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Ïðåäëîæåí ìåòîä è àëãîðèòì ïåðåñòðîåíèÿ â òðåõìåðíîì ïðîñòðàíñòâå
òðèàíãóëÿöèè ïîâåðõíîñòè, çàäàííîé STL-ôàéëîì, â êîòîðîì ïîâåðõíîñòü â
òðåõìåðíîì ïðîñòðàíñòâå ïðåäñòàâëÿåòñÿ â âèäå ìíîãîãðàííèêà, ñîñòàâëåí-
íîãî èç òðåóãîëüíûõ ãðàíåé. Ìåòîä îñíîâàí íà àíàëèòè÷åñêîì ïðåäñòàâëåíèè
ïîâåðõíîñòè â âèäå êóñî÷íî-ïîëèíîìèàëüíîé ôóíêöèè. Ýòà ôóíêöèÿ ñòðîèò-
ñÿ íà ìíîãîãðàííîé ïîâåðõíîñòè, ñîñòàâëåííîé èç òðåóãîëüíèêîâ, è óäîâëåò-
âîðÿåò ñëåäóþùèì òðåáîâàíèÿì: 1) â ïðåäåëàõ îäíîé ãðàíè ôóíêöèÿ ÿâëÿåòñÿ
àëãåáðàè÷åñêèì ïîëèíîìîì òðåòüåé ñòåïåíè; 2) ôóíêöèÿ ÿâëÿåòñÿ íåïðåðûâ-
íîé íà âñåé ïîâåðõíîñòè è ñîõðàíÿåò íåïðåðûâíîñòü ïåðâûõ ÷àñòíûõ ïðîèç-
âîäíûõ; 3) ïîâåðõíîñòü, îïðåäåëÿåìàÿ ôóíêöèåé, ïðîõîäèò ÷åðåç âåðøèíû
èñõîäíîé òðèàíãóëèðîâàííîé ïîâåðõíîñòè. Ïåðåñòðîåíèå ðàñ÷åòíûõ ñåòîê
òðåáóåòñÿ â ñëó÷àÿõ èñêàæåíèÿ ôîðìû ÿ÷ååê ïðè ðåøåíèè çàäà÷ ìàòåìàòè÷åñ-
êîé ôèçèêè ñåòî÷íûìè ìåòîäàìè (êîíå÷íî-ðàçíîñòíûìè, êîíå÷íî-ýëåìåíò-
íûìè è ò.ä.). Èñêàæåíèå ÿ÷ååê ìîæåò áûòü îáóñëîâëåíî ðàçíûìè ïðè÷èíàìè.
Ýòî ìîãóò áûòü áîëüøèå èñêàæåíèÿ ïîäâèæíûõ ëàãðàíæåâûõ ñåòîê â ðàñ÷å-
òàõ â òåêóùåé êîíôèãóðàöèè, ïðè íåóñòîé÷èâîñòè òèïà «ïåñî÷íûå ÷àñû», ïðè
èñêàæåíèè ãðàíåé ïîâåðõíîñòè ðàçäåëà âçàèìîäåéñòâóþùèõ ãàçîîáðàçíûõ,
æèäêèõ è óïðóãîïëàñòè÷åñêèõ òåë.

Ïåðåñòðîåíèå ñåòêè ñâîäèòñÿ ê ðåøåíèþ çàäà÷è î ïîñòðîåíèè ãëàäêîé
ïîâåðõíîñòè, ïðîõîäÿùåé ÷åðåç óçëû èìåþùåéñÿ òðèàíãóëèðîâàííîé ïîâåðõ-
íîñòè, èëè åå ÷àñòè. Äàëåå íà ïîñòðîåííîé ãëàäêîé ïîâåðõíîñòè ðàçìåùàþò-
ñÿ óçëû íîâîé ñåòêè, ñîîòâåòñòâóþùåé èìåþùèìñÿ òðåáîâàíèÿì ïî ðàçìåðàì
è ôîðìå ÿ÷ååê. Ïîñòðîåíèå ãëàäêîé êóñî÷íî-ïîëèíîìèàëüíîé ïîâåðõíîñòè
îñíîâûâàåòñÿ íà èäåÿõ ñïëàéí-àïïðîêñèìàöèè è ñâîäèòñÿ ê ïîñòðîåíèþ íà
êàæäîé òðåóãîëüíîé ãðàíè êóáè÷åñêîãî ïîëèíîìà ñ ó÷åòîì ãëàäêîãî ñîïðÿæå-
íèÿ ïîñòðîåííûõ íà ñîñåäíèõ ãðàíÿõ ïîëèíîìèàëüíûõ êóñêîâ ïîâåðõíîñòè.

Ïðåäëîæåííûé ìåòîä ïåðåñòðîåíèÿ òðèàíãóëÿöèè ïîâåðõíîñòè ìîæåò
áûòü ïîëåçåí äëÿ ðàñ÷åòà äâèæåíèÿ äåôîðìèðóåìûõ òåë ïðè ðåøåíèè çàäà÷
äèíàìèêè ñïëîøíûõ ñðåä íà íåïîäâèæíûõ ýéëåðîâûõ ñåòêàõ.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 82, ¹ 2, 2020 ã.

* Âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû ¹19-58-53005 ÃÔÅÍ_à,
¹19-08-00320_à).
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Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèÿ, êóáè÷åñêèé ñïëàéí, ýðìèòîâ èíòåðïîëÿíò,
ëàãðàíæåâî-ýéëåðîâ ìåòîä, ïîäâèæíàÿ ãðàíèöà.

Ââåäåíèå

Ïðîáëåìà ïåðåñòðîåíèÿ òðåóãîëüíûõ ñåòîê, àïïðîêñèìèðóþùèõ ãðàíèöû èëè
ïîâåðõíîñòè ðàçäåëà äåôîðìèðóåìûõ ñðåä â òðåõìåðíîì ïðîñòðàíñòâå, âåñüìà àê-
òóàëüíà ïðè ÷èñëåííîì ðåøåíèè äèíàìè÷åñêèõ çàäà÷ ìåõàíèêè æèäêîñòè, ãàçà è
äåôîðìèðóåìûõ òâåðäûõ òåë ñ ó÷åòîì ãåîìåòðè÷åñêîé íåëèíåéíîñòè [1−3]. Äëÿ ÷èñ-
ëåííîãî ðåøåíèÿ äèíàìè÷åñêèõ çàäà÷ ìåõàíèêè ñïëîøíûõ ñðåä ñåòî÷íûìè ìåòî-
äàìè èñïîëüçóþòñÿ ëàãðàíæåâ (â íà÷àëüíîé è òåêóùåé êîíôèãóðàöèÿõ) è ýéëåðîâ
ïîäõîäû. Â çàäà÷àõ ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà òðàäèöèîííî èñïîëü-
çóåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ â ñî÷åòàíèè ñ ëàãðàíæåâûì ïîäõîäîì íà ïîä-
âèæíîé ñåòêå [4−7]. Àëüòåðíàòèâîé åìó ÿâëÿåòñÿ ìåòîä êîíå÷íûõ îáúåìîâ (ñõåìà
Ñ.Ê. Ãîäóíîâà) [8−10], íàøåäøèé íàèáîëüøåå ïðèìåíåíèå ïðè ðåøåíèè çàäà÷ ìå-
õàíèêè æèäêîñòè è ãàçà, íî èíîãäà ïðèìåíÿåìûé è äëÿ çàäà÷ ìåõàíèêè äåôîðìèðó-
åìîãî òâåðäîãî òåëà. Â ïðîöåññå ÷èñëåííîãî ðåøåíèÿ çàäà÷ óçëû ñåòêè äâèæóòñÿ â
ïðîñòðàíñòâå, ÷òî ìîæåò ïðèâîäèòü ê èñêàæåíèþ ñåòîê. Ïðè÷èíàìè òàêèõ èñêàæå-
íèé ìîãóò áûòü êàê ðåàëüíûå áîëüøèå ôîðìîèçìåíåíèÿ òåë â ïðîöåññå äåôîðìè-
ðîâàíèÿ, òàê è íåêîòîðûå ÷èñëåííûå ýôôåêòû, íàïðèìåð íåóñòîé÷èâîñòü òèïà «ïå-
ñî÷íûå ÷àñû» [11−13]. Óõóäøåíèå êà÷åñòâà ìåòîäèê ÷èñëåííîãî ðåøåíèÿ ïðè áîëü-
øèõ èñêàæåíèÿõ ñåòîê ïðèâîäèò ê íåîáõîäèìîñòè ïåðåñòðîéêè ñåòîê è ïåðåíîñà
óçëîâûõ çíà÷åíèé ôèçè÷åñêèõ ïîëåé íà íîâûå ñåòêè [14].

Â ïîñëåäíåå âðåìÿ àêòèâíî ðàçâèâàþòñÿ ïîäõîäû ê ðåøåíèþ äèíàìè÷åñêèõ
çàäà÷ ìåõàíèêè ñïëîøíûõ ñðåä íà íåïîäâèæíûõ ýéëåðîâûõ ñåòêàõ [15−18], â êîòî-
ðûõ äåôîðìèðóåìîå òåëî äâèæåòñÿ ñêâîçü ðàâíîìåðíóþ îðòîãîíàëüíóþ ñåòêó, à
ãðàíèöà òåëà èëè ðàçäåëà äâóõ ñðåä èíòåðïîëèðóåòñÿ ìíîãîãðàííîé ïîâåðõíîñòüþ,
êîòîðàÿ äâèæåòñÿ â ïðîöåññå ðåøåíèÿ çàäà÷è.

Ïðè ÷èñëåííîì ðåøåíèè çàäà÷ äèíàìèêè óïðóãîïëàñòè÷åñêèõ, æèäêèõ è ãàçî-
îáðàçíûõ ñðåä íà áàçå ìåòîäèêè [18] ðàñ÷åòû ïðîâîäÿòñÿ íà íåïîäâèæíîé ðàâíî-
ìåðíîé îðòîãîíàëüíîé ýéëåðîâîé ñåòêå, ñêâîçü êîòîðóþ äâèæåòñÿ äåôîðìèðóåìîå
òåëî. Ãðàíèöà òåëà (ðàñ÷åòíîé ïîäîáëàñòè) çàäàåòñÿ â âèäå ìíîãîãðàííîé ïîâåðõ-
íîñòè, ñîñòàâëåííîé èç òðåóãîëüíûõ ãðàíåé (STL-ôàéëà). Â ïðîöåññå ðåøåíèÿ çà-
äà÷è âåðøèíû ìíîãîãðàííîé ïîâåðõíîñòè ïåðåìåùàþòñÿ, ÷òî âî ìíîãèõ ñëó÷àÿõ
ìîæåò ïðèâîäèòü ê íåäîïóñòèìîìó äåôîðìèðîâàíèþ òðåóãîëüíûõ ãðàíåé. Â ÷àñò-
íîñòè, ìîãóò ïîÿâëÿòüñÿ ãðàíè ñëèøêîì áîëüøîãî ðàçìåðà, ÷åðåñ÷óð âûòÿíóòûå
èëè ñïëþùåííûå è ò.ï. Â ñâÿçè ñ ýòèì àêòóàëüíà ïðîáëåìà ëîêàëüíîãî ïåðåñòðîå-
íèÿ òðèàíãóëèðîâàííûõ ïîâåðõíîñòåé. Ïðåäëàãàåòñÿ ïîäõîä ê ðåøåíèþ ýòîé ïðîá-
ëåìû. Â åãî îñíîâå ëåæèò îïèñàííûé â òåîðèè ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñïîñîá
ïîñòðîåíèÿ áàçèñíûõ ôóíêöèé êîíå÷íûõ ýëåìåíòîâ âûñîêîãî ïîðÿäêà [19, 20] â
ñî÷åòàíèè ñî ñïëàéí-àïïðîêñèìàöèåé [21, 22]. Óêàçàííûé ïîäõîä ñîñòîèò â âûïîë-
íåíèè ñëåäóþùåé ïîñëåäîâàòåëüíîñòè äåéñòâèé.

1. Èñõîäÿ èç èìåþùèõñÿ êðèòåðèåâ îïðåäåëÿåòñÿ ïîäîáëàñòü, â êîòîðîé íåîá-
õîäèìà ïåðåñòðîéêà ñåòêè òðåóãîëüíèêîâ, è íà èìåþùèõñÿ ãðàíÿõ îòìå÷àþòñÿ òî÷-
êè − ïðîîáðàçû áóäóùèõ íîâûõ âåðøèí ãðàíåé.

2. Îïðåäåëÿþòñÿ êàñàòåëüíûå ïëîñêîñòè ê ôîðìèðóåìîé ïîâåðõíîñòè â âåðøè-
íàõ ãðàíåé.

3. Íà êàæäîé ãðàíè â ìåñòíîé ñèñòåìå êîîðäèíàò ñòðîèòñÿ ãëàäêàÿ ïîâåðõíîñòü,
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ïðîõîäÿùàÿ ÷åðåç âåðøèíû ýòîé ãðàíè, êàñàòåëüíàÿ â âåðøèíàõ ê îïðåäåëÿåìûì
ïëîñêîñòÿì.

4. Â îòìå÷åííûõ íà èñõîäíûõ ãðàíÿõ òî÷êàõ âû÷èñëÿþòñÿ êîîðäèíàòû èõ îáðà-
çîâ − íîâûõ òî÷åê, ëåæàùèõ íà ïîñòðîåííûõ ïîâåðõíîñòÿõ. Ýòè òî÷êè ÿâëÿþòñÿ
âåðøèíàìè íîâîé ñåòêè èç òðåóãîëüíèêîâ.

5. Ïðè íåîáõîäèìîñòè ïðîèçâîäèòñÿ ñòûêîâêà íîâîé ëîêàëüíîé ñåòêè ñ èñõîä-
íîé ñåòêîé è îïòèìèçàöèÿ ïîëó÷åííîé ñåòêè îäíèì èç èçâåñòíûõ ìåòîäîâ.

Ïîñòðîåíèå ïîâåðõíîñòåé íà ãðàíÿõ

Ââåäåì îáîçíà÷åíèÿ: iV  − âåðøèíû òðèàíãóëèðîâàííîé ïîâåðõíîñòè; iE  − ðåáðà
ãðàíåé; iG  − òðåóãîëüíûå ãðàíè; in  − åäèíè÷íûå âåêòîðû íîðìàëè ê ãðàíÿì; iN  −
åäèíè÷íûå âåêòîðû íîðìàëè â âåðøèíàõ; ),,( zyxx =  − ãëîáàëüíàÿ äåêàðòîâà ñèñ-
òåìà êîîðäèíàò; ),,( γβα=α  − ëîêàëüíàÿ äåêàðòîâà ñèñòåìà êîîðäèíàò; ie  − áàçèñ-
íûå âåêòîðû ëîêàëüíîé ñèñòåìû êîîðäèíàò.

Ïóñòü âûäåëåíà ëîêàëüíàÿ ÷àñòü òðèàíãóëèðîâàííîé ïîâåðõíîñòè, íà êîòîðîé
ïðîèçâîäèòñÿ ïåðåñòðîéêà ñåòêè, ñîäåðæàùåé ìíîæåñòâî ãðàíåé {G1, …, Gk} è ìíî-
æåñòâî âåðøèí ýòèõ ãðàíåé .,..., }{ 1 mVV  Îïðåäåëèì åäèíè÷íûå âåêòîðû íîðìàëè â
âåðøèíàõ ñ ïîìîùüþ ñîîòíîøåíèé
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òû öåíòðà j-é ãðàíè; )( , cji xEρ  − ðàññòîÿíèå îò âåðøèíû iE  äî öåíòðà j-é ãðàíè .cjx

Èìåÿ âåêòîðû íîðìàëåé ,iN  ÷åðåç êàæäóþ âåðøèíó ïðîâåäåì ïëîñêîñòü, îðòî-
ãîíàëüíóþ äàííîìó âåêòîðó, ÿâëÿþùóþñÿ êàñàòåëüíîé ê êîíñòðóèðóåìîé ãëàäêîé
ïîâåðõíîñòè. Ýòà ïëîñêîñòü îïèñûâàåòñÿ óðàâíåíèåì â ãëîáàëüíîé ñèñòåìå êîîð-
äèíàò:

.0)( =−⋅ xVN ii (2)

Ïîñëå ïîñòðîåíèÿ êàñàòåëüíûõ ïëîñêîñòåé ìîæíî ïåðåõîäèòü ê ïîñòðîåíèþ
ïîâåðõíîñòåé íà ãðàíÿõ.

Ââåäåì â ðàññìîòðåíèå ëîêàëüíóþ ñèñòåìó êîîðäèíàò ,,, )( γβα=α  ñâÿçàííóþ
ñ ãðàíüþ. Ïóñòü ãðàíü èìååò âåðøèíû 321 ,, VVV  è ðåáðà ,, 132121 VVEVVE −=−=

nVVE ,233 −=  − âåêòîð íîðìàëè ê ãðàíè. Íà÷àëî êîîðäèíàò ïîìåñòèì â âåðøèíó
,1V áàçèñíûå âåêòîðû îïðåäåëèì ñîîòíîøåíèÿìè:
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Â çàäàííîé ñèñòåìå êîîðäèíàò ãðàíü ëåæèò â êîîðäèíàòíîé ïëîñêîñòè γ = 0, à ôîð-
ìèðóåìàÿ ïîâåðõíîñòü ìîæåò áûòü ïðåäñòàâëåíà ïîëíûì êóáè÷åñêèì ïîëèíîìîì â
ìåñòíîé ñèñòåìå êîîðäèíàò:
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Ïîëèíîì (4) ìîæåò áûòü ïîñòðîåí àíàëîãè÷íî èíòåðïîëÿöèîííîìó ïîëèíîìó
Ëàãðàíæà ïî åãî çíà÷åíèÿì â 10 òî÷êàõ (ñì. [2, 3]). Òî÷êè îïðåäåëÿþòñÿ òàê (ðèñ. 1):
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Ïîñêîëüêó ïîâåðõíîñòü äîëæíà ïðîõîäèòü ÷åðåç âåðøèíû òðåóãîëüíèêà, òî çíà-
÷åíèÿ ôóíêöèè )( ii PU γ=  â òî÷êàõ P1, P2, P3 ðàâíû íóëþ: U1 = 0, U2 = 0, U3 = 0.

Çíà÷åíèÿ U4, U5, U6, U7, U8, U9 áóäåì ñòðîèòü ñ ïîìîùüþ êóáè÷åñêîãî ñïëàéíà
äåôåêòà 2 (ýðìèòîâà èíòåðïîëÿíòà) [21] íà ðåáðàõ .,, 321 EEE  Äëÿ ýòîãî âîñïîëüçó-
åìñÿ óñëîâèåì, ÷òî êàñàòåëüíûå ïëîñêîñòè â âåðøèíàõ 321 ,, VVV  áóäóò êàñàòåëüíû-
ìè ê ôîðìèðóåìîé ïîâåðõíîñòè. Îòñþäà ïîëó÷èì çíà÷åíèÿ ïðîèçâîäíûõ ïî íà-
ïðàâëåíèÿì 321 ,, EEE  â ñîîòâåòñòâóþùèõ âåðøèíàõ:
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Âû÷èñëÿÿ çíà÷åíèÿ ïîëèíîìîâ Ýðìèòà â òî÷êàõ ñ 4-é ïî 9-þ, ïîëó÷èì îêîí÷àòåëü-
íûå ôîðìóëû:
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Çíà÷åíèÿ â öåíòðå òðåóãîëüíîé ãðàíè îïðåäåëèì, èñïîëüçóÿ îïèñàííûé â [19, 20]
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Èìåÿ çíà÷åíèÿ ïîëèíîìà (4) â äåñÿòè òî÷êàõ, ìîæíî ñîñòàâèòü ñèñòåìó óðàâíå-
íèé îòíîñèòåëüíî åãî êîýôôèöèåíòîâ è ðåøèòü åå. Áîëåå óäîáíî ñòðîèòü ïîëèíîì
ïî ôîðìóëå, àíàëîãè÷íîé ôîðìóëå èíòåðïîëÿöèîííîãî ïîëèíîìà Ëàãðàíæà:
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ãäå ôóíêöèè ôîðìû ϕi(α, β) îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü Lij(α, β) =
= (α − αi)(βj − βi) − (β − βi)(αj − αi) − ëèíåéíàÿ ôóíêöèÿ, êîòîðàÿ îáðàùàåòñÿ â íîëü
íà ïðÿìîé, ñîåäèíÿþùåé òî÷êè )0,,( iiiP βα=  è ).0,,( jjjP βα=  Òîãäà
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Îêîí÷àòåëüíîå çíà÷åíèå ôóíêöèè ïîëó÷àåì ïî ôîðìóëå (8).
Â èòîãå ïîñòðîåíèå íîâûõ âåðøèí ïîâåðõíîñòè ïðîèçâîäèòñÿ ïî ñëåäóþùåìó

îáùåìó àëãîðèòìó:
1) ñåòêà èç òðåóãîëüíèêîâ íóæíîãî ðàçìåðà («çàïëàòêà») ïðîåöèðóåòñÿ íà èñ-

õîäíóþ òðèàíãóëèðîâàííóþ ïîâåðõíîñòü;
2) äëÿ êàæäîé ãðàíè, ñîäåðæàùåé õîòÿ áû îäèí îáðàç óçëà «çàïëàòêè», â âåðøè-

íàõ ñòðîÿòñÿ âåêòîðû íîðìàëè ê ïîâåðõíîñòè;
3) ïî îïèñàííîìó âûøå àëãîðèòìó âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèè â 10 òî÷êàõ

ãðàíè;
4) ïî ôîðìóëå (8) âû÷èñëÿåòñÿ ëîêàëüíàÿ êîîðäèíàòà γ íîâîé òî÷êè ïîâåðõ-

íîñòè;
5) âû÷èñëÿþòñÿ ãëîáàëüíûå êîîðäèíàòû íîâîé âåðøèíû ïîâåðõíîñòè;
6) ïîëó÷åííûå âåðøèíû îáúåäèíÿþòñÿ â íîâûå ãðàíè;
7) ïðîèñõîäèò ñòûêîâêà íîâûõ è ñòàðûõ ãðàíåé èñïðàâëåííîé ïîâåðõíîñòè.

Ñòûêîâêà ïîâåðõíîñòåé, ïîñòðîåííûõ íà ãðàíÿõ

Ïîâåðõíîñòè, ïîñòðîåííûå íà ãðàíÿõ ïî îïèñàííîìó âûøå àëãîðèòìó (ôîðìó-
ëà (8)), ãëàäêî ñòûêóþòñÿ â âåðøèíàõ òðåóãîëüíèêîâ. Íî îíè íå îáðàçóþò îáùåé
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íåïðåðûâíîé ãëàäêîé ïîâåðõíîñòè, òàê êàê åñëè ó äâóõ ñîñåäíèõ ãðàíåé (èìåþùèõ
îáùåå ðåáðî) âåêòîðû íîðìàëè ðàçëè÷íû, òî ìåæäó íèìè áóäåò ïðîìåæóòîê (ðèñ. 2).

Â ñîîòâåòñòâèè ñ àëãîðèòìîì ïîñòðîåíèÿ íè îäíà èç âíîâü ïîñòðîåííûõ òî÷åê
íîâîé ïîâåðõíîñòè íå ïîïàäåò â êàêîé-ëèáî èç ïðîìåæóòêîâ, è îíè îñòàíóòñÿ íåçà-
ïîëíåííûìè. Âî ìíîãèõ ñëó÷àÿõ ýòó ïðîáëåìó ìîæíî èãíîðèðîâàòü, òàê êàê ïðè
ìàëîì îòëè÷èè âåêòîðîâ íîðìàëåé ñîñåäíèõ ãðàíåé ýòè ðàçðûâû áóäóò âåñüìà ìàëû
è èõ ñóùåñòâîâàíèå ìàëî ñêàæåòñÿ íà èòîãîâîì ðåçóëüòàòå. Îïèøåì, òåì íå ìåíåå,
àëãîðèòì ãëàäêîãî ñîïðÿæåíèÿ ïîâåðõíîñòåé, ïîñòðîåííûõ íà òðåóãîëüíûõ ãðàíÿõ.
Äëÿ ýòîãî â êàæäîé òðåóãîëüíîé ãðàíè âûäåëèì çîíû (ðèñ. 3).

Çîíà 2 ñîñòîèò èç òðåõ òðåóãîëüíèêîâ, ïðèìûêàþùèõ ê ðåáðàì ãðàíåé. Åñëè
ïðîîáðàç íîâîé âåðøèíû ïîïàäàåò â çîíó 1, òî íîâàÿ âåðøèíà ñòðîèòñÿ ïî îïèñàí-
íîìó âûøå àëãîðèòìó. Åñëè æå îíà ïîïàäàåò â çîíó 2, òî âûïîëíÿþòñÿ ñëåäóþùèå
äåéñòâèÿ. Ïóñòü ïðîîáðàç íîâîé âåðøèíû − òî÷êà A  i-é ãðàíè, ëåæàùàÿ âáëèçè
ãðàíèöû  j-é ãðàíè (ðèñ. 4).

Èç ýòîé òî÷êè îïóñêàåòñÿ ïåðïåíäèêóëÿð AB íà îáùåå ðåáðî PQ ñ  j-é ãðàíüþ.
Ýòîò æå ïåðïåíäèêóëÿð ïðîäîëæàåòñÿ äî ãðàíèöû çîíû 2 − òî÷êè .M   Èç òî÷êè B
â j-é ãðàíè âîññòàíàâëèâàåòñÿ ïåðïåíäèêóëÿð BN ê ðåáðó PQ äî ãðàíèöû çîíû 2. Â
òî÷êàõ M  è N  ñ ïîìîùüþ ôîðìóëû (8) îïðåäåëÿþòñÿ òî÷êè íîâîé ïîâåðõíîñòè
M ′  è N ′  (êàæäàÿ â ñâîåé ëîêàëüíîé ñèñòåìå êîîðäèíàò ñâîåé ãðàíè) è ïðîèçâîä-
íûå ïî íàïðàâëåíèÿì BM  è BN  ñîîòâåòñòâåííî.

Äàëåå çíà÷åíèÿ ôóíêöèé è ïðîèçâîäíûõ ïåðåñ÷èòûâàþòñÿ â íîâóþ ëîêàëüíóþ
ñèñòåìó êîîðäèíàò ñ áàçèñîì

Ðèñ. 4
Q

N

N ′ A′

A

M ′

MB

n−j n−i

1

1

2 2

2 2
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è ñòðîèòñÿ èíòåðïîëÿöèîííûé ïîëèíîì Ýðìèòà ïî çíà÷åíèÿì ôóíêöèé è ïðîèç-
âîäíûõ â äâóõ òî÷êàõ M  è .N  Âû÷èñëåííîå çíà÷åíèå â òî÷êå A  ïîçâîëÿåò ïîëó-
÷èòü íîâóþ òî÷êó ïîâåðõíîñòè .A′  Äàëåå îñòàåòñÿ òîëüêî ïðåîáðàçîâàòü åå êîîðäè-
íàòû â ãëîáàëüíóþ ñèñòåìó êîîðäèíàò.

Çàêëþ÷åíèå

Îïèñàí ìåòîä è àëãîðèòì ïåðåñòðîåíèÿ òðèàíãóëÿöèè ïîâåðõíîñòè íà áàçå ãëàä-
êîé èíòåðïîëÿöèè. Ìåòîä áàçèðóåòñÿ íà ñïëàéí-èíòåðïîëÿöèè ñ èñïîëüçîâàíèåì
êóáè÷åñêèõ ïîëèíîìîâ. Ïîñòðîåííûå íà ãðàíÿõ ïîâåðõíîñòè ãëàäêî ñîïðÿãàþòñÿ â
óçëàõ è íà ðåáðàõ. Ïðåäëîæåííûå ìåòîä è àëãîðèòì ìîãóò áûòü ïîëåçíû ïðè ÷èñ-
ëåííîì ðåøåíèè òðåõìåðíûõ äèíàìè÷åñêèõ çàäà÷ ìåõàíèêè ñïëîøíûõ ñðåä ñ ïîä-
âèæíûìè ãðàíèöàìè ðàçäåëà äâèæóùèõñÿ òâåðäûõ, æèäêèõ è ãàçîîáðàçíûõ òåë.
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ABOUT SMOOTH INTERPOLATION OF A TRIANGULATED SURFACE

Chekmarev D.T.1, Abuziarov M.Kh.1, Cheng Wang2

1National Research Lobachevsky State University of Nizhny Novgorod,
Nizhny Novgorod, Russian Federation

3Beijing Institute of Technology, Beijing, China

A method and algorithm for rebuilding a surface triangulation in three-dimensional space defined
by an STL file is proposed. An initial surface in 3D space (STL file) is represented as a polyhedron
composed of triangular faces. The method is based on the analytical representation of the surface
as a piecewise polynomial function. This function is built on a polyhedral surface composed of
triangles and satisfies the following requirements: 1) within one face, the function is an algebraic
polynomial of the third degree; 2) the function is continuous on the entire surface and preserves
the continuity of the first partial derivatives; 3) the surface determined by the function passes
through the vertices of the initial triangulated surface. The restructuring of computational meshes
is required in cases of distortion of the shape of cells when solving problems of mathematical
physics using mesh methods (finite-difference, FEM, etc.). Cell distortion can be due to various
reasons. These can be large distortions of moving Lagrangian meshes in the calculations in the
current configuration, with instability of the hourglass type, with distortion of the faces of the
interface between interacting gaseous, liquid and elastoplastic bodies.
The rebuilding of the mesh reduces to solving the problem of constructing a smooth surface passing
through the nodes of an existing triangulated surface or part of it. Later the nodes of the new mesh
are placed on the constructed smooth surface with existing requirements for the size and shape of
the cells. The construction of a smooth piecewise polynomial surface is based on the ideas of
spline approximation and reduces to the building of a cubic polynomial on each triangular face,
taking into account the smooth conjugation of polynomial pieces of the surface constructed on
adjacent faces.
The proposed method for rebuilding surface triangulation can be useful for calculating the motion
of deformable bodies when solving problems of the dynamics of continuous media on immovable
Euler grids.

Keywords: interpolation, cubic spline, hermitian interpolant, Lagrangian−Euler method, moving
border.


