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Ðàññìàòðèâàåòñÿ ïðîäîëüíîå äâèæåíèå ìàòåðèàëà (íåðàçðåçíîãî óïðóãî-
ãî ïîëîòíà) ìåæäó ïàðàìè çàêðåïëåííûõ âàëêîâ (ðîëèêîâ), ïðèæèìàþùèìè
ïîëîòíî è âðàùàþùèìèñÿ ñèíõðîííî. Ïðåäïîëàãàåòñÿ, ÷òî ñîñåäíèå ïàðû
âàëêîâ ðàñïîëîæåíû íà ðàçíûõ óðîâíÿõ ïî âûñîòå îòíîñèòåëüíî äðóã äðóãà,
÷òî ðåàëèçóåòñÿ, íàïðèìåð, â ñóøèëüíîé ÷àñòè áóìàãîäåëàòåëüíîé ìàøèíû â
ñîîòâåòñòâèè ñ òåõíîëîãè÷åñêèìè óñëîâèÿìè ïðîèçâîäñòâà. Äâèæóùååñÿ ïî-
ëîòíî ìîäåëèðóåòñÿ ïðè ïîìîùè ìåìáðàííîé íåðàçðåçíîé ïàíåëè, êîòîðàÿ
ïîääåðæèâàåòñÿ ñèñòåìîé çàêðåïëåííûõ øàðíèðíûõ îïîð, ðåàëèçóþùèõ ãðà-
íè÷íûå óñëîâèÿ ïðîñòîãî îïèðàíèÿ â êîíöåâûõ òî÷êàõ ïðîëåòîâ ïàíåëè. Ðàñ-
ñìîòðåíèå îãðàíè÷èâàåòñÿ îäíèì ïðîëåòîì. Â ïðîöåññå ïðÿìîëèíåéíîãî äâè-
æåíèÿ ìåìáðàííàÿ ïàíåëü ñîâåðøàåò óïðóãèå ïîïåðå÷íûå êîëåáàíèÿ, êîòî-
ðûå îïèñûâàþòñÿ â ñèñòåìå êîîðäèíàò Ýéëåðà. Ïðè ýòîì âîçíèêàþùèå ìàëûå
óïðóãèå ïîïåðå÷íûå ïåðåìåùåíèÿ ïàíåëè îïðåäåëÿþò ëîêàëüíûå, êîðèîëèñî-
âû è öåíòðîáåæíûå óñêîðåíèÿ. Ñ ó÷åòîì âçàèìíîãî ðàñïîëîæåíèÿ øàðíèð-
íûõ îïîð îñåâîå äâèæåíèå ìåìáðàííîé ïàíåëè ÿâëÿåòñÿ óñêîðåííûì è ïðîèñ-
õîäèò ïîä äåéñòâèåì çàäàííîãî ïðîäîëüíîãî íàòÿæåíèÿ è àêñèàëüíîé ñîñòàâ-
ëÿþùåé ãðàâèòàöèîííîãî âîçäåéñòâèÿ. Ðåøåíèå îïðåäåëÿþùåãî óðàâíåíèÿ
äèíàìèêè ïàíåëè ïðåäñòàâëÿåòñÿ â ôîðìå âðåìåííûõ ãàðìîíèê, è äàëüíåé-
øåå ðàññìîòðåíèå ïðîâîäèòñÿ äëÿ àìïëèòóäíîé ôóíêöèè âîçíèêàþùèõ ïî-
ïåðå÷íûõ êîëåáàíèé. Ñ ïîìîùüþ ðÿäà ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé è
ââåäåíèÿ íîâûõ âñïîìîãàòåëüíûõ ïåðåìåííûõ îïðåäåëÿþùåå äèôôåðåíöè-
àëüíîå äèíàìè÷åñêîå óðàâíåíèå äëÿ àìïëèòóäíîé ôóíêöèè (ïîïåðå÷íûõ îò-
êëîíåíèé ìåìáðàííîé ïàíåëè) ïðèâîäèòñÿ ê ôîðìå ãèïåðãåîìåòðè÷åñêîãî
óðàâíåíèÿ Ãàóññà, ðåøåíèå êîòîðîãî ïîëó÷àåòñÿ àíàëèòè÷åñêè â âèäå ãèïåð-
ãåîìåòðè÷åñêèõ ðÿäîâ. Ïîëó÷åííûé ðåçóëüòàò ïðåäñòàâëÿåò òåîðåòè÷åñêèé
èíòåðåñ è ìîæåò áûòü ïîëåçíûì äëÿ ïðîâåäåíèÿ ïðàêòè÷åñêèõ îöåíîê ïðî-
öåññà äâèæåíèÿ ìàòåðèàëîâ.
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Ââåäåíèå

Äâèæóùèåñÿ ïðîäîëüíî ñ ïîñòîÿííîé ñêîðîñòüþ ãèáêèå ñòðóíû, ìåìáðàíû,
áàëêè è ïëàñòèíû ÿâëÿþòñÿ îáùåïðèíÿòûìè ìîäåëÿìè äâèæóùèõñÿ ìàòåðèàëîâ.
Ïðåäûäóùèå èññëåäîâàíèÿ òàêèõ ìîäåëåé, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâ-
íåíèÿìè âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ, ôîêóñèðîâàëèñü íà ñâîáîäíûõ êîëåáàíèÿõ
è âëèÿíèè îñåâîãî äâèæåíèÿ íà ÷àñòîòíûé ñïåêòð è ñîáñòâåííûå ôóíêöèè ñèñòåìû
[1−19]. Îáîáùåíèÿ ýòèõ ðåçóëüòàòîâ ìîæíî íàéòè â [20−22]. Òåðìîìåõàíè÷åñêîå
âîçäåéñòâèå íà äâèæóùèåñÿ ìàòåðèàëû ó÷èòûâàëîñü íàðÿäó ñ âíóòðèïëîñêîñòíûì
íàòÿæåíèåì â [23−27]. Ñòàòüè [28, 29] ïîñâÿùåíû ïðîáëåìå ãàøåíèÿ âîçíèêàþùèõ
êîëåáàíèé ïðîäîëüíî äâèæóùèõñÿ ïàíåëåé ïðè íåñòàöèîíàðíûõ íàãðóçêàõ. Îòìå-
òèì òàêæå ïóáëèêàöèè [30, 31], â êîòîðûõ èçó÷àëèñü âîïðîñû óñòîé÷èâîñòè óñêî-
ðåííî äâèæóùèõñÿ âÿçêîóïðóãèõ áàëîê è ïëàñòèí ñ ó÷åòîì ïåðåìåííîñòè ñèë íàòÿ-
æåíèÿ.

Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ óñêîðåííîãî îñåâîãî äâèæåíèÿ è
ïîïåðå÷íûõ êîëåáàíèé ìåìáðàííîé ïàíåëè ñ ó÷åòîì ïðîäîëüíîãî íàòÿæåíèÿ è ñî-
ñòàâëÿþùåé ãðàâèòàöèîííîãî âîçäåéñòâèÿ. Óðàâíåíèå, îïèñûâàþùåå äâèæåíèå ïà-
íåëè, ñ ïîìîùüþ ðÿäà ïðåîáðàçîâàíèé ñâåäåíî ê ãèïåðãåîìåòðè÷åñêîìó óðàâíå-
íèþ Ãàóññà, ðåøåíèå êîòîðîãî ìîæíî ïðåäñòàâèòü â âèäå ãèïåðãåîìåòðè÷åñêîãî
ðÿäà.

Îñíîâíûå ñîîòíîøåíèÿ

Ðàññìàòðèâàåòñÿ ïðÿìîëèíåéíîå äâèæåíèå è ïîïåðå÷íûå êîëåáàíèÿ íåðàçðåç-
íîãî ïîëîòíà, ìîäåëèðóåìîãî ïðè ïîìîùè ìåìáðàííîé íåðàçðåçíîé ïàíåëè. Ïðåä-
ïîëàãàåòñÿ, ÷òî äâèæåíèå âäîëü îñè x ïàíåëè, îïèðàþùåéñÿ íà âàëêè íà êðàÿõ ïðî-
ëåòà (x = 0, x = l), ÿâëÿåòñÿ óñêîðåííûì è ïðîèñõîäèò ïîä äåéñòâèåì ïðîäîëüíîãî
íàòÿæåíèÿ è ñîñòàâëÿþùåé ãðàâèòàöèîííîãî âîçäåéñòâèÿ. Â ðàññìàòðèâàåìîé ÷àñ-
òè Ω = [0, l] íåðàçðåçíîé ïàíåëè âûðàæåíèÿ äëÿ ðàñïðåäåëåíèÿ ïðîäîëüíîé ñêîðî-
ñòè V = V(x) è ïåðåìåííîãî íàòÿæåíèÿ T = T(x) èìåþò âèä:
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òàöèîííîãî âîçäåéñòâèÿ â ïðîäîëüíîå íàòÿæåíèå. Çäåñü è äàëåå ïîãîííàÿ ìàññà m,
à òàêæå ïàðàìåòðû V0, Vl, a, T0, ε, ε0, C0, l − çàäàííûå êîíñòàíòû.

Îïðåäåëÿþùåå äèíàìè÷åñêîå óðàâíåíèå ïîïåðå÷íûõ îòêëîíåíèé ìåìáðàííîé
ïàíåëè w = w(x, t) çàïèñûâàåòñÿ â ýéëåðîâîé ñèñòåìå êîîðäèíàò:
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.0)(,0)( 0 == == lxx ww (5)

Ïðåäñòàâèì ðåøåíèÿ w(x, t) â ôîðìå âðåìåííûõ ãàðìîíèê

,e)(),( stxutxww == (6)

ãäå u(x) − àìïëèòóäíàÿ ôóíêöèÿ, à s − êîìïëåêñíàÿ ñîáñòâåííàÿ ÷àñòîòà. Èñêîìûå
âåëè÷èíû, êàê ñëåäóåò èç (4)−(6), îïðåäåëÿþòñÿ îäíîðîäíûì îáûêíîâåííûì äèô-
ôåðåíöèàëüíûì óðàâíåíèåì äëÿ ôóíêöèè u(x) ñ ñîîòâåòñòâóþùèìè êðàåâûìè óñ-
ëîâèÿìè:
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Ïðèâåäåíèå îïðåäåëÿþùåãî óðàâíåíèÿ äèíàìèêè
ê ãèïåðãåîìåòðè÷åñêîìó óðàâíåíèþ Ãàóññà

Äëÿ ïðåîáðàçîâàíèÿ óðàâíåíèÿ (7) ââåäåì íîâóþ ïåðåìåííóþ ξ = V = V0 + ax
(x = (ξ − V0)/a):
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Äëÿ ìíîæèòåëÿ ïåðåä âûñøåé ïðîèçâîäíîé â (8) èìååì
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Ó÷èòûâàÿ, ÷òî â ñèëó (10) d/dz = d/dξ, è èñïîëüçóÿ ðàâåíñòâî (11), ïðåîáðàçóåì
óðàâíåíèå (8) (çàïèñàííîå äëÿ ôóíêöèè u(ξ)) ê óðàâíåíèþ äëÿ ôóíêöèè u = u(z)
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Äàëüíåéøàÿ çàìåíà 2ζ = 1 + η ïðèâîäèò äèôôåðåíöèàëüíîå óðàâíåíèå (13) ê ãèïåð-
ãåîìåòðè÷åñêîìó óðàâíåíèþ Ãàóññà ([32], §1.7)
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Ñðàâíåíèå óðàâíåíèÿ (14) ñî ñòàíäàðòíîé ôîðìîé çàïèñè äèôôåðåíöèàëüíîãî
ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ Ãàóññà [32]
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ãåîìåòðè÷åñêîãî óðàâíåíèÿ Ãàóññà çàïèñûâàåòñÿ â âèäå [32]:

,1||),;~2,1~~,1~~(;~,~,~ ~1
21 )( <ζζγ−+γ−β+γ−αζ+ζγβα= γ− FCFCu (16)

ãäå C1, C2 − ïðîèçâîëüíûå ïîñòîÿííûå, à )( ;~,~,~ ζγβαF  − ãèïåðãåîìåòðè÷åñêèé ðÿä
Ãàóññà

.1||...,
!21~~

1~~)1~(~
~

~~
1;~,~,~ 2

)(
)()( <ζ+ζ

+γγ
+ββ+αα

+ζ
γ
βα

+=ζγβαF

Ñïðàâåäëèâî ïðåîáðàçîâàíèå x = Cζ + D. Îáðàòíîå ïðåîáðàçîâàíèå ξ = (x − D)/C
ïîçâîëÿåò ïðåäñòàâèòü îáùåå ðåøåíèå óðàâíåíèÿ (16) â âèäå îáùåãî ðåøåíèÿ óðàâ-
íåíèÿ (7), ãäå êîýôôèöèåíòû C è D îïðåäåëÿþòñÿ ÷åðåç ïàðàìåòðû çàäà÷è:
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Ðàññìîòðåíî ïðîäîëüíîå äâèæåíèå ìàòåðèàëà (íåðàçðåçíîãî óïðóãîãî ïîëîòíà,
ìåìáðàííîé ïàíåëè) ìåæäó ïàðàìè çàêðåïëåííûõ âàëêîâ, ïðèæèìàþùèìè ïîëîò-
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íî è âðàùàþùèìèñÿ ñèíõðîííî. Ïðåäïîëàãàåòñÿ, ÷òî ïîëîòíî äâèæåòñÿ óñêîðåííî
ïîä äåéñòâèåì ïðîäîëüíîãî íàòÿæåíèÿ è ãðàâèòàöèîííîé ñîñòàâëÿþùåé. Âûâåäå-
íî è ïðîàíàëèçèðîâàíî äèíàìè÷åñêîå óðàâíåíèå äëÿ âîçíèêàþùèõ ïîïåðå÷íûõ
êîëåáàíèé ìåìáðàííîé ïàíåëè, ðåøåíèÿ êîòîðîãî ïðåäñòàâëÿþòñÿ â ôîðìå âðåìåí-
íûõ ãàðìîíèê, è äàëüíåéøåå ðàññìîòðåíèå ïðîâîäèòñÿ äëÿ àìïëèòóäíîé ôóíêöèè
êîëåáàíèé. Ñ ïîìîùüþ ðÿäà ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé è ââåäåíèÿ íîâûõ
ïåðåìåííûõ îïðåäåëÿþùåå äèôôåðåíöèàëüíîå äèíàìè÷åñêîå óðàâíåíèå äëÿ àìï-
ëèòóäíîé ôóíêöèè (ïîïåðå÷íûõ îòêëîíåíèé ìåìáðàííîé ïàíåëè) ïðèâîäèòñÿ ê
ôîðìå ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ Ãàóññà, ðåøåíèå êîòîðîãî ïîëó÷àåòñÿ àíà-
ëèòè÷åñêè â âèäå ãèïåðãåîìåòðè÷åñêèõ ðÿäîâ. Ïîëó÷åííûé ðåçóëüòàò ïðåäñòàâëÿåò
òåîðåòè÷åñêèé èíòåðåñ è ìîæåò áûòü ïîëåçíûì äëÿ ïðîâåäåíèÿ ïðàêòè÷åñêèõ îöå-
íîê ïðîöåññà äâèæåíèÿ ìàòåðèàëîâ.
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ON TRANSVERSÅ VIBRATIONS OF ÀÕIALLY MOVING PANÅLS DESÑRIBÅD
BY A HYPERGÅOMETRIÑ EQUATION

Baniñhuk N.V., Ivanîva S.Yu., Afanas'åv V.S.

Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Moscow, Russian Federation

An axial movement of material (a continuous elastic web) through the system of fiõåd synchro
rotating rollers is ñonsidåråd. It is supposed that the nåighboring pairs of rollers are loñatåd at
diffårånt låvåls in håight rålativå to åañh othår. This ñondition is råalizåd for åõamplå in thå dryår
såñtion of papår mañhinå. Thå moving wåb is modållåd by a ñontinuous membranå panål supportåd
by a syståm of fiõåd rollårs, so that thå simplå support ñînditions are realized at thå ånd points of
åañh span. Thå ñonsidåration is råstriñtåd bó onå span. Thå membranå panål movås in aõial diråñtion
and makås transvårså ålastiñ vibrations dåsñribåd in Åulår ñoordinatås. Thåså arising small vibrations
dåfinå thå loñàl aññålåration, Coriolis aññålåratiîn and thå ñåntripåtal aññålåration. Taking intî
aññîunt thå position of thå supports thå aõial movåmånt of thå måmbranå panål is aññålåratåd and
it is råalizåd undår añtion of aõial tånsion and thå ñomponent îf gravity forñå. Thå solutions îf thå
dåfining åquation of thå panål dynamiñs are presentåd in thå form of timå harmoniñs. Òhå amplitudå
funñtiîn is ñonsidåråd and thå auõiliary variablås arå introduñåd.Òhrough a såriås of suññåssivå
transformations thå dåfining diffåråntial equation îf thå panål dónamiñs is råduñåd to Gauss's
hypårgåomåtriñ åquation. Thå solution of this åquation is givån analytiñally in thå form of
hypårgåîmåtriñ såriås. The result obtained is of theoretical interest and can be useful for making
practical assessments of the material movement process.

Keywords: membranå panål, accelerated axial mîvåmånt, nonstationary transvårså vibrations,
hypårgåometric equation.


