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Ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à î ïîëîñîâîì ýëåêòðîäå íà ïîâåðõíîñòè
ôóíêöèîíàëüíî-ãðàäèåíòíîãî ïüåçîýëåêòðè÷åñêîãî ïîêðûòèÿ îäíîðîäíîé ïîëó-
ïëîñêîñòè. Ïîêðûòèå è ïîäëîæêà òðàíñâåðñàëüíî-èçîòðîïíû, îñü èçîòðîïèè
ñîâïàäàåò ñ îñüþ ïîëÿðèçàöèè è íîðìàëüíà ê ïîâåðõíîñòè ïîêðûòèÿ. Ïðåäïî-
ëàãàåòñÿ, ÷òî ýëåêòðîóïðóãèå ñâîéñòâà ïîêðûòèÿ èçìåíÿþòñÿ ñ ãëóáèíîé ïî
ïðîèçâîëüíûì, íåçàâèñèìûì äðóã îò äðóãà çàêîíàì. Íà ïîâåðõíîñòè ïîêðû-
òèÿ íàõîäèòñÿ ïîëîñîâîé ýëåêòðîä è çàäàíà ðàçíîñòü ïîòåíöèàëîâ, êîòîðàÿ
ïðèâîäèò ê ýëåêòðîóïðóãîé ïëîñêîé äåôîðìàöèè ïîêðûòèÿ è ïîäëîæêè.

Ñ èñïîëüçîâàíèåì èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ôóðüå çàäà÷à ñâîäèòñÿ
ê ðåøåíèþ ïàðíîãî èíòåãðàëüíîãî óðàâíåíèÿ. Äëÿ ðåøåíèÿ óðàâíåíèÿ ïðèìå-
íåí äâóñòîðîííèé àñèìïòîòè÷åñêèé ìåòîä, îñíîâàííûé íà àïïðîêñèìàöèè
Ïàäå òðàíñôîðìàíòû ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ. Ïîëó÷åííîå ïðèáëèæåí-
íîå ïàðíîå èíòåãðàëüíîå óðàâíåíèå ðåøàåòñÿ â çàìêíóòîì àíàëèòè÷åñêîì âèäå.
Ïîñòðîåíû ïðèáëèæåííûå àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ýëåêòðè÷åñêîé èí-
äóêöèè, âåðòèêàëüíûõ è ãîðèçîíòàëüíûõ ñìåùåíèé ïîâåðõíîñòè ïîêðûòèÿ è
ðàñïðåäåëåíèÿ ýëåêòðè÷åñêîãî ïîòåíöèàëà íà ïîâåðõíîñòè ïîêðûòèÿ. Ýòè âû-
ðàæåíèÿ ÿâëÿþòñÿ àñèìïòîòè÷åñêè òî÷íûìè äëÿ áîëüøèõ è ìàëûõ çíà÷åíèé
îòíîñèòåëüíîé òîëùèíû ïîêðûòèÿ (îòíîøåíèå òîëùèíû ïîêðûòèÿ ê ïîëó-
øèðèíå ýëåêòðîäà).

Êëþ÷åâûå ñëîâà: ýëåêòðîä, ïüåçîýëåêòðîóïðóãîñòü, ïîêðûòèå, ôóíêöèî-
íàëüíî-ãðàäèåíòíûå ìàòåðèàëû, ïëîñêàÿ äåôîðìàöèÿ, êîíòàêòíàÿ çàäà÷à, àíà-
ëèòè÷åñêèé ìåòîä.
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ýëåêòðè÷åñêóþ è íàîáîðîò. Îíè íàõîäÿò ïðèìåíåíèå â òåõíèêå è ìèêðîýëåêòðîíè-
êå, ãäå èñïîëüçóþòñÿ â êà÷åñòâå äàò÷èêîâ, ýëåêòðîìåõàíè÷åñêèõ ïðåîáðàçîâàòåëåé
è äð. Âîçðîñ èíòåðåñ ê ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ýëåìåíòîâ êîíñòðóêöèé
èç ïüåçîýëåêòðè÷åñêèõ ìàòåðèàëîâ. Â ñòàòüÿõ [1, 2] ïðåäñòàâëåíû ðåøåíèÿ çàäà÷ î
âäàâëèâàíèè ïðîâîäÿùèõ è èçîëèðîâàííûõ èíäåíòîðîâ ñ ïëîñêèì îñíîâàíèåì, êîíè-
÷åñêîé è ñôåðè÷åñêîé ôîðìû â ïüåçîýëåêòðîóïðóãîå ïîëóïðîñòðàíñòâî. Â [3] ïîñò-
ðîåíî ðåøåíèå çàäà÷è î âîçäåéñòâèè òî÷å÷íîé ñèëû è òî÷å÷íîãî çàðÿäà íà ïüåçî-
ýëåêòðè÷åñêèé ìàòåðèàë. Ïëîñêèå è îñåñèììåòðè÷íûå êîíòàêòíûå çàäà÷è äëÿ ïüåçî-
ýëåêòðè÷åñêîé ïîëóïëîñêîñòè (èëè ïîëóïðîñòðàíñòâà) ñ ôóíêöèîíàëüíî-ãðàäèåíò-
íûì ïîêðûòèåì (ýëåêòðîóïðóãèå ñâîéñòâà èçìåíÿþòñÿ ýêñïîíåíöèàëüíî ñ ãëóáè-
íîé) ðàññìàòðèâàëèñü â ñòàòüÿõ [4−7]. Èíòåãðàëüíûå óðàâíåíèÿ ðåøåíû ÷èñëåííî
ìåòîäîì êîëëîêàöèè. Çàäà÷è î âäàâëèâàíèè ñôåðè÷åñêîãî, êîíè÷åñêîãî è ïëîñêîãî
êðóãîâîãî èíäåíòîðîâ â ïüåçîýëåêòðè÷åñêèé ìàòåðèàë ñ ó÷åòîì òðåíèÿ ðàññìîòðåíû
â [8, 9]. Íàéäåííûå ðåøåíèÿ ïðèìåíåíû äëÿ àíàëèçà ðåçóëüòàòîâ, ïîëó÷åííûõ â
ñêàíèðóþùåé çîíäîâîé ìèêðîñêîïèè. Âçàèìîäåéñòâèå èíäåíòîðîâ ñ òîíêîé ïüåçî-
ýëåêòðè÷åñêîé ïëåíêîé, ëåæàùåé íà æåñòêîé ïîäëîæêå, ðàññìîòðåíî â [10], à ñî
ñëîèñòûì ïîëóïðîñòðàíñòâîì − â [11].

Íàñòîÿùàÿ ñòàòüÿ ïðîäîëæàåò èññëåäîâàíèå äåôîðìèðîâàíèÿ ôóíêöèîíàëüíî-
ãðàäèåíòíûõ ïüåçîýëåêòðè÷åñêèõ ìàòåðèàëîâ [12, 13], ýëåêòðîóïðóãèå ñâîéñòâà êî-
òîðûõ èçìåíÿþòñÿ ñ ãëóáèíîé ïî ïðîèçâîëüíûì îáùèì çàêîíàì. Ïîñòðîåíî ðåøå-
íèå çàäà÷è îá ýëåêòðè÷åñêîì âîçäåéñòâèè íà ïîâåðõíîñòü ïüåçîýëåêòðîóïðóãîãî
ôóíêöèîíàëüíî-ãðàäèåíòíîãî ïîêðûòèÿ. Ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû â êâàä-
ðàòóðàõ, îïèñûâàþùèå ðàñïðåäåëåíèå ñìåùåíèé, ýëåêòðè÷åñêîãî ïîòåíöèàëà è ýëåê-
òðè÷åñêîé èíäóêöèè íà ïîâåðõíîñòè ïîêðûòèÿ.

1. Ïîñòàíîâêà êîíòàêòíîé çàäà÷è

Ðàññìîòðèì ïüåçîýëåêòðè÷åñêóþ ýëåêòðîóïðóãóþ ïîëóïëîñêîñòü ñ ïîêðûòèåì.
Ïîêðûòèå ïðåäñòàâëÿåò ñîáîé ôóíêöèîíàëüíî-ãðàäèåíòíûé ñëîé òîëùèíîé H. Ïî-
ëóïëîñêîñòü ÿâëÿåòñÿ îäíîðîäíîé. Ñ÷èòàåì, ÷òî ìàòåðèàëû ïîêðûòèÿ è ïîäëîæêè
òðàíñâåðñàëüíî-èçîòðîïíû. Ââåäåì äåêàðòîâó ñèñòåìó êîîðäèíàò (x, z), îñü z ñî-
âïàäàåò ñ îñüþ ïðåäâàðèòåëüíîé ïîëÿðèçàöèè. Óïðóãèå ìîäóëè ñ11, ñ12, ñ13, ñ33, ñ44,
ïüåçîýëåêòðè÷åñêèå ìîäóëè e31, e15, e33, äèýëåêòðè÷åñêèå ïðîíèöàåìîñòè ε11, ε33
îïèñûâàþòñÿ ñëåäóþùèìè çàêîíàìè:
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Íà ãðàíèöå ðàçäåëà ïîêðûòèå/ïîäëîæêà âûïîëíåíû ñëåäóþùèå ãðàíè÷íûå óñëî-
âèÿ:
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Èñïîëüçîâàíû îáîçíà÷åíèÿ: u, w − ãîðèçîíòàëüíûå è âåðòèêàëüíûå ñìåùåíèÿ; σx,
σz, τxz − êîìïîíåíòû òåíçîðà íàïðÿæåíèé; ϕ − ýëåêòðè÷åñêèé ïîòåíöèàë; Dx, Dz −
êîìïîíåíòû âåêòîðà ýëåêòðè÷åñêîé èíäóêöèè.

Ïóñòü íà ïîâåðõíîñòè ïîêðûòèÿ ðàñïîëîæåí ïîëîñîâîé ýëåêòðîä øèðèíîé 2a.
Ïî âñåé ïëîùàäè ýëåêòðîäà çàäàí ïîñòîÿííûé ýëåêòðè÷åñêèé ïîòåíöèàë ϕ0. Âíå
ýëåêòðîäà ïîâåðõíîñòü ïîêðûòèÿ èçîëèðîâàíà è ñâîáîäíà îò ìåõàíè÷åñêèõ íàãðó-
çîê:
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Òðåáóåòñÿ îïðåäåëèòü ýëåêòðè÷åñêóþ èíäóêöèþ â îáëàñòè ýëåêòðîäà:
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ñìåùåíèÿ ïîâåðõíîñòè ïîêðûòèÿ è ðàñïðåäåëåíèå ýëåêòðè÷åñêîãî ïîòåíöèàëà íà
ïîâåðõíîñòè.

2. Ïàðíûå èíòåãðàëüíûå óðàâíåíèÿ è èõ ðåøåíèå

Èñïîëüçóåì ïðåîáðàçîâàíèå Ôóðüå:
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Ïðåäñòàâèì îáðàçû Ôóðüå ñìåùåíèé è ýëåêòðè÷åñêîãî ïîòåíöèàëà â âèäå:
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ãäå 
)(s

ijE  − ýôôåêòèâíûå ýëåêòðîóïðóãèå ìîäóëè ïîäëîæêè.
Äàëåå èñïîëüçóåì ñëåäóþùèå áåçðàçìåðíûå ïåðåìåííûå:
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Èç (5), èñïîëüçóÿ (6)−(8) è îïóñêàÿ øòðèõè, ïîëó÷èì ñèñòåìó ïàðíûõ èíòåã-
ðàëüíûõ óðàâíåíèé:
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Àïïðîêñèìèðóåì ôóíêöèè ïîäàòëèâîñòè ñëåäóþùèìè âûðàæåíèÿìè:
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Çíà÷åíèÿ ïàðàìåòðîâ Aijn, Bijn, n = 1, 2, …, Nij, ïîäáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû
âûïîëíÿëîñü Aijn ≠ Bijm è Lij(0) = Π+

ij(0). Àëãîðèòìû ïîäáîðà ïàðàìåòðîâ àïïðîêñè-
ìàöèè îïèñàíû â [15].

Ðåøåíèå ïàðíîãî èíòåãðàëüíîãî óðàâíåíèÿ (9) èìååò âèä [16, 17]:
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ãäå Q − ñóììàðíûé ýëåêòðè÷åñêèé çàðÿä íà ýëåêòðîäå. Íåèçâåñòíûå êîíñòàíòû Ci
îïðåäåëÿþòñÿ èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

.,...,1,~
~

~~
~~~~~~

33
1 33

330
2
33

2
33

330333333133
33 )()()()( Nn

B
BK

BA
BKBAIBKAC

N

i n

n

ni

nnini
i ==

−
+∑

=

(13)

Â (11)−(13) èñïîëüçîâàíû îáîçíà÷åíèÿ: J0(x), J1(x) − ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà,
I0(x), I1(x) − ìîäèôèöèðîâàííûå ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà, K0(x), K1(x) − ìîäè-
ôèöèðîâàííûå ôóíêöèè Áåññåëÿ âòîðîãî ðîäà.

Ïîñëå îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå â (11) ïîëó÷èì:
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Äîêàçàíî [15], ÷òî ðåøåíèå çàäà÷è(14) ÿâëÿåòñÿ àñèìïòîòè÷åñêè òî÷íûì ïðè
λ → 0 è λ → ∞. Ïîãðåøíîñòü ïðè ïðîèçâîëüíîì çíà÷åíèè λ èññëåäîâàíà ðàíåå [18].
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Óñòàíîâëåíî, ÷òî ïîãðåøíîñòü ðåøåíèÿ ÿâëÿåòñÿ âåëè÷èíîé òîãî æå ïîðÿäêà ìàëî-
ñòè, ÷òî è ïîãðåøíîñòü àïïðîêñèìàöèè ôóíêöèè ïîäàòëèâîñòè L33.

3. Ñìåùåíèÿ è ýëåêòðè÷åñêèé ïîòåíöèàë ïîâåðõíîñòè ïîêðûòèÿ

Ââåäåì âûðàæåíèÿ, ïðèâåäåííûå ê áåçðàçìåðåííîìó âèäó:
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Èñïîëüçóÿ ôîðìóëû (6), (7) è (11), ïîëó÷èì âûðàæåíèÿ äëÿ ãîðèçîíòàëüíûõ è âåð-
òèêàëüíûõ ñìåùåíèé è ýëåêòðè÷åñêîãî ïîòåíöèàëà íà ïîâåðõíîñòè ïîêðûòèÿ â âèäå
íåêîòîðûõ êâàäðàòóð:
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Ââåäåì áåçðàçìåðíûå âûðàæåíèÿ:
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Âû÷èñëÿÿ êâàäðàòóðû â (17), ïîëó÷èì âûðàæåíèÿ, ñïðàâåäëèâûå ïðè |x | ≤ 1:
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Äëÿ | x | > 1 ïîëó÷èì âûðàæåíèÿ:
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Çäåñü èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ:
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Ei è Ei1 − èíòåãðàëüíàÿ ïîêàçàòåëüíàÿ è ïðèâåäåííàÿ èíòåãðàëüíàÿ ïîêàçàòåëüíàÿ
ôóíêöèè ñîîòâåòñòâåííî.

Çàêëþ÷åíèå

Ïîëó÷åíî ðåøåíèå ïëîñêîé çàäà÷è î ïîëîñîâîì ýëåêòðîäå íà ïîâåðõíîñòè ïîëó-
ïëîñêîñòè ñ ôóíêöèîíàëüíî-ãðàäèåíòíûì ïüåçîýëåêòðîóïðóãèì ïîêðûòèåì. Íàé-
äåíû ïðèáëèæåííûå àíàëèòè÷åñêèå ôîðìóëû, îïèñûâàþùèå ñìåùåíèÿ ïîâåðõíîñ-
òè ïîêðûòèÿ è ðàñïðåäåëåíèå ýëåêòðè÷åñêîãî ïîòåíöèàëà íà ïîâåðõíîñòè êàê â îá-
ëàñòè ýëåêòðîäà, òàê è âíå åå. Â ôîðìóëàõ ÿâíî ïðèñóòñòâóåò ñëàãàåìîå, îïèñûâà-
þùåå îäíîðîäíóþ ïîëóïëîñêîñòü áåç ïîêðûòèÿ, è äîáàâêà, îïèñûâàþùàÿ ýëåêòðî-
óïðóãóþ äåôîðìàöèþ ïîêðûòèÿ. Àíàëèòè÷åñêèé âèä ôîðìóë ïîçâîëÿåò ïðîâåñòè
ñðàâíåíèå ýëåêòðîóïðóãîãî äåôîðìèðîâàíèÿ ìàòåðèàëîâ ñ ïîêðûòèÿìè è áåç íèõ.
Íîðìàëüíûå ñìåùåíèÿ ïîâåðõíîñòè è ðàñïðåäåëåíèå ýëåêòðè÷åñêîãî ïîòåíöèàëà
íà ïîâåðõíîñòè îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî áåñêîíå÷íîé êîíñòàíòû.
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APPROXIMATED ANALYTICAL SOLUTION OF THE PROBLEM
ABOUT  AN ELECTRODE ON THE PIEZOELECTROELASTIC HALF-PLACE

WITH PIEZOELECTROELASTIC FUNCTIONALLY GRADED COATING

Aizikovich S.M.1,, Kudish I.I.2

1Don State Technical University, Rostov-on-Don, Russian Federation
2Kettering University, Flint, Michigan, USA

The paper addresses to the plane contact problem on an electrode on the surface of a functionally
graded piezoelectric coating glued with no friction with a homogeneous piezoelectric half-plane.
The coating and the substrate are assumed to be transversely isotropic, the axis of isotropy coincides
with the axis of polarization and normal to the surface of the coating. Arbitrary independent variation
of the electroelastic properties of the coating in depth is considered. Plane electrode is placed on
the surface of the coating and potential difference is applied which leads to an el ectroelastic
deformation of the coating and substrate.
Using the integral transformation technique, the problem is reduced to the solution of the dual
integral equation. This equation is solved by the bilateral asymptotic method, based on an idea of
using Pade approximation of the kernel transform of the integral equation. An approximated dual
integral equation is solved in a closed analytical form. Approximated analytical expressions for
electric induction and potential, vertical and horizontal displacements on the surface of the coating
are constructed. These expressions are asymptotically exact both for big and small values of the
relative coating thickness (relation of the coating thickness to electrode half-width).

Keywords: electrode, piezoelectroelasticity, coating, functionally graded materials, plane
deformation, contact problem, analytical method.


