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Â ðàìêàõ ìîäåëè ñâÿçàííîé ýëåêòðîóïðóãîñòè íåîäíîðîäíûõ òåë ðàññìîò-
ðåíà çàäà÷à îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ òîíêîãî ïüåçîäèñêà ñ íåîäíîðîä-
íûìè ñâîéñòâàìè, â ÷àñòíîñòè, ïðè íàëè÷èè ðàäèàëüíîé ïîëÿðèçàöèè. Ïðîèç-
âåäåíû íåîáõîäèìûå óïðîùåíèÿ â ðàìêàõ òðàäèöèîííûõ ãèïîòåç, ñôîðìóëè-
ðîâàííàÿ êðàåâàÿ çàäà÷à ïðèâåäåíà ê êàíîíè÷åñêîé ñèñòåìå äèôôåðåíöèàëü-
íûõ óðàâíåíèé ïåðâîãî ïîðÿäêà îòíîñèòåëüíî áåçðàçìåðíûõ êîìïîíåíò ðàäè-
àëüíîãî ñìåùåíèÿ è ðàäèàëüíîãî íàïðÿæåíèÿ ñ ñîîòâåòñòâóþùèìè ãðàíè÷-
íûìè óñëîâèÿìè. Ïðÿìàÿ çàäà÷à î êîëåáàíèÿõ íåîäíîðîäíîãî äèñêà ðåøåíà
÷èñëåííî íà îñíîâå ìåòîäà ïðèñòðåëêè ïóòåì ÷èñëåííîãî àíàëèçà âñïîìîãà-
òåëüíûõ çàäà÷ Êîøè. Ïðîâåäåí àíàëèç àìïëèòóäíî-÷àñòîòíûõ õàðàêòåðèñòèê
è ðåçîíàíñíûõ ÷àñòîò â çàâèñèìîñòè îò ðàçëè÷íûõ çàêîíîâ èçìåíåíèÿ íå-
îäíîðîäíûõ ñâîéñòâ ïüåçîäèñêà, êîòîðûå â ïðåäñòàâëåííîé ìîäåëè õàðàêòå-
ðèçóþòñÿ äâóìÿ ôóíêöèÿìè, îäíà èç êîòîðûõ õàðàêòåðèçóåò èçìåíåíèå óïðó-
ãîãî ìîäóëÿ, âòîðàÿ − èçìåíåíèå ïüåçîìîäóëÿ. Ñôîðìóëèðîâàíà îáðàòíàÿ çà-
äà÷à â ïåðâîé ïîñòàíîâêå, â êîòîðîé âîññòàíîâëåíû çàêîíû èçìåíåíèÿ íå-
îäíîðîäíîñòè ïüåçîäèñêà (äâå ôóíêöèè) ïî çíà÷åíèÿì ôóíêöèé, õàðàêòåðèçó-
þùèõ ðàäèàëüíîå ñìåùåíèå è íàïðÿæåíèå, èçâåñòíûõ â êîíå÷íîì íàáîðå òî-
÷åê. Ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî ðåøåíèþ
îáðàòíîé çàäà÷è â ïåðâîé ïîñòàíîâêå, îáñóæäåíû ðàçëè÷íûå àñïåêòû ðåêîí-
ñòðóêöèè. Ñôîðìóëèðîâàíà âòîðàÿ ïîñòàíîâêà îáðàòíîé çàäà÷è ïî îïðåäåëå-
íèþ ïüåçîýëåêòðè÷åñêîé õàðàêòåðèñòèêè äèñêà, ãäå èçâåñòíûìè ñ÷èòàþòñÿ ôóíê-
öèÿ, îïèñûâàþùàÿ çàêîíû èçìåíåíèÿ óïðóãîé õàðàêòåðèñòèêè äèñêà, è àìï-
ëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà. Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è â ýòîé ïî-
ñòàíîâêå ñôîðìóëèðîâàíî èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 1-ãî ðîäà ñ
ãëàäêèì ÿäðîì. Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ðåøå-
íèþ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà 1-ãî ðîäà ñ ïîìîùüþ ðåãóëÿðèçè-
ðóþùåãî ìåòîäà Òèõîíîâà, îáñóæäåíû ðàçëè÷íûå àñïåêòû ðåêîíñòðóêöèè.

Êëþ÷åâûå ñëîâà: íåîäíîðîäíûé äèñê, ýëåêòðîóïðóãîñòü, àìïëèòóäíî-
÷àñòîòíûå õàðàêòåðèñòèêè, ðåãóëÿðèçàöèÿ, èäåíòèôèêàöèÿ.

Ââåäåíèå

Â ðàçíûõ îáëàñòÿõ ìàøèíîñòðîåíèÿ, âû÷èñëèòåëüíîé è äèàãíîñòè÷åñêîé òåõíè-
êè, àâòîìàòèêè è ðàäèîýëåêòðîíèêè íàõîäÿò ïðèìåíåíèå ôóíêöèîíàëüíûå ýëåìåí-
òû, îñíîâàííûå íà èñïîëüçîâàíèè ïüåçîýôôåêòà [1, 2], ïðè÷åì â íàñòîÿùåå âðåìÿ
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íàèáîëåå óïîòðåáèòåëüíûìè ÿâëÿþòñÿ ïüåçîêåðàìèêè, èìåþùèå ðàçëè÷íûé ñîñòàâ
è ðàçíûå òåõíîëîãèè èçãîòîâëåíèÿ. Ñâîéñòâà ïîëÿðèçîâàííîé êåðàìèêè â çíà÷è-
òåëüíîé ñòåïåíè îïðåäåëÿþòñÿ åå äîìåííîé ñòðóêòóðîé, êîòîðàÿ ïðèâîäèò ê ïîÿâ-
ëåíèþ íåîäíîðîäíûõ ñâîéñòâ ìîäåëè. ×àñòî ïðè ìîäåëèðîâàíèè ïðåäïîëàãàåòñÿ,
÷òî ìàòåðèàë îäíîðîäåí è åãî ñâîéñòâà îïðåäåëÿþòñÿ íàáîðîì êîíñòàíò. Îäíàêî âî
ìíîãèõ çàäà÷àõ ãèïîòåçà îäíîðîäíîñòè íå ÿâëÿåòñÿ àäåêâàòíîé è ôèçè÷åñêèå ñâîé-
ñòâà ìîäåëèðóåìîãî îáúåêòà çàâèñÿò îò êîîðäèíàò. Íàïðèìåð, õàðàêòåðíîé îñîáåí-
íîñòüþ ñåãíåòîýëåêòðèêîâ ÿâëÿåòñÿ íàëè÷èå â îïðåäåëåííîì äèàïàçîíå òåìïåðà-
òóð ñïîíòàííîé ïîëÿðèçàöèè, êîòîðàÿ íå îñòàåòñÿ îäíîðîäíîé ïî îáúåìó êðèñòàë-
ëà. Èç-çà ìíîãîóðîâíåâîñòè òåõíîëîãè÷åñêîãî ïðîöåññà ñîçäàíèÿ ïüåçîýëåìåíòà â
èçãîòîâëåííîì ïüåçîêåðàìè÷åñêîì ôóíêöèîíàëüíîì ýëåìåíòå ÷àñòî íàáëþäàþòñÿ
íåñîîòâåòñòâèÿ óñòàíîâëåííûì íîðìàì, ÷òî âûðàæàåòñÿ â íåîäíîðîäíîñòè óïðó-
ãèõ è ïüåçîýëåêòðè÷åñêèõ ñâîéñòâ. Óìåíèå îöåíèòü ñòåïåíü îòêëîíåíèÿ ñâîéñòâ îò
çàÿâëåííûõ íîðì (îïðåäåëåíèå ðåàëüíûõ õàðàêòåðèñòèê) ïüåçîýëåìåíòà ïîìîãàåò
ïðîâåðèòü âîçìîæíîñòü ïðèìåíåíèÿ åãî â êîíêðåòíîì ôóíêöèîíàëüíîì ýëåìåíòå è
ïîçâîëÿåò îñóùåñòâëÿòü áîëåå òî÷íûå ðàñ÷åòû.

Àêòóàëüíîñòü èçó÷åíèÿ íåîäíîðîäíûõ ñâîéñòâ ýëåêòðîóïðóãèõ ìàòåðèàëîâ íå
âûçûâàåò ñîìíåíèé: â íàñòîÿùåå âðåìÿ íà ýòó òåìó íàïèñàíû äåñÿòêè ñòàòåé, ïðîâå-
äåíî ìíîæåñòâî èññëåäîâàíèé, â êîòîðûõ èçó÷àåòñÿ âîïðîñ îá îïðåäåëåíèè çàêîíà
èçìåíåíèÿ ïüåçîìîäóëÿ â çàâèñèìîñòè îò êîîðäèíàòû; îòìåòèì ïóáëèêàöèè [3−12].
Ðÿä ðàçäåëîâ ìîíîãðàôèè [4] ïîñâÿùåí ðåøåíèþ çàäà÷è èäåíòèôèêàöèè ñâîéñòâ
íåîäíîðîäíûõ ýëåêòðîóïðóãèõ ìàòåðèàëîâ äëÿ ñòåðæíåâûõ ýëåìåíòîâ êîíñòðóêöèé
â ðàìêàõ ëèíåéíîé òåîðèè ýëåêòðîóïðóãîñòè, ãäå ïîñòàâëåíû îáùèå çàäà÷è, âûâåäå-
íû ñîîòíîøåíèÿ, êîòîðûå ïîçâîëÿþò ïåðåõîäèòü îò ñëîæíûõ ìîäåëåé ê áîëåå ÷àñò-
íûì, ïðåäñòàâëåíû èòåðàöèîííûå ñõåìû èññëåäîâàíèÿ ñôîðìóëèðîâàííûõ êîýô-
ôèöèåíòíûõ îáðàòíûõ çàäà÷.

Áîëüøîé ïîïóëÿðíîñòüþ ïîëüçóþòñÿ ôóíêöèîíàëüíî-ãðàäèåíòíûå ïüåçîìàòå-
ðèàëû (ÔÃÏ), ôèçè÷åñêèå õàðàêòåðèñòèêè êîòîðûõ íåïðåðûâíî çàâèñÿò îò êîîðäè-
íàò, ïðè÷åì çàêîíû íåîäíîðîäíîñòè ïðîäèêòîâàíû íåêîòîðûìè ôóíêöèîíàëüíû-
ìè òðåáîâàíèÿìè ðàçëè÷íîãî òèïà è ñîçäàþòñÿ â ðåçóëüòàòå ðåàëèçàöèè íåêîòîðûõ
òåõíîëîãè÷åñêèõ ïðîöåññîâ. Çíàíèå òî÷íûõ õàðàêòåðèñòèê äëÿ êîíñòðóêòèâíûõ ýëå-
ìåíòîâ èç òàêèõ ìàòåðèàëîâ êðàéíå âàæíî äëÿ ïðàâèëüíîé èõ ýêñïëóàòàöèè è âûáî-
ðà ðåæèìîâ íàãðóæåíèÿ. Â [13, 14] àâòîðû ðàññìàòðèâàþò ìåòîäû ÷àñòîòíîãî àíà-
ëèçà êîëüöåâûõ ÔÃÏ ïðåîáðàçîâàòåëåé íà óïðóãîì îñíîâàíèè. Ðåøåíèþ îáðàòíûõ
çàäà÷ äëÿ ñòåðæíåâûõ ÔÃÏ ïîñâÿùåíà ñòàòüÿ [15]. Â [16] ðàññìàòðèâàþòñÿ îáðàò-
íûå çàäà÷è îá èäåíòèôèêàöèè õàðàêòåðèñòèê ìàòåðèàëîâ ñ ôóíêöèîíàëüíî-ãðàäè-
åíòíûì ïîêðûòèåì.

Ýëåìåíòû ñ íåîäíîðîäíîé ïîëÿðèçàöèåé ÷àñòî îáëàäàþò âûðàæåííûì çàòóõà-
íèåì. Â íàñòîÿùåå âðåìÿ èçó÷åíèåì òàêèõ ñâîéñòâ çàíèìàåòñÿ áîëüøîå êîëè÷åñòâî
ãðóïï ó÷åíûõ è èññëåäîâàòåëåé. Îáû÷íî ìîäåëèðîâàíèå çàòóõàíèÿ îñóùåñòâëÿåòñÿ
â ðàìêàõ êîíöåïöèè äèíàìè÷åñêèõ ìîäóëåé ëèáî íà îñíîâå ââåäåíèÿ ìàëûõ êîìï-
ëåêñíûõ äîáàâîê, ïðîïîðöèîíàëüíûõ ÷àñòîòå êîëåáàíèé. Íàïðèìåð, â ðàìêàõ òàêî-
ãî ïîäõîäà â ñòàòüå [17] èññëåäóåòñÿ çàäà÷à î êîëåáàíèÿõ öèëèíäðè÷åñêîãî ïüåçî-
öèëèíäðà ñ íåîäíîðîäíîé îêðóæíîé ïîëÿðèçàöèåé ñ ó÷åòîì çàòóõàíèÿ. Èññëåäîâà-
íèÿ êîëåáàíèé íåîäíîðîäíûõ ïüåçîñòðóêòóð ïðîäîëæàåòñÿ íà îñíîâå ðàçëè÷íûõ, â
òîì ÷èñëå è êîíå÷íî-ýëåìåíòíûõ, ïîäõîäîâ. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà îäíîìó
èç íèõ.
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1. Ïîñòàíîâêà çàäà÷è äëÿ íåîäíîðîäíîãî ïüåçîýëåêòðè÷åñêîãî äèñêà

Ðàññìîòðèì óñòàíîâèâøèåñÿ êîëåáàíèÿ ïüåçîýëåêòðè÷åñêîãî äèñêà ðàäèóñîì
a, òîëùèíîé h (h/a << 1) [1]. Áóäåì ñ÷èòàòü, ÷òî ãðàíèöû z = ±h/2 ýëåêòðîäèðîâàíû.
Ïðè ïîäà÷å íà òîðöåâûå ýëåêòðîäû ïåðåìåííîé âî âðåìåíè ñ ÷àñòîòîé ω ðàçíîñòè
ïîòåíöèàëîâ ϕ ñ àìïëèòóäîé V0 â äèñêå áóäóò âîçíèêàòü ðàäèàëüíûå îñåñèììåò-
ðè÷íûå êîëåáàíèÿ.

Êëàññè÷åñêàÿ ïîñòàíîâêà çàäà÷è î ðàäèàëüíûõ êîëåáàíèÿõ òîíêîé ïüåçîêåðà-
ìè÷åñêîé ïëàñòèíêè ðàññìîòðåíà â ìîíîãðàôèè [1]. Îñåñèììåòðè÷íîå ýëåêòðî-
óïðóãîå ïîëå äèñêà îïèñûâàåòñÿ óðàâíåíèÿìè äâèæåíèÿ ïðè ñòàöèîíàðíûõ êîëåáà-
íèÿõ
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Áóäåì ñ÷èòàòü, ÷òî óïðóãèå è ïüåçîýëåêòðè÷åñêèå ïàðàìåòðû çàâèñÿò îò ðàäèàëü-
íîé êîîðäèíàòû, òî åñòü ;5,1,),(),( === jireercc ijij
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Ãðàíè÷íûå óñëîâèÿ ïðåäñòàâèìû â ôîðìå:
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Óïðîñòèì îáùóþ ïîñòàíîâêó ñôîðìóëèðîâàííîé çàäà÷è ñ ïîìîùüþ íåêîòîðûõ
ãèïîòåç.

Òàê, èñïîëüçóÿ ãèïîòåçó î òîì, ÷òî äèñê íàõîäèòñÿ â óñëîâèÿõ ïëîñêîãî íàïðÿ-
æåííîãî ñîñòîÿíèÿ, ìîæíî ñ÷èòàòü, ÷òî σzz ≈ 0, ur = ur(r); êðîìå òîãî, áóäåì ñ÷è-
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òàòü, ÷òî ϕ = 2V0z/h, ïðè ýòîì ãðàíè÷íûå óñëîâèÿ íà ýëåêòðîäàõ âûïîëíåíû àâòîìà-
òè÷åñêè.

Òîãäà, èñõîäÿ èç (1) è ïðåäñòàâëåííûõ âûøå ãèïîòåç, ìîæíî ïîëó÷èòü ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà:
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ãäå ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ:
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Ââåäåì ñëåäóþùèå áåçðàçìåðíûå õàðàêòåðèñòèêè è ôóíêöèè:
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Òàêèì îáðàçîì, ïîëó÷àåì áåçðàçìåðíóþ êàíîíè÷åñêóþ ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà:
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(7)

Îáû÷íî â ñëó÷àå ïîñòîÿííûõ ïàðàìåòðîâ äîïîëíèòåëüíûì óñëîâèåì ÿâëÿåòñÿ
óñëîâèå îãðàíè÷åííîñòè â íóëå, è ðåøåíèå ñòðîèòñÿ â âèäå ëèíåéíîé êîìáèíàöèè
ôóíêöèé Áåññåëÿ ïåðâîãî è âòîðîãî ðîäà. Óñëîâèå îãðàíè÷åííîñòè â íóëå ñðàçó
ïîçâîëÿåò èñêëþ÷èòü èç ðåøåíèÿ ôóíêöèè Áåññåëÿ âòîðîãî ðîäà â ñèëó èõ íåîãðà-
íè÷åííîñòè â íóëå. Â ñëó÷àå ÷èñëåííîãî ðåøåíèÿ çàäà÷è ìåòîäîì ïðèñòðåëêè ýòîãî
ñäåëàòü íåëüçÿ è äëÿ ÷èñëåííîãî ïîñòðîåíèÿ ðåøåíèÿ ïðèìåíÿåòñÿ ñëåäóþùèé
ïðèåì. Ñ÷èòàåòñÿ, ÷òî â îêðåñòíîñòè íà÷àëà êîîðäèíàò èìååòñÿ îòâåðñòèå ìàëîãî
ðàäèóñà ε0, ñâîáîäíîå îò íàïðÿæåíèé, ïîýòîìó ãðàíè÷íûå óñëîâèÿ ïðåäñòàâèìû â
ôîðìå: T(ε0) = 0, T(1) = 0, ãäå ãðàíè÷íîå óñëîâèå íà âíóòðåííåé ãðàíèöå ôîðìóëè-
ðóåòñÿ äëÿ ìàëîãî âíóòðåííåãî ðàäèóñà.

2. Ðåøåíèå ïðÿìîé çàäà÷è è ðåçóëüòàòû âû÷èñëèòåëüíûõ
ýêñïåðèìåíòîâ äëÿ ðàçëè÷íûõ çàêîíîâ íåîäíîðîäíîñòè

Ïðåäñòàâèì ñèñòåìó (7) â ìàòðè÷íîì âèäå ,)( BXAX +=′  ãäå ââåäåíû îáîçíà-
÷åíèÿ:
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ïðè÷åì ýëåìåíòû ìàòðèöû A  è âåêòîðà B  îïðåäåëåíû ñëåäóþùèì îáðàçîì:
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Òîãäà ðåøåíèå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (7) ìîæíî
ïîëó÷èòü, èñïîëüçóÿ ìåòîä ïðèñòðåëêè, êîòîðûé çàêëþ÷àåòñÿ â òîì, ÷òî ðåøåíèå
îòûñêèâàåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè ðåøåíèé äâóõ çàäà÷ Êîøè ñëåäóþùåé
ñòðóêòóðû:
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Àïðîáàöèÿ ìåòîäà áûëà ïðîèçâåäåíà äëÿ ñëó÷àÿ ïîñòîÿííûõ ïàðàìåòðîâ ñèñ-
òåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (7) ïóòåì ñðàâíåíèÿ ÷èñëåííî ïîëó÷åííûõ
ñîáñòâåííûõ ÷àñòîò ñ àíàëèòè÷åñêè íàéäåííûìè â [1]. Ñðàâíèòåëüíûé àíàëèç ïîêà-
çàë äîñòàòî÷íóþ òî÷íîñòü ðåøåíèÿ, ïîëó÷åííîãî ìåòîäîì ïðèñòðåëêè. Íà îñíîâå
ýòîãî ïîäõîäà áóäåì èññëåäîâàòü çàâèñèìîñòü ðåçîíàíñíûõ ÷àñòîò (7) îò ïåðåìåí-
íûõ ïàðàìåòðîâ γ1 è γ2, çàâèñÿùèõ îò ξ, ïðè ε0 = 10−6.

Ïóñòü çàâèñèìîñòè γ1 è γ2 èìåþò âèä:
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Â òàáëèöå 1 ïðåäñòàâëåíû ðàçëè÷íûå çíà÷åíèÿ ïåðâûõ òðåõ ñîáñòâåííûõ ÷àñ-
òîò íåîäíîðîäíîãî ïüåçîêåðàìè÷åñêîãî äèñêà äëÿ ðàçëè÷íûõ çàêîíîâ èçìåíåíèÿ
ôóíêöèé  f1(ξ),  f2(ξ),  f3(ξ).

Òàáëèöà 1
f1,  f2,  f3  κ1 κ2 κ3

1 2 3 4
f1(ξ) = 0
f2(ξ) = 0 2,211427 5,443457 8,605408
f3(ξ) = 0
f1(ξ) = 0,5
f2(ξ) = 0,099ξ + 0,001 2,052484 5,387192 8,569666
f3(ξ) = 0,5
f1(ξ) = 0,99
f2(ξ) = 0,099ξ + 0,001 1,845919 5,332565 8,536985
f3(ξ) = 0,99
f1(ξ) = 0,1
f2(ξ) = 0,099ξ + 0,001 2,191248 5,431066 8,596182
f3(ξ) = 0,1
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Òàáëèöà 1 (ïðîäîëæåíèå)
1 2 3 4

f1(ξ) = 0,099ξ + 0,001
f2(ξ) = 0,1 2,232701 5,457418 8,615952
f3(ξ) = 0,1
f1(ξ) = 0,9999
f2(ξ) = 0,0099ξ + 0,0001 1,841229 5,331454 8,536323
f3(ξ)= 0,9999

Àíàëèç äàííûõ èç òàáëèöû 1 ïîêàçàë, ÷òî íàèáîëüøåå âëèÿíèå íà ðåçîíàíñíûå
÷àñòîòû îêàçûâàåò çàêîí èçìåíåíèÿ ôóíêöèè  f2(ξ).

3. Îáðàòíàÿ çàäà÷à î ðåêîíñòðóêöèè çàêîíîâ íåîäíîðîäíîñòè.
Ïåðâàÿ ïîñòàíîâêà. Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (7). Ñôîðìóëèðóåì ïîñòà-
íîâêó çàäà÷è îá îïðåäåëåíèè çàêîíîâ íåîäíîðîäíîñòè ïî íåêîòîðîé äîïîëíèòåëü-
íîé èíôîðìàöèè î ðåøåíèè. Ðàññìîòðèì ïðîñòåéøóþ ïîñòàíîâêó, â êîòîðîé èçâå-
ñòíû êîìïîíåíòû ôèçè÷åñêèõ ïîëåé âíóòðè äèñêà íà íåêîòîðîé ôèêñèðîâàííîé
÷àñòîòå. Â ðàìêàõ ýòîé ïîñòàíîâêè áóäåì ñ÷èòàòü, ÷òî çíà÷åíèÿ ôóíêöèé U, T èçâå-
ñòíû â êîíå÷íîì íàáîðå òî÷åê ξk, k = 1, 2, ..., N.

Ñôîðìóëèðóåì îáðàòíóþ çàäà÷ó îá îïðåäåëåíèè ôóíêöèé γ1 è γ2. Èç (7) âèäíî,
÷òî ýòè ôóíêöèè ìîãóò áûòü îïðåäåëåíû, åñëè èçâåñòíû íå òîëüêî ôóíêöèè U, T, íî
è èõ ïðîèçâîäíûå. Äëÿ íàõîæäåíèÿ ïðîèçâîäíûõ ýòèõ ôóíêöèé âîñïîëüçóåìñÿ
ñïëàéí-àïïðîêñèìàöèåé ïÿòîãî ïîðÿäêà [18]. Õîòÿ ñèñòåìà (7) − íåëèíåéíàÿ ñèñòå-
ìà îòíîñèòåëüíî γ1 è γ2 (â ïðàâóþ ÷àñòü ïåðâîãî óðàâíåíèÿ âõîäÿò âåëè÷èíû 2

1γ  è
γ2γ1), âîçìîæíî îäíîçíà÷íî îïðåäåëèòü ýòè ôóíêöèè ïî ôîðìóëàì â ÿâíîì âèäå:
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Íåòðóäíî âèäåòü, ÷òî êîãäà U = Cξ, çíàìåíàòåëü îáðàùàåòñÿ â íîëü. Ýòî ìîæåò
âûçûâàòü òðóäíîñòè â âîññòàíîâëåíèè çàêîíîâ èçìåíåíèÿ ïåðåìåííûõ ôèçè÷åñêèõ
ïàðàìåòðîâ â íèçêî÷àñòîòíîé îáëàñòè (áëèçêàÿ ê îïèñàííîé ôîðìà êîëåáàíèé èìå-
åò ìåñòî, êîãäà ÷àñòîòû êîëåáàíèé íèçêè). Â ñëó÷àå êîãäà çàêîí èçìåíåíèÿ ôóíêöèè
U(ξ) îòëè÷åí îò ëèíåéíîãî, ýòè ñîîòíîøåíèÿ ïîçâîëÿþò âîññòàíàâëèâàòü èñêîìûå
ôóíêöèè ñ äîñòàòî÷íî âûñîêîé ñòåïåíüþ òî÷íîñòè. Ìàêñèìàëüíîå îòêëîíåíèå ðå-
øåíèÿ, ïîñòðîåííîãî ïî ýòèì ôîðìóëàì, ñîñòàâëÿåò 15−20% è íàáëþäàåòñÿ â òî÷-
êàõ, áëèçêèõ ê öåíòðó äèñêà, â îñòàëüíûõ òî÷êàõ ïîãðåøíîñòü ðåêîíñòðóêöèè ãëàä-
êèõ çàêîíîâ íå ïðåâîñõîäèò äîëåé ïðîöåíòà.

Â ðàìêàõ ïåðâîé ïîñòàíîâêè îáðàòíîé çàäà÷è âîññòàíàâëèâàëèñü ðàçëè÷íûå
çàêîíû èçìåíåíèÿ ôóíêöèé γ1 è γ2. Ðàññìàòðèâàëèñü ëèíåéíûå, ñòåïåííûå, òðèãîíî-
ìåòðè÷åñêèå, ýêñïîíåíöèàëüíûå çàâèñèìîñòè è èõ êîìáèíàöèè. Òèïè÷íûé ïðèìåð
ðåêîíñòðóêöèè ïðåäñòàâëåí íà ðèñ. 1 (γ1 = 0,59 − 0,59ξ − 0,059sin 10ξ, ÷èñëî òî÷åê
ðàçáèåíèÿ m = 15). Ïðåäñòàâëåííàÿ ñõåìà òàêæå ïîçâîëÿåò ðàññìàòðèâàòü êóñî÷íî-
íåïðåðûâíûå çàêîíû èçìåíåíèÿ ôèçè÷åñêèõ õàðàêòåðèñòèê (ðèñ. 2):
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m = 15, ÷òî ñîîòâåòñòâóåò äèñêó, ñîñòàâëåííîìó èç êîëåö ñ ñóùåñòâåííî ðàçëè÷àþ-
ùèìèñÿ ôèçè÷åñêèìè õàðàêòåðèñòèêàìè. Ñïëîøíîé ëèíèåé èçîáðàæåíî òî÷íîå
ðåøåíèå, òî÷êàìè − ïîñòðîåííîå ÷èñëåííî.

4. Îáðàòíàÿ çàäà÷à âî âòîðîé ïîñòàíîâêå.
Ôîðìóëèðîâêà èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà 1-ãî ðîäà.
Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ

Ïåðâàÿ ïîñòàíîâêà îáðàòíîé çàäà÷è òðóäíîðåàëèçóåìà íà ïðàêòèêå, îäíàêî ïî-
çâîëÿåò èçó÷èòü âîçìîæíûå ñëîæíîñòè ïðîöåññà èäåíòèôèêàöèè õàðàêòåðèñòèê. Áî-
ëåå ðåàëüíîé ñ òî÷êè çðåíèÿ ïðàêòè÷åñêîãî ïðèëîæåíèÿ ÿâëÿåòñÿ òàêàÿ ïîñòàíîâêà,
â êîòîðîé èçâåñòíà àìïëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà (À×Õ) ñìåùåíèé íà ãðà-
íèöå äèñêà â íåêîòîðîé ÷àñòîòíîé îáëàñòè. Îòìåòèì, ÷òî îáå ôóíêöèè γ1 è γ2 íåâîç-
ìîæíî îäíîçíà÷íî âîññòàíîâèòü èç èíôîðìàöèè î ïîëå ñìåùåíèé íà ãðàíèöå. Òà-
êèì îáðàçîì, èíàÿ ïîñòàíîâêà çàêëþ÷àåòñÿ â òîì, ÷òîáû íà îñíîâå èíôîðìàöèè îá
À×Õ è ôóíêöèè γ2 âîññòàíàâëèâàòü çàêîí èçìåíåíèÿ ôèçè÷åñêîé õàðàêòåðèñòèêè γ1,
êîòîðàÿ âõîäèò êîýôôèöèåíòîì â îäíîðîäíóþ ÷àñòü ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé (7). Â òàêîì ñëó÷àå ïîëó÷àåòñÿ êîýôôèöèåíòíàÿ îáðàòíàÿ çàäà÷à, êîòî-
ðàÿ ÿâëÿåòñÿ ñóùåñòâåííî íåëèíåéíîé. Îáû÷íî â èññëåäîâàíèÿõ â ýòîé ñèòóàöèè
ñòðîèòñÿ èòåðàöèîííûé ïðîöåññ òèïà ìåòîäà Íüþòîíà [19] .

Âòîðàÿ ïîñòàíîâêà ïîñâÿùåíà èññëåäîâàíèþ çàäà÷è îá îïðåäåëåíèè ôóíêöèè
γ2, êîòîðàÿ âõîäèò òîëüêî â ïðàâóþ ÷àñòü îïåðàòîðà, è îáðàòíàÿ çàäà÷à îêàçûâàåòñÿ
ëèíåéíîé. Ïóñòü èçâåñòíû ÀÕ× U|ξ=1 = f (κ) íà íåêîòîðîì ÷àñòîòíîì äèàïàçîíå
κ ∈ [κ1, κ2] è ôóíêöèÿ γ1, õàðàêòåðèçóþùàÿ óïðóãóþ õàðàêòåðèñòèêó ïüåçîäèñêà.
Ïî ýòîé èíôîðìàöèè âîññòàíîâèì ôóíêöèþ γ2 êîòîðàÿ õàðàêòåðèçóåò åãî ïüåçî-
ýëåêòðè÷åñêèå ñâîéñòâà.

0,1      0,3      0,5       0,7      0,9   ξ

0,1

0,2

0,3

0,4

γ1

Ðèñ. 1

0,1         0,3         0,5         0,7         0,9   ξ

Ðèñ. 2

γ2

−0,6

−0,7

−0,8

−0,9

−1,0

−1,1
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íèÿ (7) ñêàëÿðíî ñïðàâà íà âåêòîð ,: )( ξξξξ +=′ YBYXAYXY  ãäå ξY  ÿâëÿåòñÿ ðå-
øåíèåì ñîïðÿæåííîé çàäà÷è

ξξ −=′ YAY T)(
ñ êðàåâûìè óñëîâèÿìè

⎪⎩

⎪
⎨
⎧

=ε

=

ξ

ξ

.0)(

,1)1(

01

1

Y
Y

Ïðîèíòåãðèðóåì ïîëó÷åííîå ñîîòíîøåíèå îò ε0 äî 1 è ñ ó÷åòîì ââåäåííîãî ñêàëÿð-
íîãî ïðîèçâåäåíèÿ ïîëó÷èì ñîîòíîøåíèå

.,, )()()()( T
111

0
0

0

ξξ
ε

ξεξ
ε

ξ +=ξ−⋅=ξ⋅ ∫∫ ′′ YBYAXdYYXdYX

Òàê êàê

),(0 1

1
21 è

0
)( κ==+

=ξεξξ fUTYUY

ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 1-ãî ðîäà

],,[,)()(),( 21

1

2
0

κκ∈κκ=ξγξκ∫
ε

fdsK (8)

ãäå

21
11),( ξξ ξ
γ−

+−=ξκ YYK

− íåïðåðûâíîå ÿäðî ïðè ].,[,]1,[ 210 κκ∈κε∈ξ  Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ
(8) ïðåäñòàâëÿåò ñîáîé íåêîððåêòíóþ çàäà÷ó, êîòîðàÿ ðåøåíà ñ ïîìîùüþ ìåòîäà
ðåãóëÿðèçàöèè À.Í. Òèõîíîâà [20].

Áûëè ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû äëÿ ñòåïåííûõ è ýêñïîíåíöè-
àëüíûõ çàêîíîâ íåîäíîðîäíîñòè. Íà ðèñ. 3 ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëü-
íûõ ýêñïåðèìåíòîâ ïðè ïîñòîÿííîì ïàðàìåòðå γ1.
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Ñïëîøíîé ëèíèåé èçîáðàæåíî òî÷íîå ðåøåíèå, òî÷êàìè − ïîñòðîåííîå â ðå-
çóëüòàòå ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ (8); m çàäàåò ÷èñëî òî÷åê ñúåìà èíôîð-
ìàöèè â ÷àñòîòíîì äèàïàçîíå.

Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïîêàçàëè, ÷òî êëþ÷åâûì ìîìåíòîì
ïðè âîññòàíîâëåíèè çàêîíîâ íåîäíîðîäíîñòè ÿâëÿåòñÿ âûáîð ÷àñòîòíîãî äèàïàçî-
íà [κ1, κ2], â ÷àñòíîñòè íóæíî, ÷òîáû ýòîò äèàïàçîí áûë áëèçîê ê ðåçîíàíñíîìó
ðåæèìó, ãäå À×Õ èçìåíÿåòñÿ ñèëüíî. Òàêæå ìîæíî îòìåòèòü, ÷òî óâåëè÷åíèå ÷èñëà
òî÷åê èçìåðåíèÿ m íå âñåãäà ïðèâîäèò ê óìåíüøåíèþ ïîãðåøíîñòè ðåêîíñòðóê-
öèè.

Çàêëþ÷åíèå

Èññëåäîâàíà çàäà÷à î ðàäèàëüíûõ êîëåáàíèÿõ íåîäíîðîäíîãî ïüåçîêåðàìè÷åñ-
êîãî äèñêà. Ñôîðìèðîâàíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿä-
êà, ïîñòðîåíî åå ðåøåíèå ìåòîäîì ïðèñòðåëêè. Ïðîâåäåí àíàëèç çàâèñèìîñòè àìï-
ëèòóäíî-÷àñòîòíîé õàðàêòåðèñòèêè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé îò ðàç-
ëè÷íûõ çàêîíîâ íåîäíîðîäíîñòè ôèçè÷åñêèõ õàðàêòåðèñòèê äèñêà. Ðàññìîòðåíû
îáðàòíûå çàäà÷è â äâóõ ïîñòàíîâêàõ. Âîññòàíîâëåíû ðàçëè÷íûå âàðèàíòû çàêîíîâ
èçìåíåíèÿ ôèçè÷åñêèõ õàðàêòåðèñòèê äëÿ îáðàòíîé çàäà÷è â ïåðâîé ïîñòàíîâêå.
Äëÿ îáðàòíîé çàäà÷è âî âòîðîé ïîñòàíîâêå ïîñòðîåíî èíòåãðàëüíîå óðàâíåíèå
Ôðåäãîëüìà 1-ãî ðîäà îòíîñèòåëüíî ôóíêöèè, îòâå÷àþùåé çà ïüåçîýëåêòðè÷åñêèå
ñâîéñòâà äèñêà, êîòîðîå ðåøåíî íà îñíîâå ìåòîäà ðåãóëÿðèçàöèè À.Í. Òèõîíîâà.
Ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ. Îòìå÷åíî, ÷òî ïðè âîñ-
ñòàíîâëåíèè çàêîíîâ íåîäíîðîäíîñòè ÷àñòîòíûé äèàïàçîí íàáëþäåíèÿ äîëæåí áûòü
áëèçîê ê ðåçîíàíñíîìó ðåæèìó, ãäå À×Õ èçìåíÿåòñÿ ñèëüíî, è ÷òî óâåëè÷åíèå ÷èñ-
ëà òî÷åê èçìåðåíèÿ íå âñåãäà ïðèâîäèò ê óìåíüøåíèþ ïîãðåøíîñòè ðåêîíñòðóê-
öèè.
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ON THE VIBRATIONS OF INHOMOGENEOUS PIEZO DISC

Vatulyan A.O.1, Zubkov Iu.N.2

1Southern Federal University, Rostov-on-Don, Russian Federation
2University of Nebraska, Lincoln, USA

In the framework of the model of coupled electroelasticity of inhomogeneous bodies, the problem
of steady-state oscillations of a thin piezodisc with inhomogeneous properties is considered, in
particular, in the presence of radial polarization. The necessary simplifications are made within the
framework of traditional hypotheses, the formulated boundary-value problem is reduced to a
canonical system of first-order differential equations with respect to dimensionless components of
radial displacement and radial stress with corresponding boundary conditions. The direct problem
of oscillations of an inhomogeneous disk is solved numerically based on the shooting method by
numerically analyzing auxiliary Cauchy problems. The analysis of the amplitude-frequency
characteristics and resonance frequencies depending on various laws of variation of the
inhomogeneous properties of the piezodisc is performed, which in the presented model are



380

characterized by two functions, one of which characterizes the change in the elastic modulus, the
second changes in the piezomodule. The inverse problem is formulated in the first statement, in
which the laws of variation of the piezodisc heterogeneity (two functions) are restored from the
values of the functions characterizing the radial displacement and stress, known in a finite set of
points. The results of computational experiments on solving the inverse problem in the first
formulation are presented, various aspects of reconstruction are discussed. The second formulation
of the inverse problem is formulated to determine the piezoelectric characteristics of the disk,
where a function that describes the laws of change in the elastic characteristics of the disk and the
amplitude-frequency characteristic is considered known. To solve the inverse problem, in this
formulation, the Fredholm integral equation of the first kind with a smooth kernel is formulated.
The results of numerical experiments on solving the Fredholm integral equation of the first kind
using the Tikhonov regularizing method are presented, various aspects of reconstruction are
discussed.

Keywords: heterogeneous disk, electroelasticity, amplitude-frequency characteristics, regularization,
identification.


