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Ðàññìàòðèâàåòñÿ îäíîìåðíàÿ ïîëÿðíî-ñèììåòðè÷íàÿ çàäà÷à îá îïðåäå-
ëåíèè íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ èçîòðîïíîãî ñïëîøíîãî
ìíîãîêîìïîíåíòíîãî öèëèíäðà, íàõîäÿùåãîñÿ ïîä âëèÿíèåì íåñòàöèîíàðíûõ
ïîâåðõíîñòíûõ óïðóãîäèôôóçèîííûõ âîçìóùåíèé. Â êà÷åñòâå ìàòåìàòè÷åñ-
êîé ìîäåëè èñïîëüçóåòñÿ ñâÿçàííàÿ ñèñòåìà óðàâíåíèé óïðóãîé äèôôóçèè â
ïîëÿðíîé ñèñòåìå êîîðäèíàò.

Ðåøåíèå çàäà÷è èùåòñÿ â èíòåãðàëüíîé ôîðìå è ïðåäñòàâëÿåòñÿ â âèäå
ñâåðòîê ôóíêöèé Ãðèíà c ôóíêöèÿìè, çàäàþùèìè ïîâåðõíîñòíûå óïðóãîäèô-
ôóçèîííûå âîçìóùåíèÿ. Â êà÷åñòâå âíåøíèõ âîçäåéñòâèé ðàññìàòðèâàþòñÿ
ìåõàíè÷åñêèå íàãðóçêè è äèôôóçèîííûå ïîëÿ. Äëÿ íàõîæäåíèÿ ôóíêöèé Ãðè-
íà ïðèìåíÿþòñÿ ïðåîáðàçîâàíèå Ëàïëàñà ïî âðåìåíè è ðàçëîæåíèå â ðÿäû
Ôóðüå ïî öèëèíäðè÷åñêèì ôóíêöèÿì Áåññåëÿ 1-ãî ðîäà. Äëÿ âû÷èñëåíèÿ êî-
ýôôèöèåíòîâ ýòèõ ðÿäîâ ïîëó÷åíû ôîðìóëû äëÿ ïðåîáðàçîâàíèÿ äèôôåðåí-
öèàëüíûõ îïåðàòîðîâ ïåðâîãî, âòîðîãî è òðåòüåãî ïîðÿäêîâ ñ ïîìîùüþ èíòåã-
ðàëüíîãî ïðåîáðàçîâàíèÿ Õàíêåëÿ íà îòðåçêå, ÷òî ïîçâîëèëî èñõîäíóþ íà÷àëü-
íî-êðàåâóþ çàäà÷ó ìåõàíîäèôôóçèè ñâåñòè ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñ-
êèõ óðàâíåíèé.

Òðàíñôîðìàíòû Ëàïëàñà ôóíêöèé Ãðèíà ïðåäñòàâëåíû ÷åðåç ðàöèîíàëü-
íûå ôóíêöèè ïàðàìåòðà ïðåîáðàçîâàíèÿ Ëàïëàñà. Ïåðåõîä â ïðîñòðàíñòâî
îðèãèíàëîâ îñóùåñòâëÿåòñÿ àíàëèòè÷åñêè ñ ïîìîùüþ âû÷åòîâ è òàáëèö îïå-
ðàöèîííîãî èñ÷èñëåíèÿ. Ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ïîâåðõíîñò-
íûõ ôóíêöèé Ãðèíà ðàññìàòðèâàåìîé çàäà÷è.

Íà ïðèìåðå äâóõêîìïîíåíòíîãî ìàòåðèàëà âûïîëíåíî ÷èñëåííîå èññëå-
äîâàíèå âçàèìîäåéñòâèÿ ìåõàíè÷åñêîãî è äèôôóçèîííîãî ïîëåé â ñïëîøíîì
èçîòðîïíîì öèëèíäðå, íàõîäÿùåìñÿ ïîä äåéñòâèåì ðàâíîìåðíî ðàñïðåäåëåí-
íîãî ïî ïîâåðõíîñòè äàâëåíèÿ. Ðåøåíèå ïðåäñòàâëåíî â àíàëèòè÷åñêîé ôîð-
ìå è â âèäå òðåõìåðíûõ ãðàôèêîâ çàâèñèìîñòè èñêîìûõ ïîëåé ïåðåìåùåíèÿ è
ïðèðàùåíèé êîíöåíòðàöèè êîìïîíåíòîâ ñðåäû îò âðåìåíè è ðàäèàëüíîé êî-
îðäèíàòû. Ðàñ÷åòíûé ïðèìåð ïîçâîëÿåò ïðîäåìîíñòðèðîâàòü ýôôåêò ñâÿçàí-
íîñòè ìåõàíè÷åñêîãî è äèôôóçèîííîãî ïîëåé, ÷òî ïðîÿâëÿåòñÿ â èçìåíåíèè
êîíöåíòðàöèé êîìïîíåíòîâ âåùåñòâà ïîä äåéñòâèåì âíåøíåãî íåñòàöèîíàð-
íîãî ïîâåðõíîñòíîãî äàâëåíèÿ.
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Êëþ÷åâûå ñëîâà: óïðóãàÿ äèôôóçèÿ, ïðåîáðàçîâàíèå Ëàïëàñà, ðÿäû Ôóðüå,
ôóíêöèè Ãðèíà, ïîëÿðíî-ñèììåòðè÷íûå çàäà÷è, íåñòàöèîíàðíûå çàäà÷è.

Ââåäåíèå

Àíàëèç ñîâðåìåííûõ ïóáëèêàöèé êàê â Ðîññèè, òàê è çà ðóáåæîì ïîêàçûâàåò,
÷òî ïðîáëåìà, ñâÿçàííàÿ ñ èññëåäîâàíèåì íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿ-
íèÿ êîíñòðóêöèé è èõ ýëåìåíòîâ, ðàáîòàþùèõ â óñëîâèÿõ íåñòàöèîíàðíûõ íàãðó-
çîê ðàçëè÷íîé ôèçè÷åñêîé ïðèðîäû, î÷åíü àêòóàëüíà. Îñíîâíîå âíèìàíèå èññëåäî-
âàòåëåé ïðèìåíèòåëüíî ê ìîäåëÿì ìåõàíîäèôôóçèè íàïðàâëåíî íà ðåøåíèå çàäà÷ â
äåêàðòîâîé ñèñòåìå êîîðäèíàò. Ðàññìîòðåíèþ çàäà÷ â êðèâîëèíåéíûõ ñèñòåìàõ êî-
îðäèíàò, â êîòîðûõ îñíîâíîé ïðîáëåìîé ñòàíîâèòñÿ íàõîæäåíèå ñèñòåìû ñîáñòâåí-
íûõ ôóíêöèé, ÿâëÿþùèõñÿ ðåøåíèÿìè ñîîòâåòñòâóþùåé çàäà÷è Øòóðìà − Ëèóâèë-
ëÿ, ïîñâÿùåíî ñðàâíèòåëüíî íåáîëüøîå êîëè÷åñòâî ðàáîò, ñðåäè êîòîðûõ ìîæíî
âûäåëèòü [1−14].

Â ñòàòüå ðàññìàòðèâàåòñÿ ïîëÿðíî-ñèììåòðè÷íàÿ çàäà÷à äëÿ èçîòðîïíîãî ñïëîø-
íîãî öèëèíäðà, â êîòîðîé â êà÷åñòâå ñîáñòâåííûõ ôóíêöèé èñïîëüçóþòñÿ ôóíêöèè
Áåññåëÿ 0-ãî è 1-ãî ðîäà. Óïðóãàÿ ñðåäà ÿâëÿåòñÿ N-êîìïîíåíòíûì òâåðäûì ðàñòâî-
ðîì, â êîòîðîì ïîä äåéñòâèåì íåñòàöèîíàðíûõ ïîâåðõíîñòíûõ âîçìóùåíèé âîçíè-
êàþò ñâÿçàííûå ìåõàíîäèôôóçèîííûå ïîëÿ.

1. Ïîñòàíîâêà çàäà÷è

Èìååòñÿ èçîòðîïíûé ñïëîøíîé N-êîìïîíåíòíûé áåñêîíå÷íûé öèëèíäð, íà
ïîâåðõíîñòè êîòîðîãî çàäàíû íåñòàöèîíàðíûå âîçìóùåíèÿ â âèäå ðàâíîìåðíî ðàñ-
ïðåäåëåííûõ ïî ïîâåðõíîñòè äàâëåíèÿ è äèôôóçèîííûõ ïîëåé. Óðàâíåíèÿ, îïèñû-
âàþùèå ñâÿçàííûå óïðóãîäèôôóçèîííûå ïðîöåññû áåç ó÷åòà ìàññîâûõ ñèë â ïî-
ëÿðíî-ñèììåòðè÷íîé ïîñòàíîâêå, èìåþò âèä [15−17]:
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Íà÷àëüíûå óñëîâèÿ ïîëàãàþòñÿ íóëåâûìè. Êðàåâûå óñëîâèÿ, ñîîòâåòñòâóþùèå ïî-
ñòàíîâêå çàäà÷è, èìåþò âèä
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Â ôîðìóëàõ (1) è (2) âñå âåëè÷èíû ÿâëÿþòñÿ áåçðàçìåðíûìè. Èõ ñâÿçü ñî ñâîè-
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ãäå t − âðåìÿ; ur − ðàäèàëüíàÿ êîìïîíåíòà âåêòîðà ïåðåìåùåíèé; r * − ðàäèàëüíàÿ êî-
îðäèíàòà; ηq − ïðèðàùåíèå êîíöåíòðàöèè q-ãî âåùåñòâà â ñîñòàâå N-êîìïîíåíòíîé
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ñðåäû; )(
0

qn  è m(q) − íà÷àëüíàÿ êîíöåíòðàöèÿ è ìîëÿðíàÿ ìàññà q-ãî êîìïîíåíòà; λ*

è μ* − óïðóãèå ïîñòîÿííûå Ëàìå; ρ − ïëîòíîñòü ñðåäû; α(q) − êîýôôèöèåíò, õàðàêòå-
ðèçóþùèé äåôîðìàöèè, âîçíèêàþùèå âñëåäñòâèå äèôôóçèè; D(q) − êîýôôèöèåíò
ñàìîäèôôóçèè; R − óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ; T0 − òåìïåðàòóðà ñïëîøíîé
ñðåäû. Õàðàêòåðíûé ëèíåéíûé ðàçìåð L âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû áåçðàç-
ìåðíûé ðàäèóñ öèëèíäðà ðàâíÿëñÿ λ.

2. Àëãîðèòì ðåøåíèÿ

Ðåøåíèå çàäà÷è èùåòñÿ â èíòåãðàëüíîé ôîðìå [15]:
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Çäåñü δ(τ) − äåëüòà-ôóíêöèÿ Äèðàêà, δi,j − ñèìâîë Êðîíåêåðà.
Äëÿ íàõîæäåíèÿ ôóíêöèé Ãðèíà ïðèìåíÿåì ê (5) è (6) ïðåîáðàçîâàíèå Ëàïëàñà.
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Çäåñü âåðõíèé èíäåêñ L îáîçíà÷àåò òðàíñôîðìàíòó Ëàïëàñà, s − ïàðàìåòð ïðåîáðà-
çîâàíèÿ Ëàïëàñà; Jν(z) − ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà ν; λn − êîðíè óðàâ-
íåíèÿ J0(λn) = 0. Ïðè ýòîì [18]
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Äàëåå èìååì ñëåäóþùóþ öåïî÷êó ïðåîáðàçîâàíèé:
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ãäå [19]
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Â ôîðìóëàõ (19) ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ:
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Òàê êàê âñå ôóíêöèè â (19) è (20) ÿâëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè ïàðà-
ìåòðà s, òî îðèãèíàëû ôóíêöèé âëèÿíèÿ íàõîäÿòñÿ àíàëèòè÷åñêè ñ ïîìîùüþ òåî-
ðèè âû÷åòîâ è òàáëèö îïåðàöèîííîãî èñ÷èñëåíèÿ [20]:
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3. Ðàñ÷åòíûé ïðèìåð

Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåì äâóõêîìïîíåíòíûé (N = 2) öèëèíäð èç
äþðàëþìèíèÿ, ôèçè÷åñêèå õàðàêòåðèñòèêè êîòîðîãî [21] ïîñëå ïðèâåäåíèÿ ê áåç-
ðàçìåðíîìó âèäó (3) ñëåäóþùèå:

λ = 4,92⋅10−1,      μ = 2,54⋅10−1,        α1 = 1,50⋅10−4,      α2 = 5,92⋅10−4,
D1 = 1,27⋅10−16,      D2 = 5,02⋅10−21,      Λ1 = 2,77⋅10−18,      Λ2 = 5,50⋅10−23.
Ïîëàãàåì äëÿ ðàñ÷åòà â ãðàíè÷íûõ óñëîâèÿõ (2):  f1(τ) = H(τ), fq+1(τ) = 0, H(τ) −

ôóíêöèÿ Õåâèñàéäà. Òîãäà, âû÷èñëÿÿ ñâåðòêè ïî âðåìåíè (4), ïîëó÷àåì:
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Äëÿ âû÷èñëåíèé â (21) èñïîëüçîâàëîñü 100 ÷ëåíîâ ðÿäà Ôóðüå. Äàëüíåéøåå
óâåëè÷åíèå êîëè÷åñòâà òî÷åê íå ïðèâîäèò ê âèäèìîìó èçìåíåíèþ ðåçóëüòàòîâ. Ðå-
çóëüòàòû âû÷èñëåíèé ïðåäñòàâëåíû íà ðèñ. 1−3.
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Çàêëþ÷åíèå

Ïðåäñòàâëåí àëãîðèòì ðåøåíèÿ ïîëÿðíî-ñèììåòðè÷íîé íåñòàöèîíàðíîé çàäà-
÷è óïðóãîé äèôôóçèè äëÿ èçîòðîïíîãî ñïëîøíîãî öèëèíäðà. Íàéäåíû ôóíêöèè
âëèÿíèÿ, ïîçâîëÿþùèå îïðåäåëÿòü ïîëÿ ïåðåìåùåíèé è ïðèðàùåíèÿ êîíöåíòðà-
öèé êîìïîíåíòîâ ñðåäû ïî çàäàííûì ïîâåðõíîñòíûì âîçìóùåíèÿì. Äëÿ äåìîíñòðà-
öèè ðàáîòû àëãîðèòìà ðàññìîòðåí ïðèìåð, èëëþñòðèðóþùèé ýôôåêò ñâÿçàííîñòè
ìåõàíè÷åñêîãî è äèôôóçèîííûõ ïîëåé. Ðåçóëüòàòû âû÷èñëåíèé ïðåäñòàâëåíû â âèäå
ãðàôèêîâ çàâèñèìîñòè èñêîìûõ ïîëåé îò âðåìåíè â ðàçëè÷íûõ òî÷êàõ öèëèíäðà.
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MODELING OF UNSTEADY COUPLED MECHANODIFFUSION PROCESSES
IN A CONTINUUM ISOTROPIC CYLINDER

Zverev N.A.1, Zemskov A.V.1,2, Tarlakovskii D.V.1,2

1Moscow Aviation Institute (National Research University), Moscow, Russian Federation
2Institute of Mechanics, Lomonosov Moscow State University, Moscow, Russian Federation

We considered the one-dimensional polar-symmetric problem of stress-strain state determining of
a continuum isotropic multicomponent cylinder. The cylinder is affected by unsteady surface elastic
diffusive perturbations. The coupled system of elastic diffusion equations in the polar coordinate
system is used as a mathematical model.
The problem solution is sought in the integral form and is represented as convolutions of Green's
functions with functions defining surface elastodiffusive perturbations. Mechanical loads and
diffusion fields are considered as external influences. We used the Laplace transform by time, and
Fourier series expansion in first kind Bessel functions to find the Green's functions. To calculate
the coefficients of these series, we obtained formulas for transforming differential operators of the
first, second, and third orders using the Hankel integral transform on a segment, which allowed us
to reduce the initial boundary-value problem of mechanodiffusion to a system of linear algebraic
equations.
Laplace transforms of Green's functions are represented through rational functions of the Laplace
transform parameter. The Laplace transform inversion is done analytically due to residues and
operational calculus tables. As a result, Analytical expressions of surface Green's functions are
obtained for the considering problem.
Numerical study of the mechanical and diffusion fields interaction in a continuous isotropic cylinder
is performed. We used two-component material as an example. The cylinder is under pressure
uniformly distributed over the surface. The solution is presented in analytical form and in the form
of three-dimensional graphs of the desired displacement fields and concentration increments as
functions of time and radial coordinate. This calculation example allows us to demonstrate the
coupling effect of mechanical and diffusion fields. It manifests itself as a change in the concentrations
of the continuum components under the influence of external unsteady surface pressure.

Keywords: elastic diffusion, Laplace transform, Fourier series, Green's function, polar-symmetric
problem, unsteady problem.


