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Ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ êîíè÷åñêîé îáîëî÷êè ïåðåìåííîé òîëùèíû íà îñíîâå íåêëàññè-
÷åñêîé òåîðèè. Èñêîìûå ïåðåìåùåíèÿ îáîëî÷êè àïïðîêñèìèðóþòñÿ ïîëèíî-
ìàìè ïî íîðìàëüíîé êîîðäèíàòå ê ñðåäèííîé ïîâåðõíîñòè íà äâå ñòåïåíè âûøå
ïî îòíîøåíèþ ê êëàññè÷åñêîé òåîðèè òèïà Êèðõãîôà − Ëÿâà. Ïðè ðàçðàáîòêå
òåîðèè â êà÷åñòâå óðàâíåíèé ñîñòîÿíèÿ îáîëî÷êè ïðèìåíÿþòñÿ òðåõìåðíûå
óðàâíåíèÿ òåîðèè óïðóãîñòè, à òàêæå âàðèàöèîííûé ïðèíöèï Ëàãðàíæà. Â
ðåçóëüòàòå ìèíèìèçàöèè óòî÷íåííîãî çíà÷åíèÿ ïîëíîé ýíåðãèè îáîëî÷êè ïî-
ñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü, ïðåäñòàâëÿþùàÿ ñîáîé ñèñòåìó äèôôåðåí-
öèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ â ïåðåìåùåíèÿõ ñ ïåðåìåííûìè êîýôôèöè-
åíòàìè è ñîîòâåòñòâóþùèå ãðàíè÷íûå óñëîâèÿ. Ðàññìîòðåíû äâà ñëó÷àÿ: îáî-
ëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì ñèììåòðè÷íîé è íåñèììåòðè÷íîé íàãðóçîê.
Ïðåîáðàçîâàíèå äâóìåðíûõ óðàâíåíèé ê ñèñòåìå îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé îñóùåñòâëÿåòñÿ ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ ðÿäîâ
ïî îêðóæíîé êîîðäèíàòå.

Äëÿ ðåøåíèÿ ñôîðìóëèðîâàííîé êðàåâîé çàäà÷è ïðèìåíÿþòñÿ ìåòîäû
êîíå÷íûõ ðàçíîñòåé è ìàòðè÷íîé ïðîãîíêè. Ðàñ÷åòû ïðîâåäåíû ñ ïîìîùüþ
êîìïüþòåðíîé ïðîãðàììû. Ïîñëå îïðåäåëåíèÿ ïåðåìåùåíèÿ äåôîðìàöèè îáî-
ëî÷êè è òàíãåíöèàëüíûå íàïðÿæåíèÿ íàõîäÿòñÿ èç ãåîìåòðè÷åñêèõ è ôèçè-
÷åñêèõ óðàâíåíèé, à ïîïåðå÷íûå íàïðÿæåíèÿ − èç óðàâíåíèé ðàâíîâåñèÿ òðåõ-
ìåðíîé òåîðèè óïðóãîñòè.

Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ êîíè÷åñêàÿ îáîëî÷êà, æåñòêî çàùåì-
ëåííàÿ íà äâóõ êðàÿõ, ñ íåñèììåòðè÷íî èçìåíÿþùåéñÿ òîëùèíîé. Ñðàâíèâà-
þòñÿ ðåçóëüòàòû ðàñ÷åòîâ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ, ïîëó÷åí-
íûå ïî óòî÷íåííîé è êëàññè÷åñêîé òåîðèÿì. Ïîêàçàí ñóùåñòâåííûé âêëàä
äîïîëíèòåëüíûõ íàïðÿæåíèé â êðàåâîé çîíå â îáùåå íàïðÿæåííîå ñîñòîÿíèå
îáîëî÷êè. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè ðàñ÷åòàõ è
èñïûòàíèÿõ íà ïðî÷íîñòü è äîëãîâå÷íîñòü ìàøèíîñòðîèòåëüíûõ îáúåêòîâ
ðàçëè÷íîãî íàçíà÷åíèÿ.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 82, ¹ 2, 2020 ã.

* Âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò ¹17-08-00849).
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Êëþ÷åâûå ñëîâà: êîíè÷åñêàÿ îáîëî÷êà, ïåðåìåííàÿ òîëùèíà, àïïðîêñè-
ìèðóþùèå ïîëèíîìû, âàðèàöèîííûé ïðèíöèï Ëàãðàíæà, óòî÷íåííàÿ òåîðèÿ,
íàïðÿæåííîå ñîñòîÿíèå «ïîãðàíñëîé», ïîïåðå÷íûå íîðìàëüíûå íàïðÿæåíèÿ.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ìíîãèå ýëåìåíòû ìàøèíîñòðîèòåëüíûõ êîíñòðóêöèé, â òîì
÷èñëå àâèàöèîííûõ è ðàêåòíî-êîñìè÷åñêèõ èçäåëèé, îôîðìëÿþòñÿ â âèäå îáîëî÷åê
âðàùåíèÿ ïåðåìåííîé òîëùèíû. Ñóùåñòâóþùèå ìåòîäû ðàñ÷åòà íàïðÿæåííî-äåôîð-
ìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ) îáîëî÷åê áàçèðóþòñÿ íà ðåçóëüòàòàõ êëàññè÷åñêîé
òåîðèè òèïà Êèðõãîôà − Ëÿâà [1, 2]. Â îñíîâó ýòîé òåîðèè áûëà ïîëîæåíà ãèïîòåçà
î ñîõðàíåíèè íîðìàëüíîãî ýëåìåíòà, êîòîðàÿ ïîçâîëèëà ïðèâåñòè òðåõìåðíóþ ïðîá-
ëåìó òåîðèè óïðóãîñòè ê äâóìåðíîé.

×òîáû óñòðàíèòü íåäîñòàòêè êëàññè÷åñêîé òåîðèè, Å. Ðåéññíåð [3] ïðåäëîæèë
òåîðèþ ñäâèãîâûõ äåôîðìàöèé ïåðâîãî ïîðÿäêà (FSDT). Ïîïåðå÷íûå îòðåçêè ïðÿ-
ìûõ ëèíèé ïîñëå äåôîðìàöèè îñòàþòñÿ ïðÿìûìè, íî íå áóäóò íîðìàëüíûìè ê ñðå-
äèííîé ïîâåðõíîñòè. Îáøèðíûå èññëåäîâàíèÿ â ýòîé îáëàñòè âûïîëíåíû àâòîðà-
ìè ðàáîò [4−7] è äðóãèìè èññëåäîâàòåëÿìè. Òåîðèÿ FSDT òðåáóåò èñïîëüçîâàòü ïî-
ïðàâî÷íûå êîýôôèöèåíòû ñäâèãà, îò êîòîðûõ çàâèñèò òî÷íîñòü ðåçóëüòàòîâ ðàñ÷åòà.
Äàëåå Í. Ðåääè èñïîëüçîâàë òåîðèþ ñäâèãîâûõ äåôîðìàöèé òðåòüåãî ïîðÿäêà äëÿ èñ-
ñëåäîâàíèé ñëîèñòûõ êîìïîçèòíûõ ïëàñòèí è îáîëî÷åê [8]. Îäíàêî ïðåäïîëîæåíèÿ
Ðåääè íå óäîâëåòâîðÿþò åñòåñòâåííûì ãðàíè÷íûì óñëîâèÿì íà èõ ïîâåðõíîñòÿõ.

Îäíèì èç âîçìîæíûõ ïóòåé ñîçäàíèÿ óòî÷íåííîãî âàðèàíòà òåîðèè îáîëî÷åê,
ñâîáîäíîé îò ãèïîòåç Êèðõãîôà − Ëÿâà, ÿâëÿåòñÿ ìåòîä ïðÿìîãî àñèìïòîòè÷åñêîãî
èíòåãðèðîâàíèÿ òðåõìåðíûõ óðàâíåíèé òåîðèè óïðóãîñòè [9]. Àñèìïòîòè÷åñêèå ìå-
òîäû ÿâëÿþòñÿ îñíîâíûìè ìåòîäàìè ïðåîáðàçîâàíèÿ óðàâíåíèé êëàññè÷åñêîé òåî-
ðèè â èññëåäîâàíèÿõ Ë.À. Àãàëîâÿíà [10, 11], Ê. Ôðèäðèõñà [12], À. Ãðèíà [13],
Þ.È. Äèìèòðèåíêî [14] è äð. Ïðè ðåøåíèè çàäà÷ äëÿ ïëàñòèí è îáîëî÷åê óñòàíîâ-
ëåíî Âàë.Â. Ôèðñàíîâûì [15, 16], ÷òî äîïîëíèòåëüíîå ÍÄÑ âáëèçè çàùåìëåííîãî
êðàÿ âíîñèò ñóùåñòâåííûé âêëàä â îáùåå íàïðÿæåííîå ñîñòîÿíèå.

Äðóãîé ïîäõîä, ïðåäñòàâëåííûé â [17, 18], îñíîâàí íà àïïðîêñèìàöèè èñêîìûõ
ïåðåìåùåíèé îáîëî÷êè â âèäå ïîëèíîìèàëüíûõ ðÿäîâ ïî íîðìàëüíîé ê ñðåäèííîé
ïîâåðõíîñòè êîîðäèíàòå. Íà îñíîâå ýòîãî ïîäõîäà â ïóáëèêàöèÿõ [19−21] ïîñòðîå-
íà óòî÷íåííàÿ òåîðèÿ ðàñ÷åòà ÍÄÑ äëÿ öèëèíäðè÷åñêèõ è ñôåðè÷åñêèõ îáîëî÷åê,
ñîãëàñíî êîòîðîé äîïîëíèòåëüíûå ëîêàëüíûå íàïðÿæåíèÿ îêàçûâàþòñÿ îäíîãî ïî-
ðÿäêà ñ ìàêñèìàëüíûìè íàïðÿæåíèÿìè îñíîâíîãî ÍÄÑ. Â íàñòîÿùåé ñòàòüå â ðàì-
êàõ óêàçàííîãî ïîäõîäà èññëåäóåòñÿ ÍÄÑ êîíè÷åñêîé îáîëî÷êè ïåðåìåííîé òîë-
ùèíû.

1. Îñíîâíûå óðàâíåíèÿ êîíè÷åñêîé îáîëî÷êè
íà îñíîâå óòî÷íåííîé òåîðèè

Ðàññìàòðèâàåòñÿ êîíè÷åñêàÿ îáîëî÷êà ïåðåìåííîé òîëùèíû, îòíåñåííàÿ ê îðòî-
ãîíàëüíîé ñèñòåìå êðèâîëèíåéíûõ êîîðäèíàò x, ϕ, ξ (ðèñ. 1). Çäåñü x ïðåäñòàâëÿåò
ñîáîé ðàññòîÿíèå ïî îáðàçóþùåé îò âåðøèíû êîíóñà, ϕ − óãîë ìåæäó íåêîòîðîé
àêñèàëüíîé ïëîñêîñòüþ è ïëîñêîñòüþ îòñ÷åòà, à îñü ξ íàïðàâëåíà ïî âíåøíåé íîð-
ìàëè ê ñðåäèííîé ïîâåðõíîñòè. Îáîçíà÷èì A1, A2 − êîýôôèöèåíòû ïåðâîé êâàäðà-
òè÷íîé ôîðìû; R1, R2 − ãëàâíûå ðàäèóñû êðèâèçíû îáîëî÷êè, θ − ïîëîâèíà óãëà
êîíóñíîñòè. Èìååì:
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Ïåðåìåííàÿ òîëùèíà îáîëî÷êè îïðåäåëÿåòñÿ äâóìÿ ôóíêöèÿìè h1(x), h2(x):
).()( 21 xhxhh +=

Ïîëàãàåì, ÷òî íà áîêîâîé è òîðöåâûõ ïîâåðõíîñòÿõ êîíè÷åñêîé îáîëî÷êè çàäà-
íû ãðàíè÷íûå óñëîâèÿ:
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Ïðåäñòàâèì èñêîìûå óïðóãèå ïåðåìåùåíèÿ â âèäå:

,
!

),(),,(
3

0
1 ∑

=

ξ
ϕ=ξϕ

k

k

k k
xuxU

,
!

),(),,(
3

0
2 ∑

=

ξ
ϕ=ξϕ

k

k

k k
xvxU (1)

,
!

),(),,(
2

0
3 ∑

=

ξ
ϕ=ξϕ

k

k

k k
xwxU

ãäå èíäåêñû 1, 2, 3 ñîîòâåòñòâóþò îñÿì x, ϕ è ξ. Äëÿ âàðèàíòà êëàññè÷åñêîé òåîðèè
òèïà Êèðõãîôà − Ëÿâà â ôîðìóëàõ (1) îòáðàñûâàþòñÿ ïî äâà ïîñëåäíèõ ñëàãàåìûõ.

Ãåîìåòðè÷åñêèå ñîîòíîøåíèÿ èìåþò âèä:

,111
3

1

1
2

1

21

1

1
11 UH

H
UH

HHx
U

H
e

ξ∂
∂

+
ϕ∂

∂
+

∂
∂

=

,111
3

2

2
1

2

21

2

2
22 UH

H
U

x
H

HH
U

H
e

ξ∂
∂

+
∂
∂

+
ϕ∂

∂
=

(2)
,111, 2

2
1

1

21

2

1

1

2
12

3
33 ⎥

⎦

⎤
⎢
⎣

⎡
∂
∂

+
ϕ∂

∂
−

∂
∂

+
ϕ∂

∂
=

ξ∂
∂

= U
x

HUH
HHx

U
H

U
H

eUe

,11,11
2

2

2

23

2
231

1

1

13

1
13 UH

H
UU

H
eUH

H
U

x
U

H
e

ξ∂
∂

−
ξ∂

∂
+

ϕ∂
∂

=
ξ∂

∂
−

ξ∂
∂

+
∂
∂

=

x 2

x

x 1

h
2 (x)

h
1 (x)
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Ôèçè÷åñêèå óðàâíåíèÿ òåîðèè óïðóãîñòè ïðèíèìàþòñÿ â âèäå:
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ãäå êîýôôèöèåíòû )( 6,1,6,1 == jiAij  ïðåäñòàâëÿþò ñîáîé óïðóãèå ïîñòîÿííûå
îðòîòðîïíîãî ìàòåðèàëà ïëàñòèíû.

Ïîäñòàâëÿÿ ðàçëîæåíèÿ (1) â ãåîìåòðè÷åñêèå ñîîòíîøåíèÿ (2), íàõîäèì äåôîð-
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Âíîñÿ ïîñëåäîâàòåëüíî äåôîðìàöèè (4) â ôèçè÷åñêèå óðàâíåíèÿ (3) è ïîëó÷åí-
íûå âûðàæåíèÿ äëÿ íàïðÿæåíèé â óñëîâèå ìèíèìóìà ïîëíîé ýíåðãèè îáîëî÷êè,
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Çäåñü èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ îáîáùåííûõ óñèëèé:
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Ïîäñòàâëÿÿ êîìïîíåíòû íàïðÿæåíèé èç ôèçè÷åñêèõ óðàâíåíèé (3) â âûðàæå-
íèÿ äëÿ îáîáùåííûõ óñèëèé (6), à çàòåì êîìïîíåíòû äåôîðìàöèé èç ñîîòíîøåíèé
(4), ïîëó÷èì ýêâèâàëåíòíûå (5) óðàâíåíèÿ ðàâíîâåñèÿ â ïåðåìåùåíèÿõ:
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Çäåñü ïåðåìåííûå êîýôôèöèåíòû Ki ïðåäñòàâëÿþò ñîáîé ôóíêöèè, çàâèñÿùèå îò
ãåîìåòðè÷åñêèõ ïàðàìåòðîâ, óïðóãèõ ïîñòîÿííûõ ìàòåðèàëà îáîëî÷êè è êîîðäèíà-
òû x. Ââèäó èõ ìíîãî÷èñëåííîñòè è ãðîìîçäêîñòè ñîîòâåòñòâóþùèõ ôîðìóë çäåñü
îíè íå ïðèâîäÿòñÿ. Â óðàâíåíèè (7) um, vk, wn − êîýôôèöèåíòû ðàçëîæåíèé èñêîìûõ
ïåðåìåùåíèé â âûðàæåíèÿõ (1).
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íà êðàÿõ ϕ = const:
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2. Ïðèâåäåíèå äâóìåðíûõ óðàâíåíèé
ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ðàññìîòðèì äâà ñëó÷àÿ: îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì ñèììåòðè÷íîé è
íåñèììåòðè÷íîé íàãðóçîê.

Â ïåðâîì ñëó÷àå êîìïîíåíòû ÍÄÑ îáîëî÷êè íå çàâèñÿò îò óãëà ϕ è ïåðåìåùå-
íèÿ â îêðóæíîì íàïðàâëåíèè vk = 0, ,3,0=k  ÷òî ïîçâîëÿåò èç (7) ïîëó÷èòü ñèñòåìó:
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Åñëè îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì íåñèììåòðè÷íîé íàãðóçêè, ïðèâåäåì
ñèñòåìó äâóõìåðíûõ óðàâíåíèé (7) ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ ðÿäîâ. Äëÿ ýòîé öåëè ïðåäñòàâèì âíåø-
íèå íàãðóçêè è ïåðåìåùåíèÿ â âèäå:
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Ïîäñòàâëÿÿ ðàçëîæåíèÿ (9) â ñèñòåìó (7) è ñðàâíèâàÿ êîýôôèöèåíòû òðèãîíî-
ìåòðè÷åñêèõ ðÿäîâ â ëåâûõ è ïðàâûõ ÷àñòÿõ, íàõîäèì:
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Ñèñòåìû (8) è (10) ïðåäñòàâëÿþò ñîáîé îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ. Ñ ïîìîùüþ êîíå÷íî-ðàçíîñòíîãî ìåòîäà ïðåîáðàçóåì ýòè ñèñòåìû ê ëèíåé-
íûì àëãåáðàè÷åñêèì óðàâíåíèÿì. Ïðîèçâîäíûå 1-ãî è 2-ãî ïîðÿäêîâ àïïðîêñèìè-
ðóåì öåíòðàëüíûìè ðàçíîñòÿìè âòîðîãî ïîðÿäêà òî÷íîñòè, ïîëó÷èì äëÿ (8) ñëåäó-
þùóþ ñèñòåìó:
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Àíàëîãè÷íî ñèñòåìà (10) ïðèâîäèòñÿ ê âèäó:
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ãäå s − øàã êîíå÷íî-ðàçíîñòíîé ñõåìû, N + 1 − êîëè÷åñòâî óçëîâ.
Ñèñòåìû (11) è (12) ðåøàþòñÿ ìåòîäîì ìàòðè÷íîé ïðîãîíêè ñ ïîìîùüþ ïðî-

ãðàììû äëÿ ÝÂÌ. Â ðåçóëüòàòå â óçëàõ ñåòêè ïîëó÷åíû ïåðåìåùåíèÿ îáîëî÷êè, äëÿ
àïïðîêñèìàöèè êîòîðûõ ïðèìåíÿþòñÿ ñïëàéíû. Äåôîðìàöèè îáîëî÷êè îïðåäåëÿ-
þòñÿ ñ ïîìîùüþ ãåîìåòðè÷åñêèõ ñîîòíîøåíèé, òàíãåíöèàëüíûå íàïðÿæåíèÿ íàõî-
äÿòñÿ èç ñîîòíîøåíèé çàêîíà Ãóêà. Ïîïåðå÷íûå íàïðÿæåíèÿ ïîëó÷àþòñÿ ïóòåì íå-
ïîñðåäñòâåííîãî èíòåãðèðîâàíèÿ óðàâíåíèé ðàâíîâåñèÿ òðåõìåðíîé òåîðèè óïðó-
ãîñòè.

3. Ïðèìåð ðàñ÷åòà

Â êà÷åñòâå ïðèìåðà ðàñ÷åòà ðàññìàòðèâàåòñÿ êîíè÷åñêàÿ îáîëî÷êà ïåðåìåííîé
òîëùèíû, æåñòêî çàùåìëåííàÿ íà äâóõ êðàÿõ, ñ ïàðàìåòðàìè: óãîë ïîëîâèíû êî-
íóñíîñòè θ = π/4, íà÷àëî è êîíåö îáîëî÷êè âäîëü îñè x1 = 0,1 ì, x2 = 5x1, êîýôôè-
öèåíò Ïóàññîíà μ = 0,3, ìîäóëü Þíãà E = 2⋅105 ÌÏà. Îáîëî÷êà íàõîäèòñÿ ïîä
äåéñòâèåì ðàâíîìåðíî ðàñïðåäåëåííîé íàãðóçêè Q0 ïî âíóòðåííåé ïîâåðõíîñòè,
òî åñòü èìååì îñåñèììåòðè÷íûé ñëó÷àé. Òîëùèíà îáîëî÷êè èçìåíÿåòñÿ ïî çàêîíó

,400/1),( 01001 =−+= kxxkhh

.02,0 102 xhh ==

Íà ðèñ. 2−4 ïîêàçàíû ðåçóëüòàòû ðàñ÷åòà ÍÄÑ îáîëî÷êè. Îòìåòèì, ÷òî àááðå-
âèàòóðà «êë» ñîîòâåòñòâóåò äàííûì ðàñ÷åòà ïî êëàññè÷åñêîé òåîðèè.

Àíàëèç ãðàôèêîâ íà ðèñ. 2 è 3 ïîêàçûâàåò, ÷òî ìàêñèìàëüíûå íàïðÿæåíèÿ σ11 è
σ22, îïðåäåëÿåìûå ïî óòî÷íåííîé òåîðèè, ïðåâûøàþò çíà÷åíèÿ ýòèõ æå íàïðÿæå-
íèé, ñîîòâåòñòâóþùèõ êëàññè÷åñêîé òåîðèè, íà 12% äëÿ êðàÿ x = x1 è íà 35% äëÿ
êðàÿ x = x2.

Äîïîëíèòåëüíûå ìàêñèìàëüíûå ïîïåðå÷íûå íîðìàëüíûå íàïðÿæåíèÿ σ33 äîñòè-
ãàþò çíà÷åíèÿ ïîðÿäêà 40% îò îñíîâíîãî èçãèáíîãî íàïðÿæåíèÿ σ11 íà êðàþ x = x1
(ðèñ. 4) è 45% íà êðàþ x = x2 (ðèñ. 5).
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Ðèñ. 2. Èçìåíåíèå σ11 ïî äëèíå îáîëî÷êè
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Ðèñ. 3. Èçìåíåíèå σ22 ïî äëèíå îáîëî÷êè
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Çàêëþ÷åíèå

Ñ ïîìîùüþ ïðåäñòàâëåíèÿ ïåðåìåùåíèé ïîëèíîìàìè ïî íîðìàëüíîé êîîðäè-
íàòå íà äâå ñòåïåíè âûøå ïî îòíîøåíèþ ê êëàññè÷åñêîé òåîðèè è ïðèíöèïà ìèíè-
ìóìà ïîëíîé ýíåðãèè äåôîðìàöèè ïîñòðîåí âàðèàíò óòî÷íåííîé òåîðèè äëÿ ðàñ÷å-
òà ÍÄÑ êîíè÷åñêîé îáîëî÷êè ïåðåìåííîé òîëùèíû.

Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ ðàñ÷åòà ïîêàçàíî, ÷òî äîïîëíèòåëüíîå ïî-
ïåðå÷íîå íàïðÿæåíèå, êîòîðûì â êëàññè÷åñêîé òåîðèè òèïà Êèðõãîôà − Ëÿâà ïðå-
íåáðåãàþò, âíîñèò ñóùåñòâåííûé âêëàä â îáùåå íàïðÿæåííîå ñîñòîÿíèå. Â çîíå
æåñòêî çàùåìëåííîãî êðàÿ îáîëî÷êè íîðìàëüíûå òàíãåíöèàëüíûå íàïðÿæåíèÿ ñó-
ùåñòâåííî óòî÷íÿþòñÿ.

Ýòè ðåçóëüòàòû èìåþò âàæíîå çíà÷åíèå, òàê êàê ïîçâîëÿþò äîñòîâåðíî îöå-
íèòü ïðî÷íîñòü è äîëãîâå÷íîñòü êîíñòðóêöèé îáúåêòîâ â àâèàöèîííîé îòðàñëè è
äðóãèõ îòðàñëÿõ ìàøèíîñòðîåíèÿ.
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STRESS-STRAIN STATE OF THE CONICAL SHELL OF VARIABLE THICKNESS
BASED ON THREE-DIMENSIONAL EQUATIONS OF ELASTICITY THEORY

Firsanov Val.V.1, Pham V.T.1,2

1Moscow Aviation Institute (National Research University), Moscow, Russian Federation
2Le Quy Don Technical University, Hanoi, Vietnam

The results of a study of the stress-strain state of a conical shell of variable thickness based on a
non-classical theory are presented. The sought-for displacements of the shell are approximated by
polynomials in the normal coordinate to the median surface two degrees higher in relation to the
classical theory of the Kirchhoff-Love type. When developing the theory, the three-dimensional
equations of the theory of elasticity, as well as Lagrange variational principle are used as the
equation of the shell state. As the result of minimizing the specified value of the total energy of the
shell, a mathematical model is constructed, which is a system of differential equations of equilibrium
in the displacements with variable coefficients and the corresponding boundary conditions. Two
cases are considered: the shell is under the action of symmetric and asymmetric loads. Two-
dimensional equations are transformed to the system of ordinary differential equations by means
of trigonometric sequences as per circumferential coordinate.
To solve the formulated boundary value problem, finite difference and matrix sweep methods are
applied. The calculations have been made by means of a computer program. After having determined
the displacements, shell deformations and tangential stresses are found from geometric and physical
equations, transverse stresses - from the equilibrium equations of the three-dimensional theory of
elasticity.
As an example, a conical shell rigidly restrained at the two edges, with asymmetrically varying
thickness is considered. Compared are the results of the VAT calculations obtained as per the
improved and classical theories. The significant contribution of additional stresses in the boundary
zone to the total stress state of the shell is shown. The received results can be used in the strength
and durability calculations and tests of machine-building facilities of various purposes.

Keywords: conical shell, variable thickness, approximating polynomials, Lagrange variational
principle, improved theory, boundary-layer stress state, transversal normal stresses.


