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Ìåòîäàìè ïðîñòðàíñòâåííîé íåëèíåéíîé òåîðèè óïðóãîñòè èññëåäóåòñÿ
óñòîé÷èâîñòü ðàâíîâåñèÿ ïðÿìîóãîëüíîé äâóõñëîéíîé óïðóãîé ïëèòû. Îñî-
áåííîñòüþ äàííîé çàäà÷è ÿâëÿåòñÿ íàëè÷èå íåîäíîðîäíûõ ïðåäâàðèòåëüíûõ
íàïðÿæåíèé. Êàæäûé ñëîé ïëàñòèíû ïîëó÷åí çà ñ÷åò âûïðÿìëåíèÿ ñåêòîðà
êðóãîâîé öèëèíäðè÷åñêîé îáîëî÷êè. Â ðåçóëüòàòå â ïëàñòèíå âîçíèêàþò ñàìî-
óðàâíîâåøåííûå íà÷àëüíûå íàïðÿæåíèÿ. Îñíîâíîé öåëüþ ðàáîòû ÿâëÿåòñÿ
àíàëèç âëèÿíèÿ ýòèõ íà÷àëüíûõ íàïðÿæåíèé íà âûïó÷èâàíèå ïëèòû. Óñòîé÷è-
âîñòü èññëåäóåòñÿ ìåòîäîì ëèíåàðèçàöèè. Ìåòîä ñîñòîèò â îïðåäåëåíèè êðè-
òè÷åñêèõ ïàðàìåòðîâ äåôîðìàöèè, ïðè êîòîðûõ ëèíåàðèçîâàííàÿ êðàåâàÿ çà-
äà÷à èìååò íåíóëåâûå èëè íåòðèâèàëüíûå ðåøåíèÿ. Â êà÷åñòâå ìîäåëè ìàòå-
ðèàëà èñïîëüçîâàíû óðàâíåíèÿ ñîñòîÿíèÿ Òðåëîàðà. Ýòà ìîäåëü õîðîøî îïè-
ñûâàåò âïëîòü äî íåñêîëüêèõ ñîòåí ïðîöåíòîâ äåôîðìàöèè íåêîòîðûõ ýëàñòî-
ìåðíûõ ìàòåðèàëîâ. Â ðàìêàõ ìåòîäà ëèíåàðèçàöèè ïîëó÷åíà êðàåâàÿ çàäà÷à
äëÿ ìàëûõ âîçìóùåíèé ïåðåìåùåíèé è äàâëåíèÿ. Ñ ïðèìåíåíèåì ìåòîäà Ôó-
ðüå ïîëó÷åíû åå íåòðèâèàëüíûå ðåøåíèÿ. Äëÿ ýòîãî èñïîëüçîâàëîñü ïðåäñòàâ-
ëåíèå ðåøåíèÿ â ôîðìå ðÿäîâ ïî ñèíóñàì è êîñèíóñàì. Íà ïëîñêîñòè ïàðà-
ìåòðîâ ãëàâíûõ óäëèíåíèé ïîñòðîåíà îáëàñòü óñòîé÷èâîñòè. Ïîêàçàíî, ÷òî
íàëè÷èå íà÷àëüíûõ íàïðÿæåíèé ñóùåñòâåííî äåôîðìèðóåò ýòó îáëàñòü. Ïîòå-
ðÿ óñòîé÷èâîñòè ìîæåò áûòü âûçâàíà íà÷àëüíûìè íàïðÿæåíèÿìè ïðè îòñóò-
ñòâèè âíåøíèõ íàãðóçîê. Ðàññìîòðåííûå çàäà÷è ìîãóò îêàçàòüñÿ èíòåðåñíû-
ìè äëÿ óñòðîéñòâ òàê íàçûâàåìîé ãèáêîé ýëåêòðîíèêè, â êîòîðûõ èñïîëüçóþò-
ñÿ ìíîãîñëîéíûå ñòðóêòóðû ñ âíóòðåííèìè íàïðÿæåíèÿìè, ïîëó÷åííûå, íà-
ïðèìåð, íàïûëåíèåì ìåòàëëè÷åñêèõ ïëåíîê íà ïîâåðõíîñòü ýëàñòè÷íîé ïîä-
ëîæêè. Ïðè ýòîì âíóòðåííèå íàïðÿæåíèÿ ïðèâîäÿò ê äåôîðìèðîâàíèþ òàêèõ
ñòðóêòóð ñ îáðàçîâàíèåì âîëíîâîãî ðåëüåôà è ïîâûøåíèþ èõ ãèáêîñòè.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ òåîðèÿ óïðóãîñòè, ïðåäâàðèòåëüíûå íàïðÿ-
æåíèÿ, ïîòåðÿ óñòîé÷èâîñòè, äâóõñëîéíàÿ ïëèòà.

Ââåäåíèå

Â ñòàòüå ìåòîäàìè ïðîñòðàíñòâåííîé íåëèíåéíîé óïðóãîñòè [1−7] èññëåäîâà-
íà óñòîé÷èâîñòü ñîñòàâíîé ïðÿìîóãîëüíîé ïëèòû (ïëàñòèíû), îáðàçîâàííîé äâóìÿ
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ñëîÿìè. Ïëàñòèíà ÿâëÿåòñÿ ñèììåòðè÷íîé ïî òîëùèíå. Êàæäûé ñëîé ïîëó÷åí â ðå-
çóëüòàòå âûïðÿìëåíèÿ ñåêòîðà êðóãîâîé öèëèíäðè÷åñêîé îáîëî÷êè. Äëÿ íåñæèìàå-
ìûõ ìàòåðèàëîâ òàêàÿ äåôîðìàöèÿ ÿâëÿåòñÿ óíèâåðñàëüíîé [1, 2] è ôîðìà ðåøåíèÿ
íå çàâèñèò îò âûáîðà ìîäåëè ìàòåðèàëà. Â êà÷åñòâå ìîäåëè ìàòåðèàëà âûáðàí íå-
ñæèìàåìûé ìàòåðèàë Òðåëîàðà (íåîãóêîâñêèé ìàòåðèàë) [1]. Ïðè êîíñåðâàòèâíûõ
âíåøíèõ íàãðóçêàõ ñòàòè÷åñêàÿ óñòîé÷èâîñòü ïðîèçâîëüíî çàäàííîãî ñîñòîÿíèÿ
íåëèíåéíî óïðóãîãî òåëà ìîæåò áûòü èññëåäîâàíà íà îñíîâå ìåòîäà ëèíåàðèçàöèè,
òàêæå íàçûâàåìîãî ñòàòè÷åñêèì ìåòîäîì Ýéëåðà [1, 7−10]. Ïîëó÷åíû ëèíåàðèçî-
âàííûå óðàâíåíèÿ ðàâíîâåñèÿ è ãðàíè÷íûå óñëîâèÿ, äîïîëíåííûå ëèíåàðèçîâàí-
íûì óñëîâèåì íåñæèìàåìîñòè, ðåøåíèÿ êîòîðûõ áûëè ïîñòðîåíû ïîëóàíàëèòè-
÷åñêèì ìåòîäîì. Êðèòè÷åñêèå çíà÷åíèÿ ïàðàìåòðîâ íàãðóçêè àíàëèçèðóþòñÿ â çà-
âèñèìîñòè îò ãåîìåòðèè çàäà÷è è ñâîéñòâ ìàòåðèàëà. Ðåçóëüòàòû èññëåäîâàíèÿ ïî-
êàçûâàþò, ÷òî íà÷àëüíûå íàïðÿæåíèÿ èçìåíÿþò íå òîëüêî çíà÷åíèÿ êðèòè÷åñêèõ
íàãðóçîê, íî è ðåæèìû íåóñòîé÷èâîñòè.

1. Ïîñòàíîâêà çàäà÷è óñòîé÷èâîñòè

Ðàññìîòðèì äâóõñëîéíóþ ïëèòó òîëùèíîé 2h ñî ñòîðîíàìè a è b. Êàæäûé ñëîé
ïëèòû èìååò òîëùèíó h (ðèñ. 1). Ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ïðèâåäåíû äëÿ
îòñ÷åòíîé êîíôèãóðàöèè. Ñëîè áûëè ïîëó÷åíû â ðåçóëüòàòå âûïðÿìëåíèÿ ñåêòîðîâ
êðóãîâîé öèëèíäðè÷åñêîé îáîëî÷êè. Èç-çà âûïðÿìëåíèÿ ñåêòîðîâ îáîëî÷êè â ïëè-
òå âîçíèêàþò ïîëÿ íåîäíîðîäíûõ íàïðÿæåíèé. Ïîñëå âûïðÿìëåíèÿ ñëîè æåñòêî ñêëåè-
âàþòñÿ ìåæäó ñîáîé òàê, ÷òîáû â ðåçóëüòàòå ïîëó÷èëàñü ñèììåòðè÷íàÿ äâóõñëîéíàÿ
ïëèòà. Çàäà÷à î ðàñïðÿìëåíèè è âûâîðà÷èâàíèè êðóãîâîãî áðóñà íîñèò íàçâàíèå
çàäà÷è Ãîëîâèíà, äëÿ ñæèìàåìîãî ìàòåðèàëà îíà áûëà ðàññìîòðåíà â ñòàòüå [11].

Äåôîðìàöèÿ âûïðÿìëåíèÿ êðèâîãî áðóñà çàäàåòñÿ ïðè ïîìîùè äåêàðòîâûõ êî-
îðäèíàò ïðîìåæóòî÷íîé êîíôèãóðàöèè X, Y,Z:

.0,,),( >χ=χφ== zZYrXX (1)

Óðàâíåíèÿ íåëèíåéíîé òåîðèè óïðóãîñòè îòíîñèòåëüíî îòñ÷åòíîé êîíôèãóðàöèè
çàïèñûâàþòñÿ â âèäå (ìàññîâûå ñèëû îòñóòñòâóþò) [1]:

).(, CDD0D ==⋅∇ (2)

Òåíçîðû íàïðÿæåíèé Ïèîëû D è ãðàäèåíòà äåôîðìàöèè C çàâèñÿò îò âûáîðà îò-
ñ÷åòíîé êîíôèãóðàöèè [1].

Ñëåäóåò îòìåòèòü, ÷òî âûáîð îòñ÷åòíîé êîíôèãóðàöèè, âîîáùå ãîâîðÿ, ïðîèç-
âîëåí. Óäîáíî âûáèðàòü â êà÷åñòâå îòñ÷åòíîé êîíôèãóðàöèè íåíàïðÿæåííîå, òàê
íàçûâàåìîå íàòóðàëüíîå ñîñòîÿíèå. Îäíàêî ýòî íå âñåãäà âîçìîæíî, îñîáåííî â

Ðèñ. 1. Ïðÿìîóãîëüíàÿ ñîñòàâíàÿ ïëèòà
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ñëó÷àå ñîñòàâíûõ òåë, â êîòîðûõ ìîãóò ïðèñóòñòâîâàòü íà÷àëüíûå íàïðÿæåíèÿ, ðàç-
íûå â êàæäîé ÷àñòè.

Âìåñòå ñ èçìåíåíèåì îòñ÷åòíîé êîíôèãóðàöèè ïðåîáðàçóåòñÿ ãðàäèåíò äåôîð-
ìàöèè ñîãëàñíî ôîðìóëàì [1−3]:

,:,:,:,:, KKXX ′′→κ ′′′′′→κ′′→κ ′′′′→κ′′′⋅= PPCCCPC (3)

ãäå ÷åðåç κ′ è κ″ îáîçíà÷åíû äâå ðàçíûå ðàññìàòðèâàåìûå îòñ÷åòíûå êîíôèãóðà-
öèè, ÷åðåç K′ è K″ − ñîîòâåòñòâóþùèå èì ïðîìåæóòî÷íûå êîíôèãóðàöèè, à ÷åðåç X −
êîíå÷íàÿ äåôîðìèðîâàííàÿ êîíôèãóðàöèÿ. Êðîìå òîãî, çäåñü P′, P″ − ãðàäèåíòû
äåôîðìàöèè ïðè ïåðåõîäå îò ñîîòâåòñòâóþùåé îòñ÷åòíîé êîíôèãóðàöèè ê ïðîìå-
æóòî÷íîé.

Ãðàäèåíòû äåôîðìàöèè ñëîåâ ñ ó÷åòîì óñëîâèÿ íåñæèìàåìîñòè â ïðåäíàïðÿ-
æåííûõ ñîñòîÿíèÿõ èìåþò âèä:

,)(,)(
33213321 iiieiePiiieieP +

χ
+−=′′+

χ
+=′ rrrr rdr

rdX
rdr

rdX (4)

ãäå ej − êîîðäèíàòíûå îðòû â îòñ÷åòíîé êîíôèãóðàöèè, ñîîòâåòñòâóþùèå öèëèíä-
ðè÷åñêèì êîîðäèíàòàì, j = r, φ, z; ik − äåêàðòîâû áàçèñíûå îðòû â òåêóùåì ñîñòîÿ-
íèè, k = 1, 2, 3.

Ïëèòà, ñîäåðæàùàÿ íà÷àëüíûå íåîäíîðîäíûå äåôîðìàöèè, ïîäâåðãàåòñÿ â äàëü-
íåéøåì îäíîðîäíîé äåôîðìàöèè, îáóñëîâëåííîé íîðìàëüíûìè íàãðóçêàìè, ïðèëî-
æåííûìè ê ïîâåðõíîñòÿì x3 = 0, x3 = a è x2 = 0, x2 = b. Ãðàíè ïëèòû x1 = −h è x1 = h
ñâîáîäíû îò âíåøíèõ ñèë. Òàêèì îáðàçîì, íåâîçìóùåííîå äåôîðìèðîâàííîå ñî-
ñòîÿíèå ñîñòàâíîé ïëèòû îïèñûâàåòñÿ ôîðìóëàìè:

,0, 133322211
1

230 )( hx' ≤≤λ+λ+λλ= − iiiiiiC
(5)

,0, 1333222113
1

230 )( ≤≤−λ+λ+λλλ= − xh" iiiiiiC

.0,0 constconst 23 >=λ>=λ

Â (5) λ3, λ2 − ïîñòîÿííûå êðàòíîñòåé óäëèíåíèé â äîêðèòè÷åñêîì ñîñòîÿíèè ñî-
ñòàâíîé ïëèòû.

Ëèíåàðèçîâàííûå êðàåâûå óñëîâèÿ íà áîêîâûõ ãðàíÿõ ïëèòû èìåþò âèä:

,0,0),,(,0),,(:0 333211321233 èïðè ===== Dxxxwxxxwaxx &
(6)

,0,0),,(,0),,(:0 223213321122 èïðè ===== Dxxxwxxxwbxx &

ãäå wi − ïåðåìåùåíèÿ, i = 1, 2, 3.
Äëÿ òîíêèõ ïëèò óñëîâèÿ (6) ñîîòâåòñòâóþò øàðíèðíîìó îïèðàíèþ. Ïðåäïîëà-

ãàåòñÿ èäåàëüíûé êîíòàêò ìåæäó ñëîÿìè ïëàñòèíû: ïîëå äîáàâî÷íûõ ïåðåìåùåíèé
íåïðåðûâíî ïðè ïåðåñå÷åíèè ãðàíèöû ñëîåâ.

Ëèíåàðèçîâàííûå ãðàíè÷íûå óñëîâèÿ è óñëîâèÿ ñîïðÿæåíèÿ ñëîåâ â ýòîì ñëó-
÷àå îïðåäåëÿþòñÿ ôîðìóëàìè:

,0,0),(: =⋅⋅== zr eDe &zauar

,0, 33 =−= "kDhx &

(7)
,,,0 333 '"'" kkkk wwDDx === &&

.3,2,1,0, 33 === kDhx 'k
&
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Â êà÷åñòâå óðàâíåíèÿ ñîñòîÿíèÿ èñïîëüçóåòñÿ ìîäåëü íåñæèìàåìîãî íåîãóêîâ-
ñêîãî ìàòåðèàëà [1]. Óäåëüíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè W çàäàåòñÿ âû-
ðàæåíèåì

,,3tr
2

TT ][ )( −−μ=−⋅
μ

= CCDCC pW (8)

ãäå μ − ìàòåðèàëüíàÿ ïîñòîÿííàÿ, èìåþùàÿ â ñëó÷àå áåñêîíå÷íî ìàëûõ äåôîðìà-
öèé ñìûñë ìîäóëÿ ñäâèãà, p − äàâëåíèå â íåñæèìàåìîì òåëå.

Îòíîñèòåëüíî íàïðÿæåííûõ îòñ÷åòíûõ êîíôèãóðàöèé κ′ è κ″ òåíçîð íàïðÿæå-
íèé Ïèîëû äëÿ íåîãóêîâñêîãî ìàòåðèàëà èìååò âèä:

., TTTT −− ′′′′−′′⋅′′⋅′′μ=′′′′−′⋅′⋅′μ=′ CCPPDCCPPD pp (9)

Ëèíåàðèçîâàííûå óðàâíåíèÿ ðàâíîâåñèÿ äëÿ ìàòåðèàëà Òðåëîàðà çàäàþòñÿ ôîðìó-
ëàìè:

,0D =⋅∇ & (10)

,, TT
0

T
00

T
0 PPACwCCwAD ′⋅′=′′⋅′∇⋅′′+′′−′∇⋅′μ=′ −−− pp&& (11)

., TT
0

T
00

T
0 PPACwCCwAD ′′⋅′′=′′′′⋅′′∇⋅′′′′+′′′′−′′∇⋅′′μ=′′ −−− pp&& (12)

Äëÿ íåñæèìàåìûõ ìàòåðèàëîâ òàêæå íåîáõîäèìî èñïîëüçîâàòü ëèíåàðèçîâàííîå
óñëîâèå íåñæèìàåìîñòè .0tr )( 1

0 =∇⋅− wC
Òàêèì îáðàçîì, ëèíåàðèçîâàííàÿ çàäà÷à äëÿ ïðåäâàðèòåëüíî íàïðÿæåííîé äâóõ-

ñëîéíîé ïëèòû ñîñòîèò èç ëèíåàðèçîâàííûõ óðàâíåíèé ðàâíîâåñèÿ (2) è ãðàíè÷-
íûõ óñëîâèé (7), â êîòîðûå ñëåäóåò ïîäñòàâèòü ëèíåàðèçîâàííûå óðàâíåíèÿ ñîñòî-
ÿíèÿ (11) èëè (12), äîïîëíåííûå ëèíåàðèçîâàííûì óñëîâèåì íåñæèìàåìîñòè.

Íåâîçìóùåííîå ïëîñêîå íàïðÿæåííîå ñîñòîÿíèå ïëèòû îïèñûâàåòñÿ ôîðìó-
ëàìè:

,, 1
202

2
2

222302

21
23

11
−

−

λ′−
χμλ

=′λλ′−
χ
λμλ

=′ p
r

DprD

(13)
,1

30333
−λ′−μλ=′ pD

,, 1
202

2
2

222302

21
23

11
−

−

λ′′−
χμλ

=′′λλ′′−
χ
λμλ

=′′ p
r

DprD
(14)

.1
30333
−λ′′−μλ=′′ pD

Âåëè÷èíû p′0 è p″0 íàõîäÿòñÿ èç óñëîâèÿ ðàâåíñòâà íóëþ âåðòèêàëüíûõ ñîñòàâëÿþ-
ùèõ òåíçîðà íàïðÿæåíèé Ïèîëû è çàïèñûâàþòñÿ â âèäå:

., 2

22
2

2
3

02

22
2

2
3

0 χ
λμλ

=′′
χ
λμλ

=′
−−−− rprp

Èç óñëîâèÿ íåñæèìàåìîñòè îïðåäåëÿåòñÿ X = X(r) ñ òî÷íîñòüþ äî ïðîèçâîëü-
íîé àääèòèâíîé ïîñòîÿííîé X(r) = r2/(2χ) + C. Ïàðàìåòð χ îïðåäåëÿåòñÿ èç óñëî-
âèÿ ðàâíîâåñèÿ ñîñòàâíîé ïëèòû ïðè îòñóòñòâèè âíåøíèõ íàãðóçîê ïðè λ2 = λ3 = 1.
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2. Óðàâíåíèÿ ïîòåðè óñòîé÷èâîñòè

Àíàëèç ïîòåðè óñòîé÷èâîñòè â ìàëîì ïðîâîäèòñÿ ìåòîäîì ëèíåàðèçàöèè, îïè-
ñàííûì â [1, 7−10, 12, 13]. Ðàññìàòðèâàþòñÿ ìàëûå âîçìóùåíèÿ èñõîäíîãî íàïðÿ-
æåííîãî ñîñòîÿíèÿ è âûâîäÿòñÿ ëèíåàðèçîâàííûå óðàâíåíèÿ ðàâíîâåñèÿ è êðàåâûå
óñëîâèÿ. Ïîëó÷åííàÿ êðàåâàÿ çàäà÷à èññëåäóåòñÿ íà íàëè÷èå íåòðèâèàëüíûõ (íå-
íóëåâûõ) ðåøåíèé.

Âåêòîð ìàëûõ äîáàâî÷íûõ ïåðåìåùåíèé èìååò âèä

.),,(),,(),,( 332132321213211 iiiw xxxwxxxwxxxw ++=

Äëÿ êàæäîãî ñëîÿ ðåøåíèå ðàçûñêèâàåòñÿ â âèäå:

,cossin)(,sinsin)( 23
122

23
111 b

mx
a
nxxWw

b
mx

a
nxxWw ππ

=
ππ

=
(15)

.sinsin)(,sincos)( 23
1

23
133 b

mx
a
nxxPp

b
mx

a
nxxWw ππ

=
ππ

= &

Òàêîé âûáîð ôóíêöèé â (15) ïîçâîëÿåò óäîâëåòâîðèòü ãðàíè÷íûì óñëîâèÿì (6) è
(7). Ïðåäñòàâëåíèå ðåøåíèé (15) òàêæå ñëåäóåò èç ïðèìåíåíèÿ ìåòîäà ðàçäåëåíèÿ
ïåðåìåííûõ Ôóðüå, òî åñòü (15) ÿâëÿåòñÿ òî÷íîé ôîðìîé ðåøåíèÿ. Âûáîð äðóãèõ
ôóíêöèé (15) ïîâëå÷åò çà ñîáîé èçìåíåíèå êðàåâûõ óñëîâèé (6). Äðóãèå âèäû ãðà-
íè÷íûõ óñëîâèé è óäîâëåòâîðÿþùèõ èì ðåøåíèé îïèñàíû â [6].

Âûðàæåíèÿ ëèíåàðèçîâàííûõ òåíçîðîâ Ïèîëû äëÿ ñðåäíåãî è âíåøíèõ ñëîåâ
ìîãóò áûòü ïðåäñòàâëåíû â âèäå

.3,2,1,,, =′′=′′′=′ skDD skksskks iiDiiD &&&& (16)

Äàëåå, ïîäñòàâëÿÿ (15) â (16), à çàòåì ïîëó÷åííûå âûðàæåíèÿ â (10), ïîëó÷èì ñèñ-
òåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî è âòîðîãî ïîðÿäêîâ c ïî-
ñòîÿííûìè êîýôôèöèåíòàìè îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé ),( 11 xW ′′ ),( 12 xW ′′

),( 13 xW ′′ )( 1xP ′′  è )(),(),(),( 1131211 xPxWxWxW ′′′′  äëÿ êàæäîãî ñëîÿ.
Îòìåòèì, ÷òî äëÿ ïëîñêîé çàäà÷è λ3 = 1, n = 0 è W3 ≡ 0. Â ýòîì ñëó÷àå ñèñòåìû

äèôôåðåíöèàëüíûõ óðàâíåíèé (16) ïðèíèìàþò áîëåå ïðîñòîé âèä.

3. Àíàëèç ïîòåðè óñòîé÷èâîñòè

Ðàññìàòðèâàåòñÿ ñëó÷àé íàãðóæåíèÿ ïëèòû â äâóõ íàïðàâëåíèÿõ îäíîâðåìåí-
íî. Ïðè êîìáèíèðîâàííîì íàãðóæåíèè ïëèòû ïîä óñèëèÿìè ïîíèìàþòñÿ âåëè÷èíû

.3∫−=
h

h kkk dxDN  Ïðèâåäåííûå íèæå ðåçóëüòàòû äàíû äëÿ êâàäðàòíûõ ñîñòàâíûõ
ïëèò ñ îòíîñèòåëüíûìè ðàçìåðàìè a = 1, b = 1.

Íà pèñ. 2 èçîáðàæåíû êðèâûå êðèòè÷åñêèõ óñèëèé ñîñòàâíîé ïëèòû ñ íåîäíî-
ðîäíûì ïîëåì íàïðÿæåíèé äëÿ ðàçëè÷íûõ ìîä âûïó÷èâàíèÿ m, n è ïðè ôèêñèðî-
âàííîé áåçðàçìåðíîé ïîëóòîëùèíå ïëèòû h = 0,05. Êðèòè÷åñêèå êðèâûå ôîðìèðó-
þò îáëàñòü óñòîé÷èâîñòè.
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Çàêëþ÷åíèå

Ïðîâåäåííîå èññëåäîâàíèå ïîêàçûâàåò, ÷òî âëèÿíèå íà÷àëüíûõ íàïðÿæåíèé
ìîæåò ñóùåñòâåííî âëèÿòü íà ïîòåðþ óñòîé÷èâîñòè. Â ÷àñòíîñòè, îòìåòèì âîçìîæ-
íîñòü ïîòåðè óñòîé÷èâîñòè âñëåäñòâèå äåéñòâèÿ òîëüêî íà÷àëüíûõ íàïðÿæåíèé. Â
îïðåäåëåííîì ñìûñëå äëÿ ýëàñòè÷íûõ ìàòåðèàëîâ íà÷àëüíûå íàïðÿæåíèÿ ìîãóò
îêàçûâàòü áî′ëüøåå âëèÿíèå íà ïîòåðþ óñòîé÷èâîñòè, ÷åì óïðóãèå ìîäóëè. Ýòî ìî-
æåò îêàçàòüñÿ âàæíûì äëÿ òàêèõ ñëîèñòûõ ñòðóêòóð, êàê ïëåíêè è ýëåìåíòû ãèáêîé
ýëåêòðîíèêè [14−18].
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STABILITY OF A COMPOSITE THICK PLATE WITH INHOMOGENEOUS FIELD
OF INITIAL STRESSES

Eremeev V.V.

Don State Technical University, Rostov-on-Don, Russian Federation

Using methods of spatial nonlinear elasticity we consider the static stability of a rectangular two-
layered plate. This problem has a peculiarity which relates to the appearance of nonhomogeneous
initial stresses. Each layer of the plate was obtained as a result of straightening of the sector of a
cylindrical shell. As a result we have the self-equilibrated initial stresses. The main aim of the
paper is the analysis of these initial stresses on the pl ate buckling. The stability was analyzed with
linearization method. The method consists of the determination of such critical parameters of
deformations for which the linearized boundary-value problem has nonzero or nontrivial solutions.
We use the Treloar model as a constitutive relation. This model describes properly deformations of
incompressible elastomers up to hundreds percent. Within the linearization approach we derive the
linearized boundary-value problem. Using Fourier technique we obtain its nontrivial solutions. To
this end we use the representation of solutions in series of sine and cosine functions. On the
principal stretches plane we show the stability region. It is demonstrated that the initial stresses
may significantly deform this region. In particular, instability can be a result of initial stresses only,
that is without action of external loadings. Considered problems can be used for modelling of
elements of so-called stretchable electronics, which use multi-layered structures manufactured by
deposition of metallic films on an elastic flexible substrate. The internal stresses may result in
wrinkling of the elements and to the increase of their flexibility.

Keywords: nonlinear elasticity, pre-stresses, instability, two-layered plate.


