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Ïðåäñòàâëåí âàðèàíò óòî÷íåííîé òåîðèè ðàñ÷åòà íàïðÿæåííî-äåôîðìè-
ðîâàííîãî ñîñòîÿíèÿ êðóãëûõ ïëàñòèí ñ ñèììåòðè÷íî èçìåíÿþùåéñÿ òîëùè-
íîé ïî ïðîèçâîëüíîìó çàêîíó â ðàäèàëüíîì íàïðàâëåíèè. Óðàâíåíèÿ ñîñòîÿ-
íèÿ ïëàñòèíû îïèñûâàþòñÿ ñîîòíîøåíèÿìè òðåõìåðíîé òåîðèè óïðóãîñòè.
Èñêîìûå ïåðåìåùåíèÿ àïïðîêñèìèðóþòñÿ ïîëèíîìàìè ïî íîðìàëüíîé ê ñðå-
äèííîé ïëîñêîñòè êîîðäèíàòå íà äâå ñòåïåíè âûøå, ÷åì â êëàññè÷åñêîé òåî-
ðèè òèïà Êèðõãîôà − Ëÿâà. Ñ ïîìîùüþ âàðèàöèîííîãî ïðèíöèïà Ëàãðàíæà
ïîëó÷åíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ â ïåðåìåùåíèÿõ
ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Ïðè îïðåäåëåíèè ïîïåðå÷íûõ íîðìàëüíûõ
è êàñàòåëüíûõ íàïðÿæåíèé èñïîëüçóåòñÿ ïðÿìîå èíòåãðèðîâàíèå óðàâíåíèé
ðàâíîâåñèÿ òðåõìåðíîé òåîðèè óïðóãîñòè. Äëÿ èçîòðîïíîé êðóãëîé ïëàñòèíû
ïåðåìåííîé òîëùèíû ìåòîäîì ðàçëîæåíèÿ â ðÿäû Ôóðüå ïîëó÷åíà ñèñòåìà äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ â ïåðåìåùåíèÿõ ñ ïåðåìåííûìè êîýô-
ôèöèåíòàìè, ñîäåðæàùàÿ äîïîëíèòåëüíûå ÷ëåíû, ó÷èòûâàþùèå âëèÿíèå èç-
ìåíÿåìîñòè òîëùèíû íà íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ïëàñòèíû.

Ðàññìàòðèâàþòñÿ ïðèìåðû ðàñ÷åòà íàïðÿæåííîãî ñîñòîÿíèÿ êðóãëîé
ïëàñòèíû ñ òîëùèíîé, èçìåíÿþùåéñÿ ïî ëèíåéíîìó è ïàðàáîëè÷åñêîìó çàêî-
íàì, ïîä äåéñòâèåì ðàñïðåäåëåííîé íàãðóçêè. Äëÿ ðåøåíèÿ ñôîðìóëèðîâàí-
íîé êðàåâîé çàäà÷è ïðèìåíÿåòñÿ ìåòîä êîíå÷íûõ ðàçíîñòåé. Ïðèâåäåíû ðå-
çóëüòàòû ñðàâíåíèÿ íàïðÿæåíèé ïî óòî÷íåííîé è êëàññè÷åñêîé òåîðèÿì. Óñ-
òàíîâëåíî, ÷òî ïðè èññëåäîâàíèè íàïðÿæåííîãî ñîñòîÿíèÿ â çîíàõ åãî èñêà-
æåíèÿ (ñîåäèíåíèÿ, çîíû ëîêàëüíîãî íàãðóæåíèÿ è äð.) ñëåäóåò èñïîëüçîâàòü
óòî÷íåííóþ òåîðèþ, òàê êàê ñîîòâåòñòâóþùèå äîïîëíèòåëüíûå íàïðÿæåíèÿ
òèïà «ïîãðàíñëîé» îêàçûâàþòñÿ îäíîãî ïîðÿäêà ñ âåëè÷èíàìè îñíîâíîãî (âíóò-
ðåííåãî) íàïðÿæåííîãî ñîñòîÿíèÿ. Ýòî âàæíî äëÿ ïîâûøåíèÿ äîñòîâåðíîñòè
ðàñ÷åòîâ íà ïðî÷íîñòü òàêèõ ýëåìåíòîâ àâèàöèîííî-ðàêåòíûõ êîíñòðóêöèé,
êàê ñèëîâûå êîðïóñà ëåòàòåëüíûõ àïïàðàòîâ, èõ ðàçëè÷íûå ïåðåõîäíûå çîíû
è ñîåäèíåíèÿ, à òàêæå îáúåêòîâ â ðàçëè÷íûõ îòðàñëÿõ ìàøèíîñòðîåíèÿ.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 82, ¹ 1, 2020 ã.

* Âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò ¹17-08-00849).
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Êëþ÷åâûå ñëîâà: êðóãëàÿ ïëàñòèíà, ïåðåìåííàÿ òîëùèíà, âàðèàöèîííûé
ïðèíöèï Ëàãðàíæà, êðàåâàÿ çàäà÷à, ðÿäû Ôóðüå, ìåòîä êîíå÷íûõ ðàçíîñòåé,
íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå «ïîãðàíñëîé», ïîïåðå÷íûå íîðìàëü-
íûå íàïðÿæåíèÿ.

Ââåäåíèå

Êðóãëûå ïëàñòèíû ïåðåìåííîé òîëùèíû øèðîêî ïðèìåíÿþòñÿ â ìàøèíîñòðîå-
íèè, â òîì ÷èñëå â àâèàöèîííîé è ðàêåòíîé îòðàñëÿõ. Ïîýòîìó àêòóàëüíîé ïðåä-
ñòàâëÿåòñÿ çàäà÷à ïîâûøåíèÿ äîñòîâåðíîñòè ìåòîäîâ ðàñ÷åòà ïëàñòèí çà ñ÷åò ó÷åòà
òðåõìåðíîñòè íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ) â çîíàõ åãî èñêà-
æåíèÿ, òî åñòü ñîåäèíåíèé, ëîêàëüíîãî íàãðóæåíèÿ è äð., ãäå èìååò ìåñòî ÍÄÑ
òèïà «ïîãðàíñëîé». Â íàñòîÿùåå âðåìÿ èíæåíåðíûå ðàñ÷åòû óêàçàííûõ êîíñòðóê-
öèé áàçèðóþòñÿ íà ðåçóëüòàòàõ êëàññè÷åñêîé òåîðèè òîíêèõ ïëàñòèí è îáîëî÷åê
òèïà Êèðõãîôà − Ëÿâà [1−4]. Â îñíîâó ýòîé òåîðèè ïîëîæåíà ãèïîòåçà î ñîõðàíåíèè
íîðìàëüíîãî ýëåìåíòà, ïîçâîëÿþùàÿ ïðèâåñòè òðåõìåðíóþ ïðîáëåìó òåîðèè óïðó-
ãîñòè ê äâóìåðíîé.

Îäèí èç âîçìîæíûõ ïóòåé ïîñòðîåíèÿ ìàòåìàòè÷åñêè îáîñíîâàííîé òåîðèè
ïëàñòèí è îáîëî÷åê ñîñòîèò â ïðèìåíåíèè ìåòîäà ïðÿìîãî àñèìïòîòè÷åñêîãî ðàç-
ëîæåíèÿ êîìïîíåíòîâ ÍÄÑ â ðÿäû ïî ìàëîìó ïàðàìåòðó − îòíîñèòåëüíîé òîëùèíå
òðåõìåðíîãî òåëà − è â ïîñëåäóþùåì èíòåãðèðîâàíèè óðàâíåíèé òðåõìåðíîé òåî-
ðèè óïðóãîñòè. Ñ ïîìîùüþ ýòîãî ìåòîäà â ïóáëèêàöèÿõ [5−8] áûëè ñôîðìóëèðîâà-
íû âàðèàíòû ïðèáëèæåííûõ òåîðèé, óòî÷íÿþùèõ ðåçóëüòàòû êëàññè÷åñêîé òåîðèè
âî âíóòðåííèõ îáëàñòÿõ è â óçêèõ êðàåâûõ çîíàõ. Îäíàêî â ñòàòüå [9] áûëî ïîêàçà-
íî, ÷òî ðåøåíèå ñôîðìóëèðîâàííûõ â [5−8] êðàåâûõ çàäà÷ ñîïðÿæåíî ñ ìàòåìàòè-
÷åñêèìè òðóäíîñòÿìè, íå ïîçâîëÿþùèìè ïîëó÷èòü èõ ðåøåíèå â àíàëèòè÷åñêîé
ôîðìå. Â ñâÿçè ñ ýòèì â [10, 11] ïðÿìîé ïóòü ðåøåíèÿ çàäà÷è áûë çàìåíåí íà âàðè-
àöèîííî-àñèìïòîòè÷åñêèé, â ñîîòâåòñòâèè ñ êîòîðûì äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ î
äîïîëíèòåëüíîì ÍÄÑ òèïà «ïîãðàíñëîé» ïðèìåíÿåòñÿ âàðèàöèîííûé ìåòîä Âëà-
ñîâà − Êàíòîðîâè÷à. Ñ ïîìîùüþ âàðèàöèîííî-àñèìïòîòè÷åñêîãî ìåòîäà ïîñòðîåíà
óòî÷íåííàÿ òåîðèÿ ðàñ÷åòà ÍÄÑ ïðÿìîóãîëüíûõ ïëàñòèí ïîñòîÿííîé è ïåðåìåí-
íîé òîëùèíû.

Äðóãîé ïîäõîä [12, 13] ê ïîñòðîåíèþ óòî÷íåííîé òåîðèè, íàçûâàåìûé ýíåðãå-
òè÷åñêè ñîãëàñîâàííûì, çàêëþ÷àåòñÿ â ðàçëîæåíèè ïåðåìåùåíèé â ïîëèíîìèàëü-
íûå ðÿäû. Ïðè ýòîì èñêîìûå ïåðåìåùåíèÿ ðàñêëàäûâàþòñÿ â ðÿäû ïî íîðìàëüíîé
êîîðäèíàòå è ôîðìóëèðóþòñÿ óñëîâèÿ ñîãëàñîâàííîñòè ïåðåìåùåíèé, êîòîðûå ñâÿ-
çûâàþò ìåæäó ñîáîé êîëè÷åñòâî ñëàãàåìûõ â ðàçëîæåíèÿõ ïåðåìåùåíèé ïî òàí-
ãåíöèàëüíûì è ïîïåðå÷íîìó íàïðàâëåíèÿì.

Òàêæå ñëåäóåò îòìåòèòü ñòàòüè [10−12], â êîòîðûõ ðàññìàòðèâàþòñÿ ìåòîäû óòî÷-
íåííîãî ðàñ÷åòà ïðÿìîóãîëüíûõ ïëàñòèí ïåðåìåííîé òîëùèíû. Â [14−18] ðàññìàò-
ðèâàþòñÿ äðóãèå ìåòîäû óòî÷íåííîãî ðàñ÷åòà ïëàñòèí è îáîëî÷åê.

Â íàñòîÿùåé ñòàòüå ïîñòðîåíà êðàåâàÿ çàäà÷à óòî÷íåííîé òåîðèè êðóãëîé ïëà-
ñòèíû ïåðåìåííîé òîëùèíû ñ ïîìîùüþ âàðèàöèîííîãî ïðèíöèïà Ëàãðàíæà è ðàç-
ëîæåíèÿ èñêîìûõ ïåðåìåùåíèé ïî òîëùèíå. Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ
ðàñ÷åò ÍÄÑ êðóãëîé èçîòðîïíîé ïëàñòèíû, ñèììåòðè÷íîé îòíîñèòåëüíî ñðåäèí-
íîé ïëîñêîñòè, ïðîèçâîëüíîé ïåðåìåííîé òîëùèíû â ðàäèàëüíîì íàïðàâëåíèè ïîä
äåéñòâèåì ðàñïðåäåëåííîé íàãðóçêè. Ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòà ÍÄÑ
ïëàñòèíû ïî óòî÷íåííîé è êëàññè÷åñêîé òåîðèÿì.
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1. Óðàâíåíèÿ ðàâíîâåñèÿ óòî÷íåííîé òåîðèè êðóãëûõ ïëàñòèí

Íà ðèñ. 1 èçîáðàæåíà êðóãëàÿ èçîòðîïíàÿ ïëàñòèíà ñ ñèììåòðè÷íîé îòíîñè-
òåëüíî ñðåäèííîé ïëîñêîñòè òîëùèíîé â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò (r, ϕ, z).
Ïëàñòèíà íàãðóæåíà ïîïåðå÷íîé ðàñïðåäåëåííîé íàãðóçêîé q(r, ϕ). Îáîçíà÷èì ÷å-
ðåç a è b − âíåøíèé è âíóòðåííèé ðàäèóñû ïëàñòèíû, à ÷åðåç 2h(r) − åå ïåðåìåí-
íóþ òîëùèíó. Âíåøíèé è âíóòðåííèé êðàÿ ïëàñòèíû r = a è r = b æåñòêî çàùåì-
ëåíû.

Â ñîîòâåòñòâèè ñ [10] ïåðåìåùåíèÿ ïëàñòèíû ïðåäñòàâëÿþòñÿ â ñëåäóþùåì
âèäå:
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Ôèçè÷åñêèå óðàâíåíèÿ òðåõìåðíîé òåîðèè óïðóãîñòè äëÿ ïëàñòèíû èìåþò âèä:

Ðèñ. 1. Êðóãëàÿ ïëàñòèíà ñ îòâåðñòèåì
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ãäå êîýôôèöèåíòû G0, λ − óïðóãèå ïîñòîÿííûå èçîòðîïíîãî ìàòåðèàëà ïëàñòèíû.
Äèôôåðåíöèàëüíûå óðàâíåíèÿ ðàâíîâåñèÿ è åñòåñòâåííûå ãðàíè÷íûå óñëîâèÿ äëÿ
ïëàñòèíû íàõîäèì íà îñíîâàíèè âàðèàöèîííîãî ïðèíöèïà Ëàãðàíæà
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Ïîäñòàâëÿÿ âûðàæåíèÿ (3), (4) â (5) ñ ó÷åòîì ôîðìóë (1), ïîëó÷èì ñèñòåìó ãî-
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ðåííèå ñèëîâûå ôàêòîðû, ôèçè÷åñêàÿ èíòåðïðåòàöèÿ êîòîðûõ â ðàìêàõ óòî÷íåííîé
òåîðèè äàíà â [13]. Ñëåäóåò îòìåòèòü, ÷òî âîñåìü èç òðèíàäöàòè âíóòðåííèõ ñèëî-
âûõ ôàêòîðîâ, à èìåííî Nr, Nϕ, Nrϕ, Qr, Qϕ, Mr, Mϕ, Mrϕ, àíàëîãè÷íû ñîîòâåòñòâóþ-
ùèì ñèëîâûì ôàêòîðàì, ïðèíÿòûì â êëàññè÷åñêîé òåîðèè òîíêèõ êðóãëûõ ïëàñòèí
â îáùåì ñëó÷àå íàãðóæåíèÿ, êîãäà ðàññìàòðèâàåòñÿ èçãèá ïëàñòèíû è åå ïëîñêîå
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íàïðÿæåííîå ñîñòîÿíèå. Ñîîòâåòñòâóþùèå ãðàíè÷íûå óñëîâèÿ ïðè r = a è r = b
ïðåäñòàâëÿþòñÿ â ñëåäóþùåì âèäå:
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ãäå âåëè÷èíû ñ âåðõíåé ÷åðòîé îáîçíà÷àþò âíåøíèå ñèëîâûå ôàêòîðû, äåéñòâóþ-
ùèå ïî áîêîâûì ãðàíÿì ïëàñòèíû.

2. Ðåøåíèå êðàåâîé çàäà÷è êðóãëîé ïëàñòèíû
ìåòîäîì êîíå÷íûõ ðàçíîñòåé

Ðàññìàòðèâàåòñÿ èçîòðîïíàÿ êðóãëàÿ ïëàñòèíà ñ öåíòðàëüíûì îòâåðñòèåì, òîë-
ùèíà êîòîðîé îïðåäåëÿåòñÿ ôóíêöèåé h(r), ïðè ýòîì −h ≤ z ≤ h è êîîðäèíàòà z = 0
ñîîòâåòñòâóåò ñðåäèííîé ïëîñêîñòè ïëàñòèíû. Ïîëàãàåì, ÷òî êðàÿ ïëàñòèíû r = a è
r = b æåñòêî çàùåìëåíû (ñì. ðèñ. 1). Ðàçëîæèì âíåøíþþ íàãðóçêó è ïåðåìåùåíèÿ
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Ïîñëå ïîäñòàíîâêè ðàçëîæåíèé (8) â óðàâíåíèÿ (6) è ãðàíè÷íûå óñëîâèÿ (7)
íàõîäèì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ôóíêöèé Uim,
Vim, Wjm, ,2,0,3,0 == ji  m = 1, 2, 3, …, è ñîîòâåòñòâóþùèå êðàåâûå óñëîâèÿ. Â
ðåçóëüòàòå ñèñòåìà (6) äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ ïëàñòèíû ïîñëå
åå ïðåîáðàçîâàíèÿ ê ïåðåìåùåíèÿì è îòáðàñûâàíèÿ íåëèíåéíûõ ñëàãàåìûõ ïðåä-
ñòàâëÿåòñÿ â âèäå ñèñòåìû îäíîìåðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ïåðåìå-
ùåíèÿõ. Äëÿ ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïå-
ðåìåííûìè êîýôôèöèåíòàìè èñïîëüçóåòñÿ ìåòîä êîíå÷íûõ ðàçíîñòåé [19−23].

Äåôîðìàöèè è òàíãåíöèàëüíûå íàïðÿæåíèÿ ïëàñòèíû íàõîäÿòñÿ èç ãåîìåòðè-
÷åñêèõ è ôèçè÷åñêèõ ñîîòíîøåíèé òåîðèè óïðóãîñòè. Ïîïåðå÷íûå íàïðÿæåíèÿ
ïîëó÷àþòñÿ íåïîñðåäñòâåííûì èíòåãðèðîâàíèåì óðàâíåíèé ðàâíîâåñèÿ òðåõìåð-
íîé òåîðèè óïðóãîñòè:
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3. Ïðèìåð ðàñ÷åòà

Ðàññìîòðèì ñòàëüíóþ êðóãëóþ ïëàñòèíó, íàõîäÿùóþñÿ ïîä äåéñòâèåì ðàñïðå-
äåëåííîé íàãðóçêè q(r, ϕ) = Q0sin ϕ, Q0 = const. Êîìïîíåíòû ïåðåìåùåíèé è ñîîò-
âåòñòâóþùèõ èì íàïðÿæåíèé ïëàñòèíû îïðåäåëÿþòñÿ ïåðâûìè ñëàãàåìûìè â ðàç-
ëîæåíèè (8).
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Â êà÷åñòâå ïåðâîãî ïðèìåðà ðàññìàòðèâàåòñÿ èçîòðîïíàÿ êðóãëàÿ ïëàñòèíà ñ
ïàðàìåòðàìè: a = 1 ì, b = 0,2 ì, hm = 0,05 ì, h0 = 0,015 ì; òîëùèíà îïðåäåëÿåòñÿ
ñîîòíîøåíèåì h(r) = hm − r tg α, ãäå tg α = (hm − h0)/(a − b); êîýôôèöèåíò Ïóàññîíà
μ = 0,3, ìîäóëü óïðóãîñòè E = 2⋅1011 Ïà. Íà ïðåäñòàâëåííûõ äàëåå ðèñóíêàõ ñîêðà-
ùåíèÿ «Óòî÷.» è «Êëàñ.» óêàçûâàþò íà âàðèàíòû ðàñ÷åòîâ ïî óòî÷íåííîé è êëàññè-
÷åñêîé òåîðèÿì ñîîòâåòñòâåííî.

Ãðàôèêè ìàêñèìàëüíûõ íîðìàëüíûõ íàïðÿæåíèé ïëàñòèíû, ðàññ÷èòàííûõ ïî óòî÷-
íåííîé òåîðèè, ïðåäñòàâëåíû íà ðèñ. 2−5. Àíàëèç ãðàôèêîâ ïîêàçûâàåò, ÷òî âíå
êðàåâîé çîíû çíà÷åíèÿ íàïðÿæåíèé, îïðåäåëåííûõ ïî óòî÷íåííîé è êëàññè÷åñêîé
òåîðèÿì, ïðàêòè÷åñêè ñîâïàäàþò (ðèñ. 2, 3). Ìàêñèìàëüíîå îòëè÷èå ðåçóëüòàòîâ ðàñ-
÷åòà èìååò ìåñòî (ðèñ. 3) ïðè îïðåäåëåíèè íîðìàëüíûõ íàïðÿæåíèé σϕ è ñîñòàâ-
ëÿåò 16,6%.

Îòìåòèì, ÷òî íàïðÿæåíèÿ â êðàåâîé çîíå ñóùåñòâåííî óòî÷íÿþòñÿ: íîðìàëü-
íûå íàïðÿæåíèÿ σr íà 32,3% (ñì. ðèñ. 2), σϕ íà 19,1% (ñì. ðèñ. 3). Êðîìå òîãî,

Ðèñ. 3. Èçìåíåíèå σϕ ïî ðàäèóñó
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íîðìàëüíûå ïîïåðå÷íûå íàïðÿæåíèÿ σz, ïðåíåáðåæèìî ìàëûå ïî êëàññè÷åñêîé òå-
îðèè, ïî óòî÷íåííîé òåîðèè ñîñòàâëÿþò îêîëî 30% îò ìàêñèìàëüíûõ èçãèáíûõ
íàïðÿæåíèé σr (ñì. ðèñ. 2, 4). Ãðàôèêè èçìåíåíèÿ íàïðÿæåíèé σr, σϕ ïî òîëùèíå â
êðàåâîé çîíå r = b ïîêàçàíû íà ðèñ. 5.

Â êà÷åñòâå âòîðîãî ïðèìåðà ðàññìàòðèâàåòñÿ êðóãëàÿ èçîòðîïíàÿ ïëàñòèíà ñ
àíàëîãè÷íûìè ãåîìåòðè÷åñêèìè è ôèçè÷åñêèìè ïàðàìåòðàìè, òîëùèíà êîòîðîé
îïðåäåëÿåòñÿ ôóíêöèåé âòîðîãî ïîðÿäêà h(r) = 0,054r2 − 0,021r + 0,017.

Îòìåòèì, ÷òî äëÿ ñðàâíåíèÿ ðåçóëüòàòîâ ðàñ÷åòà íàïðÿæåíèé äëÿ äâóõ âàðèàí-
òîâ ðàññìàòðèâàåìûõ ïëàñòèí èõ òîëùèíà íà êðàÿõ r = a è r = b ïðèíÿòà îäèíàêî-
âîé. Ðåçóëüòàòû âû÷èñëåíèÿ ÍÄÑ ïëàñòèíû ïðåäñòàâëåíû íà ðèñ. 6−9.

Èç ïðåäñòàâëåííûõ ãðàôèêîâ ñëåäóåò, ÷òî íàïðÿæåíèÿ â êðàåâîé çîíå ñóùå-
ñòâåííî óòî÷íÿþòñÿ: íîðìàëüíûå íàïðÿæåíèÿ σr íà 34% (ñì. ðèñ. 6), σϕ íà 20,7%
(ñì. ðèñ. 7). Ìàêñèìàëüíûå íîðìàëüíûå ïîïåðå÷íûå íàïðÿæåíèÿ σz â êðàåâîé çîíå
ïëàñòèíû îêàçûâàþòñÿ îäíîãî ïîðÿäêà (îêîëî 30%) ñ ìàêñèìàëüíûìè âåëè÷èíàìè
îñíîâíîãî èçãèáíîãî íàïðÿæåíèÿ (ñì. ðèñ. 6, 8). Î÷åâèäíî, ÷òî âî âíóòðåííåé îá-
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ëàñòè ïëàñòèíû, òî åñòü ïðè óäàëåíèè îò êðàåâîé çîíû íà ðàññòîÿíèå ïîðÿäêà åå
òîëùèíû, íàïðÿæåíèÿ «ïîãðàíñëîé» çàòóõàþò, ÷òî ïîäòâåðæäàåò äîñòîâåðíîñòü ïî-
ëó÷åííûõ ðåçóëüòàòîâ.

Çàêëþ÷åíèå

Íà îñíîâàíèè ðàçðàáîòàííîé òåîðèè ñôîðìóëèðîâàíà è ðåøåíà êðàåâàÿ çàäà÷à
äëÿ ðàñ÷åòà ÍÄÑ êðóãëûõ ïëàñòèí ñ ñèììåòðè÷íî èçìåíÿþùåéñÿ ïî ïðîèçâîëüíî-
ìó çàêîíó òîëùèíîé â ðàäèàëüíîì íàïðàâëåíèè. Ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ
ðàñ÷åòà ÍÄÑ êðóãëûõ ïëàñòèí ïðè èñïîëüçîâàíèè óòî÷íåííîé è êëàññè÷åñêîé òåî-
ðèé. Óñòàíîâëåíî, ÷òî ïðè èññëåäîâàíèè ÍÄÑ â êðàåâûõ çîíàõ ïëàñòèíû ñëåäóåò
èñïîëüçîâàòü óòî÷íåííóþ òåîðèþ, òàê êàê â íèõ ìàêñèìàëüíûå íàïðÿæåíèÿ ñóùå-
ñòâåííî óòî÷íÿþòñÿ. Ïîïåðå÷íûå íîðìàëüíûå íàïðÿæåíèÿ, êîòîðûìè â êëàññè÷åñ-
êîé òåîðèè ïðåíåáðåãàþò, â êðàåâîé çîíå («ïîãðàíè÷íûé ñëîé») îêàçûâàþòñÿ îäíî-
ãî ïîðÿäêà ñ ìàêñèìàëüíûìè âåëè÷èíàìè îñíîâíîãî èçãèáíîãî íàïðÿæåíèÿ, ÷òî
î÷åíü âàæíî äëÿ ïîâûøåíèÿ äîñòîâåðíîñòè ðàñ÷åòîâ íà ïðî÷íîñòü ýëåìåíòîâ àâèà-
öèîííî-ðàêåòíûõ êîíñòðóêöèé.
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STRESS-STRAIN STATE IN BOUNDARY LAYER OF THE CIRCULAR PLATES
WITH VARIOUS THICKNESSES BASED ON THE REFINED THEORY

Firsanov Val.V.1, Doan Q.H.1,2, Tran N.D.2

1Moscow Aviation Institute (National Research University), Moscow, Russian Federation
2Le Quy Don Technical University, Hanoi, Vietnam

A variant of the refined theory on calculation of the stress-strain state of circular plates with
symmetrically various thicknesses according to an arbitrary law in the radial direction was presented.
Equations of the plate state were established by using the three-dimensional elasticity theory. The
required displacements were approximately calculated according to upright direction to the middle
plane by polynomials with two degrees higher than in the classical Kirchhoff − Love theory. The
differential equation at equilibrium in displacements with various coefficients was obtained by
using means of the Lagrange variational principle. The direct integration of the equilibrium equations
in the three-dimensional elasticity theory was used to determine the transverse normal and shear
stresses.
Of an isotropic circular plate with changing in thickness by using the analyzing Fourier chain, the
obtained differential equilibrium equations in displacements with variable coefficients containing
supplement components and taking into account of the effect of thickness on the stress-strain state
of the plate.
Examples of calculating the stress state of a circular plate with a thickness varying according to
linear and parabolic laws under the action of a uniformly distributed load were considered. The
limited difference method was employed to solve the boundary value problem. Comparison results
of the refined and classical theories were investigated. It is demonstrated that the study on the
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stress state in the zones of its distortion (compounds, local loading zones, etc.) should use a refined
theory, since the additional corresponding stresses of the “boundary layer” type are of the same
order with the values of the main (internal) stress state. This is important to increase the reliability
of strength calculations of such elements of aircraft-rocket structures as the power housings of
aircraft, their various transition zones and connections, as well as objects in various engineering
industries.

Keywords: circular plate, variable thickness, Lagrange variational principle, Fourier chain, boundary
value problem, finite difference method, stress-strain state of the “boundary layer”, transverse
normal stresses.


