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Èññëåäóåòñÿ íàïðÿæåííîå ñîñòîÿíèå èçîòðîïíîé ñôåðè÷åñêîé îáîëî÷êè
ïîä äåéñòâèåì ïðîèçâîëüíîé íàãðóçêè íà îñíîâå íåêëàññè÷åñêîé òåîðèè. Ïðè
ïîñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè îáîëî÷êè ïðèìåíÿþòñÿ òðåõìåðíûå óðàâ-
íåíèÿ òåîðèè óïðóãîñòè. Ïåðåìåùåíèÿ ïðåäñòàâëÿþòñÿ â âèäå ïîëèíîìîâ ïî
íîðìàëüíîé ê ñðåäèííîé ïîâåðõíîñòè êîîðäèíàòå íà äâå ñòåïåíè âûøå îòíî-
ñèòåëüíî êëàññè÷åñêîé òåîðèè òèïà Êèðõãîôà − Ëÿâà. Â ðåçóëüòàòå ìèíèìèçà-
öèè óòî÷íåííîãî çíà÷åíèÿ ýíåðãåòè÷åñêîãî ôóíêöèîíàëà Ëàãðàíæà ïîëó÷åíû
ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ â ïåðåìåùåíèÿõ è åñòåñò-
âåííûå ãðàíè÷íûå óñëîâèÿ. Çàäà÷à ïðèâåäåíèÿ äâóìåðíûõ óðàâíåíèé ê îáûê-
íîâåííûì äèôôåðåíöèàëüíûì îñóùåñòâëÿåòñÿ ïóòåì ðàçëîæåíèÿ êîìïîíåíò
ïåðåìåùåíèé è âíåøíèõ íàãðóçîê â òðèãîíîìåòðè÷åñêèå ðÿäû ïî îêðóæíîé
êîîðäèíàòå.

Ðåøåíèå ñôîðìóëèðîâàííîé êðàåâîé çàäà÷è ïðîâîäèòñÿ ìåòîäàìè êîíå÷-
íûõ ðàçíîñòåé è ìàòðè÷íîé ïðîãîíêè. Â ðåçóëüòàòå ïîëó÷åíû ïåðåìåùåíèÿ â
óçëàõ ñåòêè, äëÿ àïïðîêñèìàöèè êîòîðûõ èñïîëüçóþòñÿ ñïëàéíû. Äåôîðìà-
öèè îáîëî÷êè íàõîäÿòñÿ ñ ïîìîùüþ ãåîìåòðè÷åñêèõ ñîîòíîøåíèé, òàíãåíöè-
àëüíûå íàïðÿæåíèÿ ïîëó÷àþòñÿ èç ñîîòíîøåíèé çàêîíà Ãóêà. Ïîïåðå÷íûå
íàïðÿæåíèÿ îïðåäåëÿþòñÿ íåïîñðåäñòâåííûì èíòåãðèðîâàíèåì óðàâíåíèé
ðàâíîâåñèÿ òðåõìåðíîé òåîðèè óïðóãîñòè.

Ïðèâåäåí ïðèìåð ðàñ÷åòà ïîëóñôåðè÷åñêîé îáîëî÷êè, æåñòêî çàùåìëåí-
íîé ïî íèæíåìó êîíòóðó îñíîâàíèÿ. Îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì âåò-
ðîâîé íàãðóçêè. Ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ïî óòî÷íåííîé òåîðèè, ñ
äàííûìè êëàññè÷åñêîé òåîðèè ïîêàçàëî, ÷òî â çîíå èñêàæåíèÿ íàïðÿæåííîãî
ñîñòîÿíèÿ íîðìàëüíûå òàíãåíöèàëüíûå íàïðÿæåíèÿ ñóùåñòâåííî óòî÷íÿþò-
ñÿ è ïîïåðå÷íûå íîðìàëüíûå íàïðÿæåíèÿ, êîòîðûìè â êëàññè÷åñêîé òåîðèè
ïðåíåáðåãàþò, èìåþò îäèí ïîðÿäîê ñ ìàêñèìàëüíûìè çíà÷åíèÿìè îñíîâíîãî
èçãèáíîãî íàïðÿæåíèÿ.

Ðàññìîòðåíî âëèÿíèå îòíîñèòåëüíîé òîëùèíû íà íàïðÿæåííîå ñîñòîÿ-
íèå îáîëî÷êè. Óñòàíîâëåíî, ÷òî òîëùèíà îáîëî÷êè ñóùåñòâåííî óâåëè÷èâàåò
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ïîãðåøíîñòü êëàññè÷åñêîé òåîðèè ïðè îïðåäåëåíèè íàïðÿæåíèé è îöåíêå
ïðî÷íîñòè ýëåìåíòîâ àâèàöèîííûõ êîíñòðóêöèé.

Êëþ÷åâûå ñëîâà: ñôåðè÷åñêàÿ îáîëî÷êà, âàðèàöèîííûé ïðèíöèï Ëàãðàí-
æà, óòî÷íåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, óðàâíåíèÿ ðàâíîâåñèÿ è åñòåñòâåí-
íûå ãðàíè÷íûå óñëîâèÿ, òðèãîíîìåòðè÷åñêèå ðÿäû, êðàåâàÿ çàäà÷à, ìåòîä
êîíå÷íûõ ðàçíîñòåé, ìåòîä ìàòðè÷íîé ïðîãîíêè, ïðîèçâîëüíàÿ íàãðóçêà, íà-
ïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå «ïîãðàíñëîé», ïîïåðå÷íûå íîðìàëü-
íûå íàïðÿæåíèÿ.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ èíæåíåðíûå ðàñ÷åòû ñôåðè÷åñêèõ îáîëî÷åê â ìàøèíî-
ñòðîåíèè, â òîì ÷èñëå â àâèàöèîííîé è ðàêåòíî-êîñìè÷åñêîé îòðàñëè, áàçèðóþòñÿ
íà ðåçóëüòàòàõ êëàññè÷åñêîé òåîðèè îáîëî÷åê òèïà Êèðõãîôà − Ëÿâà [1−4]. Íà îñíî-
âå ãèïîòåç ýòîé òåîðèè íîðìàëüíûå ñäâèãîâûå äåôîðìàöèè ïðèðàâíèâàþòñÿ íóëþ,
à êàñàòåëüíûìè ñäâèãîâûìè äåôîðìàöèÿìè ïðåíåáðåãàþò èç-çà èõ ìàëîñòè.

Ðåçóëüòàòû ðàñ÷åòà íàïðÿæåííî-äåôîðìèðóåìîãî ñîñòîÿíèÿ (ÍÄÑ) îáîëî÷åê âáëè-
çè çîí åãî èñêàæåíèÿ, òî åñòü ñîåäèíåíèé, ñòûêîâ, ëîêàëüíûõ è áûñòðî èçìåíÿþ-
ùèõñÿ íàãðóçîê, ïî êëàññè÷åñêîé òåîðèè íå äàþò óäîâëåòâîðèòåëüíîãî ñîîòâåòñòâèÿ
ñ ïðàêòè÷åñêèìè ðåçóëüòàòàìè. Ïðè ïîñòðîåíèè ïðèáëèæåííîé òåîðèè îáîëî÷åê, ñâî-
áîäíîé îò ãèïîòåç Êèðõãîôà − Ëÿâà, ïîëó÷èë ðàñïðîñòðàíåíèå ìåòîä ïðÿìîãî àñèìï-
òîòè÷åñêîãî èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåõìåðíîé òåîðèè óïðó-
ãîñòè [2, 5]. Àñèìïòîòè÷åñêèå ìåòîäû íàøëè óñïåøíîå ïðèìåíåíèå â èññëåäîâàíè-
ÿõ Ë.À. Àãàëîâÿíà [6, 7], Â.Â. Áîëîòèíà [8], Ê. Ôðèäðèõñà [9], Ý. Ðåéññíåðà [10].

Â ñòàòüÿõ [11, 12] çàäà÷à î äîïîëíèòåëüíîì ÍÄÑ âáëèçè çàùåìëåííîãî êðàÿ ïî
îòíîøåíèþ ê êëàññè÷åñêîé òåîðèè áûëà ðåøåíà Â.Â. Ôèðñàíîâûì â âàðèàöèîííîé
ïîñòàíîâêå ìåòîäîì Âëàñîâà − Êàíòîðîâè÷à ñ ïîìîùüþ ñïåöèàëüíî ïîñòðîåííîé
ïîëèíîìèàëüíîé àïïðîêñèìèðóþùåé ôóíêöèè. Ïðè ðàññìîòðåíèè ïðèìåðà ðàñ÷å-
òà ïðÿìîóãîëüíîé îðòîòðîïíîé ïëàñòèíêè óñòàíîâëåíî, ÷òî äîïîëíèòåëüíîå ñàìî-
óðàâíîâåøåííîå ÍÄÑ âáëèçè çàùåìëåííîãî êðàÿ, óòî÷íÿþùåå êëàññè÷åñêóþ òåî-
ðèþ, âíîñèò ñóùåñòâåííûé âêëàä â îáùåå íàïðÿæåííîå ñîñòîÿíèå.

Ñ ïîìîùüþ ìåòîäîâ ïðîñòûõ èòåðàöèé è àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ
Å.Ì. Çâåðÿåâûì [13−15] áûëà ðåøåíà ïðîáëåìà ïîñòðîåíèÿ ìîäåëåé òèïà Òèìî-
øåíêî äëÿ ñòàòè÷åñêèõ è äèíàìè÷åñêèõ çàäà÷ òåîðèè áàëîê, ïëàñòèí è îáîëî÷åê.
Ïðè ýòîì àñèìïòîòè÷åñêèå îöåíêè, ñîïðîâîæäàþùèå ïðîñòûå èòåðàöèè, äàþò âîç-
ìîæíîñòü îòáðîñèòü âòîðîñòåïåííûå ÷ëåíû, îöåíèòü ñêîðîñòü ñõîäèìîñòè èòåðà-
öèîííîãî ïðîöåññà, äîêàçàòü àñèìïòîòè÷åñêóþ ñõîäèìîñòü è ïîëó÷èòü ïðîñòûå
ìîäåëè çàäà÷.

Äðóãîé ïîäõîä, ïðåäëîæåííûé â ñòàòüÿõ Â.Â. Âàñèëüåâà è Ñ.À. Ëóðüå [16, 17],
îñíîâàí íà ïðåäñòàâëåíèè ïåðåìåùåíèÿ â âèäå ïîëèíîìèàëüíûõ ðÿäîâ ïî íîðìàëü-
íîé êîîðäèíàòå è ñâÿçûâàåò ìåæäó ñîáîé êîëè÷åñòâî ñëàãàåìûõ â ýòèõ ðàçëîæåíè-
ÿõ ïî òàíãåíöèàëüíûì è ïîïåðå÷íîìó íàïðàâëåíèÿì. Íà îñíîâå ýòîãî ïîäõîäà â
ïóáëèêàöèÿõ [18−20] ïîñòðîåíà óòî÷íåííàÿ òåîðèÿ ðàñ÷åòà ÍÄÑ íà ñëó÷àé ïðîèç-
âîëüíûõ îðòîòðîïíûõ îáîëî÷åê, îáîëî÷åê ïåðåìåííîé òîëùèíû, à òàêæå çàäà÷ î
ñâîáîäíûõ êîëåáàíèÿõ.

Â íàñòîÿùåé ñòàòüå â ðàìêàõ óêàçàííîãî ïîäõîäà [18−20] èññëåäóåòñÿ ÍÄÑ ñôå-
ðè÷åñêîé îáîëî÷êè ïîä äåéñòâèåì ïðîèçâîëüíîé íàãðóçêè, à òàêæå âëèÿíèå îòíî-
ñèòåëüíîé òîëùèíû íà íàïðÿæåííîå ñîñòîÿíèå îáîëî÷êè.
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1. Óðàâíåíèÿ ðàâíîâåñèÿ òåîðèè ñôåðè÷åñêîé îáîëî÷êè
â ïåðåìåùåíèÿõ íà îñíîâå íåêëàññè÷åñêîé òåîðèè

Ðàññìàòðèâàåòñÿ ñôåðè÷åñêàÿ îáîëî÷êà èç èçîòðîïíîãî ìàòåðèàëà â îðòîãîíàëü-
íîé ñèñòåìå êîîðäèíàò (θ, ϕ, ξ) (ðèñ. 1). Îáîçíà÷èì ÷åðåç R õàðàêòåðíûé ðàäèóñ
îáîëî÷êè, à ÷åðåç 2h − åå ïîñòîÿííóþ òîëùèíó.

Ïðèíèìàåòñÿ, ÷òî íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè ξ = ±h çàäàíû ãðàíè÷-
íûå óñëîâèÿ:

.3,2,1),,()( 33 =ϕθ=±σ ± iqh ii (1)

Â ñîîòâåòñòâèè ñ [18] áóäåì ïðåäïîëàãàòü, ÷òî èñêîìûå óïðóãèå ïåðåìåùåíèÿ
U1, U2, U3 èìåþò àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ âèäà:
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ãäå èíäåêñû 1, 2, 3 ñîîòâåòñòâóþò êîîðäèíàòàì θ, ϕ è ξ. Ðàçëîæåíèå (2) ïîâûøàåò
íà äâà ïîðÿäêà ñòåïåíü ïîëèíîìîâ, àïïðîêñèìèðóþùèõ èñêîìûå ïåðåìåùåíèÿ ïî
íîðìàëüíîé êîîðäèíàòå, ïî ñðàâíåíèþ ñ êëàññè÷åñêîé òåîðèåé.

Ïîäñòàâëÿÿ ãåîìåòðè÷åñêèå óðàâíåíèÿ è ðàçëîæåíèÿ (2) â óñëîâèå ìèíèìóìà
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êèõ îáîëî÷åê â ïåðåìåùåíèÿõ:
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ñ ãðàíè÷íûìè óñëîâèÿìè íà æåñòêî çàùåìëåííîì êðàþ îáîëî÷êè ñëåäóþùåãî âèäà:
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Â óðàâíåíèÿõ (3) âåëè÷èíàìè Ki ñ èíäåêñàìè îáîçíà÷åíû ïåðåìåííûå êîýôôè-
öèåíòû, çàâèñÿùèå îò ãåîìåòðè÷åñêèõ ïàðàìåòðîâ, óïðóãèõ ïîñòîÿííûõ ìàòåðèàëà
îáîëî÷êè è óãëà θ; à um, vk, wn − êîýôôèöèåíòû ðàçëîæåíèé èñêîìûõ ïåðåìåùåíèé â
âûðàæåíèÿõ (2).

2. Ðåøåíèå êðàåâîé çàäà÷è êîíå÷íî-ðàçíîñòíûì ìåòîäîì

Ïðèâåäåì ñèñòåìó äâóìåðíûõ óðàâíåíèé (3) ê ñèñòåìå îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ ðÿäîâ. Ñ ýòîé öåëüþ ïðåä-
ñòàâèì âíåøíèå íàãðóçêè è ïåðåìåùåíèÿ òðèãîíîìåòðè÷åñêèìè ðÿäàìè âèäà:
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Äàëåå, ïðèìåíÿÿ êîíå÷íî-ðàçíîñòíûé ìåòîä è àïïðîêñèìèðóÿ ïðîèçâîäíûå 1-ãî
è 2-ãî ïîðÿäêîâ óðàâíåíèé (6) öåíòðàëüíûìè ðàçíîñòÿìè âòîðîãî ïîðÿäêà òî÷íîñ-
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ãäå s − øàã êîíå÷íî-ðàçíîñòíîé ñõåìû, (N + 1) − ÷èñëî óçëîâ.
Êîýôôèöèåíòû ñèñòåìû óðàâíåíèé (7) ìîæíî ïðåäñòàâèòü â âèäå ìàòðèöû îäèí-

íàäöàòîãî ïîðÿäêà è ðåøèòü åå ìåòîäîì ìàòðè÷íîé ïðîãîíêè.
Â ðåçóëüòàòå ïîëó÷åíû ïåðåìåùåíèÿ â óçëàõ ñåòêè, äëÿ àïïðîêñèìàöèè êîòî-

ðûõ èñïîëüçóþòñÿ ñïëàéíû. Äåôîðìàöèè â ðàçëè÷íûõ òî÷êàõ îáîëî÷êè íàõîäÿòñÿ ñ
ïîìîùüþ ãåîìåòðè÷åñêèõ ñîîòíîøåíèé, òàíãåíöèàëüíûå íàïðÿæåíèÿ îïðåäåëÿþòñÿ
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èç ñîîòíîøåíèé çàêîíà Ãóêà. Ïîïåðå÷íûå íàïðÿæåíèÿ ïîëó÷àþòñÿ íåïîñðåäñòâåí-
íûì èíòåãðèðîâàíèåì óðàâíåíèé ðàâíîâåñèÿ òðåõìåðíîé òåîðèè óïðóãîñòè.

3. Ïðèìåð ðàñ÷åòà

Â êà÷åñòâå ïðèìåðà ðàñ÷åòà ðàññìàòðèâàåòñÿ ïîëóñôåðè÷åñêàÿ îáîëî÷êà, æåñò-
êî çàùåìëåííàÿ ïî íèæíåìó êîíòóðó îñíîâàíèÿ, ñî ñëåäóþùèìè ïàðàìåòðàìè: ðà-
äèóñ R = 0,8 ì, îòíîñèòåëüíàÿ ïîëóòîëùèíà h /R = 1/100, êîýôôèöèåíò Ïóàññîíà
μ = 0,3. Îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì âåòðîâîé íàãðóçêè (ðèñ. 2):

Â ýòîì ñëó÷àå ,0,cossin),( 332313033 ===ϕθ=ϕθ −±±+ qqqQq  z = 1. Íà ðèñ. 3−6 ïîêà-
çàíû ðåçóëüòàòû ðàñ÷åòà â ñå÷åíèè ϕ = 0. Íà ðèñóíêàõ èíäåêñ «êë» ñîîòâåòñòâóåò
ðåçóëüòàòàì ðàñ÷åòà ïî êëàññè÷åñêîé òåîðèè.

Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ (ðèñ. 3−6) ïîêàçûâàåò, ÷òî ïðè óäàëåíèè îò êðàÿ
íàïðÿæåíèÿ, ïîëó÷åííûå ïî óòî÷íåííîé è êëàññè÷åñêîé òåîðèÿì, ïðàêòè÷åñêè ñî-
âïàäàþò, ÷òî ïîäòâåðæäàåò äîñòîâåðíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ. Íàïðÿæåíèÿ â
êðàåâîé çîíå ñóùåñòâåííî óâåëè÷èâàþòñÿ: íîðìàëüíûå ìåðèäèîíàëüíûå íàïðÿæå-
íèÿ σ11 − íà 23% (ñì. ðèñ. 4) è îêðóæíûå σ22 − íà 25% (ñì. ðèñ. 5). Ìàêñèìàëüíîå
ïîïåðå÷íîå íîðìàëüíîå íàïðÿæåíèå σ33 ñîñòàâëÿåò 44% è ìàêñèìàëüíîå êàñàòåëü-
íîå íàïðÿæåíèå σ13 − 20% îò îñíîâíîãî èçãèáíîãî íàïðÿæåíèÿ σ11 (ñì. ðèñ. 3).

Ðèñ. 3. Èçìåíåíèå íàïðÿæåíèé ïî òîëùèíå
íà êðàþ θ = π/2

Ðèñ. 4. Èçìåíåíèå σ11 ïî óãëó θ
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Ðèñ. 2. Ïîëóñôåðè÷åñêàÿ îáîëî÷êà ïîä äåéñòâèåì âåòðîâîé íàãðóçêè
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Â òàáëèöå 1 ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòà ìàêñèìàëüíûõ íàïðÿæåíèé ïðè ðàç-
ëè÷íûõ çíà÷åíèÿõ îòíîñèòåëüíîé òîëùèíû. Â òàáëèöå îáîçíà÷åíî: Êë − êëàññè-
÷åñêàÿ òåîðèÿ îáîëî÷åê, Óò÷ − óòî÷íåííàÿ òåîðèÿ.

Òàáëèöà 1

h/R  σ11/Q0 σ22/Q0 σ33/Q0 σ13/Q0

0,005
Êë 201,73 86,46 0 0
Óò÷ 238,59 103,47 113,92 41,7

0,008
Êë 128,21 54,95 0 0
Óò÷ 156,08 67,33 70,06 29,87

0,01
Êë 103,44 44,29 0 0
Óò÷ 127,57 54,83 55,82 25,3

0,02
Êë 52,85 22,65 0 0
Óò÷ 68 29,18 28 15,02

0,04
Êë 26,9 11,53 0 0
Óò÷ 36,35 15,59 14,45 8,91

0,06
Êë 21,59 9,26 0 0
Óò÷ 29,73 12,74 11,75 7,56

Èç àíàëèçà äàííûõ òàáëèöû 1 âèäíî, ÷òî ïðè èçìåíåíèè îòíîñèòåëüíîé òîëùè-
íû îáîëî÷êè â ïðåäåëàõ îò 0,005 äî 0,06 ïîãðåøíîñòü êëàññè÷åñêîé òåîðèè ïî íà-
ïðÿæåíèÿì ñîñòàâëÿåò: äëÿ σ11 − 19−38%, äëÿ σ22 − 19−38%, äëÿ σ33 − 40−48%,
äëÿ σ13 − 18−25% îò îñíîâíîãî èçãèáíîãî íàïðÿæåíèÿ σ11.

Çàêëþ÷åíèå

Íà îñíîâàíèè óòî÷íåííîé òåîðèè ïîñòðîåíà êðàåâàÿ çàäà÷à ñôåðè÷åñêîé îáî-
ëî÷êè ïîä äåéñòâèåì ïðîèçâîëüíîé íàãðóçêè.

Ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ íàïðÿæåííîãî ñîñòîÿíèÿ ñôåðè÷åñêîé îáîëî÷-
êè ïîä äåéñòâèåì âåòðîâîé íàãðóçêè è ñðàâíåíèå ÍÄÑ îáîëî÷êè ïî êëàññè÷åñêîé è
óòî÷íåííîé òåîðèÿì. Óñòàíîâëåíî, ÷òî â çîíå èñêàæåíèÿ íàïðÿæåííîãî ñîñòîÿíèÿ
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íîðìàëüíûå òàíãåíöèàëüíûå íàïðÿæåíèÿ ñóùåñòâåííî óòî÷íÿþòñÿ. Äîïîëíèòåëü-
íûå ïî îòíîøåíèþ ê êëàññè÷åñêîé òåîðèè ïîïåðå÷íûå íîðìàëüíûå íàïðÿæåíèÿ
îêàçûâàþòñÿ îäíîãî ïîðÿäêà ñ ìàêñèìàëüíûìè âåëè÷èíàìè îñíîâíîãî èçãèáíîãî
íàïðÿæåíèÿ.

Òîëùèíà îáîëî÷êè ñóùåñòâåííî âëèÿåò íà ïîãðåøíîñòü êëàññè÷åñêîé òåîðèè
ïðè îïðåäåëåíèè íàïðÿæåíèé.
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STRESS-STRAIN STATE OF THE SPHERICAL SHELL EXPOSED
TO AN ARBITRARY LOAD BASED ON A NON-CLASSICAL THEORY

Firsanov V.V., Pham V.T.

Moscow Aviation Institute (National Research University), Moscow, Russian Federation

Considered is the stress state of an isotropic spherical shell exposed to an arbitrary load based on
a non-classical theory. When building a mathematical model of the shell, three-dimensional equations
of the theory of elasticity are applied. Displacements are represented in the form of polynomials
along the coordinate normal to the middle surface two degrees higher relative to the classical
theory of the Kirchhoff-Love type. As a result of minimization of the refined value of the Lagrange
energy functional, a system of differential equilibrium equations in displacements and natural
boundary conditions are obtained. The task of reducing two-dimensional equations to ordinary
differential equations is carried out by decomposing the components of displacements and external
loads into trigonometric series in the circumferential coordinate. Displacements are represented in
form of polynomials along the coordinate normal to the middle surface by two degrees higher
relative to the classical theory of the Kirchhoff-Love type. Resulting from minimization of the
refined value of the Lagrange energy functional, a system of differential equilibrium equations in
displacements and natural boundary conditions are received. The task of reducing two-dimensional
equations to ordinary differential equations is carried out by decomposing the components of the
displacements and the external loads into trigonometric series as per the circumferential coordinate.
The formulated boundary problem is solved by the methods of finite differences and matrix sweep.
As a result, displacements are obtained in the grid nodes, for approximation of which splines are
used. The shell deformations are found using geometric relationship; tangential stresses are received
from the correlations of Hooke's law. One of the features of this paper lies in the fact that the
transverse stresses are determined by the direct integration of the equilibrium equations of the
three-dimensional theory of elasticity.
An example of the calculation of a hemispherical shell rigidly restrained along the lower base
contour is brought. The shell is exposed to the wind load. Comparison of the results received by
the refined theory with the data of the classical theory has shown that in the zone of distortion of
the stressed state, the normal tangential stresses are substantially revised and the transverse normal
stresses, which are neglected in the classical theory, are of the same magnitude with the maximum
values of the main bending stress.
Considered is the influence of the relative thickness on the stress state of the shell. It was discovered
that the shell thickness significantly increases the error of the classical theory, while determining
the stresses and assessing the strength of the elements of the aircraft structures.

Keywords: spherical shell, Lagrange variational principle, refined mathematical model, equilibrium
equations, natural boundary conditions, trigonometric series, boundary value problem, finite
difference method, matrix run method, arbitrary load, stress-strain state “boundary layer”, transverse
normal stresses.


