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Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü êîíòàêòíîãî âçàèìîäåéñòâèÿ ïëàñòèí-
êè, ëîêàëüíî ïîäêðåïëåííîé ïî öåíòðó áàëêîé, íàõîäÿùåéñÿ ïîä äåéñòâèåì
âíåøíåé ïîïåðå÷íîé íàãðóçêè è âíåøíåãî àääèòèâíîãî öâåòíîãî øóìà (ðîçî-
âûé, êðàñíûé, áåëûé). Êîíñòðóêöèÿ íàõîäèòñÿ â ñòàöèîíàðíîì òåìïåðàòóð-
íîì ïîëå, âîçäåéñòâèå êîòîðîãî ó÷òåíî ïî òåîðèè Äþàìåëÿ − Íåéìàíà ïóòåì
ðåøåíèÿ òðåõìåðíîãî (äëÿ ïëàñòèíêè) è äâóìåðíîãî (äëÿ áàëêè) óðàâíåíèé
òåïëîïðîâîäíîñòè ìåòîäîì êîíå÷íûõ ðàçíîñòåé, òåïëîîáìåí ìåæäó ïëàñòèí-
êîé è áàëêîé íå ó÷èòûâàåòñÿ. Äëÿ ïëàñòèíêè ïðèíÿòà ìîäåëü Êèðõãîôà, äëÿ
áàëêè  −  ìîäåëü Ýéëåðà − Áåðíóëëè. Ïîñòðîåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ó÷è-
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ñòðàíñòâåííûì ïåðåìåííûì. Çàäà÷à Êîøè ðåøåíà ìåòîäàìè Ðóíãå − Êóòòû
÷åòâåðòîãî ïîðÿäêà òî÷íîñòè èëè ìåòîäîì Íüþìàðêà. Íà êàæäîì øàãå ïî âðå-
ìåíè äëÿ ðåøåíèÿ ôèçè÷åñêè íåëèíåéíîé çàäà÷è ïðèìåíåíà èòåðàöèîííàÿ ïðî-
öåäóðà È.À. Áèðãåðà.
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÷èñëåííûå ðåçóëüòàòû âëèÿíèÿ öâåòíîãî øóìà íà êîíòàêòíîå âçàèìîäåéñòâèå
ïëàñòèíêè è áàëêè. Óñòàíîâëåíî, ÷òî êðàñíûé àääèòèâíûé øóì îêàçûâàåò áîëåå
ñóùåñòâåííîå âëèÿíèå íà õàðàêòåð êîëåáàíèé ïëàñòèí÷àòî-áàëî÷íîé êîíñò-
ðóêöèè ïî ñðàâíåíèþ ñ ðîçîâûì è áåëûì øóìàìè.
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Êëþ÷åâûå ñëîâà: êîíòàêòíîå âçàèìîäåéñòâèå, ïëàñòèíêà, áàëêà, êèíåìà-
òè÷åñêèå ìîäåëè Êèðõãîôà è Ýéëåðà − Áåðíóëëè, òåìïåðàòóðíîå ïîëå, àääè-
òèâíûé öâåòíîé øóì, ôèçè÷åñêàÿ íåëèíåéíîñòü, ìåòîä Áóáíîâà − Ãàëåðêèíà
â âûñøèõ ïðèáëèæåíèÿõ, ìåòîä Ðóíãå − Êóòòû, èòåðàöèîííàÿ ïðîöåäóðà
È.À. Áèðãåðà.

Ââåäåíèå

Ñîâðåìåííûå òåõíè÷åñêèå óñòðîéñòâà ñîñòîÿò èç ðàçëè÷íûõ ýëåìåíòîâ, êàæ-
äûé èç êîòîðûõ ïîäâåðæåí âíåøíåìó äèíàìè÷åñêîìó âîçäåéñòâèþ ñèëîâîãî è øó-
ìîâîãî õàðàêòåðà. Ýòîò ôàêò ñâèäåòåëüñòâóåò îá àêòóàëüíîñòè è çíà÷èìîñòè êîìï-
ëåêñíîãî èññëåäîâàíèÿ ïîâåäåíèÿ êîíñòðóêöèé è îïðåäåëåíèÿ èõ ïðåäåëüíûõ ñî-
ñòîÿíèé. Äëÿ îïèñàíèÿ ñëó÷àéíûõ âî âðåìåíè âîçäåéñòâèé âíåøíåé ñðåäû íà êîíñò-
ðóêöèþ ÷àñòî èñïîëüçóåòñÿ ìîäåëü öâåòíîãî øóìà. Òåîðèÿ èíäóöèðîâàííûõ øóìîì
ðåàêöèé â îáëàñòè ôèçèêè, õèìèè è áèîëîãèè ïðåäñòàâëåíà â ìîíîãðàôèè Â. Õîðñò-
õåìêå è Ð. Ëåôåâðà [1]. Â îáëàñòè ìåõàíèêè òîíêîñòåííûõ êîíñòðóêöèé òàêèõ èñ-
ñëåäîâàíèé ïðîâîäèëîñü íåäîñòàòî÷íî.

Öâåòîâûå ñîîòâåòñòâèÿ äëÿ ðàçëè÷íûõ âèäîâ øóìîâîãî ñèãíàëà îïðåäåëÿþòñÿ
ïî ãðàôèêàì ñïåêòðàëüíîé ïëîòíîñòè, òî åñòü ÷åðåç ðàñïðåäåëåíèå ìîùíîñòè ñèã-
íàëà ïî ÷àñòîòàì. Áåëûì íàçûâàåòñÿ ñòàöèîíàðíûé øóì, ñïåêòðàëüíûå ñîñòàâëÿþ-
ùèå êîòîðîãî ðàâíîìåðíî ðàñïðåäåëåíû ïî âñåìó äèàïàçîíó çàäåéñòâîâàííûõ ÷àñ-
òîò. Â ýëåêòðîííûõ è ìåõàíè÷åñêèõ óñòðîéñòâàõ ÷àñòî ïðèñóòñòâóåò ðîçîâûé øóì
(ôëèêêåð-øóì), ñïåêòðàëüíàÿ ïëîòíîñòü ìîùíîñòè êîòîðîãî îáðàòíî ïðîïîðöèî-
íàëüíà ÷àñòîòå. Ïîñëå [1] ïîÿâèëèñü ïóáëèêàöèè, ïîñâÿùåííûå øóìàì, íàáëþäà-
åìûì â ïðèðîäå è òåõíèêå [2−4]. Â îñíîâíîì èññëåäóþòñÿ øóìû, âñòðå÷àþùèåñÿ â
âàêóóìíûõ ïðèáîðàõ [5], òðàíçèñòîðàõ è äèîäàõ [6−9]. Èññëåäîâàíèÿ ñòàòèñòè÷åñ-
êèõ ñâîéñòâ øóìîâ ïðîâîäèëèñü ôèçè÷åñêèì [10] è ìàòåìàòè÷åñêèì [11] ìîäåëè-
ðîâàíèåì è â íàòóðíûõ ýêñïåðèìåíòàõ [12]. Òàê æå èññëåäóåòñÿ âëèÿíèå øóìîâ íà
ìåõàíè÷åñêèå ðàñïðåäåëåííûå êîíñòðóêöèè, íî áåç ó÷åòà òåïëîâûõ ïîëåé [13, 14].
Â ñòàòüÿõ [15, 16] èçó÷åíî âëèÿíèå òåìïåðàòóðíîãî ïîëÿ íà ìåõàíè÷åñêèå êîíñò-
ðóêöèè. Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà ïîñòðîåíèþ ìàòåìàòè÷åñêîé ìîäåëè íåëè-
íåéíûõ êîëåáàíèé è êîíòàêòíîãî âçàèìîäåéñòâèÿ ïëàñòèí÷àòî-áàëî÷íîé êîíñòðóê-
öèè ñ ó÷åòîì âëèÿíèÿ öâåòíîãî øóìà, òåìïåðàòóðíîãî ïîëÿ è ôèçè÷åñêîé íåëèíåé-
íîñòè.

1. Ïîñòàíîâêà çàäà÷è

Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü êîíòàêòíîãî âçàèìîäåéñòâèÿ ìåõàíè÷åñêîé
äâóõñëîéíîé êîíñòðóêöèè, ñîñòîÿùåé èç ïëàñòèíêè è áàëêè, ñ èñïîëüçîâàíèåì êè-
íåìàòè÷åñêèõ ìîäåëåé: äëÿ ïëàñòèíêè − ìîäåëè Êèðõãîôà, à äëÿ áàëêè − ìîäåëè
Ýéëåðà − Áåðíóëëè. Ìåõàíè÷åñêàÿ êîíñòðóêöèÿ (ðèñ. 1) íàõîäèòñÿ â ïîëå âíåøíåãî
öâåòíîãî øóìà è ïîä äåéñòâèåì âíåøíåé íîðìàëüíîé ðàñïðåäåëåííîé çíàêîïåðå-
ìåííîé íàãðóçêè, ïðèëîæåííîé ê ïëàñòèíêå. Ïðè ýòîì êîíñòðóêöèÿ íàõîäèòñÿ â
ñòàöèîíàðíîì òåìïåðàòóðíîì ïîëå.

Ñâÿçü ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè â ïëàñòèíêå (β1 = 1) è áàëêå (β1 =
= 0) çàïèñàíà â ôîðìå:

,2,1,12,2,1,1 )()( 12112T2111 )( σ
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β=εθα+νσβ−σ=ε
EE

zz (1)
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ãäå ìîäóëü Þíãà E è êîýôôèöèåíò Ïóàññîíà ν ÿâëÿþòñÿ ôóíêöèÿìè: E(x,β1y,z,ε0,εi,θ),
ν(x,β1y,z,ε0,εi,θ), ε0 − îáúåìíàÿ äåôîðìàöèÿ; εi − èíòåíñèâíîñòü äåôîðìàöèè; αT −
êîýôôèöèåíò ëèíåéíîãî òåïëîâîãî ðàñøèðåíèÿ; θ(x,β1y,z) − ïðèðàùåíèå òåìïåðà-
òóðû (äëÿ ïëàñòèíêè β1 = 1, äëÿ áàëêè β1 = 0). Íà òàêîì ïðåäñòàâëåíèè áàçèðóåòñÿ
ìåòîä ïåðåìåííûõ ïàðàìåòðîâ óïðóãîñòè È.À. Áèðãåðà.

Óðàâíåíèÿ äâèæåíèÿ ýëåìåíòà ïëàñòèíêè è óðàâíåíèÿ äâèæåíèÿ ýëåìåíòà áàë-
êè, à òàêæå ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ ïîëó÷åíû èç âàðèàöèîííîãî ïðèíöèïà
Îñòðîãðàäñêîãî − Ãàìèëüòîíà. Ñîãëàñíî ýòîìó ïðèíöèïó ïðîèçâîäèòñÿ ñðàâíåíèå
áëèçêèõ äâèæåíèé, ïðèâîäÿùèõ ñèñòåìó ìàòåðèàëüíûõ òî÷åê èç íà÷àëüíîãî ïîëî-
æåíèÿ â ìîìåíò âðåìåíè t0 â êîíå÷íîå ïîëîæåíèå â ìîìåíò âðåìåíè t1. Äëÿ èñòèí-
íûõ äâèæåíèé äîëæíî âûïîëíÿòüñÿ óñëîâèå:
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Çäåñü K − êèíåòè÷åñêàÿ ýíåðãèÿ, U − ïîòåíöèàëüíàÿ ýíåðãèÿ, W − ñóììà ýëåìåíòàð-
íûõ ðàáîò âíåøíèõ ñèë.

Äëÿ ìîäåëèðîâàíèÿ êîíòàêòíîãî âçàèìîäåéñòâèÿ ïðèìåíåíà òåîðèÿ Á.ß. Êàí-
òîðà [17], ñîãëàñíî êîòîðîé â óðàâíåíèÿ äâèæåíèÿ ýëåìåíòîâ êîíñòðóêöèè íåîáõî-
äèìî ââåñòè ñëàãàåìîå qk = (−1)iK1(w1 − hk − w2)Ψ, ãäå i = 1, 2 − èíäåêñ ýëåìåíòà â
êîíñòðóêöèè (1 − ïëàñòèíêà, 2 − áàëêà), K1 − êîýôôèöèåíò æåñòêîñòè òðàíñâåðñàëü-
íîãî îáæàòèÿ êîíñòðóêöèè â çîíå êîíòàêòà, hk − çàçîð ìåæäó ýëåìåíòàìè êîíñòðóê-
öèè. Ôóíêöèÿ Ψ îïðåäåëåíà ôîðìóëîé Ψ = [1 + sign (w1 − hk − w2)]/2 (åñëè w1 > hk + w2,
òî ìåæäó ýëåìåíòàìè êîíñòðóêöèè åñòü êîíòàêò è Ψ = 1; â ñëó÷àå îòñóòñòâèÿ êîí-
òàêòà Ψ = 0). Ñ ó÷åòîì âñåõ ïðåäïîëîæåíèé ñèñòåìà óðàâíåíèé ïëàñòèí÷àòî-áàëî÷-
íîé êîíñòðóêöèè çàïèñàíà â ñëåäóþùåì âèäå:
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Ðèñ. 1. Ïëàñòèí÷àòî-áàëî÷íàÿ êîíñòðóêöèÿ
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∇2(θ1) − òðåõìåðíûé (β1 = 1) è ∇2(θ2) − äâóìåðíûé (β1 = 0) îïåðàòîðû Ëàïëàñà, ε −
êîýôôèöèåíò äèññèïàöèè. Íèêàêèõ îãðàíè÷åíèé íà ðàñïðåäåëåíèå òåìïåðàòóðû
ïî òîëùèíå ïëàñòèíêè è âûñîòå áàëêè íå äåëàåòñÿ. Èìååòñÿ âîçìîæíîñòü ðàññìàò-
ðèâàòü ðàçíûå äèàãðàììû σi(εi, θ), îïèñûâàþùèå çàâèñèìîñòü íàïðÿæåíèÿ äëÿ ðÿäà
ìàòåðèàëîâ îò äåôîðìàöèè è òåìïåðàòóðû.

Ê ïëàñòèíêå ïðèëîæåíà âíåøíÿÿ ðàñïðåäåëåííàÿ íàãðóçêà âèäà q1(x, y, t) =
= q0sin ωpt, ãäå q0  − åå àìïëèòóäà è ωp − ÷àñòîòà. Àääèòèâíûé öâåòíîé øóì äîáàâ-
ëåí â ñèñòåìó (3) â ôîðìå ñëó÷àéíîãî ñëàãàåìîãî ñ ïîñòîÿííîé èíòåíñèâíîñòüþ
qnoise [18, 19]. Öâåòíîé øóì ñãåíåðèðîâàí ñðåäñòâàìè MathLab. Ñïåêòðàëüíàÿ ïëîò-
íîñòü ìîùíîñòè èçáûòî÷íûõ (òåõíè÷åñêèõ) øóìîâ ïîä÷èíåíà ñòåïåííîìó çàêîíó
S(ω) = hγωγ, −2 ≤ γ ≤ 2, ãäå hγ − ìàñøòàáíûé êîýôôèöèåíò, îïðåäåëÿþùèé óðîâåíü
øóìà. Òðàäèöèîííî ñ êàæäûì öåëî÷èñëåííûì çíà÷åíèåì γ ñâÿçàí îïðåäåëåííûé öâåò:
γ = 0 äëÿ áåëîãî øóìà, γ = +2 äëÿ áðîóíîâñêîãî (êðàñíîãî) øóìà, γ = +1 äëÿ ðîçîâî-
ãî øóìà.

2. Ìåòîäû ðåøåíèÿ

Ðàññìàòðèâàåìàÿ ìåõàíè÷åñêàÿ êîíñòðóêöèÿ (ñì. ðèñ.1) ïîìåùàåòñÿ â òåìïåðà-
òóðíîå ïîëå, èíòåíñèâíîñòü êîòîðîãî â ïðîöåññå äèíàìè÷åñêîãî âîçäåéñòâèÿ îñòà-
åòñÿ ïîñòîÿííîé. Äëÿ îöåíêè ðàñïðåäåëåíèÿ òåìïåðàòóðû â ïëàñòèíêå è áàëêå ðå-
øàþòñÿ òðåõ- (äëÿ ïëàñòèíêè) è äâóìåðíîå (äëÿ áàëêè) óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè ïðè ñîîòâåòñòâóþùèõ ãðàíè÷íûõ óñëîâèÿõ 1-ãî, 2-ãî, 3-ãî ðîäà. Ñòàöèîíàðíûå
óðàâíåíèÿ òåïëîïðîâîäíîñòè äëÿ ïëàñòèíêè è áàëêè ðåøàþòñÿ ìåòîäîì êîíå÷íûõ
ðàçíîñòåé 2-ãî è 4-ãî ïîðÿäêîâ òî÷íîñòè. Áûëà èññëåäîâàíà ñõîäèìîñòü ýòèõ ìåòî-
äîâ äëÿ ïîäòâåðæäåíèÿ äîñòîâåðíîñòè ïîëó÷àåìûõ ðåçóëüòàòîâ. Ñèñòåìà óðàâíå-
íèé (3) ñâîäèòñÿ ê çàäà÷å Êîøè ìåòîäîì Áóáíîâà − Ãàëåðêèíà â âûñøèõ ïðèáëèæå-
íèÿõ è ìåòîäîì êîíå÷íûõ ðàçíîñòåé 2-ãî è 4-ãî ïîðÿäêîâ òî÷íîñòè. Â ìåòîäå Áóá-
íîâà − Ãàëåðêèíà ôóíêöèè w1 è w2, ÿâëÿþùèåñÿ ðåøåíèÿìè ñèñòåìû (3), àïïðîêñè-
ìèðóþòñÿ âûðàæåíèåì â âèäå ïðîèçâåäåíèÿ ôóíêöèé, çàâèñÿùèõ îò âðåìåíè è îò
êîîðäèíàò:
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Ôóíêöèè ϕkj(x, y) è ϕk(x) âûáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû îíè óäîâëåòâîðÿëè
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ãðàíè÷íûì óñëîâèÿì, áûëè íåïðåðûâíû âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíû-
ìè äî ÷åòâåðòîãî ïîðÿäêà âêëþ÷èòåëüíî è ëèíåéíî íåçàâèñèìû. Çàäà÷à Êîøè ðå-
øàåòñÿ îäíèì èç ìåòîäîâ òèïà Ðóíãå − Êóòòû è Íüþìàðêà. Íà êàæäîì âðåìåííîì
øàãå ñòðîèòñÿ èòåðàöèîííàÿ ïðîöåäóðà ìåòîäà ïåðåìåííûõ ïàðàìåòðîâ óïðóãîñòè
È.À. Áèðãåðà. Ïðîâåäåííûå èññëåäîâàíèÿ äàþò âîçìîæíîñòü ðàññìàòðèâàòü êîíñò-
ðóêöèþ, ïðåäñòàâëåííóþ íà ðèñ. 1, êàê ñèñòåìó ñ «ïî÷òè» áåñêîíå÷íûì ÷èñëîì
ñòåïåíåé ñâîáîäû. Èññëåäîâàíèå ðåçóëüòàòîâ ïðîâîäèëîñü êà÷åñòâåííûìè ìåòîäà-
ìè òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé è íåëèíåéíîé äèíàìèêè ñ ïîñòðîåíèåì
ñèãíàëîâ, ôàçîâûõ ïîðòðåòîâ, ñå÷åíèé Ïóàíêàðå, ïðèìåíåíèåì âåéâëåò-àíàëèçà,
ôóðüå-àíàëèçà è ìåòîäîâ Êàíöà [20], Âîëüôà [21] è Ðîçåíøòåéíà [22] äëÿ âû÷èñëå-
íèÿ ñòàðøåãî ïîêàçàòåëÿ Ëÿïóíîâà.

3. ×èñëåííûé ýêñïåðèìåíò

Â êà÷åñòâå ïðèìåðà ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà â ñëó÷àå
êîíòàêòíîãî âçàèìîäåéñòâèÿ øàðíèðíî îïåðòîé ïî êîíòóðó ïëàñòèíêè è øàðíèðíî
îïåðòîé ïî êîíöàì áàëêè ïîä äåéñòâèåì öâåòíîãî øóìà áåç ó÷åòà ôèçè÷åñêîé íåëè-
íåéíîñòè è òåìïåðàòóðíîãî ïîëÿ:
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Çàäàíû ñëåäóþùèå çíà÷åíèÿ óïðàâëÿþùèõ ïàðàìåòðîâ â áåçðàçìåðíîì âèäå:
êîýôôèöèåíò äèññèïàöèè ε = 1, ÷àñòîòà âíåøíåãî âîçáóæäåíèÿ ωp = 5 (âûáðàíà
áëèçêîé ê ñîáñòâåííîé ÷àñòîòå ïëàñòèíêè), àìïëèòóäà âíåøíåé íàãðóçêè q0 = 10,
çàçîð ìåæäó ïëàñòèíêîé è áàëêîé hk = 0,01. Èçó÷àåòñÿ âëèÿíèå öâåòíîãî øóìà ðàç-
ëè÷íîé ïðèðîäû è èíòåíñèâíîñòè íà õàðàêòåð êîëåáàíèé ïëàñòèí÷àòî-áàëî÷íîé
êîíñòðóêöèè.

Ïðè îòñóòñòâèè øóìîâîãî ïîëÿ (qnoise = 0) êîëåáàíèÿ ïëàñòèíêè ãàðìîíè÷åñêèå
íà ÷àñòîòå âíåøíåãî âîçáóæäåíèÿ ωp = 5. Áàëêà â ýòîì ñëó÷àå íàõîäèòñÿ â ïîêîå,
òàê êàê êîíòàêòíîãî âçàèìîäåéñòâèÿ íå ïðîèñõîäèò. Íà ðèñ. 2 ïðèâåäåíû ãðàôèê
êîëåáàíèé ïëàñòèíêè (ñïëîøíàÿ ëèíèÿ) è ïîëîæåíèå áàëêè (ïóíêòèð) − ðèñ. 2à,
ñïåêòð ìîùíîñòè Ôóðüå − ðèñ. 2á è 2D âåéâëåò-ñïåêòð Ìîðëå − ðèñ. 2â.

Ðèñ. 2. Êîëåáàíèÿ ïëàñòèíêè ïðè íàãðóçêå q0 = 10 è îòñóòñòâèè øóìà (qnoise = 0)
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Ïðè äîáàâëåíèè ê âíåøíåé íàãðóçêå ðîçîâîãî øóìà (γ = +1), íà÷èíàÿ ñ èíòåíñèâ-
íîñòè qnoise = 40, êîëåáàíèÿ ïëàñòèíû ïðîèñõîäÿò íà òðåõ îñíîâíûõ ÷àñòîòàõ: ωp = 5,
ω1 = ωp /3 = 1,6 è ω2 = 2ωp/3 = 3,3. Ïðè qnoise = 43 íàñòóïàåò êîíòàêòíîå âçàèìîäåé-
ñòâèå ïëàñòèíêè è áàëêè, êîëåáàíèÿ ïëàñòèíêè ñòàíîâÿòñÿ õàîòè÷åñêèìè.

Ïðè äîáàâëåíèè ê âíåøíåé íàãðóçêå êðàñíîãî øóìà (γ = +2), íà÷èíàÿ ñ qnoise =
= 0,2, êîëåáàíèÿ ïëàñòèíêè îñóùåñòâëÿþòñÿ íà òðåõ îñíîâíûõ ÷àñòîòàõ: ωp = 5,
ω1 = ωp/3 = 1,6 è ω2 = 2ωp /3 = 3,3. Ïðè qnoise = 7 ïðîèñõîäèò ïåðâîíà÷àëüíîå êîí-
òàêòíîå âçàèìîäåéñòâèå ïëàñòèíêè è áàëêè, êîëåáàíèÿ ïëàñòèíêè ñòàíîâÿòñÿ õàîòè-
÷åñêèìè.

Ïðè äîáàâëåíèè ê âíåøíåé íàãðóçêå áåëîãî øóìà (γ = 0) ïðè qnoise = 1 êîëåáà-
íèÿ ïëàñòèíêè îñóùåñòâëÿþòñÿ íà äâóõ îñíîâíûõ ÷àñòîòàõ: ωp  = 5 è ω1 = ωp /3 =  1,6.
Ïðè qnoise = 5 êîëåáàíèÿ ïëàñòèíêè îñóùåñòâëÿþòñÿ íà òðåõ îñíîâíûõ ÷àñòîòàõ:
ωp  = 5, ω1 = ωp /3 = 1,6 è ω2 = 2ωp /3 = 3,3. Ïðè qnoise = 100 êîëåáàíèÿ ïëàñòèíêè
ñòàíîâÿòñÿ õàîòè÷åñêèìè. Ïåðâîíà÷àëüíîå êîíòàêòíîå âçàèìîäåéñòâèå ïëàñòèíêè
è áàëêè íàñòóïàåò ïðè qnoise = 244, êîëåáàíèÿ ïëàñòèíêè ïðîèñõîäÿò õàîòè÷åñêè. Íà
ðèñ. 3 ïîêàçàíû ãðàôèê ñîâìåñòíûõ êîëåáàíèé ïëàñòèíêè (ñïëîøíàÿ ëèíèÿ) è áàë-
êè (ïóêòèðíàÿ ëèíèÿ) − ðèñ. 3à, ñïåêòð ìîùíîñòè Ôóðüå − ðèñ. 3á è 2D âåéâëåò-
ñïåêòð Ìîðëå − ðèñ. 3â. Ñòàðøèé ïîêàçàòåëü Ëÿïóíîâà, âû÷èñëåííûé ïî òðåì ìå-
òîäàì − Êàíöà [20], Âîëüôà [21] è Ðîçåíøòåéíà [22], − ïîëîæèòåëüíûé.

Çàêëþ÷åíèå

Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü íåëèíåéíûõ êîëåáàíèé è êîíòàêòíîãî âçàè-
ìîäåéñòâèÿ ïëàñòèíêè, ëîêàëüíî ïîäêðåïëåííîé áàëêîé, íàõîäÿùåéñÿ â àääèòèâ-
íîì öâåòíîì øóìå è òåìïåðàòóðíîì ïîëå, ñ ó÷åòîì ôèçè÷åñêîé íåëèíåéíîñòè. Ïðî-
âåäåííûé àíàëèç ïîêàçàë, ÷òî ïî ñðàâíåíèþ ñ ðîçîâûì è áåëûì øóìàìè áîëåå ñó-
ùåñòâåííîå âëèÿíèå íà õàðàêòåð êîëåáàíèé ïëàñòèí÷àòî-áàëî÷íîé êîíñòðóêöèè îêà-
çûâàåò êðàñíûé øóì.
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MATHEMATICAL MODELING OF NONLINEAR VIBRATIONS OF A PLATE
WITH EXPOSURE TO COLOR NOISE TAKING INTO ACCOUNT

OF CONTACT INTERACTION WITH THE BEAM

Yakovleva T.V.1,2, Bazhenov V.G.1, Kruzhilin V.S.2, Krysko V.A.2

1Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

2Yuri Gagarin State Technical University of Saratov, Saratov, Russian Federation

A theory of contact interaction of a plate locally supported by a beam, under the influence of
external lateral load and external additive color noise (pink, red, white) was constructed. Also
described design is in a stationary temperature field. For the plate, the Kirchhoff kinematic model
was adopted; for the beam, Euler − Bernoulli, the physical nonlinearity is taken into account according
to the theory of small elastic-plastic deformations. The temperature field is taken into account
according to the Duhamel − Neumann theory, and there are no restrictions on the temperature
distribution over the plate thickness and the height of the beam. The temperature field is determined
from the solution of the three-dimensional (plate) and two-dimensional (beam) heat conduction
equations. The theory of B.Ya. Cantor. The heat conduction equations are solved by the finite
difference method of the second and fourth order of accuracy. The system of differential equations
is reduced to the Cauchy problem by the Bubnov − Galerkin methods in higher approximations and
finite differences in spatial variables. Next, the Cauchy problem is solved by the fourth-order
Runge − Kutta method and the Newmark method. At each time step, the iterative procedure of I. Bir-
ger was applied. The results of a numerical experiment are given. To analyze the results, the methods
of nonlinear dynamics were used (construction of signals, phase portraits, Poincare sections, Fourier
power spectra and Morlet wavelet spectra, analysis of the sign of Lyapunov indices by three methods:
Wolf, Kantz, Rosenstein). The effect of color noise on the contact interaction between the plate
and the beam has been studied. It has been established that red additive noise has the most significant
effect on the oscillation pattern of the lamellar-beam structure compared to pink and white noise.

Keywords: plate, beam, contact interaction, Kirchhoff and Euler − Bernoulli kinematic models,
temperature field, additive color noise, physical nonlinearity, Bubnov − Galerkin method in higher
approximations, Runge − Kutta method, I. Birger iterative procedure.


