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Îáñóæäàþòñÿ âîïðîñû, ñâÿçàííûå ñ ñîáñòâåííûìè êîëåáàíèÿìè óïðóãèõ
áàëîê ïåðåìåííîãî ñå÷åíèÿ. Îòìå÷åíî, ÷òî îäíîé èç îáùèõ õàðàêòåðíûõ ÷åðò,
ïðèñóùèõ êðàåâûì çàäà÷àì ìàòåìàòè÷åñêîé ôèçèêè, ÿâëÿåòñÿ íåêîòîðàÿ íå-
îäíîçíà÷íîñòü â èõ ôîðìóëèðîâêå. Ñôîðìóëèðîâàíà êðàåâàÿ çàäà÷à íàõîæäå-
íèÿ ñîáñòâåííûõ ÷àñòîò áàëêè ïåðåìåííîãî ñå÷åíèÿ â ïåðåìåùåíèÿõ. Ââåäå-
íèåì íîâûõ ïåðåìåííûõ, êîòîðûå õàðàêòåðèçóþò ïîâåäåíèå ñèñòåìû, êðàåâàÿ
çàäà÷à ñâîäèòñÿ ê òðåì îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ ïå-
ðåìåííûìè êîýôôèöèåíòàìè. Íîâûå ïåðåìåííûå èìåþò ÿñíûé ôèçè÷åñêèé
ñìûñë. Îäíà ôóíêöèÿ ÿâëÿåòñÿ ëèíåéíîé ïëîòíîñòüþ èìïóëüñà, à äðóãàÿ −
èçãèáàþùèì ìîìåíòîì â ïîïåðå÷íîì ñå÷åíèè áàëêè. Òàêàÿ ôîðìóëèðîâêà
çàäà÷è î ñâîáîäíûõ êîëåáàíèÿõ áàëêè ïåðåìåííîãî ñå÷åíèÿ ïîçâîëÿåò ñâåñòè
ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ê îäíîìó óðàâíåíèþ ÷åòâåðòîãî ïî-
ðÿäêà, çàïèñàííîìó â òåðìèíàõ ôóíêöèè èìïóëüñîâ. Ýòî óðàâíåíèå ýêâèâà-
ëåíòíî èñõîäíîìó óðàâíåíèþ, ñôîðìóëèðîâàííîìó â ïåðåìåùåíèÿõ, íî èìå-
åò äðóãóþ ôîðìó.

Îïèñàí ìåòîä èíòåãðîäèôôåðåíöèàëüíûõ ñîîòíîøåíèé, êîòîðûé ÿâëÿ-
åòñÿ àëüòåðíàòèâíûì ê êëàññè÷åñêèì ÷èñëåííûì ïîäõîäàì. Èññëåäîâàíû âîç-
ìîæíîñòè ïîñòðîåíèÿ ðàçëè÷íûõ äâóñòîðîííèõ ýíåðãåòè÷åñêèõ îöåíîê òî÷-
íîñòè ïðèáëèæåííûõ ðåøåíèé, âûòåêàþùèõ èç ìåòîäà èíòåãðîäèôôåðåíöè-
àëüíûõ ñîîòíîøåíèé. Ðàññìîòðåí ïðîåêöèîííûé ïîäõîä äëÿ ðåøåíèÿ ñïåêò-
ðàëüíûõ çàäà÷ ëèíåéíîé òåîðèè áàëîê. Íà ïðèìåðå çàäà÷è î ñâîáîäíûõ êîëå-
áàíèÿõ ïðÿìîëèíåéíîé áàëêè ñ êâàäðàòè÷íî ìåíÿþùåéñÿ ñòðîèòåëüíîé âû-
ñîòîé ïî åå äëèíå ïîêàçàíà ýôôåêòèâíîñòü ìåòîäà èíòåãðîäèôôåðåíöèàëü-
íûõ ñîîòíîøåíèé. Ïðåäëîæåíû ýíåðãåòè÷åñêèå îöåíêè òî÷íîñòè ïðèáëèæåí-
íîãî ðåøåíèÿ, ïîñòðîåííîãî ñ èñïîëüçîâàíèåì ïîëèíîìèàëüíûõ àïïðîêñèìà-
öèé èñêîìûõ ôóíêöèé. Ïîêàçàíî, ÷òî ïðèìåíåíèå ñòàíäàðòíîé òåõíèêè ìåòî-
äà Áóáíîâà − Ãàëåðêèíà ê çàäà÷å î ñâîáîäíûõ êîëåáàíèÿõ ïðèâîäèò ê ïîÿâëå-
íèþ êîìïëåêñíûõ ñîáñòâåííûõ ÷àñòîò. Ïðè ýòîì îòíîøåíèå ìíèìîé ÷àñòè ê
äåéñòâèòåëüíîé ÷àñòè ñîáñòâåííîãî ÷èñëà ÿâëÿåòñÿ îòíîñèòåëüíîé ïîãðåø-
íîñòüþ ðåøåíèÿ êðàåâîé çàäà÷è. Ïðåäëîæåííûé ÷èñëåííûé àëãîðèòì ïîçâî-
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ëÿåò îäíîçíà÷íî îöåíèòü ëîêàëüíîå è èíòåãðàëüíîå êà÷åñòâà ïîëó÷åííûõ
÷èñëåííûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ïðîåêöèîííûå ïîäõîäû, ìåòîä èíòåãðîäèôôåðåíöèàëü-
íûõ ñîîòíîøåíèé, ýíåðãåòè÷åñêèå îöåíêè òî÷íîñòè, äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

Ââåäåíèå

Ìíîãèå áàëêè, ïðèìåíÿåìûå â òåõíèêå è ñòðîèòåëüñòâå, õàðàêòåðèçóþòñÿ ïå-
ðåìåííûìè ãåîìåòðè÷åñêèìè è ôèçè÷åñêèìè ïàðàìåòðàìè. Íàïðèìåð, êîíè÷åñêàÿ
áàëêà, áàëêà ïðè íåðàâíîìåðíîì ðàñïðåäåëåíèè òåìïåðàòóðû, êîòîðàÿ èìååò ïå-
ðåìåííûå ôèçè÷åñêèå ñâîéñòâà. Íàëè÷èå ïåðåìåííûõ ïàðàìåòðîâ çíà÷èòåëüíî çà-
òðóäíÿåò äèíàìè÷åñêèé àíàëèç òàêèõ îáúåêòîâ.

Èçó÷åíèå äèíàìèêè êîíñòðóêöèé â íàñòîÿùåå âðåìÿ ñòàíîâèòñÿ âñå áîëåå âàæ-
íûì äëÿ èíæåíåðîâ-ñòðîèòåëåé, ïîñêîëüêó òåíäåíöèÿ â ñòðîèòåëüñòâå ê âîçâåäå-
íèþ ìíîãîýòàæíûõ ñîîðóæåíèé, êàê ïðàâèëî, ïðèâîäèò ê óâåëè÷åíèþ àìïëèòóäû
êîëåáàíèé çäàíèé. Ïîýòîìó â íåêîòîðûõ ñëó÷àÿõ íåîáõîäèìî ðàññ÷èòàòü äèíàìè-
÷åñêèå õàðàêòåðèñòèêè âûñîòíûõ êîíñòðóêöèé óæå íà ýòàïå ïðîåêòèðîâàíèÿ. Ïðè
àíàëèçå ñâîáîäíûõ êîëåáàíèé êîíñîëüíûõ âûñîòíûõ çäàíèé èõ ìîæíî ìîäåëèðî-
âàòü â ïåðâîì ïðèáëèæåíèè áàëêàìè ñ ïåðåìåííûì ïîïåðå÷íûì ñå÷åíèåì.

Â òå÷åíèå ïîñëåäíèõ íåñêîëüêèõ äåñÿòèëåòèé çíà÷èòåëüíîå êîëè÷åñòâî ïóáëè-
êàöèé, ïðåäñòàâëÿþùèõ ëèáî àíàëèòè÷åñêèå, ëèáî ÷èñëåííûå ðåøåíèÿ, áûëî ïî-
ñâÿùåíî ïîïåðå÷íûì êîëåáàíèÿì íåîäíîðîäíûõ áàëîê è ðàâíîìåðíî âðàùàþùèõ-
ñÿ áàëîê. Õàðàêòåðíàÿ ÷åðòà óïðàâëÿþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîïåðå÷-
íûõ êîëåáàíèé íåîäíîðîäíûõ áàëîê ñîñòîèò â òîì, ÷òî îíè ïðåäñòàâëÿþò ñîáîé
ëèíåéíûå óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

Ïîïåðå÷íûå êîëåáàíèÿ íåîäíîðîäíûõ áàëîê âñëåäñòâèå èõ çíà÷èìîñòè äëÿ ïðî-
ìûøëåííîñòè èçó÷àëèñü ìíîãèìè èññëåäîâàòåëÿìè. Ýòè èññëåäîâàíèÿ ïðåäñòàâëÿ-
þò ñîáîé ëèáî àíàëèòè÷åñêèå [1−4], ëèáî ïðèáëèæåííûå ðåøåíèÿ [5].

Ñðåäè ðåçóëüòàòîâ, ïðåäñòàâëåííûõ â ëèòåðàòóðå, òî÷íûå ðåøåíèÿ â çàìêíóòîé
ôîðìå îñîáåííî èíòåðåñíû èç-çà òîãî, ÷òî îíè ñëóæàò êðèòåðèÿìè, ïî êîòîðûì ìîæ-
íî îöåíèòü òî÷íîñòü ðàçëè÷íûõ ïðèáëèæåííûõ ðåøåíèé, ïîëó÷åííûõ ñ ïîìîùüþ
ìåòîäîâ Ðýëåÿ − Ðèòöà, Áóáíîâà − Ãàëåðêèíà, êîíå÷íûõ ðàçíîñòåé, êîíå÷íûõ ýëå-
ìåíòîâ, äèôôåðåíöèàëüíûõ êâàäðàòóð è äð. [6]. Êðîìå òîãî, îíè ñëóæàò òåñòîâîé
áàçîé äëÿ ðàçðàáîòêè íîâûõ ñèñòåì ÷èñëåííîãî ðåøåíèÿ êðàåâûõ çàäà÷.

Ïðîâîäèëîñü ìíîãî èññëåäîâàíèé ñâîáîäíûõ êîëåáàíèé íåîäíîðîäíûõ áàëîê.
Îäíàêî ðåøåíèÿ â çàìêíóòîé ôîðìå äî ñèõ ïîð ïîëó÷åíû ëèøü äëÿ ìàëîãî êîëè÷åñò-
âà çàäà÷. Ïîêàçàíî, ÷òî àíàëèòè÷åñêèå ðåøåíèÿ ìîæíî íàéòè äëÿ íåêîòîðûõ îñî-
áûõ ñëó÷àåâ, íàïðèìåð äëÿ ñòðóêòóðû ñ ýêñïîíåíöèàëüíî èçìåíÿþùèìñÿ ïîïåðå÷-
íûì ñå÷åíèåì. Äëÿ ïîñòðîåíèÿ ðåøåíèÿ ïðèìåíÿþò ðàçíûå ÷èñëåííûå ìåòîäû,
òàêèå êàê ìåòîä êîíå÷íûõ ýëåìåíòîâ, ìåòîä êîíå÷íûõ ðàçíîñòåé è ò.ä.

Áîëüøèíñòâî ðàññìîòðåííûõ çàäà÷ îòíîñèòñÿ ê èññëåäîâàíèþ ïîïåðå÷íûõ êî-
ëåáàíèé ñóæàþùèõñÿ áàëîê. Ýòè ðåçóëüòàòû ìîæíî ñèñòåìàòèçèðîâàòü ñëåäóþùèì
îáðàçîì: áàëêè ñ êðóãëûì ïîïåðå÷íûì ñå÷åíèåì ëèáî óñå÷åííûå [1], èìåþùèå îäèí
îñòðûé êîíåö ëèáî äâà îñòðûõ êîíöà [7]; áàëêè ñ ïðÿìîóãîëüíûì ïîïåðå÷íûì ñå÷å-
íèåì è ñ ïîñòîÿííîé øèðèíîé, ñ ïîñòîÿííîé òîëùèíîé [4] èëè â âèäå ïèðàìèäû [1].

Èíòåðåñ èññëåäîâàòåëåé ê çàäà÷àì î êîëåáàíèÿõ íåîäíîðîäíûõ îäíîìåðíûõ
ñòðóêòóð â ïåðâóþ î÷åðåäü ñâÿçàí ñ èññëåäîâàíèåì [8] êîíè÷åñêèõ ñòåðæíåé, ïîêà-
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çûâàþùèì, ÷òî ñîáñòâåííûå ÷àñòîòû ñëàáî çàâèñÿò îò êîíóñà. Èçó÷åíèå êîíè÷åñ-
êèõ ñòåðæíåé âàæíî äëÿ èçó÷åíèÿ îñíîâ äèíàìèêè êîìïîçèòíûõ ñòðóêòóð, ïîäâåð-
æåííûõ âûñîêîñêîðîñòíîìó óäàðó. Â ýòèõ ñëó÷àÿõ äèíàìè÷åñêèé îòêëèê ïîëóïëîñ-
êîñòè íà ïîâåðõíîñòíóþ íàãðóçêó ìîæíî òî÷íî îïðåäåëèòü ñ èñïîëüçîâàíèåì êîíè-
÷åñêîé ìîäåëè. Áîëåå äåòàëüíûé îáçîð ìåòîäîâ ðåøåíèÿ çàäà÷ î êîëåáàíèÿõ áàëîê
ïåðåìåííîãî ñå÷åíèÿ ìîæíî íàéòè â [9, 11−20].

Íåñìîòðÿ íà òî, ÷òî çàäà÷è î ñâîáîäíûõ êîëåáàíèÿõ ñòåðæíåé ïåðåìåííîãî ñå-
÷åíèÿ äàâíî èçâåñòíû è äîâîëüíî ïîäðîáíî èññëåäîâàíû, îñòàåòñÿ ðÿä ïðîáëåì,
êîòîðûå ÿâëÿþòñÿ àêòóàëüíûìè è â íàñòîÿùåå âðåìÿ. Ê òàêèì ïðîáëåìàì ìîæíî
îòíåñòè è ðàçðàáîòêó áîëåå ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ, è ïîñòðîåíèå íàäåæ-
íûõ ïðîöåäóð îöåíêè êà÷åñòâà ïðèáëèæåííûõ ðåøåíèé. Ðÿäó òàêèõ âîïðîñîâ ïî-
ñâÿùåíî íàñòîÿùåå èññëåäîâàíèå.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì òîíêóþ áàëêó äëèíîé L, êîòîðàÿ îïèñûâàåòñÿ óðàâíåíèÿìè â ðàì-
êàõ ãèïîòåç Ýéëåðà − Áåðíóëëè (ðèñ. 1). Íà ðèñóíêå h0 − âåëè÷èíà ñòðîèòåëüíîé
âûñîòû áàëêè ïðè x = 0. Ñ÷èòàåòñÿ, ÷òî áàëêà ñîâåðøàåò ïëîñêèå ïîïåðå÷íûå ãàð-
ìîíè÷åñêèå êîëåáàíèÿ, êîòîðûå â ðàìêàõ ðàññìàòðèâàåìîé ìîäåëè îïèñûâàþòñÿ
ëèíåéíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ

.
2

,
2

,0)()( )( ⎟
⎠
⎞

⎜
⎝
⎛−∈=+ρ

LLxzxEJzx xxxxtt (1)

Çäåñü z − ïîïåðå÷íûå ïåðåìåùåíèÿ òî÷åê öåíòðàëüíîé ëèíèè áàëêè, ρ − ëèíåéíàÿ
ïëîòíîñòü ìàòåðèàëà áàëêè, E − ìîäóëü Þíãà, J(x) − ìîìåíò èíåðöèè ïîïåðå÷íîãî
ñå÷åíèÿ. C÷èòàåòñÿ, ÷òî âíåøíÿÿ ðàñïðåäåëåííàÿ íàãðóçêà îòñóòñòâóåò.

Ââåäåì íîâûå ïåðåìåííûå π(x, t) è μ(x, t), êîòîðûå õàðàêòåðèçóþò ïîâåäåíèå
ñèñòåìû è â òî æå âðåìÿ èìåþò ÿñíûé ôèçè÷åñêèé ñìûñë. Ôóíêöèÿ π(x, t) ÿâëÿåòñÿ
ëèíåéíîé ïëîòíîñòüþ èìïóëüñà, à μ(x, t) − èçãèáàþùèì ìîìåíòîì â ïîïåðå÷íîì
ñå÷åíèè áàëêè.

Óðàâíåíèÿ ëèíåéíîé òåîðèè, ñâÿçûâàþùèå ïëîòíîñòü èìïóëüñà π(x, t) ñî ñêî-
ðîñòÿìè òî÷åê ñèñòåìû zt(x, t), à òàêæå ìîìåíò μ(x, t) ñ êðèâèçíîé áàëêè zxx(x, t),
âûçâàííîé èçãèáîì, ìîãóò áûòü ñîîòâåòñòâåííî çàïèñàíû â âèäå

,0,0 =ξ=η (2)

ãäå ââåäåíû âñïîìîãàòåëüíûå ôóíêöèè η è ξ:

.,
EJ

zz xxt
μ

−=ξ
ρ
π

−=η (3)

Èñïîëüçóÿ ñîîòíîøåíèÿ (2) è (3), óðàâíåíèå äâèæåíèÿ óïðóãîé áàëêè (1), çàïè-
ñàííîå â ïåðåìåùåíèÿõ, ìîæíî âûðàçèòü ÷åðåç ôóíêöèè ìîìåíòà μ(x, t) è èìïóëü-
ñà π(x, t):

Ðèñ. 1. Áàëêà ïåðåìåííîãî ñå÷åíèÿ
−L/2                                                   0                                                   L/2

h0
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.0=μ+π xxt (4)
Ïîñêîëüêó âûðàæåíèå (4) ñâÿçûâàåò ðàñïðåäåëåííûå èíåðöèîííûå è óïðóãèå

ñèëû, òî ýòî ñîîòíîøåíèå áóäåì íàçûâàòü óðàâíåíèåì äèíàìè÷åñêîãî ðàâíîâåñèÿ.
Äëÿ òîãî ÷òîáû ñôîðìóëèðîâàòü çàäà÷ó íàõîæäåíèÿ ñîáñòâåííûõ ÷àñòîò êîëå-

áàíèé áàëêè, ïðåäñòàâèì âñå ââåäåííûå ôóíêöèè, êîòîðûå çàâèñÿò îò âðåìåíè, â
âèäå

,e)(~),(,e)(~),(,e)(~),( tititi xtxxtxxztxz ωωω μ=μπ=π=

.e)(~),(,e)(~),( titi xtxxtx ωω ξ=ξη=η
(5)

Ïîäñòàâëÿÿ ôóíêöèè èç (5) ñîîòâåòñòâåííî â âûðàæåíèÿ (2), (3) è (4), ïîëó÷èì

,0
~~,0

~~ =
μ

−=
ρ
π

−ω
EJ

zzi xx (6)

,
~~~,

~~~
EJ

zzi xx
μ

−=ξ
ρ
π

−ω=η (7)

.0~~ =μ+πω xxi (8)

Â äàëüíåéøåì çíàê òèëüäà îïóñêàåì.
Äâàæäû äèôôåðåíöèðóÿ ïåðâîå óðàâíåíèå èç (6) ïî x è ïîäñòàâëÿÿ zxx âî âòîðîå

óðàâíåíèå èç (6), ìîæíî ïîëó÷èòü â ÿâíîì âèäå âûðàæåíèå äëÿ ôóíêöèè èçãèáàþ-
ùåãî ìîìåíòà μ îòíîñèòåëüíî èìïóëüñà

.
)( xxxi

EJ
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ
π

ω
=μ (9)

Ïîäñòàâëÿÿ (9) â óðàâíåíèå (8), ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå ÷åòâåðòîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè, âûðàæåííîå ÷åðåç èì-
ïóëüñû, äëÿ íàõîæäåíèÿ ñîáñòâåííûõ ÷àñòîò êîëåáàíèé áàëêè

.0
)(

)( 2 =πω−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ
π

xxxxx
xEJ (10)

Ëåãêî âèäåòü, ÷òî ïðè òàêîì âûáîðå ïåðåìåííûõ ñîîòíîøåíèÿ (6) âûïîëíÿþòñÿ êàê
òîæäåñòâà, â òî âðåìÿ êàê óðàâíåíèå (10) ïðåäñòàâëÿåò ñîáîé ìîäèôèêàöèþ ñîîò-
íîøåíèÿ (8) è, ñîîòâåòñòâåííî, íå ðàâíî íóëþ íà ïðèáëèæåííîì ðåøåíèè.

Îãðàíè÷èìñÿ ðàññìîòðåíèåì ñëó÷àÿ, êîãäà êîíöû ñòåðæíÿ æåñòêî çàùåìëåíû
è èìåþò ìåñòî ãðàíè÷íûå óñëîâèÿ:

,0,0,
2

==−= xzzLx

.0,0,
2

=== xzzLx
(11)

Èñïîëüçóÿ ïåðâîå ñîîòíîøåíèå èç (6), ãðàíè÷íûå óñëîâèÿ (11) ìîæíî çàïèñàòü â
òåðìèíàõ èìïóëüñîâ:

,0,0,
2

=π=π−= x
Lx

.0,0,
2

=π=π= x
Lx

(12)
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Ñëåäóåò îòìåòèòü, ÷òî óðàâíåíèÿ (1) è (10) ïîëó÷àþòñÿ ïóòåì òîæäåñòâåííûõ
ïðåîáðàçîâàíèé óðàâíåíèé (2), (4). Äðóãèìè ñëîâàìè, îíè îïèñûâàþò îäíî è òî æå
ôèçè÷åñêîå ÿâëåíèå, íî ïðè ýòîì èìåþò ðàçëè÷íóþ ôîðìó. Ñîîòâåòñòâèå òàêèõ ïðåä-
ñòàâëåíèé äðóã äðóãó ñîñòàâëÿåò îñíîâó äîïîëíèòåëüíîãî èññëåäîâàíèÿ. Ýòè âîï-
ðîñû âûõîäÿò çà ðàìêè íàñòîÿùåãî èññëåäîâàíèÿ.

2. Ìåòîä èíòåãðîäèôôåðåíöèàëüíûõ ñîîòíîøåíèé

Â ïðåäëàãàåìîì ïîäõîäå âìåñòî óðàâíåíèé ñîñòîÿíèÿ áàëêè (2) ââîäèòñÿ â ðàñ-
ñìîòðåíèå îäíî èíòåãðàëüíîå ñîîòíîøåíèå, ñâÿçûâàþùåå ôóíêöèè èìïóëüñà π è
ìîìåíòà μ ñ ôóíêöèåé ïåðåìåùåíèé z.

Â ìîíîãðàôèè [11] äàíà èíòåãðîäèôôåðåíöèàëüíàÿ ôîðìóëèðîâêà çàäà÷è î äâè-
æåíèè óïðóãîé áàëêè (6)−(11): íàéòè òàêèå íåèçâåñòíûå ïîëÿ ïëîòíîñòè èìïóëüñà
π*, ìîìåíòà μ* è ïåðåìåùåíèé z*, êîòîðûå óäîâëåòâîðÿþò èíòåãðàëüíîìó ñîîòíî-
øåíèþ

,
2
1,0z),,( )( 222 ξα+ρη=ϕ=Ωμπϕ=Φ ∫

Ω

EJd (13)

ïðè ñòðîãîì âûïîëíåíèè óñëîâèé (8), (11). Çäåñü ââåäåíà ïðîñòðàíñòâåííî-âðåìåí-
íàÿ îáëàñòü Ω = (−L/2, L/2)×(0, T ) ñ ãðàíèöåé Ω∂  â ïðîñòðàíñòâå êîîðäèíàòû x è
âðåìåíè t. Èíòåãðàë (13) âû÷èñëÿåòñÿ ïî ïðÿìîóãîëüíîé îáëàñòè Ω ).( dxdt=Ω∂ Ïà-
ðàìåòð α − íåêîòîðûé âåñîâîé êîýôôèöèåíò.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ, îïðåäåëåííàÿ â (13) ÷åðåç ôóíêöèè η è ξ èç (7), ÿâ-
ëÿåòñÿ íåîòðèöàòåëüíîé ïî ïîñòðîåíèþ. Èç ýòîãî ñâîéñòâà ñëåäóåò, ÷òî èíòåãðàë Φ
òàêæå íåîòðèöàòåëåí äëÿ ïðîèçâîëüíûõ ôóíêöèé π, μ è z. Ýòî îáñòîÿòåëüñòâî ïî-
çâîëÿåò ñâåñòè èíòåãðîäèôôåðåíöèàëüíóþ çàäà÷ó (6), (8), (11), (13) ê ñëåäóþùåé
ìèíèìèçàöèîííîé çàäà÷å: íàéòè òàêèå äîïóñòèìûå ôóíêöèè π*, μ* è z*, ïðè êîòî-
ðûõ ôóíêöèîíàë Φ ïðèíèìàåò ìèíèìàëüíîå (íóëåâîå) çíà÷åíèå:

0),,(min
z,,

=μπΦ=Φ
μπ

z (14)

ïðè ñòðîãîì âûïîëíåíèè îãðàíè÷åíèé (6), (8) è (11).
Ôóíêöèîíàë Φ ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

,3,2,1,),,(,2 321 =Ωμπψ=ΨΨ+Ψ−Ψ=Φ ∫
Ω

idzii

(15)

.
2
1,

2
1,

2
1 222

3
2

2
2222

1 )()( ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ μα
+

ρ
π

=ψμα+ωπ=ψα+ρω−=ψ
EJ

zzEJzz xxxx i

Ïîäûíòåãðàëüíûå âûðàæåíèÿ ψi, i = 1, 2, 3, − ýòî ðàçëè÷íûå ïðåäñòàâëåíèÿ
ëèíåéíîé ïëîòíîñòè ïîëíîé ìåõàíè÷åñêîé ýíåðãèè óïðóãîé áàëêè. Ôóíêöèÿ ψ1 çà-
âèñèò òîëüêî îò ïîïåðå÷íûõ ïåðåìåùåíèé z, â òî âðåìÿ êàê â âûðàæåíèå äëÿ ψ3,
êâàäðàòè÷íîå ïî π è μ, ïåðåìåùåíèÿ íå âõîäÿò. Ñìåøàííàÿ áèëèíåéíàÿ ôóíêöèÿ
ïëîòíîñòè ýíåðãèè ψ2 íå çàâèñèò ÿâíî îò èíåðöèîííûõ è óïðóãèõ ñâîéñòâ áàëêè.

Ècïîëüçóÿ ôóíêöèîíàë Φ è ýíåðãåòè÷åñêèå èíòåãðàëû Ψi, i = 1, 2, 3, ââåäåííûå
â (15) äëÿ ïðîèçâîëüíûõ äîïóñòèìûõ ïîëåé èìïóëüñîâ π, ìîìåíòîâ μ è ïåðåìåùå-
íèé z, óäîâëåòâîðÿþùèõ îãðàíè÷åíèÿì (11), ìîæíî ñôîðìóëèðîâàòü ðÿä êðèòåðè-
åâ, õàðàêòåðèçóþùèõ ñîâåðøåíñòâî ïðèáëèæåííîãî ðåøåíèÿ. Íàïðèìåð, îòíîñè-
òåëüíàÿ ïîãðåøíîñòü â çàäàíèè ïðèáëèæåííûõ ôóíêöèé π, μ, z äîñòîâåðíî îöåíè-
âàåòñÿ â ñîîòâåòñòâèè ñ âåëè÷èíîé áåçðàçìåðíîãî ñîîòíîøåíèÿ
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.42
31

2
1 Ψ+Ψ

Ψ
−=Δ (16)

Òî÷íîñòü ðàñïðåäåëåíèÿ ýíåðãèè äëÿ íåêîòîðîãî äîïóñòèìîãî äâèæåíèÿ π(x, t),
μ(x, t), z(x, t) â îáëàñòè Ω õàðàêòåðèçóåò ïîäûíòåãðàëüíàÿ ôóíêöèÿ ϕ(π, μ, z), îïðå-
äåëåííàÿ â (13).

Êàê ïîêàçàíî â [11], îöåíêè êà÷åñòâà ïðèáëèæåííîãî ðåøåíèÿ (16) è (13) õîðî-
øî ðàáîòàþò âñåãäà, åñëè ôóíêöèè ξ è η èç (7) íå ðàâíû îäíîâðåìåííî íóëþ. Äëÿ
êðàåâîé çàäà÷è (10) ñ ãðàíè÷íûìè óñëîâèÿìè (12), êàê ýòî íåòðóäíî çàìåòèòü, ðåàëè-
çóåòñÿ èìåííî òàêîé ñëó÷àé. Ïðè ýòîì âñÿ îøèáêà ïðèáëèæåííîãî ðåøåíèÿ ñîñðåäî-
òî÷åíà â ñîîòíîøåíèè (10). Ïîýòîìó â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ ñëåäóþùàÿ
ôîðìà, âûðàæàþùàÿ îòíîñèòåëüíóþ ïîãðåøíîñòü òî÷íîñòè ïðèáëèæåííîãî ðåøå-
íèÿ:

.
)(

)(,0)(

2

2

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
πω−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ
π

=ϕ=Ωπϕ=Φ π
Ω

ππ ∫
xxxxx

xEJd (17)

Òîãäà ïî àíàëîãèè ñ îòíîñèòåëüíîé îøèáêîé Δ1, ââåäåííîé ôîðìóëîé (16), ìîæíî
ââåñòè îòíîñèòåëüíóþ ïîãðåøíîñòü

,42 )(
3

)(
1

)(
2)(

1 ππ

π
π

Ψ+Ψ
Ψ

−=Δ (18)

ãäå

,3,2,1,)(,2 )()()(
3

)(
2

)(
1 =Ωπψ=ΨΨ+Ψ−Ψ=Φ ∫

Ω

πππππ
π idii

,
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2
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1 ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ
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=ψ π

xxxxx
xEJ
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)(2)(
2

xxxxx
xEJ

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ
π

πω=ψ π (19)

.22)(
3 )( πω=ψ π

Ïðè ýòîì ïîäûíòåãðàëüíàÿ ôóíêöèÿ ϕπ(π) èç (17) õàðàêòåðèçóåò ðàñïðåäåëåíèå îøèá-
êè ïî äëèíå áàëêè â êàæäûé ìîìåíò âðåìåíè.

3. ×èñëåííûé ïðèìåð

Ðàññìîòðèì ðàçëè÷íûå àëþìèíèåâûå áàëêè ñî ñëåäóþùèìè ãåîìåòðè÷åñêèìè
õàðàêòåðèñòèêàìè: âñå áàëêè èìåþò îäèíàêîâûå äëèíó L = 1 ì è ïðÿìîóãîëüíîå
ïîïåðå÷íîå ñå÷åíèå ñ øèðèíîé b = 0,1 ì è âûñîòîé h = h(x), êîòîðàÿ ìåíÿåòñÿ ïî
äëèíå áàëêè ñîãëàñíî çàâèñèìîñòè

.12
5
6)( 0

2
0 hxhxh +⎟
⎠
⎞

⎜
⎝
⎛ −= (20)

Çäåñü óïðàâëÿþùèé ïàðàìåòð h0, êîòîðûé ìîæåò èçìåíÿòüñÿ â ïðåäåëàõ 0 ≤ h0 ≤
≤ 0,15 ì, ïðåäñòàâëÿåò ñîáîé çíà÷åíèå ñòðîèòåëüíîé âûñîòû â ñðåäíåé òî÷êå áàëêè
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x = 0. Èç (20) ñëåäóåò, ÷òî âñå ðàññìàòðèâàåìûå áàëêè èìåþò îäèíàêîâûé îáúåì
êîíñòðóêöèîííîãî ìàòåðèàëà

.01,0 3ì=V (21)

Îòìåòèì, ÷òî ôîðìà ñå÷åíèÿ áàëêè íå ìåíÿåòñÿ ïî äëèíå, åñëè h(x) = h0 = 0,1 ì.
Ìîìåíò èíåðöèè ñå÷åíèÿ âû÷èñëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå:

).()(,
12

)()(
12

)()(
23

xbhxSxSxhxbhxJ === (22)

Çäåñü S(x) − ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ.
Ñ÷èòàåòñÿ, ÷òî âñå áàëêè, ðàññìàòðèâàåìûå â ïðèìåðå, âûïîëíåíû èç àëþìè-

íèÿ ñ ìîäóëåì óïðóãîñòè E = 70 ÃÏà è ïîãîííîé ïëîòíîñòüþ ρ(x) = ρVbh(x), ãäå
ρV  = 2700 êã/ì3 − îáúåìíàÿ ïëîòíîñòü àëþìèíèÿ. Ãðàíè÷íûå óñëîâèÿ íà êîíöàõ
áàëêè îïðåäåëÿþòñÿ ôîðìóëîé (12).

Ñîáñòâåííûå ÷àñòîòû áûëè íàéäåíû ñ èñïîëüçîâàíèåì âàðèàöèîííûõ ïîäõî-
äîâ, îáñóæäàåìûõ â ýòîé ñòàòüå. Ñëåäóåò îòìåòèòü, ÷òî âñå îáûêíîâåííûå äèôôå-
ðåíöèàëüíûå óðàâíåíèÿ, âûòåêàþùèå èç âàðèàöèîííûõ ïðèíöèïîâ äëÿ áàëîê ïåðå-
ìåííîãî ñå÷åíèÿ, èìåþò ïåðåìåííûå êîýôôèöèåíòû. Ýòî, êàê óêàçàíî â [10], çíà÷è-
òåëüíî îãðàíè÷èâàåò âîçìîæíîñòè ïîñòðîåíèÿ àíàëèòè÷åñêèõ ðåøåíèé è ïðîâåäå-
íèÿ ïîëíîãî àíàëèçà ñîáñòâåííûõ äâèæåíèé áàëêè.

×òîáû íàéòè ïðèáëèæåííîå ðåøåíèå êðàåâîé çàäà÷è (10), (12), çàäàäèì àïïðîê-
ñèìàöèè íåèçâåñòíûõ ôóíêöèé èìïóëüñîâ π â âèäå ïîëèíîìîâ îòíîñèòåëüíî ïåðå-
ìåííîé x:

.
0

1
∑
=

π=π
N

i

i
i x (23)

Çäåñü πi − íåèçâåñòíûå êîíñòàíòû, à N0 − ñòåïåíü ïîëèíîìîâ.
Èñïîëüçóÿ àïïðîêñèìàöèè (23), ìîæíî òî÷íî óäîâëåòâîðèòü ãðàíè÷íûì óñëî-

âèÿì (12). Ýòà îïåðàöèÿ ïîçâîëÿåò èñêëþ÷èòü ÷åòûðå êîíñòàíòû πi. Îñòàâøèåñÿ
Nd = N0 − 4 êîýôôèöèåíòîâ πi, i = 1, …, Nd, èñïîëüçóþòñÿ äëÿ íàõîæäåíèÿ ìèíèìó-
ìà êâàäðàòè÷íîãî ôóíêöèîíàëà
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ππππ (24)

Âàðèàöèîííàÿ ôîðìóëèðîâêà (24) ïîëíîñòüþ ñîîòâåòñòâóåò ìåòîäó íàèìåíüøèõ êâàä-
ðàòîâ.

Ñòîèò òàêæå îòìåòèòü, ÷òî ïðèìåíåíèå âàðèàöèîííîé òåõíèêè â òàêîé çàäà÷å
ïðèâîäèò ê ïîÿâëåíèþ êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèé. Ìîæíî ïîêàçàòü (ñì.,
íàïðèìåð, [21]), ÷òî äåéñòâèòåëüíûå ñîáñòâåííûå ÷àñòîòû ïðèáëèæåííîãî ñïåêòðà
ñîîòâåòñòâóþò òî÷íûì çíà÷åíèÿì ÷àñòîò. Íà ðèñ. 2 ïîêàçàíà ïðîåêöèÿ òðåõìåðíîé
êðèâîé â ïðîñòðàíñòâå {0, Re ω1, Im ω1, N0} íà ïëîñêîñòü {0, Re ω1, Im ω1}. Â ðàñ-
÷åòàõ ïàðàìåòð N0 ìåíÿëñÿ îò 10 äî 28. Óâåëè÷åíèå ýòîãî ïàðàìåòðà ïðèâîäèò ê
çíà÷èòåëüíîìó óìåíüøåíèþ ìíèìîé ÷àñòè. Âèäíî, ÷òî ëèíèÿ, ñîîòâåòñòâóþùàÿ
ïðèáëèæåííûì ñîáñòâåííûì ÷àñòîòàì, âåðòèêàëüíî âòûêàåòñÿ â âåùåñòâåííóþ îñü.
Ïîýòîìó óãîë íàêëîíà ÷àñòîòíîé ëèíèè è ðàññòîÿíèå äî äåéñòâèòåëüíîé îñè ìîãóò
ñëóæèòü ñïåöèàëüíûì âèäîì îöåíêè êà÷åñòâà ïîëó÷åííûõ ÷àñòîò.
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Ôóíêöèÿ ϕ(x), ââåäåííàÿ â óðàâíåíèè (13), êîòîðàÿ â äàííîì ñëó÷àå èìååò âèä

,
)(

)()( 2πω−
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⎝

⎛
ρ
π

=ϕ
xxxxx

xEJx (25)

ïðåäñòàâëåíà íà ðèñ. 3 äëÿ ïåðâîé ìîäû êîëåáàíèé ïðè N0 = 28. Ìîæíî îòìåòèòü
çàìåòíîå áèåíèå ôóíêöèè, à òàêæå çíà÷èòåëüíûé åå ðîñò â îêðåñòíîñòÿõ êîíöîâ
áàëêè.

Íà ðèñ. 4 ïîêàçàíà õàðàêòåðíàÿ ñõîäèìîñòü ïÿòè ïåðâûõ ñîáñòâåííûõ ÷àñòîò
(êðèâûå îòìå÷åíû ñîîòâåòñòâóþùèìè íîìåðàìè) îòíîñèòåëüíî ÷èñëà ñòåïåíåé ñâî-
áîäû. Çíà÷åíèÿ ïàðàìåòðà )(

1
πΔ  ïðèâåäåíû â ëîãàðèôìè÷åñêîì ìàñøòàáå. Ìîæíî

îòìåòèòü äîâîëüíî áûñòðóþ ñõîäèìîñòü (ýêñïîíåíöèàëüíóþ). Âñå ëèíèè ïðàêòè-
÷åñêè ëèíåéíî óáûâàþò ñ ðîñòîì ÷èñëà ñòåïåíåé ñâîáîäû.

Ðèñ. 3. Ðàñïðåäåëåíèå ëîêàëüíîé îøèáêè ϕ(x) ïî äëèíå áàëêè
äëÿ ïåðâîé ôîðìû ñîáñòâåííûõ êîëåáàíèé

ϕ

0,002

−0,5                           0                                  x

Ðèñ. 2. Äåéñòâèòåëüíûå è ìíèìûå ÷àñòè ïåðâîé ñîáñòâåííîé ÷àñòîòû áàëêè
äëÿ ðàçëè÷íûõ ïîëèíîìèàëüíûõ ïðèáëèæåíèé

2609,55       2609,60        2609,65  Re ω1

10

Im ω1

20

N0 = 28

N0 = 10

0



457

Íà ðèñ. 5 ïðåäñòàâëåíû â ëîãàðèôìè÷åñêîì ìàñøòàáå çàâèñèìîñòè èíòåãðàëà
,)(

1
πΔ  ââåäåííîãî ñîîòíîøåíèåì (16), îò ñòåïåíè àïïðîêñèìàöèè N0 äëÿ ïåðâîãî è

ïÿòîãî ñîáñòâåííûõ ÷èñåë (ñïëîøíûå ëèíèè). Äëÿ ñðàâíåíèÿ øòðèõîâûìè ëèíèÿ-
ìè ïîêàçàíî èçìåíåíèå â ëîãàðèôìè÷åñêîì ìàñøòàáå ïîëîæèòåëüíîãî ïàðàìåòðà
Im ω1/Re ω1 îò ñòåïåíè àïïðîêñèìàöèè N0 äëÿ ïåðâîãî è ïÿòîãî ñîáñòâåííûõ ÷è-
ñåë. Èç âèäà ïðåäñòàâëåííûõ çàâèñèìîñòåé ñëåäóåò, ÷òî îíè êà÷åñòâåííî ïîâòîðÿ-
þò äðóã äðóãà. Ìîæíî îòìåòèòü íåêîòîðûé ñäâèã ìåæäó ñîîòâåòñòâóþùèìè êðèâû-
ìè ïî âåðòèêàëè. Ñðàâíèòåëüíûé àíàëèç çíà÷åíèé îòíîøåíèÿ ìíèìîé è äåéñòâè-
òåëüíûõ ÷àñòåé ñîáñòâåííîé ÷àñòîòû è îòíîñèòåëüíîé ýíåðãåòè÷åñêîé ïîãðåøíîñ-
òè ïîçâîëÿåò ñäåëàòü ïðåäïîëîæåíèå, ÷òî ñïðàâåäëèâî ñëåäóþùåå ñîîòíîøåíèå:

.1
)(2

)()(
Re
Im

2

31 −
ωΨ

ωΨ+ωΨ
≈

ω
ω (26)

Äðóãèìè ñëîâàìè, îòíîøåíèå ìíèìîé è äåéñòâèòåëüíîé ÷àñòåé ñîáñòâåííîé ÷àñòî-
òû äîâîëüíî òî÷íî ñîîòâåòñòâóåò îòíîñèòåëüíîé ýíåðãåòè÷åñêîé ïîãðåøíîñòè .)(

1
πΔ

14              19              24               N0

−2

lg Δ1
(π)

−4

−6

−8

2

4

1

3

5

Ðèñ. 4. Ñõîäèìîñòü ïÿòè ïåðâûõ ñîáñòâåííûõ ÷àñòîò
îòíîñèòåëüíî ÷èñëà ñòåïåíåé ñâîáîäû

Ðèñ. 5. Ñõîäèìîñòü ïåðâîé è ïÿòîé ñîáñòâåííûõ ÷àñòîò
îòíîñèòåëüíî ÷èñëà ñòåïåíåé ñâîáîäû

14            19             24             N0

−2,5

lg Δ1
(π)

1
−5,0

−7,5

5

lg (Im ω1/Re ω1),
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Íà ðèñ. 6a ïîêàçàíà çàâèñèìîñòü ïåðâîé ñîáñòâåííîé ÷àñòîòû äëÿ áàëîê ïåðå-
ìåííîãî ñå÷åíèÿ, õàðàêòåðèçóþùèõñÿ ïàðàìåòðîì h0. Âàæíî îòìåòèòü, ÷òî ïåðâàÿ
ñîáñòâåííàÿ ÷àñòîòà êàê ôóíêöèÿ ñòðîèòåëüíîé âûñîòû h0 ÿâëÿåòñÿ ìîíîòîííî óáû-
âàþùåé. Ïðè ýòîì çíà÷åíèå ìàêñèìàëüíîé ÷àñòîòû (ω1 = 6221 ñ−1 ïðè h0 = 0) îòëè-
÷àåòñÿ îò çíà÷åíèÿ ïåðâîé ÷àñòîòû áàëêè ïîñòîÿííîãî ñå÷åíèÿ (ω1 = 3289 ñ−1 ïðè
h0 = 0,1) ïî÷òè â äâà ðàçà. Íà ðèñ. 6á ïðåäñòàâëåíû çíà÷åíèÿ ýíåðãåòè÷åñêîé îøèá-
êè lg (Im ω1/Re ω1) äëÿ ðàçëè÷íûõ çíà÷åíèé ñòðîèòåëüíîé âûñîòû h0 â ñðåäíåé òî÷-
êå áàëêè (x = 0). Èç ïðåäñòàâëåííîé çàâèñèìîñòè âèäíî, ÷òî ìèíèìàëüíàÿ ïîãðåø-
íîñòü ðåàëèçóåòñÿ äëÿ áàëêè ïîñòîÿííîãî ñå÷åíèÿ è äëÿ äàííîé ìîäåëè ñîñòàâëÿåò
ìåíåå 10−26. Ñ óìåíüøåíèåì âåëè÷èíû ïàðàìåòðà h0 âåëè÷èíà ïîãðåøíîñòè áûñò-
ðî íàðàñòàåò. Òàê, ïðè h0 = 0,05 ýíåðãåòè÷åñêàÿ îøèáêà äîñòèãàåò çíà÷åíèÿ 0,0196.

Çàêëþ÷åíèå

Ðàçðàáîòàí ðåãóëÿðíûé âàðèàöèîííûé ïîäõîä íàõîæäåíèÿ ñîáñòâåííûõ ÷àñòîò
è ôîðì êîëåáàíèé íåîäíîðîäíûõ áàëîê ïóòåì ñâåäåíèÿ êðàåâîé çàäà÷è ïî âðåìåíè
ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôè-
öèåíòàìè. Èçó÷åíû è îáñóæäåíû ñâîéñòâà êâàäðàòè÷íûõ ñîîòíîøåíèé è èõ çíà÷å-
íèå äëÿ ðåøåíèÿ ðàçëè÷íûõ ñïåêòðàëüíûõ çàäà÷. Â êà÷åñòâå ïðèìåðà ïðåäñòàâëåíû
èíòåãðîäèôôåðåíöèàëüíûå ôîðìóëèðîâêè çàäà÷è î ñâîáîäíûõ êîëåáàíèÿõ áàëêè ñ
êâàäðàòè÷íî ìåíÿþùåéñÿ ïî åå äëèíå ñòðîèòåëüíîé âûñîòîé. Ïîêàçàíî, ÷òî ïðåä-
ëîæåííûå äâóñòîðîííèå êðèòåðèè êà÷åñòâà ïðèáëèæåííîãî ðåøåíèÿ ïîçâîëÿþò
ïîëó÷àòü âûñîêîòî÷íûå ðåøåíèÿ äëÿ ìàòåìàòè÷åñêèõ ìîäåëåé ìàëîé ðàçìåðíîñòè.
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INTEGRAL-DIFFERENTIAL RELATIONS IN THE PROBLEM
OF FREE BENDING VIBRATIONS OF VARIABLE CROSS-SECTION BEAMS

Saurin V.V.

Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Moscow, Russian Federation

Issues related to eigen-vibrations of elastic beams of variable cross-section are discussed. It is
noted that one of the common features characteristic of boundary-value problems of mathematical
physics is certain ambiguity of their formulations. A boundary-value problem of determining eigen-
frequencies of a variable cross-section beam in displacements is formulated.  By introducing new
variables characterizing the behavior of the system, the boundary-value problem is reduced to
three ordinary differential equations with variable coefficients. The new variables have a distinct
physical meaning. One of the functions is linear density of the pulse and the other is bending
moment in the cross-section of the beam. Such a formulation of the problem of free vibrations of
a variable cross-section beam makes it possible to reduce the system of differential equations to a
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single fourth-order equation written in terms of pulse functions. This equation is equivalent to the
initial one, formulated in displacements, but has a different form. A method of integral-differential
relations, alternative to classical numerical approaches, is described. The possibility of constructing
various bilateral energy-based evaluations of the accuracy of approximate solutions resulting from
the method of integral-differential relations is studied. The projection approach to analyzing spectral
problems of nonlinear beam theory is considered. The efficiency of the method of integral-differential
equations is demonstrated, using the problem of free vibrations of a rectangular beam with a
constructional depth quadratically varying along its length. Energy-based evaluations of the accuracy
of the approximate solutions constructed using polynomial approximations of the sought functions
are presented. It is shown that applying standard Bubnov−Galerkin's method to the problem of free
vibrations leads to the appearance of complex eigen-frequencies. At the same time, the ratio of the
imaginary component to the real one of the eigen-value is a relative inaccuracy of the solution of
the boundary-value problem. The introduced numerical algorithm makes it possible to evaluate
unambiguously the local and integral quality of numerical solutions obtained.

Keywords: projection approaches, method of integral-differential relations, energy-based evaluation
of accuracy, differential equations with variable coefficients.


