåðóïðóãèõ ìàòåðèàëîâ ñ ó÷åòîì íåîäíîðîä-
íî ðàñïðåäåëåííûõ íà÷àëüíûõ íàïðÿæåíèé. Â ñòàòüå [6] èññëåäîâàíû èçãèáíûå äå-
ôîðìàöèè òðåõñëîéíîé ïëàñòèíû ñ ó÷åòîì ïîâåðõíîñòíûõ è ìåæôàçíûõ íàïðÿæå-
íèé è âûâåäåíû ôîðìóëû äëÿ ïàðàìåòðîâ æåñòêîñòè ïëàñòèíû. Ìåòîä Ëÿïóíîâà −
Øìèäòà äëÿ èçó÷åíèÿ âåòâëåíèÿ ðåøåíèé íåëèíåéíûõ óðàâíåíèé áûë ðàçâèò â ïóá-
ëèêàöèÿõ Â.À. Òðåíîãèíà, Ë.Ñ. Ñðóáùèêà è äðóãèõ [7−11]. Â ñòàòüå [12] èññëåäîâà-
íû êðèòè÷åñêèå íàãðóçêè ñæàòîé óïðóãîé ïëàñòèíû ñ äèñëîêàöèÿìè è äèñêëèíàöè-
ÿìè. Â [13] èññëåäîâàíî âûïó÷èâàíèå ñæàòîé óïðóãîé ïðÿìîóãîëüíîé ïëàñòèíû ñ
âíóòðåííèìè íàïðÿæåíèÿìè, ëåæàùåé íà íåëèíåéíî-óïðóãîì îñíîâàíèè, äëÿ ñëó-
÷àåâ êðàåâûõ óñëîâèé ñâîáîäíîãî çàùåìëåíèÿ èëè ïîäâèæíîãî øàðíèðíîãî îïèðà-
íèÿ êðàåâ. Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ àíàëîãè÷íàÿ [13] çàäà÷à äëÿ ñëó÷à-
åâ, êîãäà ñæèìàþùàÿ íàãðóçêà ðàâíîìåðíî ðàñïðåäåëåíà ïî äâóì ïðîòèâîïîëîæ-
íûì êðàÿì, êîòîðûå ñâîáîäíî çàùåìëåíû èëè øàðíèðíî îïåðòû, ïðè ýòîì äâà äðó-
ãèõ êðàÿ ïëàñòèíû ñâîáîäíû.

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü òîíêàÿ óïðóãàÿ ïðÿìîóãîëüíàÿ ïëàñòèíà, ñîäåðæàùàÿ â ïëîñêîì ñîñòîÿ-
íèè àíñàìáëè íåïðåðûâíî ðàñïðåäåëåííûõ êðàåâûõ äèñëîêàöèé è êëèíîâûõ äèñê-
ëèíàöèé, ëåæèò íà íåëèíåéíî-óïðóãîì îñíîâàíèè è íàõîäèòñÿ ïîä äåéñòâèåì ìà-
ëîé íîðìàëüíîé íàãðóçêè èíòåíñèâíîñòüþ ξG(X,Y) è âíåøíåãî êðàåâîãî äàâëåíèÿ,
äåéñòâóþùåãî âäîëü îñè X. Íà÷àëî ñèñòåìû êîîðäèíàò ðàñïîëîæåíî â öåíòðå ïëàñ-
òèíû, è îñè X, Y ïàðàëëåëüíû åå êðàÿì. Òîãäà ñèñòåìà óðàâíåíèé ðàâíîâåñèÿ [1] ñ
ó÷åòîì ðåàêöèè îñíîâàíèÿ è íåêîòîðûõ ïðåîáðàçîâàíèé [12] â áåçðàçìåðíûõ ïåðå-
ìåííûõ ìîæåò áûòü çàïèñàíà â âèäå äâóõ çàäà÷:
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Óñëîâèÿ ïðè |x | = 1/2 îòâå÷àþò â (3) æåñòêîìó çàùåìëåíèþ êðàåâ, à â (4) − ïîä-
âèæíîé øàðíèðíîé îïîðå. Óñëîâèÿ ïðè |y | = 1/2 â (3) è (4) ñîîòâåòñòâóþò ñâîáîä-
íûì êðàÿì. Áåçðàçìåðíûå ôóíêöèè íàïðÿæåíèé Fμ è F âûçâàíû âíóòðåííèìè èñ-
òî÷íèêàìè è âíåøíèìè íàãðóçêàìè ñîîòâåòñòâåííî. Ñâÿçü ñ áåçðàçìåðíûìè ïåðå-
ìåííûìè âûðàæàåòñÿ ôîðìóëàìè:
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Çäåñü a, b − ðàçìåðû ïëàñòèíû; P − ñèëà, äåéñòâóþùàÿ íà åäèíèöó äëèíû ñæèìàå-
ìîãî êðàÿ ïëàñòèíû; rμ(X, Y ) − ñêàëÿðíàÿ ìåðà íåñîâìåñòíîñòè, êîòîðàÿ âûðàæàåò-
ñÿ ÷åðåç ïëîòíîñòè äèñëîêàöèé è äèñêëèíàöèé, ÷èñëî r íàçîâåì ïàðàìåòðîì èíòåí-
ñèâíîñòè âíóòðåííèõ íàïðÿæåíèé; W(X, Y ) − ïðîãèá ïëàñòèíû; Φ(X, Y ) − ôóíêöèÿ
íàïðÿæåíèé Ýðè; h − òîëùèíà ïëàñòèíû; ν − êîýôôèöèåíò Ïóàññîíà; E − ìîäóëü
Þíãà; ξ − ìàëûé ÷èñëîâîé ïàðàìåòð; K1W − K3W 3 − ðåàêöèÿ óïðóãîãî îñíîâàíèÿ
(Àìàçèãî [14] è Õàíñåí [15]); K1 > 0. Ïðè K3 > 0 îñíîâàíèå íàçûâàåòñÿ ðàçìÿã÷åí-
íûì, à â ñëó÷àå K3 < 0 − óïðî÷íÿþùèìñÿ. Ïðåäïîëàãàåòñÿ, ÷òî ýíåðãèÿ äåôîðìàöèè
óïðóãîãî îñíîâàíèÿ ïîëîæèòåëüíà, òî åñòü
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2. Ìåòîä ðåøåíèÿ

Íåëèíåéíàÿ çàäà÷à (2) ñ êðàåâûìè óñëîâèÿìè (3) èëè (4) èññëåäóåòñÿ ñ èñïîëüçî-
âàíèåì ðåçóëüòàòîâ èç [16−18] ìåòîäîì Ëÿïóíîâà − Øìèäòà â ñî÷åòàíèè ñ ÷èñëåí-
íûìè ìåòîäàìè, àíàëîãè÷íî [13], â êîòîðîé èññëåäîâàíà çàäà÷à (2) ñ êðàåâûìè óñ-
ëîâèÿìè æåñòêîãî çàùåìëåíèÿ èëè øàðíèðíîãî îïèðàíèÿ âñåõ êðàåâ. Ìîæíî ïîêà-
çàòü, ÷òî âñå âûêëàäêè èç [13] ñïðàâåäëèâû è äëÿ ñëó÷àÿ êðàåâûõ óñëîâèé (3) è (4),
à òàêæå îáîñíîâàòü âàðèàöèîííûå ìåòîäû ðåøåíèÿ âîçíèêàþùèõ ïðè ýòîì çàäà÷
íà ñîáñòâåííûå çíà÷åíèÿ. Ïîýòîìó ïðèâåäåì òîëüêî ôîðìóëû, îïðåäåëÿþùèå ñèñ-
òåìó óðàâíåíèé ðàçâåòâëåíèÿ ìåòîäà Ëÿïóíîâà − Øìèäòà äëÿ ñëó÷àÿ âåòâëåíèÿ ïî
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ãäå ω1(x, y), ω2(x, y) − ñîáñòâåííûå ôóíêöèè, îòâå÷àþùèå íàèìåíüøåìó äâóêðàòíî-
ìó ñîáñòâåííîìó çíà÷åíèþ p0 ïðè r = r0 çàäà÷è
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Åñëè ôóíêöèÿ μ  ÷åòíàÿ, òî â ñèëó ñèììåòðèè êðàåâûõ óñëîâèé çàäà÷ (1) è (6)
ìîæíî ñ÷èòàòü, ÷òî ω1(x, y) − ÷åòíàÿ ïî îáåèì ïåðåìåííûì è ω2(x, y) − íå÷åòíàÿ ïî
îäíîé ïåðåìåííîé è ÷åòíàÿ èëè íå÷åòíàÿ ïî äðóãîé ïåðåìåííîé. Ôóíêöèè ψ200000,
ψ020000, ψ110000 îïðåäåëÿþòñÿ èç êðàåâûõ çàäà÷
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ñ êðàåâûìè óñëîâèÿìè ψ = ψn = 0 íà ãðàíèöå ïðÿìîóãîëüíèêà Ω.

3. Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ

Ðàññìîòðèì çàäà÷ó (1)−(3) ïðè ,1=μ  g(x, y) = (1 − 4x2)(1 − 4y2) (ïðÿìîóãîëüíàÿ
ïëàñòèíà ñ ðàçìåðàìè a = 1 ì, b = 2 ì, h = 0,05 ì). Â ðåçóëüòàòå ÷èñëåííûõ ðàñ÷åòîâ
ïîëó÷åíî ðåøåíèå çàäà÷è (1), êîòîðîå ïîêàçûâàåò ôîðìó ôóíêöèè íàïðÿæåíèé Fμ
(ðèñ. 1), âûçâàííûõ íàëè÷èåì âíóòðåííèõ èñòî÷íèêîâ ñ ïîñòîÿííîé ôóíêöèåé íå-
ñîâìåñòíîñòè .1=μ

Ðèñ. 1. Ãðàôèê ôóíêöèè íàïðÿæåíèé Fμ

F μ
⋅1

0−3

0

1

2

3

0
0,50

−0,5

x y0,5 −0,5
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Äëÿ çíà÷åíèÿ ïàðàìåòðà èíòåíñèâíîñòè âíóòðåííèõ íàïðÿæåíèé r = 1646,3 è
êîýôôèöèåíòà ïîñòåëè îñíîâàíèÿ k1 = 500 â çàäà÷å (6), (7) ïîëó÷åíî äâóêðàòíîå
ñîáñòâåííîå çíà÷åíèå p0 = 65,5, êîòîðîìó îòâå÷àþò äâå ñîáñòâåííûå ôóíêöèè ω1,
ω2 (ðèñ. 2).

Êîýôôèöèåíòû ñèñòåìû óðàâíåíèé ðàçâåòâëåíèÿ (5): a1 = −0,251 + 0,125k3, b1 =
= −5,687, Λ1 = 3,545λ1 − 0,0418λ2, d1 = −2,24, a2 = −5,687, b2 = −6,488 + 0,177k3,
Λ2 = 4,835λ1 − 0,113λ2. Èñïîëüçóÿ óñëîâèå ïîòåðè óñòîé÷èâîñòè [9, 10]

,0
1

2

2

1

2

2

1

1 =
μ∂
Φ∂

μ∂
Φ∂

−
μ∂
Φ∂

μ∂
Φ∂

èìååì ñ ó÷åòîì (5) òðè óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ÷åòûðåõ ïàðàìåòðîâ μ1, μ2, λ1 è λ2.
Äëÿ îïðåäåëåííîñòè ïðèìåì äîïîëíèòåëüíîå óñëîâèå Λ1 = Λ2, èç êîòîðîãî ñëå-

äóåò Λ2 = cλ1, ãäå c = 18,118. Îáîçíà÷èì ÷åðåç u = (w, F) âåêòîð-ôóíêöèþ − ðåøå-
íèå íåëèíåéíîé ñèñòåìû óðàâíåíèé (2). Âûâåäåì ôîðìóëû äëÿ êðèòè÷åñêîãî çíà-
÷åíèÿ λ1 = ps −  p0 è àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ íîâûõ ðåøåíèé ñèñòåìû (2):

1) ),()3/(,4/)/3( 100001111
3 22

1101 λ+ξ+ϕλ−±=ξ−=−=λ Ouacudacpps ïðè
ýòîì åñëè k3 < 2,008 (k3 > 2,008), òî ps > p0 ( ps < p0);

2) ,4//3 3
12212

22
1211 )()( )( bababdbb −ξ−=λ  ôîðìóëû íîâûõ ðåøåíèé ïðèâåäåíû

â òàáëèöå 1, ãäå τ1 = (b1 − b2)/(3(a1b2 − a2b1)), τ2 = (2a2b1 − 3a1b2 + a2b2)/(3b2(a1b2 −
− a2b1)).

Òàáëèöà 1
¹ Èíòåðâàëû k3 Çíàê λ1 Àñèìïòîòè÷åñêèå ôîðìóëû íîâûõ ðåøåíèé
1 < −28,18 + )( 1000011111 22 λ+ξλτϕλτ±= +ϕ± Ouu
2 (−28,18; −22,64) + )( 100001111 λ+ξϕλτ±= + Ouu
3 (−22,64; 4,52) − )( 100001111 λ+ξϕλτ±= + Ouu
4 (4,52; 36,65) + )( 1000011111 22 λ+ξλτϕλτ±= +ϕ± Ouu
5 (36,65; 51,68) + )( 100001111 λ+ξϕλτ±= + Ouu
6 (51,68; 61,31) + )( 1000011111 22 λ+ξλτϕλτ±= +ϕ± Ouu
7 > 61,31 − )( 1000011111 22 λ+ξλτϕλτ±= +ϕ± Ouu

0

1,0

x
0

ω1

0,5

0,5

0
0,5

Ðèñ. 2. Ãðàôèêè ñîáñòâåííûõ ôóíêöèé ω1 (a), ω2 (á)
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Çäåñü ϕ1 = (ω1, r0, Fμ), ϕ2 = (ω2, r0, Fμ), u00001 = (w00001, 0), ôóíêöèÿ w00001 îïðåäåëÿåò-
ñÿ êàê ðåøåíèå çàäà÷è gw =Δα

2  ñ êðàåâûìè óñëîâèÿìè (3). Îòðèöàòåëüíûé çíàê λ1
îçíà÷àåò, ÷òî êðèòè÷åñêîå çíà÷åíèå ps, íà êîòîðîå âëèÿåò íàëè÷èå ìàëîãî íîðìàëü-
íîãî äàâëåíèÿ ξg (ξ << 1), ìåíüøå êëàññè÷åñêîãî êðèòè÷åñêîãî çíà÷åíèÿ p0 ïîòåðè
óñòîé÷èâîñòè ñæàòîé ïëàñòèíû (ξ = 0). Êîéòåð [19], Áóäÿíñêèé è Õàò÷èíñîí [20, 21]
çàìåòèëè, ÷òî ïðè ξ ≠ 0 òî÷êà áèôóðêàöèè p0 ïåðåõîäèò â êðèòè÷åñêóþ òî÷êó ps.

Çàêëþ÷åíèå

Ðàññìîòðåíà çàäà÷à î âåòâëåíèè ðàâíîâåñèé ñæàòîé â îäíîì íàïðàâëåíèè óïðó-
ãîé ïëàñòèíû ñ âíóòðåííèìè íàïðÿæåíèÿìè, ëåæàùåé íà íåëèíåéíî-óïðóãîì îñ-
íîâàíèè. Èññëåäîâàíî âëèÿíèå ìàëîé ïîïåðå÷íîé íàãðóçêè íà êðèòè÷åñêèå çíà÷å-
íèÿ ñæèìàþùåãî äàâëåíèÿ, ïîñòðîåíû àñèìïòîòè÷åñêèå ôîðìóëû íîâûõ ðàâíîâå-
ñèé, íàéäåíû ñîîòíîøåíèÿ ìåæäó ïàðàìåòðàìè îñíîâàíèÿ, ïðè êîòîðûõ íåñóùàÿ
ñïîñîáíîñòü ñæàòîé ïëàñòèíû íå ñíèæàåòñÿ.

Ñïèñîê ëèòåðàòóðû

1. Çóáîâ Ë.Ì. Óðàâíåíèÿ Êàðìàíà äëÿ óïðóãîé ïëàñòèíêè ñ äèñëîêàöèÿìè è äèñêëèíà-
öèÿìè. Äîêëàäû ÐÀÍ. 2007. Ò. 412. ¹3. Ñ. 343−346.

2. Çóáîâ Ë.Ì., Ôàì Ò.Õ. Ñèëüíûé èçãèá êðóãëîé ïëàñòèíêè ñ íåïðåðûâíî ðàñïðåäåëåí-
íûìè äèñêëèíàöèÿìè. Èçâåñòèÿ âóçîâ. Ñåâåðî-Êàâêàçñêèé ðåãèîí. Åñòåñòâåííûå íàóêè. 2010.
¹4. Ñ. 28−33.

3. Reissner E. On postbuckling behavior and imperfection sensitivity of thin elastic plates on
a non-linear elastic foundation. Studies in Applied Mathematics. 1970. Vol. XLIX. No 1. P. 45−57.
https://doi.org/10.1002/sapm197049145.

4. Eremeev V.V., Zubov L.M. Buckling of a twolayered circular plate with a prestressed layer.
Mathematics and Mechanics of Solids. 2017. Vol. 22. Iss. 4. P. 773−781. DOI: 10.1177/
1081286515612527.

5. Altenbach H., Eremeyev V.A. On the effective stiffness of plates made of hyperelastic
materials with initial stresses. International Journal of Non-Linear Mechanics. 2010. Vol. 45. Iss. 10.
P. 976−981. DOI: 10.1016/j.ijnonlinmec.2010.04.007.

6. Altenbach H., Eremeyev V.A. Bending of a three-layered plate with surface stresses. In:
Analysis and Modelling of Advanced Structures and Smart Systems. Eds. H. Altenbach, E. Carrera,
G. Kulikov. Singapore: Springer, 2018. P. 1−10. DOI: 10.1007/978-981-10-6895-9_1.

7. Òðåíîãèí Â. À. Ðàçâåòâëåíèå ðåøåíèé íåëèíåéíûõ óðàâíåíèé â áàíàõîâîì ïðîñòðàí-
ñòâå. Óñïåõè ìàòåìàòè÷åñêèõ íàóê. 1958. Ò. XIII. Âûï. 4. C. 197−203.

8. Ñðóáùèê Ë. Ñ., Òðåíîãèí Â. À. Î âûïó÷èâàíèè ãèáêèõ ïëàñòèí. Ïðèêëàäíàÿ ìàòåìà-
òèêà è ìåõàíèêà. 1968. Ò. 32. Âûï.4. Ñ. 721−727.

9. Ñðóáùèê Ë.Ñ. Êðàåâîé ýôôåêò è âûïó÷èâàíèå òîíêèõ ïëàñòèí íà íåëèíåéíî-óïðóãîì
îñíîâàíèè. Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 1985. Ò. 21. ¹10. Ñ. 1790−1794.

10. Ñðóáùèê Ë.Ñ. Âûïó÷èâàíèå è ïîñëåêðèòè÷åñêîå ïîâåäåíèå îáîëî÷åê. Ðîñòîâ-í-Äîíó:
Èçä-âî Ðîñòîâ. óí-òà, 1981. 96 ñ.

11. Sidorov N., Loginov B., Sinitsyn A., Falaleev M. Lyapunov − Schmidt methods in nonlinear
analysis and applications. In: Mathematics and its Applications. Dordrecht−Boston−London: Kluwer
Academic Publisher, 2002. 568 ð. DOI: 10.1007/978-94-017-2122-6.

12. Ïåøõîåâ È.Ì. Î êðèòè÷åñêèõ íàãðóçêàõ ñæàòîé óïðóãîé ïðÿìîóãîëüíîé ïëàñòèíû ñ
äèñëîêàöèÿìè è äèñêëèíàöèÿìè. Âåñòíèê ÄÃÒÓ. 2016. ¹1 (84). C. 43−51. https://doi.org/
10.12737/18157.

13. Ïåøõîåâ È.Ì., Ñîáîëü Á.Â. Âûïó÷èâàíèå è ïîñëåêðèòè÷åñêîå ïîâåäåíèå ñæàòîé
ïðÿìîóãîëüíîé ïëàñòèíû ñ âíóòðåííèìè íàïðÿæåíèÿìè, ëåæàùåé íà íåëèíåéíî-óïðóãîì
îñíîâàíèè. Ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íîñòè. 2019. Ò. 81. ¹2. Ñ. 137−145. DOI: 10.32326/
1814-9146-2019-81-2-137-145.



250

14. Amasigo J.S., Frank D. Dinamic buckling of on imperfect column on nonlinear foundation.
Quarterly of Applied Mathematics. 1973. Vol. 31. No 1. P. 1−9.

15. Hansen J.S. Some two-mode buckling problems and their relation to catastrophe theory.
AIAA Journal. 1977. Vol. 15. No 11. P. 1638−1644. https://doi.org/10.2514/3.7463.

16. Âîðîâè÷ È.È. Ìàòåìàòè÷åñêèå ïðîáëåìû íåëèíåéíîé òåîðèè ïîëîãèõ îáîëî÷åê. Ì.:
Íàóêà, 1989. 376 ñ.

17. Ìîðîçîâ Í.Ô. Ê íåëèíåéíîé òåîðèè òîíêèõ ïëàñòèí. Äîêë. ÀÍ ÑÑÑÐ. 1957. Ò. 114.
¹5. Ñ. 968−671.

18. Âàéíáåðã Ì.Ì., Òðåíîãèí Â.À. Òåîðèÿ âåòâëåíèÿ ðåøåíèé íåëèíåéíûõ óðàâíåíèé.
Ì.: Íàóêà, 1969. 527 ñ.

19. Koiter W.T. Elastic stability and post-buckling behavior. Nonlinear Problems: Proceeding
of Symposium. Madison: University of Wisconsin Press, 1963. P. 257−275.

20. Budiansky B. Theory of buckling and postbuckling behaviour of elastic structures. Advances
in Applied Mechanics. 1974. Vol. 14. P. 1−65. https://doi.org/10.1016/S0065-2156(08)70030-9.

21. Budiansky B., Hutchinson J.W. A survey of some buckling problems. AIAA Journal. 1966.
Vol. 4. P. 1505−1510. https://doi.org/10.2514/3.3727.

References

1. Zubov L.M. Uravneniya Karmana dlya uprugoy plastinki s dislokatsiyami i disklinatsiyami
[Von Karman equations for an elastic plate with dislocations and disclinations]. Doklady RAN
[Proceedings of the Russian Academy of Sciences]. 2007. Vol. 412. No 1. P. 67−70 (In Russian).

2. Zubov L.M., Fam T.Kh. Silnyy izgib krugloy plastinki s nepreryvno raspredelennymi
disklinatsiyami [Strong deflactions of circular plate with continuously distributed disclinations].
Izvestiya vuzov. Severo-Kavkazskiy region. Estestvennye nauki [News of Universities. North
Caucasus Region. Natural Sciences]. 2010. No 4. P. 28−33 (In Russian).

3. Reissner E. On postbuckling behavior and imperfection sensitivity of thin elastic plates on
a non-linear elastic foundation. Stud. Appl. Math. 1970. Vol. XLIX. No 1. P. 45−57. https://doi.org/
10.1002/sapm197049145.

4. Eremeev V.V., Zubov L.M. Buckling of a twolayered circular plate with a prestressed layer.
Math. Mech. Solids. 2017. Vol. 22. Iss. 4. P. 773−781. DOI: 10.1177/1081286515612527.

5. Altenbach H., Eremeyev V.A. On the effective stiffness of plates made of hyperelastic ma-
terials with initial stresses. Int. J. NonLin. Mech. 2010. Vol. 45. Iss. 10. P. 976−981. DOI: 10.1016/
j.ijnonlinmec.2010.04.007.

6. Altenbach H., Eremeyev V.A. Bending of a three-layered plate with surface stresses. In:
Analysis and Modelling of Advanced Structures and Smart Systems. Eds. H. Altenbach, E. Carrera,
G. Kulikov. Singapore. Springer. 2018. P. 1−10. DOI: 10.1007/978-981-10-6895-9_1.

7. Trenogin V.A. Razvetvlenie resheniy nelineynykh uravneniy v banakhovom prostranstve
[Branching of solutions of non-linear equations in Banach space]. Uspekhi matematicheskikh nauk
[Russian Mathematical Surveys]. 1958. Vol. 13. Iss. 4. P. 197−204 (In Russian).

8. Srubshchik L.S., Trenogin V.A. O vypuchivanii gibkikh plastin [About bucking flexible plates].
Prikladnaya matematika i mekhanika [J. Appl. Math. Mech.]. 1968. Vol. 32. Iss. 4. P. 721−727 (In
Russian).

9. Srubshchik L.S. Kraevoy effekt i vypuchivanie tonkikh plastin na nelineyno-uprugom
osnovanii [Edge effect and bulging of thin plates on a non-linear elastic base]. Differentsialnye
uravneniya [Differential Equations]. 1985. Vol. 21. No 10. P. 1790−1794 (In Russian).

10. Srubshchik L.S. Vypuchivanie i poslekriticheskoe povedenie obolochek [Bulging and Post-
Critical Behavior of Shells]. Rostov-on-Don. Rostov University Publ. 1981. 96 p. (In Russian).

11. Sidorov N., Loginov B., Sinitsyn A., Falaleev M. Lyapunov−Schmidt methods in non-
linear analysis and applications. In: Mathematics and its Applications. Dordrecht. Boston. London.
Kluwer Academic Publisher. 2002. 568 ð. DOI: 10.1007/978-94-017-2122-6.

12. Peshkhoev I.M. O kriticheskikh nagruzkakh szhatoy uprugoy pryamougolnoy plastiny s
dislokatsiyami i disklinatsiyami [On critical loads of a compressed elastic rectangular plate with
dislocations and disclinations]. Vestnik Donskogo gosudarstvennogo universiteta [Bulletin of the
Don State Technical University]. 2016. Vol. 16. No 1(84). P. 43−51 (In Russian).

13. Peshkhoev I.M., Sobol B.V. Vypuchivanie i poslekriticheskoe povedenie szhatoy pryamo-



251

ugolnoy plastiny s vnutrennimi napryazheniyami, lezhashchey na nelineyno-uprugom osnovanii
[Buckling and postbuckling behavior compressed of the rectangular plate with internal stresses,
lying on non-linear elastic foundation]. Problemy prochnosti i plastichnosti [Problems of Strength
and Plasticity]. 2019. Vol. 81. No 2. P. 137−145. DOI: 10.32326/1814-9146-2019-81-2-137-145
(In Russian).

14. Amasigo J.S., Frank D. Dinamic buckling of on imperfect column on nonlinear foundation.
Q. Appl. Math. 1973. Vol. 31. No 1. P. 1−9.

15. Hansen J.S. Some two-mode buckling problems and their relation to catastrophe theory.
AIAA Journal. 1977. Vol. 15. No 11. P. 1638−1644. https://doi.org/10.2514/3.7463.

16. Vorovich I.I. Matematicheskie problemy nelineynoy teorii pologikh obolochek [Mathe-
matical Problems of the Non-Linear Theory of Shallow Shells]. Moscow. Nauka Publ. 1989. 376 p.
(In Russian).

17. Morozov N.F. K nelineynoy teorii tonkikh plastin [On the non-linear theory of thin plates].
Doklady AN SSSR [Proceedings of the USSR Academy of Science]. 1957. Vol. 114. No 5. P. 968−671
(In Russian).

18. Vaynberg M.M., Trenogin V.A. Teoriya vetvleniya resheniy nelineynykh uravneniy [Theory
of Solutions of Non-Linear Equations]. Moscow. Nauka Publ. 1969. 527 p. (In Russian).

19. Koiter W.T. Elastic stability and post-buckling behavior. Nonlinear Problems: Proceeding
of Symposium. Madison. University of Wisconsin Press. 1963. P. 257−275.

20. Budiansky B. Theory of buckling and postbuckling behaviour of elastic structures. Adv.
Appl. Mech. 1974. Vol. 14. P. 1−65. https://doi.org/10.1016/S0065-2156(08)70030-9.

21. Budiansky B., Hutchinson J.W. A survey of some buckling problems. AIAA Journal. 1966.
Vol. 4. P. 1505−1510. https://doi.org/10.2514/3.3727.

BUCKLING A COMPRESSED ELASTIC RECTANGULAR PLATE
WITH FREE EDGES

Peshkhoev I.M., Sobol B.V.

Don State Technical University, Rostov-on-Don, Russian Federation

The influence of a small transverse load on the stability of an elastic rectangular plate compressed
in one direction with free longitudinal edges, lying on a nonlinear elastic base, is studied. The plate
contains internal stress sources in the form of continuously distributed edge dislocations and
disclinations, or other sources, such as heat. The reaction of a nonlinear elastic base is taken into
account in the form of a polynomial of the third degree of deflection. The compressive load is
evenly distributed along the two opposite edges of the plate, which are freely pinched or pivotally
supported. The other two edges of the plate are free. We consider a nonlinear boundary value
problem for a modified system of nonlinear Karman equations that take into account internal
stresses. By replacing variables, the problem is reduced to a sequence of two problems, of which
the linear boundary value problem determines the function of stresses caused by the presence of
internal sources, and the other, nonlinear, determines the deflection of the plate and the function of
stresses caused by the compressive load. Using the Lyapunov−Schmidt method, the branching of
solutions of a modified system of nonlinear Karman equations is investigated. The critical values
of the load parameter are determined from a linearized problem based on a trivial solution. In this
case, the variational method in combination with the finite-difference method is used to solve the
linearized problem. The coefficients of the system of branching equations of the Lyapunov−Schmidt
method are calculated numerically. The post-critical behavior of the plate is investigated and
asymptotic formulas for new equilibria in the vicinity of critical loads are derived. For different
parameter values of compressive loads and internal stresses the relations between the values of the
parameters of the base, which preserve its load-bearing capacity in the vicinity of the classical
critical load.

Keywords: elastic plate, critical load, internal stresses, nonlinear elastic base, Lyapunov−Schmidt
method, ramification equation.


