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Ðàññìàòðèâàåòñÿ óïðîùåííàÿ (ðåäóöèðîâàííàÿ) äèíàìè÷åñêàÿ ìîäåëü
ñðåäû Êîññåðà, çàíèìàþùàÿ ïðîìåæóòî÷íîå ïîëîæåíèå ìåæäó êëàññè÷åñêîé
äèíàìè÷åñêîé òåîðèåé óïðóãîñòè è ñîáñòâåííî ìîäåëüþ ñðåäû Êîññåðà, îáëà-
äàþùåé íåñèììåòðè÷íîñòüþ òåíçîðà íàïðÿæåíèé è íàëè÷èåì ìîìåíòíûõ
íàïðÿæåíèé. Â îòëè÷èå îò ïîñëåäíåé, â óïðîùåííîé ìîäåëè òðè èç øåñòè
êîíñòàíò óïðóãîñòè ðàâíû íóëþ è, êàê ñëåäñòâèå, îòñóòñòâóåò òåíçîð ìîìåíò-
íûõ íàïðÿæåíèé.

Â äâóìåðíîé ïîñòàíîâêå äëÿ ìîäåëè ðåäóöèðîâàííîé ñðåäû ðåøåíà çàäà-
÷à î ðàñïðîñòðàíåíèè óïðóãîé ïîâåðõíîñòíîé âîëíû âäîëü ãðàíèöû ïîëóïðî-
ñòðàíñòâà. Ðåøåíèå óðàâíåíèé íàõîäèëîñü â âèäå ñóììû ñêàëÿðíîãî è âåêòîð-
íîãî ïîòåíöèàëîâ, ïðè÷åì ó âåêòîðíîãî ïîòåíöèàëà îòëè÷íà îò íóëÿ òîëüêî
îäíà êîìïîíåíòà.

Ïîêàçàíî, ÷òî òàêàÿ âîëíà, â îòëè÷èå îò êëàññè÷åñêîé ïîâåðõíîñòíîé
âîëíû Ðýëåÿ, îáëàäàåò äèñïåðñèåé. Â ïëîñêîñòè «ôàçîâàÿ ñêîðîñòü−÷àñòîòà»
äëÿ òàêèõ âîëí èìåþòñÿ äâå äèñïåðñèîííûå âåòêè: íèæíÿÿ (àêóñòè÷åñêàÿ) è
âåðõíÿÿ (îïòè÷åñêàÿ). Ñ óâåëè÷åíèåì ÷àñòîòû ôàçîâàÿ ñêîðîñòü âîëíû, îòíî-
ñÿùåéñÿ ê íèæíåé äèñïåðñèîííîé âåòêå, óáûâàåò. Ôàçîâàÿ ñêîðîñòü âîëíû,
îòíîñÿùåéñÿ ê âåðõíåé äèñïåðñèîííîé âåòêå, âîçðàñòàåò ñ óâåëè÷åíèåì ÷àñ-
òîòû. Ôàçîâàÿ ñêîðîñòü ïîâåðõíîñòíîé âîëíû âî âñåì ÷àñòîòíîì äèàïàçîíå
ïðåâîñõîäèò ôàçîâóþ ñêîðîñòü îáúåìíîé ñäâèãîâîé âîëíû.

Ðàññ÷èòàíû íàïðÿæåíèÿ è ïåðåìåùåíèÿ, âîçíèêàþùèå â çîíå ðàñïðîñò-
ðàíåíèÿ ïîâåðõíîñòíîé âîëíû.

Êëþ÷åâûå ñëîâà: ñðåäà Êîññåðà, ðåäóöèðîâàííàÿ ìîäåëü, ïîëóïðîñòðàí-
ñòâî, ïîâåðõíîñòíàÿ âîëíà Ðýëåÿ, ôàçîâàÿ ñêîðîñòü, äèñïåðñèÿ.
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1. Êîíòèíóóì Êîññåðà. Îáùàÿ è óïðîùåííûå ìîäåëè

Âûäàþùèìñÿ ýòàïîì â ðàçâèòèè ìåõàíèêè ñïëîøíîé ñðåäû áûëî îïóáëèêîâà-
íèå â 1909 ãîäó êíèãè ôðàíöóçñêèõ èññëåäîâàòåëåé áðàòüåâ Ýæåíà è Ôðàíñóà Êîñ-
ñåðà «Òåîðèÿ äåôîðìèðóåìûõ òåë» [1], çàëîæèâøåé îñíîâû ìåõàíèêè îáîáùåííûõ
êîíòèíóóìîâ. Íà ðóññêîì ÿçûêå ýòà òåîðèÿ îïóáëèêîâàíà â êíèãå [2]. Êîììåíòàðèè
ìîæíî íàéòè â [3, 4].

Èçâåñòíî, ÷òî îäíîé èç îñíîâíûõ ãèïîòåç êëàññè÷åñêîé ìåõàíèêè ñïëîøíûõ
ñðåä (ÌÑÑ) ÿâëÿåòñÿ ïðèíöèï íàïðÿæåíèé Êîøè, óñòàíàâëèâàþùèé ýêâèâàëåíò-
íîñòü äåéñòâèÿ âñåõ âíóòðåííèõ ñèë, ïðèëîæåííûõ ê ýëåìåíòàðíîé ïëîùàäêå, äåéñò-
âèþ èõ ðàâíîäåéñòâóþùåé, ïðèëîæåííîé ê öåíòðó ïëîùàäêè. Îäíàêî â îáùåì ñëó-
÷àå äåéñòâèå ïðîèçâîëüíîé ñèñòåìû ñèë ýêâèâàëåíòíî äåéñòâèþ ãëàâíîãî âåêòîðà
è ãëàâíîãî ìîìåíòà. Ïðè ýòîì â ñðåäå âîçíèêàþò íå òîëüêî íàïðÿæåíèÿ, íî è ìî-
ìåíòíûå íàïðÿæåíèÿ, îáðàçóþùèå, âîîáùå ãîâîðÿ, íåñèììåòðè÷íûå òåíçîðû.
×òîáû ó÷åñòü ýòè ôàêòîðû, íåîáõîäèìî äîïóñòèòü â ñðåäå íàëè÷èå äîïîëíèòåëü-
íûõ ñòåïåíåé ñâîáîäû è ðàññìîòðåòü ôèçè÷åñêè áåñêîíå÷íî ìàëûé îáúåì (ïî êîòî-
ðîìó âåäåòñÿ óñðåäíåíèå ñâîéñòâ ñðåäû) íå êàê ìàòåðèàëüíóþ òî÷êó, à êàê áîëåå
ñëîæíûé îáúåêò, îáëàäàþùèé íîâûìè ñòåïåíÿìè ñâîáîäû (ðîòàöèîííûìè, îñöèë-
ëÿòîðíûìè) èëè ñïîñîáíîñòüþ ê ìèêðîäåôîðìàöèè. Òàêèì îáðàçîì, äëÿ ðàñøèðå-
íèÿ ñïåêòðà ñâîéñòâ ñïëîøíîé ñðåäû íåîáõîäèìî ïðåäïîëîæèòü ó ôèçè÷åñêè áåñ-
êîíå÷íî ìàëîãî îáúåìà ñóùåñòâîâàíèå âíóòðåííåé ñòðóêòóðû (ìèêðîñòðóêòóðû),
îáóñëîâëåííîé çåðíèñòîñòüþ èëè âîëîêíèñòîñòüþ ñòðîåíèÿ ðåàëüíûõ ìàòåðèàëîâ.

Â òåîðèè Êîññåðà êàæäàÿ ìàòåðèàëüíàÿ òî÷êà êîíòèíóóìà íàäåëÿåòñÿ ñâîéñòâà-
ìè òâåðäîãî òåëà ïóòåì ó÷åòà ðîòàöèîííûõ ñòåïåíåé ñâîáîäû. Ìîæíî ñêàçàòü, ÷òî
ïîÿâëåíèå ìîäåëè êîíòèíóóìà Êîññåðà çíàìåíîâàëî ñîáîé íà÷àëî ïåðåõîäà â ÌÑÑ
îò ìåõàíèêè Íüþòîíà, èñõîäíûì îáúåêòîì êîòîðîé ÿâëÿåòñÿ ìàòåðèàëüíàÿ òî÷êà, ê
ìåõàíèêå Ýéëåðà, èìåþùåé â êà÷åñòâå èñõîäíîãî îáúåêòà òâåðäîå òåëî.

Óðàâíåíèÿ äèíàìèêè êîíòèíóóìà Êîññåðà èìåþò âèä [5]:
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Çäåñü u − âåêòîð ïåðåìåùåíèÿ; θθθθθ − âåêòîð ïîâîðîòà; ρ − ïëîòíîñòü ñðåäû; ² − êîí-
ñòàíòà, õàðàêòåðèçóþùàÿ èíåðöèîííûå ñâîéñòâà ìàêðîîáúåìà, ðàâíàÿ ïðîèçâåäå-
íèþ ìîìåíòà èíåðöèè ÷àñòèöû âåùåñòâà âîêðóã ëþáîé îñè, ïðîõîäÿùåé ÷åðåç åå
öåíòð òÿæåñòè, íà ÷èñëî ÷àñòèö â åäèíèöå îáúåìà; λ, μ − ïîñòîÿíûå Ëàìå; α, β, γ,
ε − íîâûå óïðóãèå ïîñòîÿííûå ìèêðîïîëÿðíîãî ìàòåðèàëà, óäîâëåòâîðÿþùèå îãðà-
íè÷åíèÿì [6]:

).()(,023,0,0 ε+γ≤ε−γ≤ε+γ−≥γ+β≥ε+γ≥α (2)

Â [7] íàéäåíà çàâèñèìîñòü ìåæäó ýòèìè óïðóãèìè ïîñòîÿííûìè:

).)(()2( ε+γμ+α=β+γμ (3)

Íàðÿäó ñ îáùèì ñëó÷àåì ðàññìàòðèâàåòñÿ è óïðîùåííûé âàðèàíò ìèêðîïîëÿð-
íîé ñðåäû (ïñåâäîêîíòèíóóì Êîññåðà), â êîòîðîì ïðåäïîëàãàåòñÿ ñîâïàäàþùàÿ ñ
ñîîòíîøåíèÿìè êëàññè÷åñêîé òåîðèè óïðóãîñòè æåñòêàÿ çàâèñèìîñòü âåêòîðà ïî-
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âîðîòà îò ðîòîðà ïåðåìåùåíèÿ (θθθθθ = (1/2)rot u − ñòåñíåííîå âðàùåíèå), íî ïðè ýòîì
ñîõðàíÿþòñÿ ìîìåíòíûå íàïðÿæåíèÿ è íåñèììåòðè÷íîñòü òåíçîðà íàïðÿæåíèé. Â
òàêîé ñðåäå ñèììåòðè÷íàÿ ÷àñòü òåíçîðà íàïðÿæåíèé çàâèñèò îò ñèììåòðè÷íîãî
òåíçîðà äåôîðìàöèé òàê æå, êàê â êëàññè÷åñêîé òåîðèè óïðóãîñòè.

Óðàâíåíèÿ äèíàìèêè ïñåâäîêîíòèíóóìà Êîññåðà èìåþò âèä [5]:

.0rotrot
4

rotrot)(
4
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Êðîìå óêàçàííîãî ÷àñòíîãî ñëó÷àÿ, èçâåñòåí è äðóãîé ÷àñòíûé ñëó÷àé ìîäåëè
ñðåäû Êîññåðà − ìîäåëü ðåäóöèðîâàííîé ñðåäû Êîññåðà, äëÿ êîòîðîé òðè èç øåñòè
êîíñòàíò óïðóãîñòè, à èìåííî β, γ, ε, ðàâíû íóëþ è, êàê ñëåäñòâèå, îòñóòñòâóåò òåí-
çîð ìîìåíòíûõ íàïðÿæåíèé. Âïåðâûå ýòà ìîäåëü áûëà ïðåäëîæåíà â [8] äëÿ îïèñà-
íèÿ ñûïó÷èõ ìàòåðèàëîâ.

Äëÿ îïèñàíèÿ ðåäóöèðîâàííîé ñðåäû Êîññåðà èñïîëüçóåòñÿ ñëåäóþùàÿ ñèñòå-
ìà óðàâíåíèé äèíàìèêè [8]:
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êîòîðàÿ ñâîäèòñÿ ê îäíîìó âåêòîðíîìó óðàâíåíèþ â ïåðåìåùåíèÿõ
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Èçó÷åíèþ îñîáåííîñòåé ðàñïðîñòðàíåíèÿ îáúåìíûõ âîëí äèëàòàöèè è ñäâèãà â
ñðåäàõ ñî ñâîéñòâàìè óïðîùåííîé ìîäåëè Êîññåðà ïîñâÿùåíû ïóáëèêàöèè [9−12].

Ðàññìîòðèì çàäà÷ó î ðàñïðîñòðàíåíèè óïðóãîé ïîâåðõíîñòíîé âîëíû âäîëü
ãðàíèöû ïîëóïðîñòðàíñòâà, îïèñûâàåìîãî óðàâíåíèåì (6).

2. Äèñïåðñèîííûå çàâèñèìîñòè äëÿ ïîâåðõíîñòíîé âîëíû

Ââåäåì ñêàëÿðíûé ϕ è âåêòîðíûé ψψψψψ ïîòåíöèàëû òàê, ÷òîáû âåêòîð ïåðåìåùå-
íèé u èìåë âèä

.rotgrad ψu +ϕ= (7)

Â ñëó÷àå ïëîñêîé çàäà÷è ó âåêòîðíîãî ïîòåíöèàëà áóäåò îòëè÷íîé îò íóëÿ òîëüêî
îäíà êîìïîíåíòà. Ýòó êîìïîíåíòó îáîçíà÷èì ÷åðåç ψ.

Ïîäñòàâèì âåêòîð ïåðåìåùåíèé (7) â (6), ïîëó÷èì:
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Óðàâíåíèå (8) óäîâëåòâîðÿåòñÿ, åñëè êàæäîå ñëàãàåìîå èç âûðàæåíèé â êâàä-
ðàòíûõ ñêîáêàõ ðàâíî íóëþ:
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Çäåñü ââåäåíû îáîçíà÷åíèÿ:
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ãäå c1 − ñêîðîñòü ïðîäîëüíîé âîëíû, à c2 − ñêîðîñòü âîëíû ñäâèãà â êëàññè÷åñêîé
ñðåäå, G = I/μ.

Ðåøåíèå óðàâíåíèé áóäåì èñêàòü â âèäå ãàðìîíè÷åñêèõ âîëí, ðàñïðîñòðàíÿþ-
ùèõñÿ â íàïðàâëåíèè îñè x è èìåþùèõ íåîäíîðîäíóþ ñòðóêòóðó ïî z:

,)(exp)( )( kxtiz −ω−Φ=ϕ

.)(exp)( )( kxtiz −ω−Ψ=ψ
(10)

Ïîäñòàâëÿÿ ôîðìóëû (10) â (9), ïîëó÷èì îáûêíîâåííûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ:
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Èç ðåøåíèé óðàâíåíèé (11) âûáåðåì òîëüêî òå, êîòîðûì ñîîòâåòñòâóåò óìåíü-
øåíèå àìïëèòóä âîëíû ñ ãëóáèíîé:

).(exp),(exp 21 zvBzvA −=Ψ−=Φ (12)

Ïðèíÿòûé çäåñü ïîñòóëàò îá óãàñàíèè âîëí ñ ãëóáèíîé âëå÷åò çà ñîáîé óòâåðæäå-
íèå, ÷òî vα (α = 1, 2) äîëæíû áûòü âåëè÷èíàìè äåéñòâèòåëüíûìè è ïîëîæèòåëüíû-
ìè, òî åñòü vα > 0.

Îêîí÷àòåëüíîå ðåøåíèå óðàâíåíèé (9) áóäåò èìåòü âèä:

.)(exp,)(exp )()( 21 kxtizvBkxtizvA −ω−−=ψ−ω−−= (13)

Ïðåäïîëàãàÿ, ÷òî ãðàíèöà z = 0 ñâîáîäíà îò íàïðÿæåíèé, èìååì ñëåäóþùèå óñ-
ëîâèÿ:

.0,0,0
000 =σ=σ=σ

=== zzyzzxzzz (14)

Ïîñêîëüêó ÷åðåç ïåðåìåùåíèÿ ýòè êîìïîíåíòû íàïðÿæåíèé âûðàæàþòñÿ ñëåäóþ-
ùèì îáðàçîì:
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à ñâÿçü ïåðåìåùåíèé è ïîòåíöèàëîâ (ñì. (7)) çàäàåòñÿ âûðàæåíèÿìè
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íàïðÿæåíèÿ ÷åðåç ïîòåíöèàëû çàïèøóòñÿ â âèäå:
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Ïîäñòàâëÿÿ â (17) âûðàæåíèÿ (13) è èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ (14), ïîëó-
÷èì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé:
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Èç óñëîâèÿ ñîâìåñòíîñòè ýòîé ñèñòåìû ïîëó÷èì ñîîòíîøåíèå
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êîòîðîå ïóòåì ââåäåíèÿ îáîçíà÷åíèé
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ïðåîáðàçóåòñÿ ê âèäó:
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⎞
⎜⎜
⎝

⎛
ωμ−

ξ
−+η−ηη

II
(20)

Çàìåòèì, ÷òî (20) ïðåäñòàâëÿåò ñîáîé äèñïåðñèîííîå óðàâíåíèå äëÿ âû÷èñëåíèÿ
ôàçîâîé ñêîðîñòè c ïîâåðõíîñòíîé âîëíû Ðýëåÿ.

Íà ðèñ. 1 ïðåäñòàâëåíû çàâèñèìîñòè êâàäðàòà ôàçîâîé ñêîðîñòè ïîâåðõíîñò-
íîé âîëíû 2

Rc=η  îò áåçðàçìåðíîé ÷àñòîòû Ω = ωΛ/c2, ãäå Λ − äëèíà âîëíû. Êðè-
âûå äàíû â áåçðàçìåðíîé ôîðìå: êâàäðàò ñêîðîñòè ïîâåðõíîñòíîé âîëíû c2 îòíå-
ñåí ê êâàäðàòó ñêîðîñòè ñäâèãîâîé âîëíû .2

2c

Èç ãðàôèêà âèäíî, ÷òî çäåñü, â îòëè÷èå îò êëàññè÷åñêîãî ñëó÷àÿ [13], ïîâåðõ-
íîñòíàÿ âîëíà Ðýëåÿ îáëàäàåò äèñïåðñèåé. Â ïëîñêîñòè «ôàçîâàÿ ñêîðîñòü−÷àñòîòà»
èìåþòñÿ äâå äèñïåðñèîííûå âåòêè: íèæíÿÿ (àêóñòè÷åñêàÿ) è âåðõíÿÿ (îïòè÷åñêàÿ).
Ñ óâåëè÷åíèåì ÷àñòîòû ôàçîâàÿ ñêîðîñòü âîëíû, îòíîñÿùåéñÿ ê íèæíåé äèñïåðñè-
îííîé âåòêå, óáûâàåò è ïðè Ω → ∞ êâàäðàò ñêîðîñòè ïîâåðõíîñòíîé âîëíû η ñòðå-

10
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20
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c 2
R

Ðèñ. 1. ×àñòîòíàÿ çàâèñèìîñòü êâàäðàòà ôàçîâîé ñêîðîñòè ïîâåðõíîñòíîé âîëíû



338

ìèòñÿ ê 0,7. Ôàçîâàÿ ñêîðîñòü âîëíû, îòíîñÿùåéñÿ ê âåðõíåé äèñïåðñèîííîé âåòêå,
âîçðàñòàåò ñ óâåëè÷åíèåì ÷àñòîòû. Äëÿ ÷àñòîò Ω > 9 ýòîò ðîñò ñòàíîâèòñÿ íåîãðà-
íè÷åííûì. Ñëåäîâàòåëüíî, âåðõíÿÿ äèñïåðñèîííàÿ âåòêà îïèñûâàåò âîëíîâûå ïðî-
öåññû â èíòåðâàëå ÷àñòîò 0 < Ω < 9, äàëåå ïðîöåññ ïåðåñòàåò áûòü âîëíîâûì.

Ñðàâíèì ñêîðîñòü ïîâåðõíîñòíîé âîëíû è ôàçîâóþ ñêîðîñòü ñäâèãîâîé âîëíû.
Ïëîñêàÿ ñäâèãîâàÿ âîëíà îïèñûâàåòñÿ âòîðûì èç óðàâíåíèé (9) ïðè :/ 22 x∂∂=Δ
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x
(21)

Åãî ðåøåíèå áóäåì èñêàòü â âèäå: ψ = Bexp i(ωt − kx), ÷òî ïðèâåäåò ê äèñïåðñèîí-
íîìó óðàâíåíèþ
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Èç (22) îïðåäåëÿþòñÿ ñâÿçè ìåæäó ÷àñòîòîé è âîëíîâûì ÷èñëîì ñäâèãîâîé âîë-
íû

2
2

2

2
2

2
2

/1 cGk
ck

+
=ω

è ìåæäó êâàäðàòîì ôàçîâîé ñêîðîñòè ýòîé âîëíû è âîëíîâûì ÷èñëîì
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Íà ðèñ. 2 ïðåäñòàâëåíû äâå çàâèñèìîñòè: êâàäðàò ñêîðîñòè ïîâåðõíîñòíîé âîë-
íû 2

Rc  (ñïëîøíàÿ ëèíèÿ) è êâàäðàò ôàçîâîé ñêîðîñòè ñäâèãîâîé âîëíû 2
ôτv  (øòðè-

õîâàÿ ëèíèÿ) îò ÷àñòîòû Ω. Êðèâûå äàíû â áåçðàçìåðíîé ôîðìå: êâàäðàò ñêîðîñòè
ïîâåðõíîñòíîé âîëíû îòíåñåí ê êâàäðàòó ñêîðîñòè ñäâèãîâîé âîëíû êëàññè÷åñêîé
ñðåäû ,2

2c êâàäðàò ôàçîâîé ñêîðîñòè ñäâèãîâîé âîëíû 
2
ôτv  òàêæå îòíåñåí ê .2

2c

Èç ãðàôèêà âèäíî, ÷òî ôàçîâàÿ ñêîðîñòü ïîâåðõíîñòíîé âîëíû âî âñåì ÷àñòîò-
íîì äèàïàçîíå ïðåâîñõîäèò ôàçîâóþ ñêîðîñòü ñäâèãîâîé âîëíû, êîòîðàÿ ïðè ω = 0
ðàâíà åäèíèöå è ìîíîòîííî ñòðåìèòñÿ ê íóëþ, à 7,02 →Rc  ïðè Ω → ∞.
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Ðèñ. 2. ×àñòîòíûå çàâèñèìîñòè êâàäðàòà ñêîðîñòè ïîâåðõíîñòíîé âîëíû
 è êâàäðàòà ôàçîâîé ñêîðîñòè ñäâèãîâîé âîëíû
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3. Âû÷èñëåíèå ïåðåìåùåíèé

Ñîîòíîøåíèÿ (13) è (16) ïîçâîëÿþò âû÷èñëèòü ïåðåìåùåíèÿ

),(expexpexp )( )()( 221 tkxizvBvzvAiku ω−−+−=

).(expexpexp )( )()( 211 tkxizvBikzvAvw ω−−+−= −
Ïîñòîÿííóþ A ìîæíî âûðàçèòü ÷åðåç B, èñïîëüçóÿ âòîðîå èç óðàâíåíèé (18):
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(23)

Âçÿâ äåéñòâèòåëüíóþ ÷àñòü îò óðàâíåíèé (23), ïîëó÷èì îêîí÷àòåëüíûå ôîðìó-
ëû äëÿ ïåðåìåùåíèé:
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(24)

Íà ðèñ. 3 ïðåäñòàâëåíû çàâèñèìîñòè àìïëèòóä ñìåùåíèé U è W â ðýëååâñêîé
âîëíå îò ãëóáèíû: êðèâàÿ ñèíåãî öâåòà − äëÿ íîðìàëüíîãî ïåðåìåùåíèÿ ê ïîâåðõ-
íîñòè â óïðîùåííîé ìîäåëè Êîññåðà, êðèâàÿ êîðè÷íåâîãî öâåòà − äëÿ íîðìàëüíîãî
ïåðåìåùåíèÿ ê ïîâåðõíîñòè â êëàññè÷åñêîé ìîäåëè, êðèâàÿ êðàñíîãî öâåòà − äëÿ
ïàðàëëåëüíîãî ïåðåìåùåíèÿ ê ïîâåðõíîñòè â óïðîùåííîé ìîäåëè Êîññåðà, êðèâàÿ
çåëåíîãî öâåòà − äëÿ ïàðàëëåëüíîãî ïåðåìåùåíèÿ ê ïîâåðõíîñòè â êëàññè÷åñêîé
ìîäåëè.

Ðàñ÷åòû ïî ôîðìóëàì (24) ïîêàçûâàþò, ÷òî àìïëèòóäà ïåðåìåùåíèÿ, íîðìàëü-
íîãî ê ïîâåðõíîñòè, óâåëè÷èëàñü ïî ñðàâíåíèþ ñ àìïëèòóäîé ïåðåìåùåíèÿ â êëàñ-

Ðèñ. 3. Çàâèñèìîñòè àìïëèòóä ñìåùåíèé â ðýëååâñêîé âîëíå îò ãëóáèíû
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ñè÷åñêîì ñëó÷àå ïðèìåðíî íà 25%. Àìïëèòóäà ïåðåìåùåíèÿ, ïàðàëëåëüíîãî ïî-
âåðõíîñòè, óâåëè÷èëàñü íà 90% è ñìåíèëà çíàê íà ãëóáèíå z = 0,18Λ. Èç ãðàôèêà
âèäíî, ÷òî ñìåùåíèå, ïàðàëëåëüíîå ïîâåðõíîñòè, ìîæåò ïðåâîñõîäèòü ïîïåðå÷íóþ
êîìïîíåíòó â òîíêîì îêîëîïîâåðõíîñòíîì ñëîå. Òðàåêòîðèÿìè äâèæåíèÿ ÷àñòèö
ïðè ïðîõîæäåíèè ïîâåðõíîñòíîé âîëíû, êàê è â êëàññè÷åñêîì ñëó÷àå, ÿâëÿþòñÿ
ýëëèïñû.

4. Âû÷èñëåíèå íàïðÿæåíèé

Ïåðåìåùåíèÿ (24) ïîçâîëÿþò âû÷èñëèòü êîìïîíåíòû òåíçîðà íàïðÿæåíèé:
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Íà ðèñ. 4 ïðåäñòàâëåíû êðèâûå èçìåíåíèÿ íàïðÿæåíèé σxx, σxz, σzz, σzx â ðýëååâ-
ñêîé âîëíå â çàâèñèìîñòè îò ãëóáèíû ïîëóïðîñòðàíñòâà. Âèäíî, ÷òî σxx ìåíÿåò çíàê,
òîãäà êàê σxz, σzz, σzx äîñòèãàþò ìàêñèìóìà ïðèáëèçèòåëüíî ïðè z = 1,5 è çàòåì
ýêñïîíåíöèàëüíî óáûâàþò ñ ãëóáèíîé. Òàêæå âèäíî, ÷òî òåíçîð íàïðÿæåíèé â äàí-
íîì ñëó÷àå ÿâëÿåòñÿ íåñèììåòðè÷íûì: íàïðÿæåíèå σxz äîñòèãàåò áîëüøåãî çíà÷å-
íèÿ, ÷åì σzx. Íîðìàëüíûå íàïðÿæåíèÿ â ðàññìàòðèâàåìîì ñëó÷àå óìåíüøàþòñÿ ñ
ãëóáèíîé ïîëóïðîñòðàíñòâà àíàëîãè÷íî òîìó, êàê ýòî ïðîèñõîäèò ñ íîðìàëüíûìè
íàïðÿæåíèÿìè äëÿ êëàññè÷åñêîé âîëíû Ðýëåÿ.
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Ðèñ. 4. Çàâèñèìîñòè íàïðÿæåíèé â ðýëååâñêîé âîëíå îò ãëóáèíû
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Çàêëþ÷åíèå

Ðýëååâñêèå âîëíû óëüòðàçâóêîâîãî äèàïàçîíà óñïåøíî ïðèìåíÿþòñÿ â àêóñòè-
÷åñêîé äåôåêòîñêîïèè. Ñ èõ ïîìîùüþ ìîæíî âûÿâèòü ïîâåðõíîñòíûå è îêîëî-
ïîâåðõíîñòíûå äåôåêòû â îáðàçöàõ èç ìåòàëëà, ñòåêëà, ïëàñòìàññû è äðóãèõ ìàòå-
ðèàëîâ. Âëèÿíèå ñâîéñòâ ïîâåðõíîñòíîãî ñëîÿ îáðàçöà íà ñêîðîñòü è çàòóõàíèå ðý-
ëååâñêèõ âîëí ïîçâîëÿåò èñïîëüçîâàòü ïîñëåäíåå äëÿ îïðåäåëåíèÿ îñòàòî÷íûõ íà-
ïðÿæåíèé ïîâåðõíîñòíîãî ñëîÿ ìàòåðèàëà, òåðìè÷åñêèõ è ìåõàíè÷åñêèõ ñâîéñòâ
ïîâåðõíîñòíîãî ñëîÿ îáðàçöà [14−18]. Ïðîâåäåííîå èññëåäîâàíèå ïîêàçàëî, ÷òî èñ-
ïîëüçîâàíèå â ðàñ÷åòíîì ñîïðîâîæäåíèè ìåòîäà íåðàçðóøàþùåãî êîíòðîëÿ âìåñòî
êëàññè÷åñêîé ìîäåëè äåôîðìèðóåìîãî òåëà îáîáùåííûõ ìîäåëåé, â ÷àñòíîñòè ìî-
äåëè Êîññåðà, áóäåò ñïîñîáñòâîâàòü ïîâûøåíèþ òî÷íîñòè ìåòîäà.

Èçó÷åíèþ ïîâåðõíîñòíûõ âîëí, ðàñïðîñòðàíÿþùèõñÿ âäîëü ñâîáîäíûõ ãðàíèö
òâåðäûõ òåë, â ðàìêàõ äðóãèõ ìîäåëåé îáîáùåííûõ êîíòèíóóìîâ ïîñâÿùåíû ïóá-
ëèêàöèè [19−25].
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DISTRIBUTION OF THE RAYLEIGH WAVE ALONG THE BORDER
OF THE HALF-SPACE, DESCRIBED BY THE SIMPLIFIED MODEL

OF THE COSSERAT
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We consider a simplified (reduced) dynamic model of a Cosserat medium, which occupies an
intermediate position between the classical dynamic theory of elasticity and the proper Cosserat
medium model, which has asymmetry in the stress tensor and the presence of moment stresses. In
contrast to the latter, in the simplified model, three of the six elastic constants are zero and, as a
result, there is no moment stress tensor.
In the two-dimensional formulation for the model of a reduced medium, the problem of the
propagation of an elastic surface wave along the half-space boundary was solved. The solution of
the equations was described as the sum of the scalar and vector potentials, and only one component
of the vector potential is nonzero.
It is shown that such a wave, in contrast to the classical surface Rayleigh wave, has a dispersion. In
the plane “phase velocity−frequency” for such waves there are two dispersion branches: the lower
(acoustic) and upper (optical). With increasing frequency, the phase velocity of the wave related to
the lower dispersion branch decreases. The phase velocity of the wave related to the upper dispersion
branch increases with increasing frequency. The phase velocity of the surface wave in the entire
frequency range exceeds the phase velocity of the bulk shear wave.
The stresses and displacements arising in the zone of propagation of the surface wave are calculated.

Keywords: Cosserat medium, reduced model, half-space, Rayleigh surface wave, phase velocity,
dispersion.


