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The field of application of Functionally Graded Materialsis steadily expanding,
which stimulates research in the relevant areas. In relation to penetration mechanics,
these are primarily experimental studies of multilayer barriers consisting of plates
"in contact" with various mechanical properties. Despite intensive research, explicit
formulas for integral penetration characteristics (penetration depth and ballistic limit)
cannot be obtained, except for the case when sequential penetration of layers (barriers
with large gaps between layers).

In this article, explicit formulas for the depth of penetration into an semi-infinite
shield and for the ballistic limit velocity applying penetration into a shield of a
finite thickness are derived assuming that the hardness of the barrier material varies
continuously depending on barrier depth. The theoretical analysis is based on a
model that represents the normal stress at points on the surface of the penetrating
body that are in contact with the barrier as a quadratic function of the normal
component of local impactor velocity with a zero linear term (the Vitman-Stepanov
model). Difference of the dynamic hardness in different points of impactor-barrier
contact is taken into account. It is also assumed that the nose of the striker has the
form of a straight circular cone and the initial stage of penetration when the striker
is not completely immersed in the barrier is ignored.
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Introduction

The field of application of Functionally Graded Materialsis steadily expanding, which
stimulates research in the relevant areas [1−4]. In relation to penetration mechanics, these
are primarily experimental studies of multilayer barriers consisting of plates “in contact”
with various mechanical properties, as evidenced by reviews [5−6] and review sections of
monographs [7, 8]. The theoretical analysis is based mainly on a model that represents the
normal stress at points on the surface of the penetrating body that are in contact with the
barrier as a quadratic function of the local normal velocity component with a zero linear
term (in Russian-language publications, it is known as the Vitman − Stepanov model [9]).
Usually additional simplifications are also accepted, in particular, it is assumed that the
nose of the striker has the form of a straight circular cone, the specifics of the initial and
final stages of penetration are ignored, when the striker is not completely immersed in the
barrier, and others. Despite intensive research [10−20], explicit formulas for integral
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penetration characteristics (penetration depth and ballistic limit) cannot be obtained, except
for the case when sequential penetration of layers (barriers with large gaps between layers)
is actually assumed [7, 10].

This article is close to the work [20] on the approach to the problem. However, unlike
[20], impactors that have a conical shape of the nose are considered, another approximation
of the dependence of hardness on depth is used and difference of the dynamic hardness in
different points of impactor-barrier contact is taken into account. This results in an explicit
formula for the penetration depth with continuously varying hardness of the shield. The
description of the interaction of the barrier with the striker is based on the Vitman − Stepanov
model; the effects associated with incomplete immersion of the striker in the barrier at the
initial stage are not taken into account .

1. Mathematical model and statement of the problem

Consider high speed normal penetration of a rigid, sharp (pointed) body of revolution
into a shield with hardness, depending on the depth of the semi-infinite shield. It is assumed
that the interaction between the projectile and the shield is described by the following
two-term model what is known as the Vitman − Stepanov model [9]:

,][ 02 dSYvd n nF +γ= (1)

where γ is density of the shield's material; Y is a parameter that determines mechanical
properties of the material (dynamic hardness); dF is the force acting on the lateral surface
element dS of a projectile that is in contact with the plate (barrier), n0 and vn are the inner
normal unit vector and normal component of the instantaneous velocity of the projectile v
at a given location on the projectile surface, correspondingly.

The resultant force acting on the projectile at each instant of time is determined by
integrating dF over the lateral surface of the projectile-barrier contact at the same instant,
Slat. Then formula for the drag force, D is the following:
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where v0 is unit vector of the velocity of the impactor.
Hereafter we use the following notations. The coordinate h, the instantaneous depth

of penetration, is defined as the distance between the nose of the impactor and the front
surface of the barrier. The cylindrical coordinates x, ρ, φ with the origin in the nose of the
impactor are associated with it whereas the coordinate x directs along the axis of the
impactor. The equation ρ = Φ(x), where Φ is a convex function, determines the shape of
the impactor's surface, L is the length of the nose of the impactor which interacts with the
barrier; the impactor has also the cylindrical part of the length L0. Note that the section
x = x0 is located at the depth h0 − x0 if the nose of the impactor is situated at the depth
h = h0.

Neglecting the effect associated with the partial immersion of the impactor in the
barrier at the initial stage of penetration, one can obtain the following relationship for D in
the case of the model given by Eq. (1) [7, 8]:
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Then the equation of motion of impactor with the mass m is the following:
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Solution of this linear relative v2 differential equation with condition v(0) = vimp, where
vimp is impact velocity, can be written in the form:
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Using the condition v(H ) = 0, we obtain the equation for determining the dept of penetration
(DOP) H:
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Our goal is to obtain an explicit formula for the DOP.

2. Solution of the problem

For more clarity, we consider conical-nosed impactors. In this case the equation of
impactor's generatrix is written as follows:

,tg)( xx ϑ=Φ (9)

where ϑ is half apex angle of the cone and
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Then Eq. (8) is transformed to the form:
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the expression for k2 can be rewritten as follows:
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For function Y(z) that describes dynamic hardness Y depending on the depth of the barrier
z one can select the approximation [2] with empirical coefficients α and β:

)(exp)( zzY βα= (15)

that represent quit well the possible types of behavior of dependence Y(z). Then Eq. (11)
takes the form:
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Calculating integrals in Eq. (16) we obtain the equation:
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In the case of homogeneous media, Y(z) = Y(0) = const, α = Y(0) = Y, β = 0. Since
uncertainty 0/0 appears in the right side of Eq. (19) when β = 0, we use the L'Hospital
rule. Then
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Consider penetration into a semiinfinite barrier of thickness b. The Army ballistic
limit vbl (BLV) is defined as the minimum impact velocity at which the striker reaches the
back side of the barrier [21]. Then replacing in equation (18) H by b and vimp by vbl we
obtain the explicit formula for the BLV:
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3. Concluding remarks

Further research within the framework of the developed approach is intended in the
following areas: consideration of strikers with a nose in the form of pramids and non-
conical bodies of revolution (including impactord with flat blunting); taking into account
in the model the specificity of the initial stage of penetration with incomplete immersion
of the striker in the barrier and friction between the striker and the barrier; use of other
models describing the dependence of hardness on the depth of the barrier.
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ßÂÍÀß ÔÎÐÌÓËÀ ÄËß ÃËÓÁÈÍÛ ÏÐÎÍÈÊÀÍÈß ÓÄÀÐÍÈÊÀ
Ñ ÊÎÍÈ×ÅÑÊÎÉ ÃÎËÎÂÍÎÉ ×ÀÑÒÜÞ Â ÀÍÈÇÎÒÐÎÏÍÓÞ ÏÐÅÃÐÀÄÓ

Äóáèíñêèé À.Â.

Óíèâåðñèòåò èì. Ä. Áåí-Ãóðèîíà â Íåãåâå, Áåýð-Øåâà, Èçðàèëü

Îáëàñòü ïðèìåíåíèÿ àíèçîòðîïíûõ ìàòåðèàëîâ íåóêëîííî ðàñøèðÿåòñÿ, ÷òî ñòèìóëè-
ðóåò èññëåäîâàíèÿ â ñîîòâåòñòâóþùèõ îáëàñòÿõ. Ïðèìåíèòåëüíî ê ìåõàíèêå ïðîíèêíîâå-
íèÿ ýòî ïðåæäå âñåãî ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ìíîãîñëîéíûõ áàðüåðîâ, ñîñòîÿ-
ùèõ èç ïëàñòèí ñ ðàçëè÷íûìè ìåõàíè÷åñêèìè ñâîéñòâàìè, êîíòàêòèðóþùèõ äðóã ñ äðóãîì.
Íåñìîòðÿ íà èíòåíñèâíûå èññëåäîâàíèÿ, ÿâíûå ôîðìóëû äëÿ èíòåãðàëüíûõ õàðàêòåðèñòèê
ïðîíèêàíèÿ (ãëóáèíà ïðîíèêàíèÿ è áàëëèñòè÷åñêèé ïðåäåë) ïîëó÷èòü íå óäàåòñÿ çà èñêëþ-
÷åíèåì ñëó÷àÿ, êîãäà ôàêòè÷åñêè ïðåäïîëàãàåòñÿ, ÷òî ñëîè ïðîáèâàþòñÿ ïîñëåäîâàòåëüíî
(áàðüåðû ñ áîëüøèìè çàçîðàìè ìåæäó ñëîÿìè).

Â   ñòàòüå ïîëó÷åíû ÿâíûå ôîðìóëû äëÿ ãëóáèíû ïðîíèêàíèÿ â ïîëóáåñêîíå÷íóþ ïðå-
ãðàäó è äëÿ áàëëèñòè÷åñêîé ïðåäåëüíîé ñêîðîñòè ïðîíèêàíèÿ â ïðåãðàäó êîíå÷íîé òîëùè-
íû â ïðåäïîëîæåíèè, ÷òî òâåðäîñòü ìàòåðèàëà áàðüåðà íåïðåðûâíî èçìåíÿåòñÿ â çàâèñèìî-
ñòè îò ãëóáèíû ïðåãðàäû. Òåîðåòè÷åñêèé àíàëèç îñíîâàí íà ìîäåëè, ïðåäñòàâëÿþùåé íîð-
ìàëüíîå íàïðÿæåíèå â òî÷êàõ ïîâåðõíîñòè ïðîíèêàþùåãî òåëà, êîíòàêòèðóþùèõ ñ áàðü-
åðîì, êàê êâàäðàòè÷íóþ ôóíêöèþ íîðìàëüíîé ñîñòàâëÿþùåé ëîêàëüíîé ñêîðîñòè óäàðíèêà
ñ íóëåâûì ëèíåéíûì ÷ëåíîì (ìîäåëü Âèòìàíà − Ñòåïàíîâà). Ó÷èòûâàåòñÿ ðàçíèöà äèíàìè-
÷åñêîé òâåðäîñòè â ðàçëè÷íûõ òî÷êàõ óäàðíîãî èëè áàðüåðíîãî êîíòàêòà. Òàêæå ïðåäïîëàãà-
åòñÿ, ÷òî íîñ áîéêà èìååò ôîðìó ïðÿìîãî êðóãëîãî êîíóñà è èãíîðèðóåòñÿ íà÷àëüíàÿ ñòàäèÿ
ïðîíèêàíèÿ, êîãäà óäàðíèê íå ïîëíîñòüþ ïîãðóæåí â ïðåãðàäó.

Êëþ÷åâûå ñëîâà: óäàðíèê, ïðåãðàäà, áàðüåð, ïðîíèêàíèå, ãëóáèíà, àíèçîòðîïèÿ.


