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Ïðåäëîæåíà íåëèíåéíàÿ ìîäåëü ýëåêòðîïðîâîäÿùåé ìèêðîïîëÿðíîé ñðå-
äû, âçàèìîäåéñòâóþùåé ñ âíåøíèì ìàãíèòíûì ïîëåì. Äåôîðìèðóåìîå ñî-
ñòîÿíèå òàêîé ñðåäû îïèñûâàåòñÿ äâóìÿ íåñèììåòðè÷íûìè òåíçîðàìè: äåôîð-
ìàöèé è èçãèáà-êðó÷åíèÿ. Â îáîèõ òåíçîðàõ ó÷èòûâàþòñÿ êàê ëèíåéíûå, òàê è
íåëèíåéíûå ñëàãàåìûå â ãðàäèåíòàõ ïîâîðîòà è â ãðàäèåíòàõ ïåðåìåùåíèÿ
(ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü). Êîìïîíåíòû òåíçîðà èçãèáà-êðó÷åíèÿ, èìå-
þùèå îäèíàêîâûå èíäåêñû, îïèñûâàþò êðóòèëüíûå äåôîðìàöèè, à îñòàëüíûå
êîìïîíåíòû − èçãèáíûå. Íàïðÿæåííîå ñîñòîÿíèå ñðåäû îïèñûâàåòñÿ äâóìÿ
íåñèììåòðè÷íûìè òåíçîðàìè: íàïðÿæåíèé è ìîìåíòíûõ íàïðÿæåíèé. Ïðåä-
ïîëàãàåòñÿ, êàê ýòî ïðèíÿòî â ìàãíèòîóïðóãîñòè, ÷òî äåéñòâèå ýëåêòðîìàãíèò-
íîãî ïîëÿ íà ïîëå äåôîðìàöèé ïðîèñõîäèò ïîñðåäñòâîì ñèë Ëîðåíöà. Èç ñèñ-
òåìû óðàâíåíèé Ìàêñâåëëà ñëåäóþò óðàâíåíèÿ äëÿ ýëåêòðè÷åñêîé è ìàãíèò-
íîé èíäóêöèé, êîòîðûå âìåñòå ñ ýëåêòðîìàãíèòíûìè óðàâíåíèÿìè ñîñòîÿíèÿ
íóæíî äîáàâèòü ê óðàâíåíèÿì äèíàìèêè ìèêðîïîëÿðíîé ñðåäû.

Â ðàìêàõ ïðåäëîæåííîé ìîäåëè ðàññìàòðèâàåòñÿ îäíîìåðíàÿ íåëèíåé-
íàÿ ìàãíèòîóïðóãàÿ âîëíà ñäâèãà-âðàùåíèÿ. Â óðàâíåíèÿõ äèíàìèêè âûäåëå-
íî è ó÷òåíî íåëèíåéíîå ñëàãàåìîå, âíîñÿùåå íàèáîëåå ñóùåñòâåííûé âêëàä â
âîëíîâûå ïðîöåññû. Ïîêàçàíî, ÷òî íà ðàñïðîñòðàíåíèå âîëíû áóäóò âëèÿòü
äâà ôàêòîðà: äèñïåðñèÿ è íåëèíåéíîñòü. Íåëèíåéíîñòü ïðèâîäèò ê çàðîæäå-
íèþ â âîëíå íîâûõ ãàðìîíèê, ÷òî ñïîñîáñòâóåò ïîÿâëåíèþ â äâèæóùåìñÿ ïðî-
ôèëå âîëíû ðåçêèõ ïåðåïàäîâ. Äèñïåðñèÿ, íàîáîðîò, ñãëàæèâàåò ïåðåïàäû èç-çà
ðàçëè÷èÿ â ôàçîâûõ ñêîðîñòÿõ ãàðìîíè÷åñêèõ ñîñòàâëÿþùèõ âîëí. Ñîâìåñò-
íîå äåéñòâèå ýòèõ ôàêòîðîâ ìîæåò ïðèâåñòè ê ôîðìèðîâàíèþ ñòàöèîíàðíûõ
âîëí, êîòîðûå ðàñïðîñòðàíÿþòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ áåç èçìåíåíèÿ ôîð-
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ìû. Ôèçè÷åñêè ðåàëèçóåìûìè ÿâëÿþòñÿ ëèøü òå ñëó÷àè, êîãäà â âîëíå äåôîð-
ìàöèè îòñóòñòâóåò ïîñòîÿííàÿ ñîñòàâëÿþùàÿ. Ñòàöèîíàðíûå âîëíû ìîãóò áûòü
êàê ïåðèîäè÷åñêèìè, òàê è àïåðèîäè÷åñêèìè. Ïîñëåäíèå ÿâëÿþòñÿ ïðîñòðàí-
ñòâåííî-ëîêàëèçîâàííûìè âîëíàìè − ñîëèòîíàìè. Ïîêàçàíî, ÷òî ïîâåäåíèå
«äîçâóêîâûõ» è «ñâåðõçâóêîâûõ» ñîëèòîíîâ áóäåò êà÷åñòâåííî ðàçëè÷íûì.

Êëþ÷åâûå ñëîâà: ìèêðîïîëÿðíàÿ ñðåäà, íåëèíåéíîñòü, ýëåêòðîïðîâîä-
íîñòü, ìàãíèòíîå ïîëå, âîëíà, ïðîñòðàíñòâåííàÿ ëîêàëèçàöèÿ.

Ââåäåíèå

Íàðÿäó ñ ìîäåëüþ êëàññè÷åñêîãî êîíòèíóóìà â ìåõàíèêå äåôîðìèðóåìîãî òâåð-
äîãî òåëà øèðîêî ïðèìåíÿþòñÿ ìîäåëè îáîáùåííûõ êîíòèíóóìîâ [1−15]. Îñíîâî-
ïîëîæíèêàìè ìåõàíèêè îáîáùåííûõ êîíòèíóóìîâ ïî ïðàâó ñ÷èòàþòñÿ ôðàíöóç-
ñêèå èññëåäîâàòåëè áðàòüÿ Ýæåí è Ôðàíñóà Êîññåðà, îïóáëèêîâàâøèå â 1909 ãîäó
êíèãó «Òåîðèÿ äåôîðìèðóåìûõ òåë» [16]. Íà ðóññêîì ÿçûêå ýòà òåîðèÿ îïóáëèêîâà-
íà â êíèãå Ï. Àïïåëÿ [17]. Êîììåíòàðèè ìîæíî íàéòè â [18, 19].

Â òåîðèè Êîññåðà êàæäàÿ ìàòåðèàëüíàÿ òî÷êà êîíòèíóóìà íàäåëÿåòñÿ ñâîéñòâà-
ìè òâåðäîãî òåëà ïóòåì ó÷åòà ðîòàöèîííûõ ñòåïåíåé ñâîáîäû. Êàæäîé ÷àñòèöå äå-
ôîðìèðóåìîé ñðåäû çäåñü ñòàâèòñÿ â ñîîòâåòñòâèå îðòîãîíàëüíûé òðåõãðàííèê, è
÷àñòèöû ïîëó÷àþò îðèåíòàöèþ. Èñõîäÿ èç ýòîãî îáñòîÿòåëüñòâà, ñðåäó Êîññåðà èíîã-
äà íàçûâàþò ïîëÿðíîé ñðåäîé, íî ÷àùå − ìèêðîïîëÿðíîé ñðåäîé.

Â ðÿäå çàäà÷ äëÿ ìàòåðèàëîâ è ýëåìåíòîâ êîíñòðóêöèé íåîáõîäèìî ó÷èòûâàòü
èõ ðàáîòó â óñëîâèÿõ âçàèìîäåéñòâèÿ ñ âíåøíèì ìàãíèòíûì ïîëåì [20−29]. Ýòî
àêòóàëüíî è äëÿ ìàòåðèàëîâ, îïèñûâàåìûõ ìîäåëüþ Êîññåðà. Îñíîâû ëèíåéíîé
ìàãíèòîóïðóãîñòè ìèêðîïîëÿðíûõ ñðåä ðàçâèòû â ïóáëèêàöèÿõ [30−37].

Â íàñòîÿùåé ñòàòüå ïðåäëîæåíà íåëèíåéíàÿ ìîäåëü ýëåêòðîïðîâîäÿùåé ìèê-
ðîïîëÿðíîé ñðåäû, âçàèìîäåéñòâóþùåé ñ âíåøíèì ìàãíèòíûì ïîëåì. Èçó÷àþòñÿ
ïðîñòðàíñòâåííî-ëîêàëèçîâàííûå íåëèíåéíûå ñòàöèîíàðíûå ìàãíèòîóïðóãèå âîë-
íû. Ïðîäîëæåíû èññëåäîâàíèÿ âîëíîâûõ ïðîöåñîâ, íà÷àòûå â [38−44], êîòîðûå îáîá-
ùàþòñÿ ó÷åòîì ìèêðîïîëÿðíîñòè ñðåäû, à òàêæå ïðîäîëæàþòñÿ èññëåäîâàíèÿ, íà-
÷àòûå â [45], è îáîáùàþòñÿ ïóòåì ó÷åòà ýëåêòðîïðîâîäíîñòè íåëèíåéíîãî ìèêðî-
ïîëÿðíîãî êîíòèíóóìà.

1. Óðàâíåíèÿ äèíàìèêè ìàãíèòîóïðóãîé ìèêðîïîëÿðíîé ñðåäû

Ñîãëàñíî ïóáëèêàöèÿì [30−34], óðàâíåíèÿ äèíàìèêè ìèêðîïîëÿðíîãî (íåôåð-
ðîìàãíèòíîãî) óïðóãîãî òåëà ñ ó÷åòîì ìàññîâûõ ñèë ýëåêòðîìàãíèòíîãî ïðîèñõîæ-
äåíèÿ Fm èìåþò âèä:

,,
m

ijjii Fu +σ=ρ && (1)

., jjijkijkiI μ+σ=ϕ&& (2)

Çäåñü ui − êîìïîíåíòû âåêòîðà ïåðåìåùåíèé; ϕi − êîìïîíåíòû âåêòîðà ïîâîðîòà; σji −
êîìïîíåíòû òåíçîðà íàïðÿæåíèé; μji − êîìïîíåíòû òåíçîðà ìîìåíòíûõ íàïðÿæå-
íèé; ρ − ïëîòíîñòü; I − ìåðà èíåðöèè ïðè âðàùåíèè;    − òåíçîð Ëåâè-×èâèòû; âñå
èíäåêñû ïðèíèìàþò çíà÷åíèÿ 1, 2, 3 â ñîîòâåòñòâèè ñ ïðîñòðàíñòâåííûìè êîîðäè-
íàòàìè x1, x2, x3; èíäåêñ ïîñëå çàïÿòîé ïîäðàçóìåâàåò äèôôåðåíöèðîâàíèå ïî ñîîò-
âåòñòâóþùåé êîîðäèíàòå.

Ñèñòåìà óðàâíåíèé (1), (2) ïîëó÷åíà ñ ó÷åòîì îáîùåííîãî çàêîíà Ãóêà

ý

ýijk
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,)()( ijkkijjiji δλγ+γα−μ+γα+μ=σ

,)()( ijkkijjiji δβκ+κε−γ+κε+γ=μ (3)

ãäå δij − ñèìâîëû Êðîíåêåðà; λ, μ − ïîñòîÿííûå Ëàìå; γji, κji − êîìïîíåíòû òåíçîðà
äåôîðìàöèé è òåíçîðà èçãèáà-êðó÷åíèÿ; α, β, γ, ε − ôèçè÷åñêèå ïîñòîÿííûå ìàòå-
ðèàëà â ðàìêàõ ñðåäû Êîññåðà, õàðàêòåðèçóþùèå èçîòåðìè÷åñêîå ñîñòîÿíèå, óäîâ-
ëåòâîðÿþùèå îãðàíè÷åíèÿì [1]:

)()()(0,)(,0 ε+γ≤ε−γ≤ε+γ−≥ε+γ≥α (4)

è ñîîòíîøåíèþ [46]:

).)(()2( ε+γα+μ=β+γμ (5)

Ãåîìåòðè÷åñêèå ñîîòíîøåíèÿ äëÿ γji è κji îïðåäåëÿþòñÿ ôîðìóëàìè [1]:

,, kkjijiji u ϕ−=γ

., jiji ϕ=κ
(6)

Â îòëè÷èå îò êëàññè÷åñêîé òåîðèè óïðóãîñòè, òåíçîð äåôîðìàöèé è òåíçîð èç-
ãèáà-êðó÷åíèÿ ÿâëÿþòñÿ íåñèììåòðè÷íûìè. Ñèììåòðè÷íàÿ ÷àñòü òåíçîðà äåôîð-
ìàöèé èäåíòè÷íà òåíçîðó äåôîðìàöèé êëàññè÷åñêîé òåîðèè óïðóãîñòè: ., ji

S
ji u=γ

Íåñèììåòðè÷íàÿ ÷àñòü kkjimlilm
A
ji u ϕ−=γ ,)2/1(  õàðàêòåðèçóåò îòëè÷èå âåêòîðà

ïîâîðîòà ϕϕϕϕϕ îò âåêòîðà âèõðÿ ïåðåìåùåíèÿ (1/2)rot u.  Êîìïîíåíòû òåíçîðà èçãèáà-
êðó÷åíèÿ κji, èìåþùèå îäèíàêîâûå èíäåêñû, îïèñûâàþò êðóòèëüíûå äåôîðìàöèè,
à îñòàëüíûå êîìïîíåíòû − èçãèáíûå.

Äàëåå â òåíçîðå äåôîðìàöèé è òåíçîðå èçãèáà-êðó÷åíèÿ áóäåì ó÷èòûâàòü êàê
ëèíåéíûå, òàê è íåëèíåéíûå ñëàãàåìûå â ãðàäèåíòàõ ïîâîðîòà è ãðàäèåíòàõ ïåðå-
ìåùåíèÿ (ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü) [45]:

,,,, kkjijijijiji uuu ϕ−+=γ
(7)

.,,, jijijiji ϕϕ+ϕ=κ

Â ìàãíèòîóïðóãîñòè ïðåäïîëàãàåòñÿ. ÷òî äåéñòâèå ýëåêòðîìàãíèòíîãî ïîëÿ íà
ïîëå äåôîðìàöèé ïðîèñõîäèò ïîñðåäñòâîì ñèë Ëîðåíöà [47]:

,BjEF ×+ρ= e
m (8)

êîòîðûå ââîäÿòñÿ â óðàâíåíèÿ äâèæåíèÿ (1), (2), ïåðåïèñàííûå â âåêòîðíîì âèäå:

,rot2rotrot)(divgrad)2( nonlinear2

2
m

t
FFuuu

++α+α+μ−μ+λ=
∂
∂

ρ (9)

.4rot2rotrot)(divgrad)2( nonlinear2

2

Gu +α−α+ε+γ−γ+β=
∂
∂

t
I (10)

Çäåñü E − íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ, B − âåêòîð ìàãíèòíîé èíäóêöèè, j −
âåêòîð ïëîòíîñòè òîêîâ, ρe − îáúåìíàÿ ïëîòíîñòü ýëåêòðè÷åñêèõ çàðÿäîâ. Âåêòîðû
Fnonlinear, Gnonlinear âêëþ÷àþò â ñåáÿ ñëàãàåìûå, îáóñëîâëåííûå ó÷åòîì óïðóãîé ãåî-
ìåòðè÷åñêîé íåëèíåéíîñòè (7).

Èç óðàâíåíèé Ìàêñâåëëà [47] ñëåäóþò óðàâíåíèÿ äëÿ ýëåêòðè÷åñêîé D è ìàã-
íèòíîé B èíäóêöèé:

,rot jHD
−=

∂
∂

t
(11)

ϕϕϕϕϕ

ϕϕϕϕϕ ϕϕϕϕϕ ϕϕϕϕϕ ϕϕϕϕϕ

ý

ý

ýý
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,1rot BBuB
Δ

σμ
+⎥⎦

⎤
⎢⎣
⎡ ×
∂
∂

=
∂
∂

ett
(12)

êîòîðûå âìåñòå ñ ýëåêòðîìàãíèòíûìè óðàâíåíèÿìè ñîñòîÿíèÿ [47]

,Ej σ= (13)

,ED eε= (14)

HB eμ= (15)

ñëåäóåò äîáàâèòü ê óðàâíåíèÿì (9), (10). Çäåñü H − íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ,
σ − ïðîâîäèìîñòü, εe − àáñîëþòíàÿ äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü, μe − àáñîëþò-
íàÿ ìàãíèòíàÿ ïðîíèöàåìîñòü ñðåäû.

Â ìàãíèòîóïðóãîñòè ïðèíÿòî ïðåíåáðåãàòü òîêàìè ñìåùåíèÿ )0/( =∂∂ tD  è ñ÷è-
òàòü, ÷òî ñâîáîäíûå ýëåêòðè÷åñêèå çàðÿäû îòñóòñòâóþò (ρe = 0). Òàêèì îáðàçîì,
óðàâíåíèÿ ìàãíèòîóïðóãîñòè ïðèìóò âèä:

++α+α+μ−μ+λ=
∂
∂

ρ nonlinear2

2

rot2rotrot)(divgrad)2( Fuuu
t

),(rot HH×μ+ e (16)

,4rot2rotrot)(divgrad)2( nonlinear2

2

Gu +α+α+ε+γ−γ+β=
∂
∂

t
I (17)

.1rot HHuH
Δ

σμ
+⎥⎦

⎤
⎢⎣
⎡ ×
∂
∂

=
∂
∂

ett
(18)

Áóäåì äàëåå ðàññìàòðèâàòü îäíîìåðíóþ íåëèíåéíóþ âîëíó ñäâèãà-âðàùåíèÿ,
ïîëÿðèçîâàííóþ â ïëîñêîñòè x1Ox2. Âåêòîðû ïåðåìåùåíèÿ u, ïîâîðîòà ϕϕϕϕϕ, à òàêæå
âåêòîðû íåëèíåéíûõ ñëàãàåìûõ Fnonlinear, Gnonlinear áóäóò èìåòü òîëüêî ïî îäíîé îò-
ëè÷íîé îò íóëÿ êîìïîíåíòå:
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Ñèñòåìà óðàâíåíèé (16)−(18) ïðè ýòîì ïðåîáðàçóåòñÿ ê âèäó:
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ãäå c − ñêîðîñòü ñâåòà â âàêóóìå.
Äëÿ èäåàëüíî ïðîâîäÿùåãî ìàòåðèàëà σ → ∞ è â óðàâíåíèÿõ (22)−(24) âêëàä

ñëàãàåìûõ, ñîäåðæàùèõ ýòîò ïàðàìåòð, áóäåò ïðåíåáðåæèìî ìàë. Â ýòîì ñëó÷àå H1
è H3 áóäóò êîíñòàíòàìè èëè ôóíêöèÿìè òîëüêî êîîðäèíàòû x. Áóäåì ñ÷èòàòü H1 è
H3 êîíñòàíòàìè. Èç óðàâíåíèÿ (22) îïðåäåëèì ñâÿçü ìåæäó ãðàäèåíòîì ïåðåìåùå-
íèÿ è íàïðÿæåííîñòüþ ìàãíèòíîãî ïîëÿ

const.12 +
∂
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=
x
vHH (25)

Ïîñòîÿííóþ èíòåãðèðîâàíèÿ â (25) áóäåì ñ÷èòàòü ðàâíîé íóëþ.
Óðàâíåíèå (20) ñ ó÷åòîì (25) ïîçâîëÿåò âû÷èñëèòü ñâÿçü ìåæäó ãðàäèåíòîì ïî-

âîðîòà è ïðîèçâîäíûìè îò ïåðåìåùåíèÿ:
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Ïîäñòàâëÿÿ ñîîòíîøåíèå (26) â óðàâíåíèå (21), ïðåäâàðèòåëüíî ïðîäèôôåðåí-
öèðîâàííîå ïî x, ñâåäåì àíàëèç ñèñòåìû ê èññëåäîâàíèþ îäíîãî íåëèíåéíîãî óðàâ-
íåíèÿ îòíîñèòåëüíî ïåðåìåùåíèÿ v:
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Çäåñü ââåäåíû îáîçíà÷åíèÿ: ρμ=τ /c  − ñêîðîñòü, ñ êîòîðîé ðàñïðîñòðàíÿëàñü áû
âîëíà ñäâèãà, åñëè áû â ñðåäå îòñóòñòâîâàëî âðàùåíèå ÷àñòèö ìàòåðèàëà; cϕ =

I/)( ε+γ=  − ñêîðîñòü, ñ êîòîðîé ðàñïðîñòðàíÿëàñü áû âîëíà âðàùåíèÿ, åñëè áû â
ñðåäå îòñóòñòâîâàëè ñäâèãîâûå äåôîðìàöèè; )4(/2

1 πρ= HcA  − ñêîðîñòü âîëíû
Àëüôâåíà; .,,/)( 222222

ATAt ccccccc −=−=ρα+μ= ττθ
Ââåäåì áåçðàçìåðíûå ïåðåìåííûå x′ = x/Λ, t′ = cθt/Λ, v′ = v/v0, ãäå v0 − ìàêñè-

ìàëüíàÿ àìïëèòóäà âîëíû, ïðè êîòîðîé ñäâèãîâàÿ äåôîðìàöèÿ îñòàåòñÿ óïðóãîé;
Λ − äëèíà âîëíû.

Â íîâûõ ïåðåìåííûõ óðàâíåíèå (27) ïåðåïèøåòñÿ â âèäå:
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Çäåñü ÷åðåç Ni îáîçíà÷åíû íåëèíåéíûå ñëàãàåìûå:
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Íåëèíåéíîå ñëàãàåìîå N1 èìååò ïîðÿäîê ìàëîñòè ε = v0/Λ. Ñðàâíèì ïîðÿäîê
ìàëîñòè îñòàëüíûõ íåëèíåéíûõ ñëàãàåìûõ ïî îòíîøåíèþ ê N1:
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ãäå d − ïîñòîÿííàÿ âåëè÷èíà, èìåþùàÿ ðàçìåðíîñòü äëèíû.
Ñîîòíîøåíèÿ (30) ïîêàçûâàþò, ÷òî èç âñåõ íåëèíåéíûõ ñëàãàåìûõ N1 âíîñèò

íàèáîëåå ñóùåñòâåííûé âêëàä â âîëíîâûå ïðîöåññû, îïèñûâàåìûå óðàâíåíèåì (28).
Âêëàä îñòàëüíûõ ñëàãàåìûõ èìååò ñóùåñòâåííî áîëåå âûñîêèé ïîðÿäîê ìàëîñòè.
Èç (28) ëåãêî âèäåòü, ÷òî âñå ëèíåéíûå äèñïåðñèîííûå ñëàãàåìûå èìåþò ïîðÿäîê
ìàëîñòè (d/Λ)2.

Ñîõðàíèì â óðàâíåíèè (28) âñå ëèíåéíûå ñëàãàåìûå è îãðàíè÷èìñÿ ó÷åòîì òîëü-
êî îäíîãî («ãëàâíîãî») íåëèíåéíîãî ñëàãàåìîãî N1. Âåðíåìñÿ ïðè ýòîì ê èñõîäíûì
ôèçè÷åñêèì (ðàçìåðíûì) ïåðåìåííûì. Òîãäà óðàâíåíèå (27) ïðåîáðàçóåòñÿ ê âèäó:
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2. Ïëîñêèå íåëèíåéíûå ñòàöèîíàðíûå âîëíû

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (31) â âèäå áåãóùåé ñòàöèîíàðíîé âîëíû, çà-
âèñÿùåé îò ïåðåìåííîé ξ = x − Vt, ãäå V − ñêîðîñòü, çàðàíåå íåèçâåñòíàÿ. Òîãäà
óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïðåîáðàçóåòñÿ â îáûêíîâåííîå äèôôåðåíöèàëü-
íîå óðàâíåíèå (óðàâíåíèå àíãàðìîíè÷åñêîãî îñöèëëÿòîðà):
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Çäåñü ξ∂∂= /vU  − ñäâèãîâàÿ äåôîðìàöèÿ;
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à ÷åðåç Q îáîçíà÷åí ïîëèíîì
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.)( 222224 )( TT ccVccVVQ ϕϕ ++−= (34)

Î âîçìîæíîñòè ñóùåñòâîâàíèÿ íåëèíåéíûõ ñòàöèîíàðíûõ âîëí è èõ êà÷åñòâåí-
íûõ îñîáåííîñòÿõ ìîæíî ñóäèòü ïî çíàêàì êîýôôèöèåíòîâ m1, m2 è ïîëîæèòåëü-
íîé (èëè îòðèöàòåëüíîé) îïðåäåëåííîñòè Q(V ).

Çíàê ïîëèíîìà îïðåäåëÿåòñÿ èç ðåøåíèÿ áèêâàäðàòíîãî àëãåáðàè÷åñêîãî óðàâ-
íåíèÿ Q(V ) = 0, èìåþùåãî êîðíè ., 22

2
22

1 ϕ== cVcV T
Äëÿ ðàçíûõ ìàòåðèàëîâ ñîîòíîøåíèÿ ìåæäó õàðàêòåðíûìè ñêîðîñòÿìè óïðó-

ãèõ âîëí ìîãóò áûòü ðàçëè÷íûìè. Èçâåñòíî, ÷òî äëÿ íåêîòîðûõ êëàññîâ ôîòîííûõ
êðèñòàëëîâ ñêîðîñòü âîëíû ñäâèãà ïðåâûøàåò ñêîðîñòü âîëíû âðàùåíèÿ, ñëåäîâà-
òåëüíî cT > cϕ [48], äëÿ íåêîòîðûõ çåðíèñòûõ êîìïîçèòîâ [49] íàáëþäàåòñÿ îáðàò-
íàÿ çàâèñèìîñòü, òî åñòü cT < cϕ. Äàëåå ðàññìîòðèì îáà âîçìîæíûõ ñëó÷àÿ.

Óìíîæàÿ (32) íà dU/dξ è èíòåãðèðóÿ, ïîëó÷èì:
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Çäåñü E − êîíñòàíòà èíòåãðèðîâàíèÿ, èìåþùàÿ ñìûñë íà÷àëüíîé ýíåðãèè ñèñòåìû;
ôóíêöèÿ  f (U ) = (m1/2)U 2 + (m2/3)U 3 − ïîòåíöèàëüíàÿ ýíåðãèÿ ñèñòåìû. Ïîýòîìó
óðàâíåíèå (35) ìîæíî èíòåðïðåòèðîâàòü êàê çàêîí ñîõðàíåíèÿ ýíåðãèè äëÿ àíãàð-
ìîíè÷åñêîãî îñöèëëÿòîðà. Ïîëó÷åííîå óðàâíåíèå äîïóñêàåò ðàçäåëåíèå ïåðåìåí-
íûõ:
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è èìååò îãðàíè÷åííûå ðåøåíèÿ E −  f (U ) > 0.
Ïóñòü êóáè÷åñêèé ïîëèíîì E −  f (U ) èìååò òðè äåéñòâèòåëüíûõ êîðíÿ U3 ≤

≤ U2 ≤ U1. Íàëè÷èå îäíîãî äåéñòâèòåëüíîãî êîðíÿ íå ðàññìàòðèâàåòñÿ, òàê êàê ðå-
øåíèÿ óðàâíåíèÿ (36) â ýòîì ñëó÷àå áóäóò íåîãðàíè÷åííûìè. Âûðàçèì êóáè÷åñêèé
ïîëèíîì ÷åðåç êîðíè U1, U2, U3:
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Êîðíè ïîëèíîìà ñâÿçàíû ìåæäó ñîáîé ñîîòíîøåíèÿìè:
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Ïåðåïèøåì óðàâíåíèå (36) â âèäå:
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Ôèçè÷åñêè ðåàëèçóåìûìè ÿâëÿþòñÿ ëèøü òå ñëó÷àè, êîãäà â âîëíå äåôîðìàöèè
U(x, t) îòñóòñòâóåò ïîñòîÿííàÿ ñîñòàâëÿþùàÿ. Ðåøåíèÿ óðàâíåíèÿ (32) ïðè ýòîì
ìîãóò áûòü êàê ïåðèîäè÷åñêèìè, òàê è àïåðèîäè÷åñêèìè. Àïåðèîäè÷åñêèì ðåøå-
íèÿì ñîîòâåòñòâóþò ïðîñòðàíñòâåííî-ëîêàëèçîâàííûå âîëíû − ñîëèòîíû.

Ïîâåäåíèå «äîçâóêîâûõ» è «ñâåðõçâóêîâûõ» ñîëèòîíîâ áóäåò êà÷åñòâåííî ðàç-
ëè÷íûì. Ïîêàæåì ýòî.

2.1. «Äîçâóêîâûå» ñîëèòîíû. Òàêèå íåëèíåéíûå âîëíû ðàñïðîñòðàíÿþòñÿ ìåä-
ëåííåå, ÷åì ëþáûå ëèíåéíûå âîçìóùåíèÿ. Äëÿ ìàòåðèàëîâ ñ cT /cϕ > 0 ñêîðîñòü
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ñîëèòîíà óäîâëåòâîðÿåò íåðàâåíñòâó ;2222 VcccT >>> ϕθ  äëÿ ìàòåðèàëîâ ñ cT /cϕ < 0 −
íåðàâåíñòâó .2222 Vccc T >>> θϕ

Ôóíêöèÿ ïîòåíöèàëüíîé ýíåðãèè f (U ) èìååò ëîêàëüíûé ìàêñèìóì f max = 0 ïðè
U = 0 è ëîêàëüíûé ìèíèìóì )( 2

2
3
1min 6/ mmf =  ïðè ,/ 21 mmU −= òî åñòü íà ôàçîâîé

ïëîñêîñòè (U, dU/dξ) òî÷êà (−m1/m2, 0) ÿâëÿåòñÿ óñòîé÷èâûì ïîëîæåíèåì ðàâíî-
âåñèÿ òèïà «öåíòð», à òî÷êà (0, 0) − íåóñòîé÷èâûì ïîëîæåíèåì ðàâíîâåñèÿ òèïà
«ñåäëî». Îãðàíè÷åííûå ðåøåíèÿ ñóùåñòâóþò, åñëè íà÷àëüíàÿ ýíåðãèÿ ñèñòåìû èç-
ìåíÿåòñÿ â ïðåäåëàõ ,06/ maxmin

2
2

3
1 )( =≤≤= EEEmm  ïðè÷åì ïðè E → Emin áóäóò

íàáëþäàòüñÿ êâàçèãàðìîíè÷åñêèå êîëåáàíèÿ âáëèçè ïîëîæåíèÿ ðàâíîâåñèÿ òèïà
«öåíòð», à ïðè E = Emax êîëåáàíèÿ íà ôàçîâîé ïëîñêîñòè ñîîòâåòñòâóþò äâèæåíèÿì
ïî ñåïàðàòðèñå. Âî âñåõ ýòèõ ñëó÷àÿõ ñîîòâåòñòâåííî ïîëèíîì E − f (U ) èìååò ëèáî
òðè äåéñòâèòåëüíûõ êîðíÿ, ëèáî äâà ñîâïàäàþùèõ ìåíüøèõ êîðíÿ U2 è U3, ëèáî
äâà ñîâïàäàþùèõ áîëüøèõ êîðíÿ U1 è U2.

Ïðè E = Emax = 0 ñòàöèîíàðíûå âîëíû ÿâëÿþòñÿ óåäèíåííûìè. Â ýòîì ñëó÷àå
äâà áîëüøèõ êîðíÿ ïîëèíîìà ñîâïàäàþò U1 = U2. Â ñîëèòîíå ïîñòîÿííàÿ ñîñòàâëÿ-
þùàÿ îòñóòñòâóåò U2 = 0.

Ñîëèòîí îïèñûâàåòñÿ ãèïåðáîëè÷åñêèì êîñèíóñîì:

.
)/(ch

)( 2 Δξ
=ξ

AU (40)

Çäåñü A − àìïëèòóäà ñîëèòîíà, Δ − åãî øèðèíà. Îíè îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè:

.0,0,26,
2
3

21
1322

1
3 <<

−
=−=Δ−=−= mm

mUmm
mUA (41)

Çàìåòèì, ÷òî ñîëèòîí èìååò îòðèöàòåëüíóþ ïîëÿðíîñòü (ðèñ. 1). Åãî ïîâåäåíèå ÿâ-
ëÿåòñÿ êëàññè÷åñêèì: âîëíà áîëüøåé àìïëèòóäû èìååò ìåíüøóþ øèðèíó è ðàñïðî-
ñòðàíÿåòñÿ ñ áîëüøåé ñêîðîñòüþ.

2.2. «Ñâåðõçâóêîâûå» ñîëèòîíû. Äëÿ ìàòåðèàëîâ ñ cT /cϕ > 0 ñêîðîñòü òàêîãî
ñîëèòîíà óäîâëåòâîðÿåò íåðàâåíñòâó ;2222

ϕθ >>> ccVcT  äëÿ ìàòåðèàëîâ ñ cT /cϕ < 0 −
íåðàâåíñòâó .2222

θϕ >>> ccVc T
Ïðè E = Emax = 0 ñòàöèîíàðíûå âîëíû ÿâëÿþòñÿ óåäèíåííûìè, íî â ýòîì ñëó÷àå

ñîâïàäàþò ìåæäó ñîáîé äâà ìåíüøèõ êîðíÿ ïîëèíîìà U2 = U3.
Ôîðìà ñîëèòîíà îïèñûâàåòñÿ ñîîòíîøåíèåì (40), åãî ïàðàìåòðû − ñîîòíîøå-

íèÿìè:

.0,0,26,
2
3

21
12122

1
21 )(

><
−

=
−

−=Δ−=−= mm
mUUmm

mUUA (42)

Ðèñ. 1. «Äîçâóêîâîé» ñîëèòîí îòðèöàòåëüíîé ïîëÿðíîñòè

U

−U3

0
0                                      ξ /Δ
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Ñîëèòîí ñ ïàðàìåòðàìè (42) èìååò ïîëîæèòåëüíóþ ïîëÿðíîñòü (ðèñ. 2). Åãî ïîâå-
äåíèå ÿâëÿåòñÿ àíîìàëüíûì: âîëíà ìåíüøåé àìïëèòóäû èìååò ìåíüøóþ øèðèíó.

Çàêëþ÷åíèå

Ïðåäëîæåíà íåëèíåéíàÿ ìîäåëü ýëåêòðîïðîâîäÿùåé ìèêðîïîëÿðíîé ñðåäû,
âçàèìîäåéñòâóþùåé ñ âíåøíèì ìàãíèòíûì ïîëåì, â ðàìêàõ êîòîðîé èññëåäîâàíî
ðàñïðîñòðàíåíèå îäíîìåðíîé íåëèíåéíîé ìàãíèòîóïðóãîé âîëíû ñäâèãà-âðàùåíèÿ.
Ïîêàçàíî, ÷òî íà ðàñïðîñòðàíåíèå âîëíû áóäóò âëèÿòü äâà ôàêòîðà: äèñïåðñèÿ è
íåëèíåéíîñòü. Íåëèíåéíîñòü ïðèâîäèò ê çàðîæäåíèþ â âîëíå íîâûõ ãàðìîíèê, ÷òî
ñïîñîáñòâóåò ïîÿâëåíèþ â äâèæóùåìñÿ ïðîôèëå âîëíû ðåçêèõ ïåðåïàäîâ. Äèñïåð-
ñèÿ, íàîáîðîò, ñãëàæèâàåò ïåðåïàäû èç-çà ðàçëè÷èÿ â ôàçîâûõ ñêîðîñòÿõ ãàðìîíè-
÷åñêèõ ñîñòàâëÿþùèõ âîëí. Ñîâìåñòíîå äåéñòâèå ýòèõ ôàêòîðîâ ìîæåò ïðèâåñòè ê
ôîðìèðîâàíèþ ñòàöèîíàðíûõ âîëí, êîòîðûå ðàñïðîñòðàíÿþòñÿ ñ ïîñòîÿííîé ñêî-
ðîñòüþ áåç èçìåíåíèÿ ôîðìû. Ôèçè÷åñêè ðåàëèçóåìûìè ÿâëÿþòñÿ ëèøü òå ñëó÷àè,
êîãäà â âîëíå äåôîðìàöèè îòñóòñòâóåò ïîñòîÿííàÿ ñîñòàâëÿþùàÿ. Ñòàöèîíàðíûå
âîëíû ìîãóò áûòü êàê ïåðèîäè÷åñêèìè, òàê è àïåðèîäè÷åñêèìè. Ïîñëåäíèå ÿâëÿ-
þòñÿ ïðîñòðàíñòâåííî-ëîêàëèçîâàííûìè âîëíàìè − ñîëèòîíàìè. Ïîêàçàíî, ÷òî ïî-
âåäåíèå «äîçâóêîâûõ» è «ñâåðõçâóêîâûõ» ñîëèòîíîâ áóäåò êà÷åñòâåííî ðàçëè÷íûì.
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SPATIALLY-LOCALIZED NONLINEAR MAGNETOELASTIC WAVES
IN A MICROPOLAR ELECTRICAL CONDUCTING MEDIUM
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A nonlinear model of an electrically conducting micropolar medium interacting with an external
magnetic field is proposed. The deformable state of such a medium is described by two asymmetric
tensors: tensor of deformations and bending-torsion tensor. In both tensors, linear and nonlinear
terms are taken into account in rotation gradients and displacement gradients (geometric
nonlinearity). The components of the bending-torsion tensor, which have identical indices, describe
torsional deformations, and the rest − bending deformations. The stress state of the medium is
described by two asymmetric tensors: stress tensor and moment stress tensor. It is assumed, as it is
usual in magnetoelasticity, that the action of the electromagnetic field on the deformation field
occurs through the Lorentz forces. From the system of Maxwell equations follow the equations for
electrical and magnetic inductions, which, together with the electromagnetic equations of state,
must be added to the equations of the dynamics of a micropolar medium.
Within the framework of the proposed model, a one-dimensional nonlinear shear-rotation
magnetoelastic wave is considered. The nonlinear term is selected and taken into account in the
equations of dynamics, making the most significant contribution to wave processes. It is shown
that two factors will influence the wave propagation: dispersion and nonlinearity. Nonlinearity
leads to the emergence of new harmonics in the wave, which contributes to the appearance of a
sharp drop in the moving profile. The dispersion, on the contrary, smoothes the differences due to
the difference in the phase velocities of the harmonic components of the waves. The combined
effect of these factors can lead to the formation of stationary waves that propagate at a constant
speed without changing the shape. Only those cases are physically feasible when there is no constant
component in the deformation wave. Stationary waves can be both periodic and aperiodic. The
latter are spatially localized waves − solitons. It is shown that the behavior of "subsonic" and
“supersonic” solitons will be qualitatively different.

Keywords: micropolar medium, nonlinearity, electrical conductivity, magnetic field, wave, spatial
localization.


