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B pamkax TpexMepHON HEITMHEHHON TEOPHH YIIPYTOCTH PACCMOTPEHA JIMHEH-
Has HEYCTOMYMBOCTh COCTABHOM TUIMTHI, M3TOTOBICHHON M3 ()yHKIIMOHAIBHO-
IpaJMeHTHOrO Marepuaga U UMeEIoLel HadalubHble HanpsbkeHus. [lnuTta cocTout
13 IBYX CJIOEB, KOTOPBIE MIOMYYEHBI ITyTEM PaclpsMIICHUS ABYX CEKTOPOB LIMIHH/-
puueckoit o6onouku. Takas nedopmanus 00yCcIOBINBAET HOSBICHUE BHYTPEHHUX
HaIpsDKEHUH, TOATOMY COCTaBHas ITHTa OKa3bIBACTCS MIPEIBAPUTEIHHO HANPSKEH-
Holi. HauapHble HANPsDKEHUS! 3aBUCAT OT KOOPAMHATSI [10 TOILIUHE U HEOJHOPOJ-
HBL. PaccMoTpeHs! 1Ba THIIa HEOTHOPOAHOCTH — HEOAHOPOIHOCTD HAYAJILHOTO TIOJIS
HaIpsHKEHUH 1 HEOTHOPOAHOCTh MaTepHaia. B kauecTBe ypaBHEHUS COCTOSHUS HC-
TI0JIB30BAJIACh MOZIEIb HECKIMAEMOTO HEOT'YKOBCKOTO MaTepuaia. HecMoTpst Ha moc-
TaTOYHO MPOCTOIl BUM, UCIIONb3yeMas MOJIENIb MaTepralla XOpOLIO OIHUCHIBAET CY-
LIeCTBEHHbIE JehOopManny Psiga pe3sHHONONO0HBIX MarepuanoB. s HecxknMae-
MBIX MaTepUaJIOB PACIpPsIMICHUE CEKTOpa LIMINH]PA IPECTaBIsIET COO0H YHUBEP-
caJbHYH0 JIe(OpMAIIo, TO €CTh Takyto (GopMy aedopmainu, KOTopasi He 3aBHCUT
oT BbIOOpA ypaBHEHUH cocTossHUA. HeonHOPOAHOCTE MaTepualla ONUChIBAIaCh 3a-
BHUCHMOCTBIO MOJYJISI CZIBUTA OT KOOPAWHATHI 110 TomuHe. [TonoOHas HeoqHopoa-
HOCTb MOXET OBITh CBSI3aHA C TEXHOJIOTMUECKUMU IPOLECCAMU MIOTYUEHUS MaTe-
puaina ymbo ¢ ero nocieayroieii 00padoTkoN. YCTOHYMBOCTh HCCIIEI0BANIACH ME-
ToAoM JHuHeapu3aiuy. Ha HauanbHOE 1e(hOPMUPOBAHHOE COCTOSIHUE HaJlarajauch
Massle Bo3MyIeHus. [IpuBeena muHeapr3oBaHHas KpaeBasi 3a/1a4a, MOITyYeHBI ee
HETpUBUAJIbHbIE PELIeHHs. PellieH1e NOCTPOSHO aHAIUTUYECKHU B BUJIE PSIIIOB C HC-
MIOJTE30BaHIEM TPHUTOHOMETPHYECKAX (QYHKIMH. ITO MO3BOJIMIO aBTOMATHYECKH
YAOBIETBOPUTH YACTH KPAEBLIX YCJI0BUiL. PaccMOTpeHO BIMsSHIE HEOTHOPOAHOCTH
Marepuaiga U HadalbHBIX HanpspkeHui. [lokazaHo, 4TO HavaibHBIE HATPSDKEHUS
MOT'YT CyLIECTBEHHO BIUATh Ha KpuTHueckue nedopmanuu. Hampumep, Bo3MoxHa
MIOTEPs yCTOMYMBOCTH TOJIBKO 32 CUET HaYaIbHBIX HAIPSUKEHUH.

Kniouesbvie cnosa: HenmuHelHas TeOpHsl yIPYTOCTH, IOTEPs yCTONUMBOCTH, IIPE]-
BapUTEIIbHBIC HATIPSKEHUS], TOJICTHIE TUIUTHI.

* BoinonmHeno npu nojyiepskke rpantom [pesugenta PO MK-3692.2018.1.
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BBepeHune

HeonHopoaHsle MaTepuaibl YacTO HCIOIb3YIOTCA B TEXHUKE. MHOroo0emaomum
KJIACCOM HEOIHOPOAHBIX MAaTEPHAIIOB SBIAIOTCS (PyHKIHOHATBLHO-TPaIUCHTHEIC TBEPAbIC
Marepuasl U CTpyKTypsl [1-3]. Takxke HEOTHOPOTHOCTh MOXKET MPOSIBISATHCS U3-3a Ha-
JIN4YUS B T€JI€ HEOJHOPOAHBIX Ha4aJIbHBIX, OCTATOUHBIX HANPSDKEHUHN K IPEABAPUTENb-
HO HaNpsOKCHHBIX BKJIrOueHMi [4]. Takue BKIFOYEHHSI MOTYT 00Pa30BbIBATHCS B PE3YIlb-
TaTe pa3jIMYHbIX HUCKYCCTBEHHBIX MJIM €CTECTBEHHBIX MPOLECCOB B OTAEIbHBIX HacTAX
Tena, IpUMEpaMHt UX SIBISIOTCA (ha30BbIe MPEBPAILECHHS, IPOIIECCHI POCTa, XUMHUCCKUE
peakIy, ractudeckue aedopmanu u T. 1. Cpeir OMOOHBIX CTPYKTYP — TOHKHUE TUICHKH,
HAHECEHHBIC Ha 3JACTOMEPHYIO MO/UIOKKY [5—7], KOTOpbIE MPUMEHSIOTCS I yCTPOICTB
rUOKOU ANIeKTPOHUKH [8, 9]. JIs aHamM3a yKa3aHHBIX CTPYKTYP OKa3bIBAlOTCS MOJIC3HBI
METOBI TPEXMEPHOH HenuHeiHoM Teopun ynpyroctu [10—-19]. XapaktepHoii ocoben-
HOCTBIO HEJIMHEHHBIX YNPYTHX TeJl ¢ NPEABAPUTEIbHO HANPSHKEHHBIMU BKIIOUEHUSIMU
SIBISIETCS. OTCYTCTBHME B HUX OAMHAKOBOH JJIST BCETO TENa €CTECTBEHHOM (HEHAMPSKEH-
HOM) OTCUeTHOI KoH(uUTyparmu. B pse cydaeB oTcueTHas KOH(PUTYPAIHS MOXKET ObITh
BBIOpaHa TOJIBKO TAKMM 00pa3oM, 4ToObI OHA ObLIa MPEaBAPUTENILHO HATPSKSHHOU IS
HEKOTOPBIX YacTell Tela U HeHANPSKEHHOM JJI OCTaIbHbIX.

B crarbe mpoBeeH aHaau3 yCTOWYUBOCTHU JIBYXCIOHHOTO COCTaBHOTO Opyca u3 He-
CKUMaeMOTro (YHKIIHOHATHHO-TPaINCHTHOTO HEOTYKOBCKOTO MaTepuaia. bpyc cuvmer-
puueH o tonmHe. Kax bt o cocTaBHOI MOIOCH! OBUT MOTYYEH B PE3yNbTATe BbI-
MPSMIICHUSI CEKTOPA IMINHAPHYECKOH 000IOYKH ¢ HEKOTOPHIM HadaJbHBIM yIiIoM. Mo-
Jylb CIIBUTA L ABJSIETCS (PYHKIMEH KOOPAMHATHI 10 ToimuHe cios. [locne Beimpsimie-
HUS CEKTOpa 9acTH Opyca KeCTKO CKICHBAIOTCS, U ITOyYeHHAs IUIHTa AehOpMHPYeETCs
Kak eIUHBIN 00beKT. Takum 00pa3oM, B COCTaBHOM Opyce (hOpMHUPYETCs TTOJIC HEOAHOPO-
HBIX TIpeNIBAPUTEIBHBIX Aeopmaniuii. B craTbe mpeicTaBieH aHaIN3 CTaTHYECKOM JIMHEH-
HOM ycToitunBocTH. COOTBETCTBYIOIIAs JIMHEAPU30BaHHA 3a/1a4a C(HOpMYyITHPOBaHa st
JIBYXCIIOWHOTO Opyca ¢ HEOTHOPOJHBIMH ITPEIBAPHTEIEHBIME HAIPSIKEHISIMU B KaXKIOM
clioe.

JIuHeapu3oBaHHbIE YpaBHEHUs] PaBHOBECHS U TPAaHUYHBIE YCJIOBUS, JOIIOJHEHHBIE
COOTBETCTBYIOIINM yCIOBUEM IMHEAPU30BAHHON HECXKUMAEMOCTH, PEIIAIOTCS C UCTIONb30-
BaHMEM I10JyaHAJIMTUYECKOr0 MeTozia. PaccMOTpeHbl pa3inuHble 3aKOHbI H3MEHEHUS MO-
nynst casura p. [IpoBeaeH aHanu3 3aBUCUMOCTH KPUTHUYECKHX HATPY30K OT HAYAJIBHOTO
ymia. MccnenoBanus noka3aiu, YTO HadalbHbIE 110JIs HANIPSDKEHUI MOTYT U3MEHSTh Kak
3HAUECHUS] KPUTHUIECKUX HArpy30K, Tak U (JOpMy NMOTEpU YCTONIUBOCTH.

1. MNocTaHoBKa 3apauun

PaccmarpuBaeTcs By XCIOWHBIN yrpyTuii 6pyc ¢ pasmepamu 2/ixXbXa, Bce B 0TCUCT-
HO KOH(HUTYpanuu. CIOM MOTyYeHBI BEINIPSIMICHHEM CEKTOpa IITHHIPUIECKON 000-
JIOUKH, KaK [TI0Ka3aHo Ha puc. 1.

Takas nedopmans Opyca sSBIseTCS YHUBEPCATBHOM, TO €CTh Pea3yeMOou I BceX
Hec)KUMaeMbIX Matepuanos [10, 11], u onpenensiercst popmynamu:

X=X(r), Y=y0, Z=z, y>0, €]
rae x> 0 — mapamerp nedopmauun, X, ¥, Z u r, ¢, Z — COOTBETCTBEHHO OTCYETHBIE
JICKapTOBEI U TEKYIINE MOISIPHBIC KOOPIMHATEI.

YpaBHEHHUSI paBHOBeCUS! 0€3 MAcCOBBIX CHJI U OINPECISIONINE COOTHOIICHHUS ISt
rUnepynpyrux tea umerot Bup [10]:
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V-P=0, P=P(F), )

rme P u F — tensop Hanpsbkenuid [Tuoner u rpamuedT nedopMaiuy COOTBETCTBEHHO.
OtmeruM, uto 3aechk F onpenensiercs, kak B [10, 20]. OueBuano, uto P u F 3aBucsr ot
oTcueTHOW KoH(puryparmu. OOBIYHO HCIONB3yeTCsl TaK Ha3bIBaeMas €CTECTBCHHAS, TO
€CTh HEHamnpsHKeHHasi, oTcueTHas koH(urypamus. J{j1si MaTrepranoB ¢ nMpenBapuTeIbHO
HaIpPsDKCHHBIMHU BKJTIOYEHISIMU WITH CIIOSIME HEBO3MOXKHO BBIOpATh OHY H TY XKE eCTe-
CTBEHHYIO OTCUETHYIO KOH(PUTYpaIMIO ISl BCETO Tela, MO3TOMY HEOOXOJMMO paccMmar-
PHBAaTh HECKOJIBKO €CTECTBCHHBIX HAYABHBIX COCTOSTHUH.

I'paguentsr nedopmanuu npeodOpas3yroTCs MpH 3aMEHE OTCYETHOW KOH(UTypaIuu
ciemyrommmM odpazom [4]:

F=A"F, F:x'>X, F:x">X, Ax>K, A"x"->K", (3)

4 4 4 4

rae X' u X7 — paccmarpuBaemble pasHble oTcueTHble KoHdurypanmu, K' u K~ — npome-
KyTOUHbIE KOHDUrypamuu, X — redopmuposannas konpurypamus, A’, A” — rpaguents!
nedopMaIny py epexoe OT OHOW OTCYSTHOW KOH(HUTYpaluu K MpoMexxyTouHor. C
Y4E€TOM YCJIOBUS HECXKUMAEMOCTH 5TU TCH30PbI IPUHUMAKOT BU/:
dX(r) o Ao s e w_ _AX() o K s

e i +=e,li, +i5i;, A"=- e i +=e,., +isi;, 4

dr r dr r

TJIE €; — KOOPJMHATHBIE OPThI B OTCYETHON KoH(UTypanmy, j = r, ¢, Z; i, — KOOpIMHATHBIE
OpTHI B TeKyLIel koHpurypauuu, k= 1,2, 3.

A=

X

. e
e =

Puc. 1

2h

Bpyc HarpyseH HOpMaJIbHBIMU CHJIAMH, IPUIIOKEHHBIMH K oBepxHocTH 0 <x; <a,
0 <x, <b. I'pany muuTel X, = —h 1 X, = h NpeanonaraloTcs cBOOOIHBIMH OT ACHCTBUS
BHELIHUX CHJI. TakuM 00pa3oM, HEBO3MYILEHHOE Ae(hOPMUPOBAHHOE COCTOSHHUE COCTAB-
HOU IUTUTHI OTMIUCHIBACTCS (DOPMYITAMH:

F) = (Mh,) i, + A,iy0, + 440415, 0<x, <h,
0= (M) Agid + 051, +Asisi;, —h < x, <0, 5)
A, =const>0, A;=const>0,

e Ay, A, — IOCTOSIHHbBIE KPATHOCTEN YJIMHEHHUIA.
JIuHeapu30BaHHbIE KPAEBBIE YCIOBHS HA TPAHAX IUTATHI UMEFOT BHL:

npu x; =0 u x;=a: wy(x,X,,%;) =0, w(x,X,,x;)=0, 1533 =0;
(6)

npu x, =0 n x, =b: w(x,x,,x3) =0, wy(x,,x,,x3) =0, P22 =0,

rae W; — MePeMEeIICHNSI.
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IIpennonaraercs uaeanbHbIA KOHTAKT MEXKAY CIOSMH Opyca: Tose 100aBOYHBIX Te-
peMeIeHI HENPEPBIBHO MPH NIEPECECUCHUH TPAHUIIBI CIIOCR.

B xauecTBe ypaBHEHHUS COCTOSIHUS UCTIONB3YETCSl MOJIEINIb HECKMMAaEMOTO HEOTyKOB-
ckoro Marepuadia [4, 10, 11]. YaensHas noTeHIMaNbHAs SHeprus nedopmaruu W 3anaet-
Csl BLIpa)KeHI/IeM

W=l (F-F')-3], P=uF—pF ", ™

e L= W(x,) — MOyNb CIIBUTA, p — IABICHHE B HECKUMAEMOM Tene, LL(X,) = L exp Y|, |,
Iy = const > 0, y= const > 0.

Tenszop HanpspkeHnit [1101bI OTHOCUTENBEHO HAMPSKEHHBIX OTCYETHBIX KOH(PUTYpa-
mit K 1 K7 U1 HEOTYKOBCKOTO MAaTepuasia MMEET BUI

P/ — ].,I,P’T _P/_P/_p/P/—T’ Pﬂ — MP”T _PII_PII_pIIPII—T‘ (8)

JluHeapu3oBaHHBIC ypaBHEHHUS paBHOBeCHs AJisi MaTtepuaina Tpenoapa 3agarorces ¢hop-
mynamu [4, 21]:

V-P=0, )

P'=uB -Vw - p'F, "+ piF, T VW F, T, B'=AT-A/, (10)
P” _ HB”'VW”—p”F(;’_T +p(r)!F(;!—T ‘VW”‘F(;,_T, B’ = A”T .AN’ (11)
tr (C,'-Vw) =0. (12)

HauanbHble HanpspKeHUs ONpenensroTcst GopMyIaMu:
2

’ - r !
P = MMMI X_z_ Polshs,

X2 1
Pz'zzplzr—z—p(') 2 (13)

Pjy = kg — poh3,
2
" 1 F ”
B =pi;h, X_z_poxsxp

2
% =i 2= ik (14)
" ny -1
33 = HA; = pohs .
Benmuunst pj, pg, X = X(r) v 3a1a10TCSI BBIPAKEHUAMHU:
2 2
, an 2 ¥ y ama ¥
by = Hx;;‘zz —5> Po= W‘sz?‘z2 0
X X
) 33 e
X(=2-+C, y=|b-2—1
2% 30 -n
2. YpaBHeHUA noTepu yCTOMYUBOCTHU

VccnenoBanne moTepy YCTOMIMBOCTH IIPOBOJUTCST METOIOM HAJIOKCHUS MAJIOH J1e-
(hopmanmu Ha KoOHEUHYIO Aedopmaruio [10—19, 21]. [Ing miaut U3 HEOryKOBCKOTO Mare-
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pHaja 3TOT METOA UCTIONb30Baics B [21], a B A7t INIUT ¢ TIpeIBapUTEIbHBIMU HaMPsDKE-
HUSIMA — B [4]. PaccMarpuBaeTcst BEKTOP MaJbIX JOOABOYHBIX MEPEMEIICHUH, KOTOPBIN
IIPECTABISETCS B BULE

W =wy (), X5, X3)i; + Wy (X7, X0, X3)1, + w3 (X, Xy, X3)i5.

KoMMoOHEHTH! W 1 THHEapU30BAHHOE JIABJICHHUE P MOTYT OBITH 3amMcaHbl B Buje [4,21]:

X, . Tmx
— 1 3« 2
wy, = W,(x,)sin sin——=,
a
. X, mmx
w, =W, (x,)sin—=cos——=,
b

(15)

ThX; . TUMX,
sin——=,

Wy = W3 cos

TNX; . TUNX,

p=P(x))sin sin

JInneapuzoBannbie TeH30pbI [1HOITBI U1 CpeHeTo ¥ BHEITHUX CJI0€B UMEIoT Bu1 [4, 21]:
D/ ] D" D LN
P'=Pii, P"=Pli, k,s=1273. (16)
CaMu KOMIIOHEHTBI TEH30POB 37IECh HE TPUBOJISATCS B CUILY MX TPOMO3AKOCTH (cM. [4, 21],
[JI€ 9TH BbIPXKEHUS IPUBEICHDI).
B pesynbsrare nmonyueHa JMHEHHAs CHUCTEMa OOBIKHOBEHHBIX TU((EPECHINATBHBIX

YpaBHEHUI TIEPBOTO W BTOPOTO MOPSI/IKA, KOTOPAs aHATU3UPYETCS IMOJTyaHATUTHICCKUMHE
METOJIaMH, OITUCAHHBIMHU B [4].

3. O6cyxaeHne norny4veHHbIX pe3ynLTaToB

PaccmoTtpena HeyCTOMUYHMBOCTB COCTABHOM YIIPYTOW TUIMTHI, H3TOTOBIEHHOM U3 ABYX
CJIOEB 3IIACTOMEPHOTO (PYyHKIIMOHATIBHO-TPaIUEHTHOTO MaTepuaa, ¢ CaMOypPaBHOBEILICH-
HBIM I10JIEM HauyaJlbHbIX HanpspkeHuil. Mcnonbp3oBaHa MozieIb HECKUMAEMOro MaTepHa-
1a Tpenoapa ¢ MoznyaeM cABUra, SKCIIOHEHIIUAJIBHO 3aBUCALIUM OT TOJIILUHBL. J{1s1 aHa-
JM3a TIOTePH YCTOMYMBOCTH MPHUMEHEH METO HaJOKCHHS MaJbIX neopMaruii Ha Ha-
JajgbHbIC KOHEuHbIe Aedopmanuu. [lodydeHa nuHeapu3oBaHHas KpaeBas 3aj1ada, IMpo-
aHaJIM3UPOBAHbl €€ HETPUBUAJIbHBIE PEILIEHUS B 3aBUCUMOCTH OT CBOMCTB MaTepualia u
HavaJIbHBIX Hanpmxeﬁuﬁ.

1 mpocTpaHCTBEHHOM 3aauld PAaCCMOTPEHO JIBa PE3YJIBTUPYIOLIUX YCHIINSA, KaK
HapaMeTpsl HarpyxeHus. BBenens! pesynsrupyonme yeunus N,, k =2, 3, kak uarerpa-
JIbl IO TOJILIMHE OT HAIPSKEHUH

h
Ny = [ Py,
—h

Mex 1y napameTpaMu pacTsKEHHUsE A, U Ay CyHIECTBYET 3aBUCUMOCTb, [JIsl KOTOPOR
JIMHEAPU30BaHHAS KpaeBas 3a/1a4a UMEET HETPUBHAIbHBIC PELICHHUS. JTa KPUTHUCSCKAS 3a-
BHCHMOCTB MEXKIY A, U A5 onpezessiercst 9ucieHHo. [Tockonbky N, sBISIOTCS QYHKIHN-
AMHU A, U Ay, Ha TIIOCKOCTH (N, N3) CYIIECTBYIOT KDUTHUECKUE KPUBBIE, KOTOPBIE pas3/ie-
JISIOT 00J1aCTh YCTOWYHMBBIX OT HEYCTOHYMBBIX MCXOJHBIX perreHuit. [Tockobky HeHa-
MPSHKEHHOE COCTOSIHUE YCTOWYUBO, TO 001aCTh YCTOMYUBOCTU COACPKUT TOUKY (IV,, N3) =
= (0, 0). TToka3zaHo, 4TO yBeJIMUCHHE Y IPUBOIUT K CcTabHIH3upyouemMy 3GQekry, To
€CTb K YBEJIMUEHUIO KPUTUUECKUX Harpy3ok. Ha puc. 2 naHHbIE BEIBOABI IPOUILIIOCTPU-
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POBaHBI IS MJIOCKOM AedopmMaliuu. 37ech MoKa3aHa 3aBUCUMOCTh KPUTHYECKOTO YCH-
JIUS OT TOJILLMHBI IPU Pa3IMYHBIX 3HAYEHUSX .

0 005 010 0,15 h
. ST .
) i
» ~ y=10
-~ v=1
Py - y=5
-8
N,
Puc. 2
Cnucox numepamypul
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ON THE LOSS OF STABILITY OF ATWO-LAYERED PLATE MADE
OF A FUNCTIONAL-GRADIENT MATERIAL WITH A NON-UNIFORM FIELD
OF PRE-STRESSES

Eremeev V.V.

Don State Technical University, Rostov-on-Don, Russian Federation

In the framework of three-dimensional nonlinear elasticity we consider linear instability of a
composite plate made of functionally graded material and having initial stresses. The plae consists
oftwo layers which were obtained as a result of flattening of an annual sector of an elastic cylinder.
This deformation results in appearance of internal stresses. Thus, the plate becomes initially stressed.
The initial stresses depend on the thickness coordinate, so we get inhomogeneous stress field. We
have two types of inhomogeneities, the first is the inhomogeneity of the initial stresses whereas the
second is the material inhomogeneity. We use the incompressible neo-Hookean material model as a
constitutive relation. Despite of relatively simple form this model describes properly severe
deformations of some rubber-like materials. For incompressible materials the flattening constitutes
one of the so-called universal deformations, that is such deformation which is independent on the
choice of constitutive relation. The material inhomogeneity is described through a dependence of
the shear modulus on the thickness coordinate. Such inhomogeneity could be related to the
manufacturing of the material or to further treatment. The stability was analysed using the
linearization approach. We superimpose infinitesimal deformations on the finite initial one. The
linearized boundary-value problem was derived and its nontrivial solutions were obtained. The
solution was obtained in series of trigonometric functions. This helps to automatically satisfy a
part of boundary conditions. We consider the influence of the inhomogeneity and initial stresses.
We show that the initial stresses may significantly change critical deformations. For example, the
loss of stability is possible due to initial stresses only.

Keywords: nonlinear elasticity, stability loss, prestresses, thick plate.
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