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Â ðàìêàõ òðåõìåðíîé íåëèíåéíîé òåîðèè óïðóãîñòè ðàññìîòðåíà ëèíåé-
íàÿ íåóñòîé÷èâîñòü ñîñòàâíîé ïëèòû, èçãîòîâëåííîé èç ôóíêöèîíàëüíî-
ãðàäèåíòíîãî ìàòåðèàëà è èìåþùåé íà÷àëüíûå íàïðÿæåíèÿ. Ïëèòà ñîñòîèò
èç äâóõ ñëîåâ, êîòîðûå ïîëó÷åíû ïóòåì ðàñïðÿìëåíèÿ äâóõ ñåêòîðîâ öèëèíä-
ðè÷åñêîé îáîëî÷êè. Òàêàÿ äåôîðìàöèÿ îáóñëîâëèâàåò ïîÿâëåíèå âíóòðåííèõ
íàïðÿæåíèé, ïîýòîìó ñîñòàâíàÿ ïëèòà îêàçûâàåòñÿ ïðåäâàðèòåëüíî íàïðÿæåí-
íîé. Íà÷àëüíûå íàïðÿæåíèÿ çàâèñÿò îò êîîðäèíàòû ïî òîëùèíå è íåîäíîðîä-
íû. Ðàññìîòðåíû äâà òèïà íåîäíîðîäíîñòè − íåîäíîðîäíîñòü íà÷àëüíîãî ïîëÿ
íàïðÿæåíèé è íåîäíîðîäíîñòü ìàòåðèàëà. Â êà÷åñòâå óðàâíåíèÿ ñîñòîÿíèÿ èñ-
ïîëüçîâàëàñü ìîäåëü íåñæèìàåìîãî íåîãóêîâñêîãî ìàòåðèàëà. Íåñìîòðÿ íà äîñ-
òàòî÷íî ïðîñòîé âèä, èñïîëüçóåìàÿ ìîäåëü ìàòåðèàëà õîðîøî îïèñûâàåò ñó-
ùåñòâåííûå äåôîðìàöèè ðÿäà ðåçèíîïîäîáíûõ ìàòåðèàëîâ. Äëÿ íåñæèìàå-
ìûõ ìàòåðèàëîâ ðàñïðÿìëåíèå ñåêòîðà öèëèíäðà ïðåäñòàâëÿåò ñîáîé óíèâåð-
ñàëüíóþ äåôîðìàöèþ, òî åñòü òàêóþ ôîðìó äåôîðìàöèè, êîòîðàÿ íå çàâèñèò
îò âûáîðà óðàâíåíèé ñîñòîÿíèÿ. Íåîäíîðîäíîñòü ìàòåðèàëà îïèñûâàëàñü çà-
âèñèìîñòüþ ìîäóëÿ ñäâèãà îò êîîðäèíàòû ïî òîëùèíå. Ïîäîáíàÿ íåîäíîðîä-
íîñòü ìîæåò áûòü ñâÿçàíà ñ òåõíîëîãè÷åñêèìè ïðîöåññàìè ïîëó÷åíèÿ ìàòå-
ðèàëà ëèáî ñ åãî ïîñëåäóþùåé îáðàáîòêîé. Óñòîé÷èâîñòü èññëåäîâàëàñü ìå-
òîäîì ëèíåàðèçàöèè. Íà íà÷àëüíîå äåôîðìèðîâàííîå ñîñòîÿíèå íàëàãàëèñü
ìàëûå âîçìóùåíèÿ. Ïðèâåäåíà ëèíåàðèçîâàííàÿ êðàåâàÿ çàäà÷à,  ïîëó÷åíû åå
íåòðèâèàëüíûå ðåøåíèÿ. Ðåøåíèå ïîñòðîåíî àíàëèòè÷åñêè â âèäå ðÿäîâ ñ èñ-
ïîëüçîâàíèåì òðèãîíîìåòðè÷åñêèõ ôóíêöèé. Ýòî ïîçâîëèëî àâòîìàòè÷åñêè
óäîâëåòâîðèòü ÷àñòè êðàåâûõ óñëîâèé. Ðàññìîòðåíî âëèÿíèå íåîäíîðîäíîñòè
ìàòåðèàëà è íà÷àëüíûõ íàïðÿæåíèé. Ïîêàçàíî, ÷òî íà÷àëüíûå íàïðÿæåíèÿ
ìîãóò ñóùåñòâåííî âëèÿòü íà êðèòè÷åñêèå äåôîðìàöèè. Íàïðèìåð, âîçìîæíà
ïîòåðÿ óñòîé÷èâîñòè òîëüêî çà ñ÷åò íà÷àëüíûõ íàïðÿæåíèé.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ òåîðèÿ óïðóãîñòè, ïîòåðÿ óñòîé÷èâîñòè, ïðåä-
âàðèòåëüíûå íàïðÿæåíèÿ, òîëñòûå ïëèòû.
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Ââåäåíèå

Íåîäíîðîäíûå ìàòåðèàëû ÷àñòî èñïîëüçóþòñÿ â òåõíèêå. Ìíîãîîáåùàþùèì
êëàññîì íåîäíîðîäíûõ ìàòåðèàëîâ ÿâëÿþòñÿ ôóíêöèîíàëüíî-ãðàäèåíòíûå òâåðäûå
ìàòåðèàëû è ñòðóêòóðû [1−3]. Òàêæå íåîäíîðîäíîñòü ìîæåò ïðîÿâëÿòüñÿ èç-çà íà-
ëè÷èÿ â òåëå íåîäíîðîäíûõ íà÷àëüíûõ, îñòàòî÷íûõ íàïðÿæåíèé èëè ïðåäâàðèòåëü-
íî íàïðÿæåííûõ âêëþ÷åíèé [4]. Òàêèå âêëþ÷åíèÿ ìîãóò îáðàçîâûâàòüñÿ â ðåçóëü-
òàòå ðàçëè÷íûõ èñêóññòâåííûõ èëè åñòåñòâåííûõ ïðîöåññîâ â îòäåëüíûõ ÷àñòÿõ
òåëà, ïðèìåðàìè èõ ÿâëÿþòñÿ ôàçîâûå ïðåâðàùåíèÿ, ïðîöåññû ðîñòà, õèìè÷åñêèå
ðåàêöèè, ïëàñòè÷åñêèå äåôîðìàöèè è ò. ä. Ñðåäè ïîäîáíûõ ñòðóêòóð − òîíêèå ïëåíêè,
íàíåñåííûå íà ýëàñòîìåðíóþ ïîäëîæêó [5−7], êîòîðûå ïðèìåíÿþòñÿ äëÿ óñòðîéñòâ
ãèáêîé ýëåêòðîíèêè [8, 9]. Äëÿ àíàëèçà óêàçàííûõ ñòðóêòóð îêàçûâàþòñÿ ïîëåçíû
ìåòîäû òðåõìåðíîé íåëèíåéíîé òåîðèè óïðóãîñòè [10−19]. Õàðàêòåðíîé îñîáåí-
íîñòüþ íåëèíåéíûõ óïðóãèõ òåë ñ ïðåäâàðèòåëüíî íàïðÿæåííûìè âêëþ÷åíèÿìè
ÿâëÿåòñÿ îòñóòñòâèå â íèõ îäèíàêîâîé äëÿ âñåãî òåëà åñòåñòâåííîé (íåíàïðÿæåí-
íîé) îòñ÷åòíîé êîíôèãóðàöèè. Â ðÿäå ñëó÷àåâ îòñ÷åòíàÿ êîíôèãóðàöèÿ ìîæåò áûòü
âûáðàíà òîëüêî òàêèì îáðàçîì, ÷òîáû îíà áûëà ïðåäâàðèòåëüíî íàïðÿæåííîé äëÿ
íåêîòîðûõ ÷àñòåé òåëà è íåíàïðÿæåííîé äëÿ îñòàëüíûõ.

Â ñòàòüå ïðîâåäåí àíàëèç óñòîé÷èâîñòè äâóõñëîéíîãî ñîñòàâíîãî áðóñà èç íå-
ñæèìàåìîãî ôóíêöèîíàëüíî-ãðàäèåíòíîãî íåîãóêîâñêîãî ìàòåðèàëà. Áðóñ ñèììåò-
ðè÷åí ïî òîëùèíå. Êàæäûé ñëîé ñîñòàâíîé ïîëîñû áûë ïîëó÷åí â ðåçóëüòàòå âû-
ïðÿìëåíèÿ ñåêòîðà öèëèíäðè÷åñêîé îáîëî÷êè ñ íåêîòîðûì íà÷àëüíûì óãëîì. Ìî-
äóëü ñäâèãà μ ÿâëÿåòñÿ ôóíêöèåé êîîðäèíàòû ïî òîëùèíå ñëîÿ. Ïîñëå âûïðÿìëå-
íèÿ ñåêòîðà ÷àñòè áðóñà æåñòêî ñêëåèâàþòñÿ, è ïîëó÷åííàÿ ïëèòà äåôîðìèðóåòñÿ
êàê åäèíûé îáúåêò. Òàêèì îáðàçîì, â ñîñòàâíîì áðóñå ôîðìèðóåòñÿ ïîëå íåîäíîðîä-
íûõ ïðåäâàðèòåëüíûõ äåôîðìàöèé. Â ñòàòüå ïðåäñòàâëåí àíàëèç ñòàòè÷åñêîé ëèíåé-
íîé óñòîé÷èâîñòè. Ñîîòâåòñòâóþùàÿ ëèíåàðèçîâàííàÿ çàäà÷à ñôîðìóëèðîâàíà äëÿ
äâóõñëîéíîãî áðóñà ñ íåîäíîðîäíûìè ïðåäâàðèòåëüíûìè íàïðÿæåíèÿìè â êàæäîì
ñëîå.

Ëèíåàðèçîâàííûå óðàâíåíèÿ ðàâíîâåñèÿ è ãðàíè÷íûå óñëîâèÿ, äîïîëíåííûå
ñîîòâåòñòâóþùèì óñëîâèåì ëèíåàðèçîâàííîé íåñæèìàåìîñòè, ðåøàþòñÿ ñ èñïîëüçî-
âàíèåì ïîëóàíàëèòè÷åñêîãî ìåòîäà. Ðàññìîòðåíû ðàçëè÷íûå çàêîíû èçìåíåíèÿ ìî-
äóëÿ ñäâèãà μ. Ïðîâåäåí àíàëèç çàâèñèìîñòè êðèòè÷åñêèõ íàãðóçîê îò íà÷àëüíîãî
óãëà. Èññëåäîâàíèÿ ïîêàçàëè, ÷òî íà÷àëüíûå ïîëÿ íàïðÿæåíèé ìîãóò èçìåíÿòü êàê
çíà÷åíèÿ êðèòè÷åñêèõ íàãðóçîê, òàê è ôîðìó ïîòåðè óñòîé÷èâîñòè.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ äâóõñëîéíûé óïðóãèé áðóñ ñ ðàçìåðàìè 2h×b×a, âñå â îòñ÷åò-
íîé êîíôèãóðàöèè. Ñëîè ïîëó÷åíû âûïðÿìëåíèåì ñåêòîðà öèëèíäðè÷åñêîé îáî-
ëî÷êè, êàê ïîêàçàíî íà ðèñ. 1.

Òàêàÿ äåôîðìàöèÿ áðóñà ÿâëÿåòñÿ óíèâåðñàëüíîé, òî åñòü ðåàëèçóåìîé äëÿ âñåõ
íåñæèìàåìûõ ìàòåðèàëîâ [10, 11], è îïðåäåëÿåòñÿ ôîðìóëàìè:

,0,,),( >χ=χφ== zZYrXX (1)
ãäå χ > 0 − ïàðàìåòð äåôîðìàöèè, X, Y, Z è r, ϕ, z − ñîîòâåòñòâåííî îòñ÷åòíûå
äåêàðòîâû è òåêóùèå ïîëÿðíûå êîîðäèíàòû.

Óðàâíåíèÿ ðàâíîâåñèÿ áåç ìàññîâûõ ñèë è îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ
ãèïåðóïðóãèõ òåë èìåþò âèä [10]:
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),(, FPP0P ==⋅∇ (2)

ãäå P è F − òåíçîð íàïðÿæåíèé Ïèîëû è ãðàäèåíò äåôîðìàöèè ñîîòâåòñòâåííî.
Îòìåòèì, ÷òî çäåñü F îïðåäåëÿåòñÿ, êàê â [10, 20]. Î÷åâèäíî, ÷òî P è F çàâèñÿò îò
îòñ÷åòíîé êîíôèãóðàöèè. Îáû÷íî èñïîëüçóåòñÿ òàê íàçûâàåìàÿ åñòåñòâåííàÿ, òî
åñòü íåíàïðÿæåííàÿ, îòñ÷åòíàÿ êîíôèãóðàöèÿ. Äëÿ ìàòåðèàëîâ ñ ïðåäâàðèòåëüíî
íàïðÿæåííûìè âêëþ÷åíèÿìè èëè ñëîÿìè íåâîçìîæíî âûáðàòü îäíó è òó æå åñòå-
ñòâåííóþ îòñ÷åòíóþ êîíôèãóðàöèþ äëÿ âñåãî òåëà, ïîýòîìó íåîáõîäèìî ðàññìàò-
ðèâàòü íåñêîëüêî åñòåñòâåííûõ íà÷àëüíûõ ñîñòîÿíèé.

Ãðàäèåíòû äåôîðìàöèè ïðåîáðàçóþòñÿ ïðè çàìåíå îòñ÷åòíîé êîíôèãóðàöèè
ñëåäóþùèì îáðàçîì [4]:

,:,:,:,:, KKXX ′′→κ ′′′′′→κ′′→κ ′′′′→κ′′′⋅′= AAFFFAF (3)

ãäå κ′ è κ″ − ðàññìàòðèâàåìûå ðàçíûå îòñ÷åòíûå êîíôèãóðàöèè, K′ è K″ − ïðîìå-
æóòî÷íûå êîíôèãóðàöèè, X − äåôîðìèðîâàííàÿ êîíôèãóðàöèÿ, A′, A″ − ãðàäèåíòû
äåôîðìàöèè ïðè ïåðåõîäå îò îäíîé îòñ÷åòíîé êîíôèãóðàöèè ê ïðîìåæóòî÷íîé. Ñ
ó÷åòîì óñëîâèÿ íåñæèìàåìîñòè ýòè òåíçîðû ïðèíèìàþò âèä:

,)(,)(
33213321 iiieieAiiieieA +

χ
+−=′′+

χ
+=′ rrrr rdr

rdX
rdr

rdX (4)

ãäå ej − êîîðäèíàòíûå îðòû â îòñ÷åòíîé êîíôèãóðàöèè,  j = r, φ, z; ik − êîîðäèíàòíûå
îðòû â òåêóùåé êîíôèãóðàöèè, k = 1, 2, 3.

Áðóñ íàãðóæåí íîðìàëüíûìè ñèëàìè, ïðèëîæåííûìè ê ïîâåðõíîñòè 0 ≤ x3 ≤ a,
0 ≤ x2 ≤ b. Ãðàíè ïëèòû x1 = −h è x1 = h ïðåäïîëàãàþòñÿ ñâîáîäíûìè îò äåéñòâèÿ
âíåøíèõ ñèë. Òàêèì îáðàçîì, íåâîçìóùåííîå äåôîðìèðîâàííîå ñîñòîÿíèå ñîñòàâ-
íîé ïëèòû îïèñûâàåòñÿ ôîðìóëàìè:

,0,( 133322211
1

230 ) hx ≤≤λ+λ+λλ=′ − iiiiiiF

,0,( 1333222113
1

230 ) ≤≤−λ+λ+λλλ=′′ − xhiiiiiiF (5)

,0,0 constconst 32 >=λ>=λ

ãäå λ3, λ2 − ïîñòîÿííûå êðàòíîñòåé óäëèíåíèé.
Ëèíåàðèçîâàííûå êðàåâûå óñëîâèÿ íà ãðàíÿõ ïëèòû èìåþò âèä:

;0,0),,(,0),,(:0 333211321233 èïðè ===== Pxxxwxxxwaxx &

,0,0),,(,0),,(:0 223213321122 èïðè ===== Pxxxwxxxwbxx &
(6)

ãäå wi − ïåðåìåùåíèÿ.

x1

Ðèñ. 1

x2 x3

2h

h

h
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Ïðåäïîëàãàåòñÿ èäåàëüíûé êîíòàêò ìåæäó ñëîÿìè áðóñà: ïîëå äîáàâî÷íûõ ïå-
ðåìåùåíèé íåïðåðûâíî ïðè ïåðåñå÷åíèè ãðàíèöû ñëîåâ.

Â êà÷åñòâå óðàâíåíèÿ ñîñòîÿíèÿ èñïîëüçóåòñÿ ìîäåëü íåñæèìàåìîãî íåîãóêîâ-
ñêîãî ìàòåðèàëà [4, 10, 11]. Óäåëüíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè W çàäàåò-
ñÿ âûðàæåíèåì

,,3tr
2

TT ][ )( −−μ=−⋅
μ

= FFPFF pW (7)

ãäå μ = μ(x1) − ìîäóëü ñäâèãà, p − äàâëåíèå â íåñæèìàåìîì òåëå, μ(x1) = μ0exp γ |x1 |,
μ0 = const > 0, γ = const > 0.

Òåíçîð íàïðÿæåíèé Ïèîëû îòíîñèòåëüíî íàïðÿæåííûõ îòñ÷åòíûõ êîíôèãóðà-
öèé κ′ è κ″ äëÿ íåîãóêîâñêîãî ìàòåðèàëà èìååò âèä:

., TTTT −− ′′′′−′′⋅′′⋅′′μ=′′′′−′⋅′⋅′μ=′ PPPPPPPPPP pp (8)
Ëèíåàðèçîâàííûå óðàâíåíèÿ ðàâíîâåñèÿ äëÿ ìàòåðèàëà Òðåëîàðà çàäàþòñÿ ôîð-

ìóëàìè [4, 21]:

,0P =⋅∇ & (9)

,, TT
0

T
00

T
0 AABFwFFwBP ′⋅′=′′⋅′∇⋅′′+′′−′∇⋅′μ=′ −−− pp &&& (10)

,, TT
0

T
00

T
0 AABFwFFwBP ′′⋅′′=′′′′⋅′′∇⋅′′′′+′′′′−′′∇⋅′′μ=′′ −−− pp&& (11)

.0tr )( 1
0 =∇⋅− wC (12)

Íà÷àëüíûå íàïðÿæåíèÿ îïðåäåëÿþòñÿ ôîðìóëàìè:

,2302

2
1

2311 λλ′−
χ

λμλ=′ − prP

,1
202

2

222
−λ′−

χ
μλ=′ p

r
P (13)

,1
30333
−λ′−μλ=′ pP

,2302

2
1

2311 λλ′′−
χ

λμλ=′′ − prP

,1
202

2

222
−λ′′−

χ
μλ=′′ p

r
P (14)

.1
30333
−λ′′−μλ=′′ pP

Âåëè÷èíû p′0, p″0, X = X(r) è χ çàäàþòñÿ âûðàæåíèÿìè:

,, 2

2
2

2
2
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2. Óðàâíåíèÿ ïîòåðè óñòîé÷èâîñòè

Èññëåäîâàíèå ïîòåðè óñòîé÷èâîñòè ïðîâîäèòñÿ ìåòîäîì íàëîæåíèÿ ìàëîé äå-
ôîðìàöèè íà êîíå÷íóþ äåôîðìàöèþ [10−19, 21]. Äëÿ ïëèò èç íåîãóêîâñêîãî ìàòå-
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ðèàëà ýòîò ìåòîä èñïîëüçîâàëñÿ â [21], à â äëÿ ïëèò ñ ïðåäâàðèòåëüíûìè íàïðÿæå-
íèÿìè − â [4]. Ðàññìàòðèâàåòñÿ âåêòîð ìàëûõ äîáàâî÷íûõ ïåðåìåùåíèé, êîòîðûé
ïðåäñòàâëÿåòñÿ â âèäå

.),,(),,(),,( 332132321213211 iiiw xxxwxxxwxxxw ++=

Êîìïîíåíòû w è ëèíåàðèçîâàííîå äàâëåíèå p ìîãóò áûòü çàïèñàíû â âèäå [4, 21]:

,sinsin)( 23
111 b

mx
a
nxxWw ππ

=

,cossin)( 23
122 b

mx
a
nxxWw ππ

=

,sincos)( 23
133 b

mx
a
nxxWw ππ

=
(15)

.sinsin)( 23
1 b

mx
a
nxxPp ππ

=&

Ëèíåàðèçîâàííûå òåíçîðû Ïèîëû äëÿ ñðåäíåãî è âíåøíèõ ñëîåâ èìåþò âèä [4, 21]:

.3,2,1,,, =′′=′′′=′ skiiPiiP skksskks
&&&& PP (16)

Ñàìè êîìïîíåíòû òåíçîðîâ çäåñü íå ïðèâîäÿòñÿ â ñèëó èõ ãðîìîçäêîñòè (ñì. [4, 21],
ãäå ýòè âûðàæåíèÿ ïðèâåäåíû).

Â ðåçóëüòàòå ïîëó÷åíà ëèíåéíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî è âòîðîãî ïîðÿäêà, êîòîðàÿ àíàëèçèðóåòñÿ ïîëóàíàëèòè÷åñêèìè
ìåòîäàìè, îïèñàííûìè â [4].

3. Îáñóæäåíèå ïîëó÷åííûõ ðåçóëüòàòîâ

Ðàññìîòðåíà íåóñòîé÷èâîñòü ñîñòàâíîé óïðóãîé ïëèòû, èçãîòîâëåííîé èç äâóõ
ñëîåâ ýëàñòîìåðíîãî ôóíêöèîíàëüíî-ãðàäèåíòíîãî ìàòåðèàëà, ñ ñàìîóðàâíîâåøåí-
íûì ïîëåì íà÷àëüíûõ íàïðÿæåíèé. Èñïîëüçîâàíà ìîäåëü íåñæèìàåìîãî ìàòåðèà-
ëà Òðåëîàðà ñ ìîäóëåì ñäâèãà, ýêñïîíåíöèàëüíî çàâèñÿùèì îò òîëùèíû. Äëÿ àíà-
ëèçà ïîòåðè óñòîé÷èâîñòè ïðèìåíåí ìåòîä íàëîæåíèÿ ìàëûõ äåôîðìàöèé íà íà-
÷àëüíûå êîíå÷íûå äåôîðìàöèè. Ïîëó÷åíà ëèíåàðèçîâàííàÿ êðàåâàÿ çàäà÷à, ïðî-
àíàëèçèðîâàíû åå íåòðèâèàëüíûå ðåøåíèÿ â çàâèñèìîñòè îò ñâîéñòâ ìàòåðèàëà è
íà÷àëüíûõ íàïðÿæåíèé.

Äëÿ ïðîñòðàíñòâåííîé çàäà÷è ðàññìîòðåíî äâà ðåçóëüòèðóþùèõ óñèëèÿ, êàê
ïàðàìåòðû íàãðóæåíèÿ. Ââåäåíû ðåçóëüòèðóþùèå óñèëèÿ Nk, k = 2, 3, êàê èíòåãðà-
ëû ïî òîëùèíå îò íàïðÿæåíèé

.3∫
−

=
h

h
kkk dxPN

Ìåæäó ïàðàìåòðàìè ðàñòÿæåíèÿ λ2 è λ3 ñóùåñòâóåò çàâèñèìîñòü, äëÿ êîòîðîé
ëèíåàðèçîâàííàÿ êðàåâàÿ çàäà÷à èìååò íåòðèâèàëüíûå ðåøåíèÿ. Ýòà êðèòè÷åñêàÿ çà-
âèñèìîñòü ìåæäó λ2 è λ3 îïðåäåëÿåòñÿ ÷èñëåííî. Ïîñêîëüêó Nk ÿâëÿþòñÿ ôóíêöè-
ÿìè λ2 è λ3, íà ïëîñêîñòè (N2, N3) ñóùåñòâóþò êðèòè÷åñêèå êðèâûå, êîòîðûå ðàçäå-
ëÿþò îáëàñòü óñòîé÷èâûõ îò íåóñòîé÷èâûõ èñõîäíûõ ðåøåíèé. Ïîñêîëüêó íåíà-
ïðÿæåííîå ñîñòîÿíèå óñòîé÷èâî, òî îáëàñòü óñòîé÷èâîñòè ñîäåðæèò òî÷êó (N2, N3) =
= (0, 0). Ïîêàçàíî, ÷òî óâåëè÷åíèå γ ïðèâîäèò ê ñòàáèëèçèðóþùåìó ýôôåêòó, òî
åñòü ê óâåëè÷åíèþ êðèòè÷åñêèõ íàãðóçîê. Íà ðèñ. 2 äàííûå âûâîäû ïðîèëëþñòðè-
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ðîâàíû äëÿ ïëîñêîé äåôîðìàöèè. Çäåñü ïîêàçàíà çàâèñèìîñòü êðèòè÷åñêîãî óñè-
ëèÿ îò òîëùèíû ïðè ðàçëè÷íûõ çíà÷åíèÿõ γ.
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ON THE LOSS OF STABILITY OF A TWO-LAYERED PLATE MADE
OF A FUNCTIONAL-GRADIENT MATERIAL WITH A NON-UNIFORM FIELD

OF PRE-STRESSES

Eremeev V.V.

Don State Technical University, Rostov-on-Don, Russian Federation

In the framework of three-dimensional nonlinear elasticity we consider linear instability of a
composite plate made of functionally graded material and having initial stresses. The plae consists
of two layers which were obtained as a result of flattening of an annual sector of an elastic cylinder.
This deformation results in appearance of internal stresses. Thus, the plate becomes initially stressed.
The initial stresses depend on the thickness coordinate, so we get inhomogeneous stress field. We
have two types of inhomogeneities, the first is the inhomogeneity of the initial stresses whereas the
second is the material inhomogeneity.We use the incompressible neo-Hookean material model as a
constitutive relation. Despite of relatively simple form this model describes properly severe
deformations of some rubber-like materials. For incompressible materials the flattening constitutes
one of the so-called universal deformations, that is such deformation which is independent on the
choice of constitutive relation. The material inhomogeneity is described through a dependence of
the shear modulus on the thickness coordinate. Such inhomogeneity could be related to the
manufacturing of the material or to further treatment. The stability was analysed using the
linearization approach. We superimpose infinitesimal deformations on the finite initial one. The
linearized boundary-value problem was derived and its nontrivial solutions were obtained. The
solution was obtained in series of trigonometric functions. This helps to automatically satisfy a
part of boundary conditions. We consider the influence of the inhomogeneity and initial stresses.
We show that the initial stresses may significantly change critical deformations. For example, the
loss of stability is possible due to initial stresses only.

Keywords: nonlinear elasticity, stability loss, prestresses, thick plate.


