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Ðàññìàòðèâàåòñÿ îäíîìåðíàÿ çàäà÷à î ðàñøèðåíèè ñôåðè÷åñêîé ïîëîñòè
ñ ïîñòîÿííîé ñêîðîñòüþ èç òî÷êè â áåñêîíå÷íîé óïðóãîïëàñòè÷åñêîé ñðåäå.
Çàäà÷à èìååò àâòîìîäåëüíîå ðåøåíèå ïåðâîãî ðîäà. Óïðóãîïëàñòè÷åñêîå äå-
ôîðìèðîâàíèå ãðóíòà îïèñûâàåòñÿ ñ ïîìîùüþ ëèíåéíîãî çàêîíà Ãóêà è êðè-
òåðèÿ òåêó÷åñòè Ìîðà − Êóëîíà. Ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è â
óïðóãîé îáëàñòè, êîíòàêòèðóþùåé ñ îáëàñòüþ ïëàñòè÷åñêîãî òå÷åíèÿ. Äëÿ
îïðåäåëåíèÿ ïîëåé íàïðÿæåíèé è ñêîðîñòåé â ïëàñòè÷åñêîé îáëàñòè ðåàëèçî-
âàí èçâåñòíûé àëãîðèòì íà îñíîâå ìåòîäà ñòðåëüáû ðåøåíèÿ êðàåâîé çàäà÷è
äëÿ ñèñòåìû äâóõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïî-
ðÿäêà, âêëþ÷àþùèé â ñåáÿ ìåòîä Ðóíãå − Êóòòû ÷åòâåðòîãî ïîðÿäêà. Ýôôåê-
òèâíûé àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çàäà÷è î ðàñøèðåíèè ïîëîñòè, ïðåäëî-
æåííûé ðàíåå â ðàáîòàõ Ì. Ôîððåñòîëà ñ ñîàâòîðàìè, ïîçâîëÿåò ïîëó÷èòü ðå-
øåíèå çàäà÷è ñ äîñòàòî÷íîé äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ òî÷íîñòüþ.

Ïîëó÷åíà ôîðìóëà äëÿ îïðåäåëåíèÿ êðèòè÷åñêîãî äàâëåíèÿ − ìèíèìàëü-
íîãî äàâëåíèÿ, íåîáõîäèìîãî äëÿ îáðàçîâàíèÿ ïîëîñòè ïðè ó÷åòå âíóòðåííåãî
òðåíèÿ â ðàìêàõ êðèòåðèÿ òåêó÷åñòè Ìîðà − Êóëîíà, îáîáùàþùàÿ èçâåñòíîå
ðåøåíèå äëÿ óïðóãî-èäåàëüíî-ïëàñòè÷åñêîé ñðåäû ñ êðèòåðèåì Òðåñêà. Ïîëó-
÷åííîå â ðåçóëüòàòå êðèòè÷åñêîå äàâëåíèå ñðàâíèâàëîñü ñ ÷èñëåííûì ðåøå-
íèåì â ïîëíîé ïîñòàíîâêå ïðè áëèçêèõ ê íóëþ ñêîðîñòÿõ ðàñøèðåíèÿ ïîëîñ-
òè â øèðîêîì äèàïàçîíå èçìåíåíèÿ ïàðàìåòðîâ êðèòåðèÿ òåêó÷åñòè Ìîðà −
Êóëîíà. Ïîêàçàíî, ÷òî îøèáêà àïïðîêñèìàöèè ïðåäëîæåííîé ôîðìóëû íå  ïðå-
âûøàåò 6% ïðè èçìåíåíèè êîýôôèöèåíòà âíóòðåííåãî òðåíèÿ âî âñåì  äîïóñ-
òèìîì äèàïàçîíå è íà÷àëüíîãî çíà÷åíèÿ ïðåäåëà òåêó÷åñòè íà òðè ïîðÿäêà.

Êëþ÷åâûå ñëîâà: ðàñøèðåíèå ñôåðè÷åñêîé ïîëîñòè, àâòîìîäåëüíîå ðå-
øåíèå, óïðóãîñòü, ïëàñòè÷íîñòü, óñëîâèå òåêó÷åñòè Ìîðà − Êóëîíà.

Ââåäåíèå

Ïðè ðåøåíèè çàäà÷ óäàðà è ïðîíèêàíèÿ â ñïëîøíûå ñðåäû øèðîêîå ðàñïðîñòðà-
íåíèå [1−6] ïîëó÷èë ïðèáëèæåííûé ïîäõîä, â ñîîòâåòñòâèè ñ êîòîðûì äàâëåíèå â
êàæäîé òî÷êå áîêîâîé ïîâåðõíîñòè óäàðíèêà îòîæäåñòâëÿåòñÿ ñ äàâëåíèåì íà âíóò-
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ðåííåé ïîâåðõíîñòè ñôåðè÷åñêîé ïîëîñòè, ðàñøèðÿþùåéñÿ â áåçãðàíè÷íîé ñðå-
äå îò íóëåâîãî ðàäèóñà, − ìåòîä ðàñøèðåíèÿ ïîëîñòè. Àíàëèòè÷åñêèå ðåøåíèÿ çàäà-
÷è î ðàñøèðåíèè ñôåðè÷åñêîé ïîëîñòè â íåñæèìàåìîé óïðóãîïëàñòè÷åñêîé ñðåäå
[4−6] ïðèìåíåíû äëÿ îöåíêè ñèë ñîïðîòèâëåíèÿ è ãëóáèí ïðîíèêàíèÿ æåñòêèõ è
äåôîðìèðóåìûõ óäàðíèêîâ â ìåòàëë, áåòîí è ãðóíò. Áûëî îòìå÷åíî [6] íåçíà÷è-
òåëüíîå âëèÿíèå ó÷åòà ñæèìàåìîñòè äëÿ ìåòàëëîâ ïðè ñêîðîñòÿõ óäàðà äî 1 êì/ñ.
Äëÿ ïîðèñòûõ è ìÿãêèõ ãðóíòîâûõ ñðåä ñæèìàåìîñòü íåîáõîäèìî ó÷èòûâàòü. Èíòå-
ðåñ ê äàííîé ïðîáëåìàòèêå íå îñëàáåâàåò è â íàñòîÿùåå âðåìÿ, î ÷åì ñâèäåòåëü-
ñòâóþò äèñêóññèè [7−9] è [10−12].

Çàäà÷à î ðàñøèðåíèè ïîëîñòè ÿâëÿåòñÿ êëàññè÷åñêîé çàäà÷åé ìåõàíèêè äåôîð-
ìèðóåìîãî òâåðäîãî òåëà, ðåøåíèþ êîòîðîé â ñåðåäèíå ïðîøëîãî âåêà áûëè ïîñâÿ-
ùåíû èññëåäîâàíèÿ Ð. Õèëëà, Ð. Áèøîïà, Ã. Õîïêèíñà, À.ß. Ñàãîìîíÿíà, Í.Â. Çâî-
ëèíñêîãî è äðóãèõ àâòîðîâ. Èçâåñòíî ìíîãî ïîñòàíîâîê ýòîé çàäà÷è, ðàçëè÷àþùèõ-
ñÿ ïî ñïîñîáó ó÷åòà ñæèìàåìîñòè ìàòåðèàëà − ëèíåéíî ñæèìàåìàÿ ñðåäà [13], íå-
ñæèìàåìàÿ ñðåäà èëè ñðåäà ñ îãðàíè÷åííîé ïðåäåëüíîé äåôîðìàöèåé [14, 15]; ïî
ïðèíèìàåìîìó êðèòåðèþ òåêó÷åñòè − êðèòåðèþ Òðåñêà [13, 16], Ìîðà − Êóëîíà [14],
Ìîðà − Êóëîíà ñ îãðàíè÷åíèåì Òðåñêà [15]. Â ñòàòüÿõ [17−20] ïîëó÷åíû àïïðîêñè-
ìàöèè çàâèñèìîñòè äàâëåíèÿ íà ñòåíêå ïîëîñòè îò ñêîðîñòè åå ðàñøèðåíèÿ ïðè
èçìåíåíèè ìåõàíè÷åñêèõ õàðàêòåðèñòèê ìàòåðèàëà, ïðîâåäåí ïàðàìåòðè÷åñêèé
àíàëèç ïîëó÷åííûõ ðåøåíèé. Äëÿ íåñæèìàåìîé óïðóãîïëàñòè÷åñêîé ñðåäû ïîëó-
÷åíû àíàëèòè÷åñêèå ðåøåíèÿ ïðè ðàçëè÷íûõ âèäàõ êðèòåðèÿ òåêó÷åñòè. Äëÿ ñæè-
ìàåìûõ ñðåä ïðåäëîæåí ýôôåêòèâíûé ÷èñëåííûé àëãîðèòì [13], îñíîâàííûé íà
èòåðàöèîííîì ìåòîäå ÷èñëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è äëÿ ñèñòåìû äâóõ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Ýòîò àëãîðèòì ïîçâîëÿ-
åò ïîëó÷èòü ðåøåíèå çàäà÷è ñ äîñòàòî÷íîé äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ òî÷íîñ-
òüþ [21, 22], â òîì ÷èñëå ïðè íåëèíåéíûõ çàâèñèìîñòÿõ óðàâíåíèÿ ñîñòîÿíèÿ ñðå-
äû. Â öåëîì ìîæíî îòìåòèòü, ÷òî ê íàñòîÿùåìó âðåìåíè ðåøåíèå çàäà÷è î ðàñøè-
ðåíèè ïîëîñòè è ìåòîäû ðàñ÷åòà íàãðóçîê íà ïðîíèêàþùåå òåëî äîñòàòî÷íî õîðî-
øî ïðîðàáîòàíû. Ó÷åò íåëèíåéíûõ ñâîéñòâ ìàòåðèàëà ïðè ðåøåíèè çàäà÷ ïðîíèêà-
íèÿ â ñæèìàåìûå óïðóãîïëàñòè÷åñêèå ñðåäû òàêæå íå ïðåäñòàâëÿåò ïðîáëåìû ïðè
÷èñëåííîì ðåøåíèè çàäà÷è î ïîëîñòè [23−26].

Îäíàêî àíàëèòè÷åñêèå ðåøåíèÿ ýòîé çàäà÷è èëè àïïðîêñèìàöèè ðåçóëüòàòîâ
÷èñëåííûõ ðåøåíèé ïî-ïðåæíåìó ïðåäñòàâëÿþò èíòåðåñ, â òîì ÷èñëå â ìíîãî÷èñ-
ëåííûõ ïðèëîæåíèÿõ äèíàìèêè óäàðà. Ñóùåñòâóþùèå â êîíå÷íîì âèäå ðåøåíèÿ
ïîëó÷åíû â îñíîâíîì ñ ó÷åòîì óñëîâèÿ òåêó÷åñòè Òðåñêà. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî
ïðîáëåìíàÿ îáëàñòü ïðèëîæåíèÿ ìåòîäèêè íà îñíîâå ðåøåíèÿ çàäà÷è î ïîëîñòè
ñôîðìèðîâàíà â áîëüøèíñòâå ñëó÷àåâ çàäà÷àìè óäàðíîãî äåôîðìèðîâàíèÿ ìåòàë-
ëîâ è ñïëàâîâ, äëÿ êîòîðûõ ìîäåëü óïðóãî-èäåàëüíî-ïëàñòè÷åñêîé ñðåäû ñ óñëîâè-
åì òåêó÷åñòè Òðåñêà èëè Ìèçåñà ïîëó÷èëà øèðîêîå ðàñïðîñòðàíåíèå.

Â íàñòîÿùåé ñòàòüå ïîëó÷åíà ôîðìóëà äëÿ îïðåäåëåíèÿ êðèòè÷åñêîãî äàâëåíèÿ −
ìèíèìàëüíîãî äàâëåíèÿ, íåîáõîäèìîãî äëÿ îáðàçîâàíèÿ ïîëîñòè ïðè ó÷åòå âíóò-
ðåííåãî òðåíèÿ â ðàìêàõ êðèòåðèÿ òåêó÷åñòè Ìîðà − Êóëîíà, îáîáùàþùàÿ èçâåñò-
íîå ðåøåíèå äëÿ óïðóãî-èäåàëüíî-ïëàñòè÷åñêîé ñðåäû ñ êðèòåðèåì Òðåñêà. Ïîëó-
÷åííîå ðåøåíèå ìîæåò áûòü ïðèìåíåíî ïðè ðåøåíèè çàäà÷ î ðàñøèðåíèè ñôåðè-
÷åñêîé ïîëîñòè â ïîðèñòûõ ãðóíòîâûõ ñðåäàõ è ãåîìàòåðèàëàõ.
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1. Ïîñòàíîâêà íà÷àëüíî-êðàåâîé çàäà÷è
äëÿ ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

Ìàòåìàòè÷åñêàÿ ìîäåëü îñåñèììåòðè÷íîé óïðóãîïëàñòè÷åñêîé ñðåäû îïèñû-
âàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé, âûðàæàþùèõ çàêîíû íåðàçðûâíî-
ñòè è èçìåíåíèÿ êîëè÷åñòâà äâèæåíèÿ, êîòîðàÿ â ñôåðè÷åñêèõ ýéëåðîâûõ êîîðäè-
íàòàõ (r, ϕ, ψ) èìååò âèä:

,2 ⎟
⎠
⎞

⎜
⎝
⎛

∂
ρ∂

υ+
∂
ρ∂

−=⎟
⎠
⎞

⎜
⎝
⎛ υ

+
∂
υ∂

ρ
rtrr

,2 ⎟
⎠
⎞

⎜
⎝
⎛

∂
υ∂

υ+
∂
υ∂

ρ−=
σ−σ

+
∂
σ∂ ϕ

rtrr
rr

(1)

ãäå ρ − ïëîòíîñòü â äåôîðìèðîâàííîì ñîñòîÿíèè, υ − ñêîðîñòü, σr è σϕ = σψ −
ðàäèàëüíàÿ, îêðóæíàÿ è ìåðèäèîíàëüíàÿ êîìïîíåíòû òåíçîðà íàïðÿæåíèé Êîøè
(ïðèíèìàþòñÿ ïîëîæèòåëüíûìè ïðè ñæàòèè), r − ðàäèàëüíàÿ êîîðäèíàòà.

Ñèñòåìà óðàâíåíèé (1) çàìûêàåòñÿ çàâèñèìîñòüþ äàâëåíèÿ p îò îáúåìíîé äå-
ôîðìàöèè θ, ëèíåéíîé èëè áëèçêîé ê ëèíåéíîé ïðè ìàëûõ äåôîðìàöèÿõ:

),()( 2θ+θ=θ= OKfp (2)

ãäå K − óïðóãèé ìîäóëü îáúåìíîãî ñæàòèÿ.
Ïîëàãàåì, ÷òî â îáëàñòè, îãðàíè÷åííîé ðàäèóñàìè r0 = Vt è r = ct, ñðåäà äåôîð-

ìèðóåòñÿ ïëàñòè÷åñêè ñ ëèíåéíîé çàâèñèìîñòüþ Ìîðà − Êóëîíà

,kpYr +=σ−σ ϕ (3)

ãäå V − ñêîðîñòü ðàñøèðåíèÿ ïîëîñòè, c − ñêîðîñòü ïåðåìåùåíèÿ ãðàíèöû ðàçäåëà
îáëàñòåé óïðóãîãî è ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ, Y è k − íà÷àëüíîå çíà÷åíèå
ïðåäåëà òåêó÷åñòè è êîýôôèöèåíò âíóòðåííåãî òðåíèÿ.

Â ïðèìûêàþùåé îáëàñòè óïðóãîãî äåôîðìèðîâàíèÿ, êîòîðàÿ îãðàíè÷åíà êîîð-
äèíàòîé re = cet, êîìïîíåíòû òåíçîðà íàïðÿæåíèé ñâÿçàíû ñ äåôîðìàöèÿìè çàêî-
íîì Ãóêà ñ óïðóãèìè ìîäóëÿìè K è G, ãäå 0/)3/4( ρ+= GKce  − ñêîðîñòü ðàñïðî-
ñòðàíåíèÿ ïëîñêîé óïðóãîé âîëíû, G − ìîäóëü ñäâèãà, ρ0 − íà÷àëüíàÿ ïëîòíîñòü.

Èç óñëîâèÿ òåêó÷åñòè sr − sϕ = Y + kp ñëåäóþò ðàâåíñòâà sr = 2(Y + kp)/3, sϕ =
= −(Y + kp)/3, òàê êàê â ñèëó ñôåðè÷åñêîé ñèììåòðèè èìååì sr + 2sϕ = 0, ãäå sr è sϕ −
ðàäèàëüíàÿ è îêðóæíàÿ êîìïîíåíòû òåíçîðà-äåâèàòîðà íàïðÿæåíèé, σr = sr + p.

Ïîäñòàâèâ ïîëó÷åííûå ñîîòíîøåíèÿ â (3), áóäåì èìåòü ñâÿçü σr è p:
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Ïðèâåäåì ïîñòàíîâêó îäíîìåðíîé çàäà÷è î ðàñøèðåíèè ñôåðè÷åñêîé ïîëîñòè



180

â îáëàñòè ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ (1) îòíîñèòåëüíî σr è υ ïðè ó÷åòå (4) çàïèøåòñÿ â âèäå:
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1 θ++=θ=σσ−=θ− − fkYff rr

./)()3/21(/)(11 θ∂θ∂⋅+=θ∂θ∂= fkfK
Íà ãðàíèöå ðàñøèðÿþùåéñÿ ïîëîñòè ñ ðàäèóñîì r0 = Vt çàäàåòñÿ ñêîðîñòü V,

âíåøíÿÿ ïîâåðõíîñòü ñôåðè÷åñêîãî ñëîÿ r∞ ñâîáîäíà îò íàïðÿæåíèé, â íà÷àëüíûé
ìîìåíò âðåìåíè ñêîðîñòü è íàïðÿæåíèÿ â ñðåäå ðàâíû íóëþ:

.0)0,()0,(,0),(,),( 0 =σ=υ=σ=υ ∞ rrtrVtr rr (6)

2. Ïîñòàíîâêà êðàåâîé çàäà÷è äëÿ ñèñòåìû
äâóõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà â ïëàñòè÷åñêîé îáëàñòè

Ðàññìîòðèì àâòîìîäåëüíîå ðåøåíèå ñèñòåìû îòíîñèòåëüíî ïåðåìåííîé ξ =
= r/(ct)  è ââåäåì áåçðàçìåðíûå ïåðåìåííûå U = υ/c, S = σr /(ρ0c2), îáîçíà÷èì òàê-
æå ./)(~~),/()()(~),/( 11

2
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2
0 θ∂θ∂=ρ=ρ= fKcffcYT

×àñòíûå ïðîèçâîäíûå ïî âðåìåíè è ïðîñòðàíñòâó îïðåäåëÿþòñÿ ñëåäóþùèì
îáðàçîì:
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Â ðåçóëüòàòå ïîäñòàíîâêè ýòèõ âûðàæåíèé ñèñòåìà óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ (5) ïðåîáðàçóåòñÿ ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé (ÎÄÓ):
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ãäå ),(~11 1
1 Sf −−=θ−  øòðèõîì îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî ξ.

Îêîí÷àòåëüíî êðàåâàÿ çàäà÷à äëÿ ñèñòåìû äâóõ ÎÄÓ ïåðâîãî ïîðÿäêà â íîð-
ìàëüíîé ôîðìå çàïèøåòñÿ â âèäå:
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Â ñèñòåìó óðàâíåíèé (7) âõîäèò íåèçâåñòíûé ïàðàìåòð c − ñêîðîñòü ðàñïðîñò-
ðàíåíèÿ ãðàíèöû ðàçäåëà óïðóãîé è ïëàñòè÷åñêîé îáëàñòåé èëè ôðîíòà óäàðíîé
ïëàñòè÷åñêîé âîëíû. Íàõîæäåíèå íåèçâåñòíîé ñêîðîñòè c ïðîâîäèòñÿ èòåðàöèîí-
íî äî âûïîëíåíèÿ ñ çàäàííîé òî÷íîñòüþ δ ãðàíè÷íîãî óñëîâèÿ |U |ξ=ε − ε| < δ. Íà
êàæäîé èòåðàöèè ïðèìåíÿåòñÿ ÷èñëåííûé ìåòîä Ðóíãå − Êóòòû ÷åòâåðòîãî ïîðÿäêà
òî÷íîñòè ïðè èçìåíåíèè àâòîìîäåëüíîé ïåðåìåííîé ξ îò ãðàíèöû ðàçäåëà óïðóãîé
è ïëàñòè÷åñêîé îáëàñòåé (ξ = 1) äî ãðàíèöû ïîëîñòè (ξ = ε).

Âåëè÷èíû Ue, Se â êðàåâîé çàäà÷å (7) îïðåäåëÿþòñÿ èç óñëîâèÿ íåïðåðûâíîñòè
ñêîðîñòè è íàïðÿæåíèÿ íà ãðàíèöå ñ îáëàñòüþ óïðóãîãî ïîâåäåíèÿ ìàòåðèàëà ïðè
ξ = 1.

3. Ïîñòàíîâêà è ðåøåíèå êðàåâîé çàäà÷è äëÿ ÎÄÓ âòîðîãî ïîðÿäêà
â îáëàñòè óïðóãîãî äåôîðìèðîâàíèÿ

Ðàññìîòðèì óðàâíåíèå äâèæåíèÿ â ñèñòåìå óðàâíåíèé (1) â ïðåíåáðåæåíèè
êîíâåêòèâíûìè ñîñòàâëÿþùèìè â ïðîèçâîäíîé ïî âðåìåíè îò ñêîðîñòè:
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Ðàäèàëüíûå è îêðóæíûå ìàëûå äåôîðìàöèè â óïðóãîé ñðåäå ñâÿçàíû ñ ïåðåìå-
ùåíèÿìè ñîîòíîøåíèÿìè Êîøè, êîòîðûå â óñëîâèÿõ ñôåðè÷åñêîé ñèììåòðèè èìå-
þò âèä
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Íàïðÿæåíèÿ ñâÿçàíû ñ äåôîðìàöèÿìè çàêîíîì Ãóêà:
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Êàê è ðàíåå, ïîëàãàåì íàïðÿæåíèÿ ïîëîæèòåëüíûìè ïðè ñæàòèè.
Ïðèìåíèâ ñîîòíîøåíèÿ Êîøè è çàêîí Ãóêà, ïðåîáðàçóåì óðàâíåíèå äèíàìèêè

óïðóãîé ñðåäû ê âèäó
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ãäå 00 /)3/4(/)2( ρ+=ρ+λ= GKGce  − ñêîðîñòü ðàñïðîñòðàíåíèÿ ôðîíòà ïðî-
äîëüíîé âîëíû â óïðóãîé ñðåäå.

Ñëåäóÿ [16], ïîëîæèì )/(~),/( ctuuctr ==ξ  − áåçðàçìåðíûå êîîðäèíàòà è ïåðå-
ìåùåíèå, c − ñêîðîñòü ôðîíòà ïëàñòè÷åñêîé âîëíû (ãðàíèöû ðàçäåëà óïðóãîé è
ïëàñòè÷åñêîé îáëàñòåé) è âûïîëíèì ïðåîáðàçîâàíèå ïðîèçâîäíûõ ñ ó÷åòîì çàìåíû
ïåðåìåííûõ:
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øòðèõîì îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî ξ.
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Ðàññìîòðèì óñëîâèÿ íà ãðàíèöàõ îáëàñòè óïðóãîãî äåôîðìèðîâàíèÿ. Íà ãðà-
íèöå ñ íåâîçìóùåííîé îáëàñòüþ ïåðåìåùåíèå ðàâíî íóëþ. Íà ãðàíèöå ðàçäåëà
óïðóãîé è ïëàñòè÷åñêîé îáëàñòåé ïðè ξ = 1 âûïîëíÿåòñÿ óñëîâèå ïëàñòè÷åñêîãî
òå÷åíèÿ (σr − σϕ)|ξ=1 = Y + kKθ, à òàêæå çàêîí Ãóêà ),//(2 ruruGr ∂∂−=σ−σ ϕ  îò-
êóäà â ñèëó íåïðåðûâíîñòè íàïðÿæåíèé èìååì
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Ïðåîáðàçîâàíèå ïðîèçâîäíûõ ïðèâîäèò ê ñëåäóþùåé êðàåâîé çàäà÷å äëÿ ÎÄÓ
âòîðîãî ïîðÿäêà äëÿ áåçðàçìåðíîãî ïåðåìåùåíèÿ:

,0
~2~2~)1( 2

22 =
ξ

−
ξ
′

+′′ξα−
uuu (9)

.,
2

~~
,0~ 1

1
/1

ec
c

G

kKYuuu =α
θ+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ξ∂
∂

−
ξ

= =ξ

=ξ
α=ξ

Äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âûïîëíèì ðÿä
ïðåîáðàçîâàíèé. Â ðåçóëüòàòå çàìåíû z = αξ ïîëó÷àåì óðàâíåíèå
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Â ðåçóëüòàòå çàìåíû dzdFzu /,~ ϕ=ϕ=  ïîëó÷àåì óðàâíåíèå ïåðâîãî ïîðÿäêà îò-
íîñèòåëüíî F(z):
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îáùèì ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ ôóíêöèÿ F(z) = A/z2 − A/z4, çàâèñÿùàÿ îò ïðî-
èçâîëüíîé ïîñòîÿííîé A.

Äàëåå ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé
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ïðèâîäèò ê âûðàæåíèþ äëÿ áåçðàçìåðíîãî ïåðåìåùåíèÿ
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ãäå B − åùå îäíà êîíñòàíòà èíòåãðèðîâàíèÿ.
Äëÿ îïðåäåëåíèÿ êîíñòàíò A, B èñïîëüçóåì ãðàíè÷íûå óñëîâèÿ â çàäà÷å (9). Èç

ïåðâîãî ãðàíè÷íîãî óñëîâèÿ ïîëó÷àåì B = 2A/3, òàêèì îáðàçîì,
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Ïîëó÷èì âûðàæåíèÿ äëÿ îïðåäåëåíèÿ áåçðàçìåðíîé ñêîðîñòè
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ðàäèàëüíîé êîìïîíåíòû òåíçîðà íàïðÿæåíèé
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è îáúåìíîé äåôîðìàöèè
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Óðàâíåíèÿ äëÿ áåçðàçìåðíîé ñêîðîñòè (12) è íàïðÿæåíèÿ (13) ïðè ó÷åòå ðàâåí-
ñòâà (14) ïðåîáðàçóåì ê âèäó
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Äëÿ îïðåäåëåíèÿ êîíñòàíòû èíòåãðèðîâàíèÿ À ðàññìîòðèì âòîðîå ãðàíè÷íîå
óñëîâèå â êðàåâîé çàäà÷å (9). Ðàçíîñòü äåôîðìàöèé ïðè ξ = 1 îïðåäåëÿåòñÿ êàê
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Òàêèì îáðàçîì,
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Ðåøåíèå çàäà÷è ïðè èñïîëüçîâàíèè óñëîâèÿ òåêó÷åñòè Òðåñêà ïîëó÷åíî ðàíåå
â ñòàòüå [16]. Â ñëó÷àå óñëîâèÿ ïëàñòè÷íîñòè Ìîðà − Êóëîíà ïðè ξ = 1 áóäåì èìåòü
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Âûðàæåíèÿ (15), (16) ïðè ξ = 1 îïðåäåëÿò ãðàíè÷íûå óñëîâèÿ â çàâèñèìîñòè îò çíà-
÷åíèÿ α:
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4. Îïðåäåëåíèå êðèòè÷åñêîãî äàâëåíèÿ

Äëÿ îïðåäåëåíèÿ êðèòè÷åñêîãî äàâëåíèÿ Pc ðàññìîòðèì âîïðîñ îöåíêè ìèíè-
ìàëüíîãî íàïðÿæåíèÿ íà ãðàíèöå ïîëîñòè, íåîáõîäèìîãî äëÿ åå ðàñøèðåíèÿ. Ðàíåå
áûëî ïîëó÷åíî ñîîòíîøåíèå äëÿ êðèòè÷åñêîãî äàâëåíèÿ [17] â ëèíåéíî ñæèìàåìîé
óïðóãî-èäåàëüíî-ïëàñòè÷åñêîé ñðåäå ñ óñëîâèåì ïëàñòè÷íîñòè Òðåñêà
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ãäå E − ìîäóëü Þíãà, ν − êîýôôèöèåíò Ïóàññîíà.
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Äëÿ îïðåäåëåíèÿ êðèòè÷åñêîãî äàâëåíèÿ â ñðåäå ñ êðèòåðèåì ïëàñòè÷íîñòè
Ìîðà − Êóëîíà ïðåîáðàçóåì âòîðîå óðàâíåíèå ñèñòåìû (7) â óðàâíåíèå äëÿ ðàçìåð-
íîãî íàïðÿæåíèÿ è ñêîðîñòè.

Ïðèíèìàÿ âî âíèìàíèå, ÷òî ñêîðîñòü óïðóãîïëàñòè÷åñêîãî èíòåðôåéñà c = O(V ),
ïðè V → 0 áóäåì èìåòü çàäà÷ó Êîøè:
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ãäå ãðàíè÷íûå óñëîâèÿ îïðåäåëåíû íà îñíîâå óðàâíåíèÿ (20) ïðè α = 0.
Ðåøåíèå çàäà÷è Êîøè (22) åñòü ôóíêöèÿ
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+ξ=ξσ
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μ− YYr

êîòîðàÿ ïðè ξ = ε îïðåäåëÿåò êðèòè÷åñêîå äàâëåíèå
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μ− YYPc (23)

Çíà÷åíèå êðèòè÷åñêîãî äàâëåíèÿ ïðè μ = 0 ìîæåò áûòü ïîëó÷åíî ïðåäåëüíûì ïåðå-
õîäîì μ → 0 â (23):
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3
2 )( 3−ε+= YPc (24)

Â ñîîòíîøåíèÿõ (23), (24) îñòàåòñÿ íåîïðåäåëåííîé âåëè÷èíà ε = V/c. Äëÿ åå
îïðåäåëåíèÿ ðàññìîòðèì óðàâíåíèå äëÿ áåçðàçìåðíîé ñêîðîñòè â ñèñòåìå óðàâíå-
íèé (7), ïðåíåáðåãàÿ êîíâåêòèâíûì ñëàãàåìûì è ïîëàãàÿ 1 − θ ≈ 1,
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Îêîí÷àòåëüíî áóäåì èìåòü çàäà÷ó ñ íà÷àëüíûìè óñëîâèÿìè
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Ðåøåíèåì çàäà÷è Êîøè (25) ÿâëÿåòñÿ ôóíêöèÿ
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Äëÿ îïðåäåëåíèÿ âåëè÷èíû ε íåîáõîäèìî âîñïîëüçîâàòüñÿ óñëîâèåì  U|ξ=ε = ε â
ñèñòåìå óðàâíåíèé (8):
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Ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ (26) îïðåäåëÿåòñÿ ÷èñëåííî ìåòîäîì èòåðàöèé.
Â ÷àñòíîì ñëó÷àå ïðè çíà÷åíèè μ = 0:
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Ýòî ðåøåíèå ñîâïàäàåò ñ ïîëó÷åííûì ðàíåå ðåøåíèåì (21) ïðè ó÷åòå óðàâíåíèÿ (24).
Ðàññìîòðèì ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ çàäà÷è ïðè ñëåäóþùèõ çíà÷åíèÿõ

ìîäóëåé óïðóãîñòè: K = 220 ÌÏà, G = 150 ÌÏà, ïàðàìåòðû óñëîâèÿ ïëàñòè÷íîñòè
âàðüèðóþòñÿ.

Íà ðèñ. 1 ïðèâåäåíû ãðàôèêè ðàñïðåäåëåíèÿ îòíîøåíèÿ ñêîðîñòè ðàñøèðåíèÿ
ïîëîñòè ê ñêîðîñòè ïåðåìåùåíèÿ ãðàíèöû ðàçäåëà îáëàñòåé óïðóãîãî è ïëàñòè÷åñ-
êîãî äåôîðìèðîâàíèÿ â çàâèñèìîñòè îò èçìåíåíèÿ êîýôôèöèåíòà âíóòðåííåãî òðå-
íèÿ ïðè çíà÷åíèÿõ íà÷àëüíîãî ïðåäåëà òåêó÷åñòè Y = 50, 5 è 0,5 êãñ/ñì2 (ñïëîøíûå
ëèíèè ñ êâàäðàòîì, ðîìáîì è òðåóãîëüíèêîì ñîîòâåòñòâåííî).

Ìîæíî îòìåòèòü, ÷òî ïðè áëèçêèõ ê íóëþ ñêîðîñòÿõ ðàñøèðåíèÿ ïîëîñòè âåëè-
÷èíà ε = V/c çàâèñèò îò íà÷àëüíîãî çíà÷åíèÿ ïðåäåëà òåêó÷åñòè. Ïðè ýòîì íàáëþäà-
åòñÿ äîñòàòî÷íî ñëàáîå (íå áîëåå 10%) èçìåíåíèå ε ïðè èçìåíåíèè μ â äèàïàçîíå
0 ≤ μ ≤ 0,75 äëÿ âñåõ ðàññìîòðåííûõ çíà÷åíèé ïðåäåëà òåêó÷åñòè.

Ó÷èòûâàÿ, ÷òî âåëè÷èíà ε ñëàáî çàâèñèò îò èçìåíåíèÿ êîýôôèöèåíòà âíóòðåí-
íåãî òðåíèÿ, äëÿ ïðèáëèæåííîãî îïðåäåëåíèÿ ε ïðåäëàãàåòñÿ âîñïîëüçîâàòüñÿ óðàâ-
íåíèÿìè (21), (24), ïðèíÿâ

Ðèñ. 1. Çàâèñèìîñòü îòíîøåíèÿ ε = V/c îò èçìåíåíèÿ êîýôôèöèåíòà
âíóòðåííåãî òðåíèÿ ïðè áëèçêèõ ê íóëþ ñêîðîñòÿõ ðàñøèðåíèÿ ïîëîñòè

0,11

 0                 0,25           0,50              μ

0,22

V/c
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.)1(3,
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=ε− (27)

Òàêèì îáðàçîì, ñîîòíîøåíèå (23) ïðè ó÷åòå (27) áóäåò îáîáùåíèåì èçâåñòíîãî
ñîîòíîøåíèÿ (21) â ñëó÷àå óñëîâèÿ ïëàñòè÷íîñòè Ìîðà − Êóëîíà.

Íà ðèñ. 2 ïðåäñòàâëåíû ãðàôèêè çàâèñèìîñòè êðèòè÷åñêîãî äàâëåíèÿ, îòíåñåí-
íîãî ê íà÷àëüíîìó çíà÷åíèþ ïðåäåëà òåêó÷åñòè, îò êîýôôèöèåíòà âíóòðåííåãî òðå-
íèÿ ïðè çíà÷åíèÿõ Y = 50, 5 è 0,5 êãñ/ñì2 (ñïëîøíûå ëèíèè ñ êâàäðàòîì, ðîìáîì è
òðåóãîëüíèêîì ñîîòâåòñòâåííî). Â îòëè÷èå îò âåëè÷èíû ε, êðèòè÷åñêîå äàâëåíèå ñó-
ùåñòâåííûì îáðàçîì çàâèñèò îò ïàðàìåòðîâ óñëîâèÿ ïëàñòè÷íîñòè Ìîðà − Êóëîíà.

Íà ðèñ. 3 ïðèâåäåíû çíà÷åíèÿ êðèòè÷åñêîãî äàâëåíèÿ íà ñòåíêó ïîëîñòè, ïîëó-
÷åííûå ÷èñëåííî ïðè ðàçëè÷íûõ óðîâíÿõ íà÷àëüíîãî çíà÷åíèÿ ïðåäåëà òåêó÷åñòè â
ñðåäå, ãäå äëÿ ïðåäåëà òåêó÷åñòè ïðèíÿòà ëîãàðèôìè÷åñêàÿ øêàëà. Íåêîòîðîå óìåíü-
øåíèå ïîãðåøíîñòè íàáëþäàåòñÿ ëèøü ïðè çíà÷åíèÿõ Y < 0,1 ÌÏà, ïðè äàëüíåé-
øåì óâåëè÷åíèè íà÷àëüíîãî çíà÷åíèÿ ïðåäåëà òåêó÷åñòè ðåøåíèå (23), (27) îêàçû-
âàåòñÿ ïðåäïî÷òèòåëüíåå.

Ðèñ. 3. Çàâèñèìîñòü êðèòè÷åñêîãî äàâëåíèÿ Pc
îò íà÷àëüíîãî çíà÷åíèÿ ïðåäåëà òåêó÷åñòè Y

 0,01             0,10            1,00          Y, ÌÏà

40

Pc, ÌÏà

20

0

μ = 0,6

μ = 0

(23)
(26)

(24)

 0                 0,25            0,50              μ

0,33

0,66

Ðèñ. 2. Áåçðàçìåðíîå êðèòè÷åñêîå äàâëåíèå
â çàâèñèìîñòè îò êîýôôèöèåíòà âíóòðåííåãî òðåíèÿ

P0 /Y



187

Çàêëþ÷åíèå

Ïîëó÷åíà ôîðìóëà, ñ äîñòàòî÷íîé òî÷íîñòüþ îïðåäåëÿþùàÿ ìèíèìàëüíîå äàâ-
ëåíèå, íåîáõîäèìîå äëÿ îáðàçîâàíèÿ ïîëîñòè (êðèòè÷åñêîãî äàâëåíèÿ) ïðè ó÷åòå
âíóòðåííåãî òðåíèÿ â ðàìêàõ êðèòåðèÿ òåêó÷åñòè Ìîðà − Êóëîíà, îáîáùàþùàÿ èç-
âåñòíîå ðåøåíèå äëÿ óïðóãî-èäåàëüíî-ïëàñòè÷åñêîé ñðåäû ñ êðèòåðèåì Òðåñêà.
Îøèáêà àïïðîêñèìàöèè íå ïðåâûøàåò 6% ïðè èçìåíåíèè êîýôôèöèåíòà âíóòðåí-
íåãî òðåíèÿ âî âñåì äîïóñòèìîì äèàïàçîíå è ïðè èçìåíåíèè íà÷àëüíîãî çíà÷åíèÿ
ïðåäåëà òåêó÷åñòè íà òðè ïîðÿäêà. Ïðè óâåëè÷åíèè âíóòðåííåãî òðåíèÿ îòìå÷àåòñÿ
ðîñò êðèòè÷åñêîãî äàâëåíèÿ.
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MAPPROXIMATING STRESSES IN THE VICINITY OF A CAVITY
EXPANDING AT A CONSTANT VELOCITY IN A MEDIUM

WITH THE MOHR −−−−− COULOMB PLASTICITY CONDITION

Kotov V.L.

Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

A one-dimensional problem of a spherical cavity expanding at a constant velocity from a point in
an infinite elastoplastic medium is considered. The problem has a first-kind self-similar solution.
Elastoplastic deformation of the soil is described based on Hooke's law and the Mohr-Coulomb
yield criterion. An analytical solution of the problem in the elastic region contacting with the
plastic yield region has been obtained. To determine stress and velocity fields in the plastic region,
a known algorithm, based on the shooting method, of analyzing a boundary-value problem for a
system of two first-order ordinary differential equations, including the fourth-order Runge − Kutta
method, has been realized. An effective algorithm of numerically analyzing an expanding cavity
problem, earlier proposed in the works by Ì. Forrestal et al., makes it possible to solve the
problem accurately enough for practical applications.
A formula for determining the critical pressure − the minimal pressure required for the nucleation,
accounting for internal pressure of a cavity in the framework of the Mohr − Coulomb yield criterion,
has been derived, which is a generalization of the earlier published solution for an elastic ideally
plastic medium with Tresca's criterion. The obtained critical value was compared with a numerical
solution in a full formulation at the cavity expansion velocities close to zero in a wide range of
variation of the parameters of the Mohr − Coulomb yield criterion. It is shown that the inaccuracy
of the approximation of the proposed formula does not exceed 6% for the variation of the internal
friction coefficient all over the admissible range, and for the initial value of the yield strength
increasing by three orders of magnitude.
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