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Nowadays, the emergence of new lubricants requires an enhancement of the
rheological models and methods used for solution of corresponding initial boundary-
value problems. In particular, models that take into account viscoelastic properties
are of great interest. In the present paper we consider the mathematical model of
nonstationary motion of a viscoelastic fluid in roller bearings. We used the Maxwell
fluid model for the modeling of fluid properties. The viscoelastic properties are
exhibited by many lubricants that use polymer additives. In addition, viscoelastic
properties can be essential at high fluid speeds. Also, viscoelastic properties can be
significant in the case of thin gaps. Maxwell's model is one of the most common
models of viscoelastic materials. It combines the relative simplicity of constitutive
equations with the ability to describe a stress relaxation. In addition, viscoelastic
fluids also allow us to describe some effects that are missing in the case of viscous
fluid. An example it is worth to mention the Weissenberg effect and a number of
others. In particular, such effects can be used to increase the efficiency of the film
carrier in the sliding bearings. Here we introduced characteristic assumptions on
the form of the flow, allowing to significantly simplify the solution of the problem.
We consider so-called self-similar solutions, which allows us to get a solution in an
analytical form. As a result these assumptions, the formulae for pressure and friction
forces are derived. Their dependency on time and Deborah number is analyzed. The
limiting values of the flow characteristics were obtained. The latter can be used for
steady state of the flow regime. Differences from the case of Newtonian fluid are
discussed. It is shown that viscoelastic properties are most evident at the initial
stage of flow, when the effects of non-stationarity are most important.

Keywords: viscoelastic fluid, roller bearing, friction, self-similar solution.

Introduction

In theoretical studies of lubrication, it is often assumed that a lubricant behaves as a true
(Newtonian) fluid even at very high shear rates, which are characteristic of bearings, and
that various stress components resulting in the fluid from the displacement of its boundaries
can be determined based on classical hydrodynamics. However, many of the modern
lubricants possess noticeable elasticity in shear, and, in laminar flow, these materials
demonstrate some new phenomena (for example, “the Weissenberg effect” or “the normal
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pressure phenomenon”), which cannot be explained in the framework of the classical
theory. For a flow of a particular geometrical configuration, the “normal pressure
phenomenon” can be used for forming a carrying film in roller bearings.
The topic of stationary motion of viscoelastic lubricants is fairly well studied (see [1−3].
In the case of stationary shear flow similar to flows in most bearings with liquid lubricants,
non-Newtonian fluids differ very little from Newtonian ones. For stationary shear flows,
normal stresses are too small to give any tangible contribution into the carrying capacity
of the layer in the conditions of the geometry of such bearings. Lubricants have been
studied in numerous works (e.g., [4−15]), taking account of their viscoelastic properties.
The hydrodynamics of viscoelastic fluids was considered in [16−19]. The approach used
here was also applied in [20].
It appears that the behavior of viscoelastic lubricants can differ substantially from that of
Newtonian lubricants only in nonstationary conditions. That is why solution of the problem
of nonstationary flow of viscoelastic lubricants in roller bearings is of both theoretical and
practical importance.

1. Basic assumptions

In the present paper, the problem of a nonstationary flow of a viscoelastic lubricant between
a slider and a bearing pilot (fig. 1) is analyzed. The slider is assumed to remain static,
whereas the pilot moves at a velocity of ),(~0 tuu ′+ ∗

 where )(~ const,0 tu u ′= ∗
 is pertur-

bation velocity of the of the pilot.

To find an analytical solution of the problem connected with stationary motion of the
pilot, a number of conventional assumptions and simplifications are made:
1. Pressure is nearly constant through the film thickness, as defined by equation h′ = h0 +
+ x′tg α.
2. The lubricant film thickness is small as compared with its length, thus, according to
Reynolds, it can be assumed that velocity V ′y′ of the fluid and in the direction normal to the
surface is small enough as compared with velocity V ′x′ along the surfaces. Moreover, the
variation of velocity V ′x′ in direction x′ is negligible as compared with that in direction y ′.
3. The characteristics of a Maxwellian fluid can be described using the following equation
[2, 3]:

,1
tGy

Vx

′∂
τ′∂

⋅+
μ
τ′

=
′∂
′∂ ′ (1)

where G is elastic modulus, μ is viscosity, μ/G = λ is relaxation time of the fluid, τ′ is
tangential stress.

Fig.1. Configuration of the bearing
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2. Basic equations and boundary conditions

With the above assumptions, the analysis of equilibrium of a fluid element situated between
the surfaces of the bearing results in the following equation:

,
t

V
x
p

y
x

′∂
′∂

ρ+
′∂
′∂

=
′∂
τ′∂ ′ (2)

where p′ is hydrodynamic pressure and ρ is density.
In analyzing the system in question, equations (1) and (2) are complemented with a
continuity equation:

.0=
′∂
′∂

+
′∂

′∂ ′′

x
V

y
V xy (3)

The solution of the analyzed problem will be sought in the form of a sum of two solutions:

,,,, 0ns0ns
00 τ′+τ′=τ′′+′=′+=′+=′ ′′′′′′ pppVVVVVV yyyxxx (4)

where 00
00 ,,, τ′′′′ pVV yx  is solution of a stationary problem corresponding to the motion of

the bearing pilot at a constant velocity ,~0u  and nsns ,,, τ′′′′ pVV xy  is a solution of a
nonstationary problem corresponding to the motion of the pilot at a velocity u*(t′).
Substituting xu ′∂∂ /~0

 for t′∂∂ /  in equation (1) of the stationary problem, to determine
functions 00

00 ,,, τ′′′′ pVV yx  with the account of (1), (2) and (3), the following equation system
is obtained:
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μ
τ′

=
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∂ ′′′ (5)

and to determine functions ,,,, nsns τ′′′′ pVV xy  in equations (1), (2) and (3) nsns,,, τ′′′′ pVV xy
will be substituted for ,,,, τ′′′′ ′′ pVV xy  respectively.
Equation system (5) is solved with the following boundary conditions:

,0~,0 for000 =′−== ′′ yuVV xy

),(0,0 for00 xhyVV xy ′′=′== ′′ (6)

.,0for0 lxxPp A =′=′=′

It is assumed that a lubricant arrives at the bearing in the case of total relaxation of elastic
strain. If this assumption is applied to the entire fluid at the moment it gets into the bearing,
boundary conditions (6) will be supplemented with the following conditions:

.0for0,0 0
2
0

2

===
′
′

x
dx
dc

xd
pd (7)

Now dimensionless variables will be considered according to the following formulas:

,),()(,~,~,, 0
0

000000
0 l

hxhhxhuuVvuVyhylxx yx =ε=′′ε===′=′ ′′

,
~

, 2
0

0

00 h
lupppp μ

==′ ∗∗

(8)

where l is length of the bearing pilot.
Then equation system (5) and boundary conditions (6), (7) can be written as:
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3. Constructing a self-similar solution

An exact self-similar solution of problem (9), (10) is sought in the following form [2]:
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Substitution of (11) into (9), (10) yields the following system of ordinary differential
equations and the related boundary conditions:
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A solution of problem (12), (13) is found by direct integration with the following result:
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For hydrodynamic pressure with the account of the boundary conditions for p0, the following
final expression is obtained:

.
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Knowing  p0, pressure force N0 for the case of stationary motion can be found:
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For the case of stationary motion, the friction force is defined by the following expression:

,)(
~

)(
0

0
0

0

0
0

0
00

0
fr ∫∫∫

μ
=′′′=′τ′=

=′

lll

y dxxc
h

luxdxcxdF

where constant 0
0

00 /~ hucc μ=′  results from integrating the third equation of system (5),
and c0 is determined from the following expression:
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Solving the resulting equation with boundary condition dc0 /dx = 0 for x = 0, one obtains:

.
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The final expression for determining the friction force with the account of (15) will be:
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Now the nonstationary problem will be analyzed.
The nonlinear term in the right-hand side of equation (2) is averaged along the thickness
of the lubricant layer using the Slezkin−Targ method. The following designation is
introduced:
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Thus, after integrating equation (2) for the case of nonstationary motion with the account
of (3), the following expression is obtained:
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For the case of a Maxwellian fluid, where its flow characteristics are defined by equation
(1), the velocity gradient will be expressed as:
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Differentiating both sides of equation (19) for y′, one obtains:
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Let us consider now the dimensionless variables according to the formulas analogous to (7):
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For the nonstationary problem, with the account of (21), the following equation system
and the related boundary conditions are obtained:
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An exact self-similar solution of problem (22), (23) will be sought in the following form:
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After substituting (24) into (22), (23), the following system of differential equations and
the related boundary conditions are obtained:
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Integrating equation system (25) with boundary conditions (26), one obtains:
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and function )(~
2 tс  is found from the following equation:
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After integrating equation (29), the following expression is obtained:
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For expression )(~
2 tс  not to contain any complex roots, condition A1 = A2 = 0  is enforced;

then expression )(~
2 tс  will take the form:
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Hydrodynamic pressure P is determined from the following equation:
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Integration of equation (31) for x, and then for t with the account of boundary conditions
(26) for P, yields:
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where c is found from the following equation:
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After solving this equation with boundary condition 0/ =∂∂ tc  for x = 0, t = 0, one obtains:
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After substituting (36)  into (34), the following final expression for determining the friction
force is obtained:
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To solve the problem, it remains to find velocity 0
1
~ueu =∗

 of the bearing pilot. Let the mass
of the pilot be equal to M, and the constant force acting on it be equal to Q. The following
designations will be used:
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where Í is width of the pilot.
The differential equation of motion of the plate in the designations used will have the
form:
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In dimensionless variables, equation (39) with the account of (37) will be written as:
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Differentiation of both sides of equation (40) for t yields:
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Solution of equation (42) yields:
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As in the considered case, for actual bearings,   acquires values from 0 to 1, then, for these
values, δ < 0, hence, à1 < 0, à2 > 0, and, thus, in the solution of (43) it is assumed that
Å2 = 0. Using boundary conditions å1 = 0 for t = 0, one obtains:
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Then, the final expression for å1 will be:
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The total pressure force and the total friction are found from the following expressions:

., 0
frfr0 FFFNNW +=+= (45)

4. Analysis of the results obtained

Some of the obtained results will further be analyzed here. Firstly, it follows from
(44) that, for t → ∞, the velocity of the pilot tends to limiting value U, which is equal to:
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The results of numerically analyzing total pressure force as a function of Deborah
number β and time t are depicted in Figs. 2, 3. The total pressure force acting on the slider
and the pilot at the moment when the pilot moves at this velocity )(~0 tuu ′+ ∗

 is higher
than the force that would be acting on it if the pilot moved steadily, beginning from this
moment, at a constant velocity of .~0u  It is evident from expressions (45), with the account
of (44) defining the pressure and friction forces, that in the limit (t → ∞) those expressions
transform into formulas defining the pressure and friction forces in the case of stationary
motion, which testifies to a steady-state working regime of the system in question.
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Conclusion

The above analysis of the effect of viscoelastic properties of lubricants in the framework
of the Maxwell model has shown that this effect is the most pronounced at the initial stage
of loading when nonstationary effects play the key role.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÍÅÑÒÀÖÈÎÍÀÐÍÎÃÎ ÄÂÈÆÅÍÈß
ÂßÇÊÎÓÏÐÓÃÎÉ ÆÈÄÊÎÑÒÈ Â ÏÎÄØÈÏÍÈÊÀÕ ÑÊÎËÜÆÅÍÈß

Æóðáà Åðåìååâà È.À., Ñêåððàòî Ä., Êàðäèëëî Ê., Òðàí À.

Ìåæäóíàðîäíûé èññëåäîâàòåëüñêèé öåíòð ìàòåìàòèêè è ìåõàíèêè ñëîæíûõ ñèñòåì,
óíèâåðñèòåò Ë ′Àêóèëà, Ë ′Àêóèëà, Èòàëèÿ

Â íàñòîÿùåå âðåìÿ ïîÿâëåíèå íîâûõ ñìàçî÷íûõ ìàòåðèàëîâ òðåáóåò ðàñøèðåíèÿ
èñïîëüçóåìûõ ðåîëîãè÷åñêèõ ìîäåëåé è ìåòîäîâ ðåøåíèÿ ñîîòâåòñòâóþùèõ íà÷àëüíî-
êðàåâûõ çàäà÷. Â ÷àñòíîñòè, áîëüøîé èíòåðåñ ïðåäñòàâëÿþò ìîäåëè, ó÷èòûâàþùèå âÿçêî-
óïðóãèå ñâîéñòâà. Â ñòàòüå ðàññìàòðèâàåòñÿ ìîäåëü íåñòàöèîíàðíîãî äâèæåíèÿ âÿçêî-
óïðóãîé æèäêîñòè â ïîäøèïíèêàõ ñêîëüæåíèÿ. Äëÿ îïèñàíèÿ ñâîéñòâ æèäêîñòè èñïîëüçîâà-
íà ìîäåëü Ìàêñâåëëà. Âÿçêîóïðóãèå ñâîéñòâà ïðîÿâëÿþòñÿ âî ìíîãèõ ñìàçî÷íûõ ìàòåðèà-
ëàõ, ñîäåðæàùèõ ïîëèìåðíûå äîáàâêè. Êðîìå òîãî, âÿçêîóïðóãèå ñâîéñòâà ìîãóò áûòü ñó-
ùåñòâåííûìè ïðè âûñîêèõ ñêîðîñòÿõ æèäêîñòè. Òàêæå âÿçêîóïðóãèå ñâîéñòâà ìîãóò ïðîÿâ-
ëÿòüñÿ â ñëó÷àå òîíêèõ çàçîðîâ. Ìîäåëü Ìàêñâåëëà ïðåäñòàâëÿåò ñîáîé îäíó èç íàèáîëåå
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ðàñïðîñòðàíåííûõ ìîäåëåé âÿçêîóïðóãèõ ìàòåðèàëîâ. Îíà ñî÷åòàåò îòíîñèòåëüíóþ ïðîñòî-
òó óðàâíåíèé ñîñòîÿíèÿ ñ âîçìîæíîñòüþ îïèñàíèÿ ðåëàêñàöèè íàïðÿæåíèé. Ïîìèìî ýòîãî,
óðàâíåíèÿ âÿçêîóïðóãîé æèäêîñòè ïîçâîëÿþò îïèñàòü ýôôåêòû, îòñóòñòâóþùèå â ñëó÷àå
âÿçêîé æèäêîñòè, íàïðèìåð, ýôôåêò Âàéññåíáåðãà è öåëûé ðÿä äðóãèõ. Â ÷àñòíîñòè, òàêèå
ýôôåêòû ìîæíî èñïîëüçîâàòü äëÿ ïîâûøåíèÿ ýôôåêòèâíîñòè  íåñóùåé ïëåíêè â ïîäøèïíè-
êàõ ñêîëüæåíèÿ. Â ñòàòüå ââåäåíû ïðåäïîëîæåíèÿ î õàðàêòåðå òå÷åíèÿ, ïîçâîëÿþùèå ñóùå-
ñòâåííî óïðîñòèòü ðåøåíèå çàäà÷è. Ðàññìàòðèâàþòñÿ àâòîìîäåëüíûå ðåøåíèÿ, ÷òî ïîçâîëÿ-
åò ïîëó÷èòü ðåøåíèå â àíàëèòè÷åñêîé ôîðìå. Ïîëó÷åíû çàâèñèìîñòè ïîëíîé ñèëû äàâëå-
íèÿ è ïîëíîé ñèëû òðåíèÿ îò ÷èñëà Äåáîðû è âðåìåíè. Ïîëó÷åíû ïðåäåëüíûå çíà÷åíèÿ ðÿäà
õàðàêòåðèñòèê òå÷åíèÿ, êîòîðûå ìîæíî èñïîëüçîâàòü â óñòàíîâèâøåìñÿ ðåæèìå òå÷åíèÿ.
Îáñóæäàþòñÿ îòëè÷èÿ îò ñëó÷àÿ íüþòîíîâñêîé æèäêîñòè. Ïîêàçàíî, ÷òî âÿçêîóïðóãèå ñâîé-
ñòâà â áîëüøåé ìåðå ïðîÿâëÿþòñÿ íà íà÷àëüíîì ýòàïå íàãðóæåíèÿ, êîãäà âàæíû ýôôåêòû
íåñòàöèîíàðíîñòè.

Êëþ÷åâûå ñëîâà: âÿçêîóïðóãàÿ æèäêîñòü, ïîäøèïíèê ñêîëüæåíèÿ,  òåîðèÿ ñìàçêè, àâòî-
ìîäåëüíîå ðåøåíèå.


