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Èññëåäóåòñÿ ðàñïðîñòðàíåíèå íåñòàöèîíàðíûõ îñåñèììåòðè÷íûõ ïî-
âåðõíîñòíûõ âîçìóùåíèé â ïîëóïðîñòðàíñòâå, çàïîëíåííîì óïðóãîé îäíîðîä-
íîé èçîòðîïíîé ñðåäîé Êîññåðà. Èñïîëüçóåòñÿ öèëèíäðè÷åñêàÿ ñèñòåìà êîîð-
äèíàò. Çàìêíóòàÿ ñèñòåìà óðàâíåíèé âêëþ÷àåò â ñåáÿ óðàâíåíèÿ îòíîñèòåëüíî
íåòðèâèàëüíûõ êîìïîíåíò ïîòåíöèàëîâ ïåðåìåùåíèÿ è óãëà ïîâîðîòà, à òàê-
æå ñîîòíîøåíèÿ, ñâÿçûâàþùèå ïåðåìåùåíèÿ ñ ïîòåíöèàëàìè, è êîìïîíåíò
òåíçîðîâ íàïðÿæåíèé è ìîìåíòíûõ íàïðÿæåíèé ñ ïåðåìåùåíèÿìè è óãëîì
ïîâîðîòà. Íà ãðàíè÷íîé ïëîñêîñòè çàäàíû íîðìàëüíûå ïåðåìåùåíèÿ, à óãîë
ïîâîðîòà è êàñàòåëüíûå ïåðåìåùåíèÿ îòñóòñòâóþò. Íà÷àëüíûå óñëîâèÿ íóëå-
âûå. Âñå êîìïîíåíòû íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïðåäïîëàãà-
þòñÿ îãðàíè÷åííûìè. Èñïîëüçóåòñÿ ñèñòåìà áåçðàçìåðíûõ âåëè÷èí.

Ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå ñâåðòêè ïî âðåìåíè è îáîáùåííîé ñâåðò-
êè ïî ðàäèóñó ïîâåðõíîñòíûõ âîçìóùåíèé ñ ôóíêöèÿìè âëèÿíèÿ. Äëÿ èõ ïî-
ñòðîåíèÿ ïðèìåíÿþòñÿ ïðåîáðàçîâàíèÿ Õàíêåëÿ ïî ðàäèóñó è Ëàïëàñà ïî âðå-
ìåíè, à òàêæå ðàçëîæåíèå â ñòåïåííûå ðÿäû ïî ìàëîìó ïàðàìåòðó â ëèíåéíîì
ïðèáëèæåíèè. Íàéäåíî èçîáðàæåíèå âñåõ ïîâåðõíîñòíûõ ôóíêöèé âëèÿíèÿ.
Äëÿ ïðèìåðà ðàññìàòðèâàåòñÿ ôóíêöèÿ, ñîîòâåòñòâóþùàÿ íîðìàëüíîìó íàïðÿ-
æåíèþ. Åå îðèãèíàë èùåòñÿ íà ãðàíèöå ïîëóïðîñòðàíñòâà ñ èñïîëüçîâàíèåì
ñâÿçè îñåñèììåòðè÷íîé è ïëîñêîé çàäà÷, à èìåííî, ñ ó÷åòîì ïðîïîðöèîíàëü-
íîñòè èçîáðàæåíèé Õàíêåëÿ è Ôóðüå. Ïðè ýòîì èñïîëüçóåòñÿ ïîñòðîåííîå
ðàíåå ðåøåíèå ïëîñêîé çàäà÷è. Â ðåçóëüòàòå èñêîìàÿ ôóíêöèÿ ïðåäñòàâëÿåòñÿ
â âèäå èíòåãðàëîâ, êîòîðûå ïîíèìàþòñÿ â ñìûñëå ðåãóëÿðèçîâàííûõ çíà÷å-
íèé. Íàéäåíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ýòèõ èíòåãðàëîâ è ñàìîé ôóíê-
öèè âëèÿíèÿ.

Ïðèâåäåíû ïðèìåðû ðàñ÷åòîâ ôóíêöèé âëèÿíèÿ çåðíèñòîãî êîìïîçèòà èç
àëþìèíèåâîé äðîáè â ýïîêñèäíîé ìàòðèöå. Ðàññìîòðåíû òàêæå äâà âàðèàíòà
äåéñòâèÿ íà ïîëóïðîñòðàíñòâî ïîâåðõíîñòíûõ íîðìàëüíûõ ïåðåìåùåíèé:
ñîñðåäîòî÷åííîå â íà÷àëå êîîðäèíàò è ðàñïðåäåëåííîå ïî êðóãó âîçìóùåíèÿ.
Àíàëèç ðåçóëüòàòîâ ïîêàçûâàåò, ÷òî âëèÿíèå ìîìåíòíûõ ñâîéñòâ ñðåäû ñóùå-
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ñòâåííî çàâèñèò îò âåëè÷èíû ïàðàìåòðà, õàðàêòåðèçóþùåãî ñâÿçü óïðóãèõ
ïåðåìåùåíèé è âðàùàòåëüíûõ äâèæåíèé. Äëÿ ðàññìàòðèâàåìîãî ìàòåðèàëà â
êîëè÷åñòâåííîì îòíîøåíèè îíî íåâåëèêî. Îäíàêî ó÷åò ìîìåíòíûõ íàïðÿæå-
íèé ïðèâîäèò ê êà÷åñòâåííûì èçìåíåíèÿì, à èìåííî, íàáëþäàåòñÿ äîïîëíè-
òåëüíûé âîëíîâîé ôðîíò.

Êëþ÷åâûå ñëîâà: ñðåäà Êîññåðà, ïîâåðõíîñòíûå ôóíêöèè âëèÿíèÿ, ìåòîä
ìàëîãî ïàðàìåòðà, èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ëàïëàñà è Õàíêåëÿ, ñâÿçü
ïëîñêîé è îñåñèììåòðè÷íîé çàäà÷.

Ââåäåíèå

Â ïîñëåäíåå âðåìÿ îòìå÷àåòñÿ âîçðàñòàþùèé èíòåðåñ ê ìîäåëÿì ñðåä, ïîçâîëÿ-
þùèì ó÷èòûâàòü ìèêðîñòðîåíèå âåùåñòâà. Îäíà èç òàêèõ ìîäåëåé − ñðåäà Êîññå-
ðà. Îáùàÿ ìîìåíòíàÿ òåîðèÿ óïðóãîñòè âïåðâûå áûëà ðàçðàáîòàíà E. Cosserat, F. Cos-
serat â 1909 ãîäó [1]. Êàæäàÿ ÷àñòèöà ñðåäû Êîññåðà ÿâëÿåòñÿ áåñêîíå÷íî ìàëûì
àáñîëþòíî òâåðäûì òåëîì. Äåôîðìàöèÿ òàêîé ñðåäû îïèñûâàåòñÿ íå òîëüêî âåêòî-
ðîì ïåðåìåùåíèÿ, íî è âåêòîðîì ïîâîðîòà, òî åñòü âåëè÷èíîé, ÿâëÿþùåéñÿ ôóíê-
öèåé âðåìåíè è ïîëîæåíèÿ. Ïðè òàêèõ ïðåäïîëîæåíèÿõ â òåëå âîçíèêàþò íå òîëüêî
íàïðÿæåíèÿ, íî è ìîìåíòíûå íàïðÿæåíèÿ, îáðàçóþùèå, âîîáùå ãîâîðÿ, íåñèììåò-
ðè÷íûå òåíçîðû.

Çàòåì íà ïðîòÿæåíèè íåñêîëüêèõ äåñÿòèëåòèé íå áûëî ïðàêòè÷åñêè íè îäíîé
ïóáëèêàöèè, ïîñâÿùåííîé êîíòèíóóìó Êîññåðà. Òîëüêî ÷åðåç ïîëâåêà ïîñëå âûõî-
äà çíàìåíèòîé ðàáîòû áðàòüåâ Êîññåðà ïîÿâèëèñü ÿðêèå òðóäû, êàñàþùèåñÿ âîç-
ìîæíîñòåé ïðèìåíåíèÿ ïîëîæåíèé ìèêðîïîëÿðíîãî êîíòèíóóìà â ðàçëè÷íûõ îá-
ëàñòÿõ ìåõàíèêè ñïëîøíûõ ñðåä [2−14].

Â ñòàòüå [15] èññëåäîâàíà çàäà÷à î íåñòàöèîíàðíîì îñåñèììåòðè÷íîì äâèæå-
íèè óïðóãîãî ìîìåíòíîãî ïîëóïðîñòðàíñòâà ïîä äåéñòâèåì íîðìàëüíûõ ïîâåðõíî-
ñòíûõ ïåðåìåùåíèé ïðè îòñóòñòâèè íà ãðàíèöå êàñàòåëüíûõ íàïðÿæåíèé è óãëà
ïîâîðîòà. Â íàñòîÿùåé ñòàòüå âìåñòî íàïðÿæåíèé ïîëàãàþòñÿ ðàâíûìè íóëþ êàñà-
òåëüíûå ïåðåìåùåíèÿ, ÷òî ïðèâîäèò ê áîëåå ñëîæíîìó ðåçóëüòàòó, äëÿ ðåàëèçàöèè
êîòîðîãî ïîòðåáîâàëîñü èñïîëüçîâàòü â êà÷åñòâå âñïîìîãàòåëüíîãî ðåøåíèå àíàëî-
ãè÷íîé ïëîñêîé çàäà÷è [16].

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ óïðóãîå îäíîðîäíîå èçîòðîïíîå ïîëóïðîñòðàíñòâî, çàïîëíåí-
íîå ñðåäîé Êîññåðà [17] ïðè îòñóòñòâèè ìàññîâûõ ñèë è ìîìåíòîâ. Â öèëèíäðè÷åñ-
êîé ñèñòåìå êîîðäèíàò Orϑz (r ≥ 0, −π < ϑ ≤ π, z ≥ 0) ñ íàïðàâëåííîé âãëóáü ïîëó-
ïðîñòðàíñòâà îñüþ Oz îñåñèììåòðè÷íîå äâèæåíèå îïèñûâàþò ñëåäóþùèå ñîîòíî-
øåíèÿ [15, 18]:

 − óðàâíåíèÿ îòíîñèòåëüíî ñêàëÿðíîãî ïîòåíöèàëà ϕ, íåíóëåâîé êîìïîíåíòû ψ
âåêòîðíîãî ïîòåíöèàëà ïåðåìåùåíèé è óãëà ïîâîðîòà ω (òî÷êàìè îáîçíà÷åíû ïðî-
èçâîäíûå ïî âðåìåíè τ)
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− ñâÿçè êàñàòåëüíîãî u è íîðìàëüíîãî w ïåðåìåùåíèé ñ ïîòåíöèàëàìè
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− ñâÿçè íåòðèâèàëüíûõ ôèçè÷åñêèõ êîìïîíåíò òåíçîðîâ íàïðÿæåíèé σξς è ìî-
ìåíòíûõ íàïðÿæåíèé μξς ({ξ, ς} = r, ϑ, z}) ñ ïåðåìåùåíèÿìè è óãëîì ïîâîðîòà
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Îòìåòèì, ÷òî ïðè α = 0 âòîðîå è òðåòüå óðàâíåíèÿ â (1) ñòàíîâÿòñÿ íåçàâèñè-
ìûìè, òî åñòü ïîëÿ ïåðåìåùåíèé è ïîâîðîòà íå ñâÿçàíû ìåæäó ñîáîé.

Â ñîîòíîøåíèÿõ (1)−(3) èñïîëüçîâàíû òàêèå áåçðàçìåðíûå âåëè÷èíû (ïðè îäè-
íàêîâîì íà÷åðòàíèè îíè îáîçíà÷åíû øòðèõàìè, êîòîðûå â íèõ è äàëåå îïóùåíû):
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Çäåñü t − âðåìÿ; L − íåêîòîðûé õàðàêòåðíûé ëèíåéíûé ðàçìåð; λ, μ − óïðóãèå ïî-
ñòîÿííûå Ëàìå; α, γ, ε − ôèçè÷åñêèå ïàðàìåòðû ìîìåíòíîé ñðåäû; ρ − åå ïëîò-
íîñòü; J − ìåðà èíåðöèè ñðåäû ïðè âðàùåíèè (ïëîòíîñòü ìîìåíòà èíåðöèè); c1, c2 è
c3 − ñêîðîñòè âîëí ðàñòÿæåíèÿ-ñæàòèÿ, ñäâèãà è êðó÷åíèÿ ñîîòâåòñòâåííî.

Ñ÷èòàåì, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè ñðåäà íàõîäèòñÿ â ïîêîå:

.0000000 =ω=ω=ψ=ψ=ϕ=ϕ
=τ=τ=τ=τ=τ=τ

&&& (5)

Âñå èñêîìûå ôóíêöèè ïðåäïîëàãàþòñÿ îãðàíè÷åííûìè, íà ãðàíè÷íîé ïëîñêîñòè
çàäàíû íîðìàëüíûå ïåðåìåùåíèÿ, à êàñàòåëüíûå ïåðåìåùåíèÿ è óãîë ïîâîðîòà ðàâ-
íû íóëþ:

.0),,(,0 0000 =ωτ==
=== zzz rwwu (6)

Èñêîìûå êîìïîíåíòû íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ êàê ðåøåíèÿ
íà÷àëüíî-êðàåâîé çàäà÷è (1)−(3), (5) è (6) çàïèñûâàåì â âèäå ñâåðòîê ïî âðåìåíè τ
è äåêàðòîâûì êîîðäèíàòàì x, y â ïëîñêîñòè z = 0 (ñâåðòêè îáîçíà÷åíû çâåçäî÷êàìè):

.),(),,( 0 νν ∗∗∗τ=τ GrwzrU (7)

Ïîä ôóíêöèÿìè Uν(r, z, τ) ïîíèìàþòñÿ êèíåìàòè÷åñêèå ïàðàìåòðû è êîìïîíåíòû
íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ u, w, ω, σzz, σrz, σzr, μrϑ, μϑr, μzϑ èëè μϑz, à
ïîä Gν(r, z, τ) − ñîîòâåòñòâóþùèå èì ïîâåðõíîñòíûå ôóíêöèè âëèÿíèÿ:
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,,,,, rzrzzzzzwu GGGwGuG σ=σ=ω=== ω

,,,,, zzzzrrrrzrzr GGGGG ϑϑϑϑϑϑϑϑ μ=μ=μ=μ=σ=

êîòîðûå åñòü îãðàíè÷åííûå ðåøåíèÿ óðàâíåíèé (1) ñ íà÷àëüíûìè óñëîâèÿìè (5) è
ñëåäóþùèìè ãðàíè÷íûìè óñëîâèÿìè:

,0),(),(,0 000 =ωτδδ==
=== zzz yxwu (8)

ãäå δ(ξ) − äåëüòà-ôóíêöèÿ Äèðàêà [19].
Äàëåå îãðàíè÷èìñÿ îïðåäåëåíèåì òîëüêî íàïðÿæåíèé σzz è ñîîòâåòñòâóþùåé

ôóíêöèè âëèÿíèÿ.

2. Èçîáðàæåíèÿ ðåøåíèÿ

Ê íà÷àëüíî-êðàåâîé çàäà÷å (1)−(5) ïðèìåíÿåì ïðåîáðàçîâàíèÿ Ëàïëàñà ïî âðå-
ìåíè τ è Õàíêåëÿ ïî ðàäèóñó r íóëåâîãî ïîðÿäêà äëÿ ϕ, w è ïåðâîãî ïîðÿäêà äëÿ ψ,
u, ω (çíà÷êè L è H óêàçûâàþò íà ñîîòâåòñòâóþùèå èçîáðàæåíèÿ; s è q − ïàðàìåòðû
ýòèõ ïðåîáðàçîâàíèé). Ñîîòâåòñòâóþùèå èçîáðàæåíèÿ ñîîòíîøåíèé (1)−(3) ïðèâå-
äåíû â [15, 18]. Òàì æå ïîêàçàíî, ÷òî äëÿ ïåðåìåùåíèé è íîðìàëüíîãî íàïðÿæåíèÿ
èìåþò ìåñòî ðàâåíñòâà:

,),,(),(),(),,(),(),,(
2

1
00 ∑

=

+−=
l

lll
HL szqEsqCsqkszqEsqqCszqu

,),,(),(),,(),(),(),,(
2

1
000 ∑

=

+−=
l

ll
HL szqEsqCqszqEsqCsqkszqw (9)

;),,(),(),(
2
1),,(

2

1
∑
=α

=ω
l

lll
HL szqEsqCsqTszq

−=σγ ),,(),(),(),,( 00
2
3

2
1 szqEsqCsqkszqHL

zz

,2),(),,,(),(),(2 22
1

2
2

1

2
3 sqsqkszqEsqCsqkq

l
lll γ+=− ∑

=
(10)

.),(),(,),(exp),,( 2222
1 ])[()( ssqkqsqTzsqkszqE lljj +−α+γ=−= −

Çäåñü Cj − ïîñòîÿííûå èíòåãðèðîâàíèÿ; ,),( 22
0 sqsqk +=  à k1,2(q, s) − êîðíè áè-

êâàäðàòíîãî óðàâíåíèÿ, ïðè÷åì Re kj(q, s) > 0.
Èçîáðàæåíèÿ ãðàíè÷íûõ óñëîâèé (8) çàïèñûâàþòñÿ òàê:
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Äàëåå àíàëîãè÷íî [15, 16, 18] èñïîëüçóåì ðàçëîæåíèÿ â ñòåïåííûå ðÿäû ïî ìà-
ëîìó ïàðàìåòðó α. Ñîîòâåòñòâóþùèå ðàâåíñòâà äëÿ k1,2(q, s) òàêîâû:

,1,),(),2,1(),(),(),( 0
222

010 =γγ+==α+= sqsqklsqksqksqk lllll

,),(),(,
),(

2),(,
),(2

),( 2
121

02

2
2

12
01

24
1

11 α=
βγ

=
γ

−= sqTsqT
sqk

sqk
sqk

ssqk

,4),(),,(),(),( 2
1

2
2

2
2

2
1

1221202 γ−γ
γβγ

−=α+= sqTsqTsqTsqT

).()( 22
1

2
2

2
121

22
2

2
1

2
120 4,),( sTssqT γ+βγγ−=γ−γγ= −−

Ïðåäñòàâëÿÿ àíàëîãè÷íî ïîñòîÿííûå â (11), ñ ïîìîùüþ (10) íàõîäèì èçîáðà-
æåíèå èñêîìîé ôóíêöèè âëèÿíèÿ:
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3. Îïðåäåëåíèå îðèãèíàëîâ

Íàèáîëåå ïðîñòî îðèãèíàëû íàõîäÿòñÿ äëÿ ïîâåðõíîñòè ïîëóïðîñòðàíñòâà.
Ñîîòâåòñòâóþùèå èçîáðàæåíèÿ, ñîãëàñíî (12), èìåþò âèä:
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Îòìåòèì, ÷òî çíàíèå îðèãèíàëîâ ôóíêöèé ),(),( 331330 è sqGsqG HLHL
 â ñîîòâåòñòâèè

ñ (7), (12) è (13) ïðè ó÷åòå ñâîéñòâ ïðåîáðàçîâàíèÿ Ëàïëàñà è ñâåðòêè ïîçâîëÿåò
çàïèñàòü íîðìàëüíîå íàïðÿæåíèå òàê:

).,(),(),(),,(),(),0,( 33133033330 τα+τ=ττ∗∗∗τ=τσ rGrGrGrGrwrzz && (14)



45

Äàëåå èñïîëüçóåì òîò ôàêò, ÷òî, êàê ñëåäóåò èç [16], FL
m33Γ  ÿâëÿþòñÿ èçîáðàæåíè-

ÿìè Ôóðüå ïî äåêàðòîâîé êîîðäèíàòå x (èì ñîîòâåòñòâóåò âåðõíèé èíäåêñ F) è Ëàï-
ëàñà ñîñòàâëÿþùèõ ðåøåíèé ïëîñêîé çàäà÷è äëÿ óïðóãîé ìîìåíòíîé ïîëóïëîñêîñ-
òè. Èõ îðèãèíàëû èìåþò ñëåäóþùèé âèä (H(τ) − åäèíè÷íàÿ ôóíêöèÿ Õåâèñàéäà):
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m  ñ

ïîìîùüþ óòâåðæäåíèé î ñâÿçè ïðåîáðàçîâàíèé Ôóðüå è Õàíêåëÿ [19, 20]. Ïðè ýòîì
ó÷èòûâàåì, ÷òî ôóíêöèè ),(33 τΓ xm  − ÷åòíûå ôóíêöèè ïî x è äëÿ íèõ èñïîëüçîâà-
ëîñü ïðåîáðàçîâàíèå Õàíêåëÿ íóëåâîãî ïîðÿäêà. Â ðåçóëüòàòå ïîëó÷àåì
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Èíòåãðàëû Imj(r,τ) ñ ïîìîùüþ çàìåíû ïåðåìåííîé èíòåãðèðîâàíèÿ ïðèâîäÿò-
ñÿ ê ñëåäóþùåìó âèäó (îíè ïîíèìàþòñÿ â ñìûñëå ðåãóëÿðèçîâàííûõ çíà÷åíèé):
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Âû÷èñëÿÿ èõ ñ ïîìîùüþ ðàçëîæåíèÿ ðàöèîíàëüíûõ ÷àñòåé ïîäûíòåãðàëüíîé
ôóíêöèè íà ýëåìåíòàðíûå äðîáè è òàáëè÷íûõ èíòåãðàëîâ [21, 22], îêîí÷àòåëüíî
ïîëó÷àåì
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4. Ïðèìåðû ðàñ÷åòîâ ôóíêöèè âëèÿíèÿ

Ïîëàãàåì, ÷òî ìàòåðèàëîì, çàïîëíÿþùèì ïîëóïðîñòðàíñòâî, ÿâëÿåòñÿ çåðíèñ-
òûé êîìïîçèò, ñîñòîÿùèé èç àëþìèíèåâîé äðîáè â ýïîêñèäíîé ìàòðèöå, ñî ñëåäó-
þùèìè ôèçè÷åñêèìè õàðàêòåðèñòèêàìè [8]:

.êã/ì10429,0,êÍ64,2,М45,7,89,1,59,7 3ÏàГÏàГÏà −⋅==ε+γ=α=μ=λ J
Â êà÷åñòâå õàðàêòåðíîãî ëèíåéíîãî ðàçìåðà ïðèíèìàåì L = 1 ì. Ïðè ýòîì áåçðàç-
ìåðíûå ïàðàìåòðû â (4) òàêîâû:
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Íà ðèñ. 1 è 2 ïðåäñòàâëåíû ïîñòðîåííûå ñ ïîìîùüþ (15) çàâèñèìîñòè ôóíêöèé
âëèÿíèÿ G330(r,τ) è G331(r,τ) îò âðåìåíè τ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ðàäèóñîâ: ñïëîø-
íàÿ êðèâàÿ ñîîòâåòñòâóåò r = 0,1, øòðèõîâàÿ − r = 0,15, à øòðèõïóíêòèðíàÿ r = 0,2.

Íà ðèñ. 3 è 4 èçîáðàæåíû çàâèñèìîñòè òåõ æå ôóíêöèé îò ðàäèóñà r ïðè ðàçëè÷-
íûõ çíà÷åíèÿõ âðåìåíè: ñïëîøíàÿ êðèâàÿ ñîîòâåòñòâóåò τ = 0,2, øòðèõîâàÿ − τ = 0,4,
à øòðèõïóíêòèðíàÿ − τ = 0,6.

Ãðàôèêè ïîêàçûâàþò, ÷òî äëÿ ðàññìàòðèâàåìîãî ìàòåðèàëà âëèÿíèå ìîìåíò-
íûõ ñâîéñòâ ñðåäû â êîëè÷åñòâåííîì îòíîøåíèè íåçíà÷èòåëüíî. Îäíàêî ó÷åò ìî-
ìåíòíûõ íàïðÿæåíèé ïðèâîäèò ê êà÷åñòâåííûì èçìåíåíèÿì. À èìåííî, íàáëþäà-
åòñÿ ðàñïðîñòðàíÿþùèéñÿ ñî ñêîðîñòüþ 
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5. Ïðèìåðû äåéñòâèÿ íîðìàëüíûõ ïåðåìåùåíèé

Â êà÷åñòâå ïåðâîãî ïðèìåðà ðàññìîòðèì äåéñòâèå íà ãðàíèöå ïîëóïðîñòðàí-
ñòâà ñîñðåäîòî÷åííîãî â íà÷àëå êîîðäèíàò âîçìóùåíèÿ âèäà .2/),(),( 2

0 yxrw δτ=τ +
Ó÷èòûâàÿ, ÷òî ïðè ýòîì ),,()(H),(0 yxrw δτ=τ&&  èç ôîðìóëû (14) ïîëó÷àåì
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Ïðè ïðîâåäåíèè ðàñ÷åòîâ ïîëàãàëîñü, ÷òî ìàòåðèàë ïîëóïðîñòðàíñòâà èìååò
óêàçàííûå â ï. 4 õàðàêòåðèñòèêè. Íà ðèñ. 5 è 6 ïðåäñòàâëåíû ïîñòðîåííûå ñ ïîìî-
ùüþ ôîðìóë (17) è (18) çàâèñèìîñòè íîðìàëüíûõ íàïðÿæåíèé σzz0(r,τ) è  σzz1(r,τ)
îò âðåìåíè τ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ðàäèóñîâ: ñïëîøíàÿ êðèâàÿ ñîîòâåòñòâóåò
r = 0,1, øòðèõîâàÿ − r = 0,15, à øòðèõïóíêòèðíàÿ − r = 0,2.

Âòîðîé âàðèàíò âîçìóùåíèÿ − ðàñïðåäåëåííîå ïî ðàäèóñó r ïåðåìåùåíèå âèäà
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Ó÷èòûâàÿ, ÷òî â ýòîì ñëó÷àå

),()(H)(),()(),( 00 rfrarfrfrw −=τδ=τ&&

ïðèõîäèì ê ðàâåíñòâó (16); âõîäÿùèå â íåãî ôóíêöèè ñ èñïîëüçîâàíèåì ôîðìóëû
äëÿ âû÷èñëåíèÿ ñâåðòêè çàâèñÿùèõ îò ðàäèóñà ôóíêöèé îïðåäåëÿþòñÿ òàê [19]:
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Âû÷èñëÿÿ èíòåãðàë I(r, ρ; z ) [21, 22], ïîëó÷àåì:

,),(),(),(
2
3),(arccos),(),( 02 ρρρ−ρρ=ρ +− rBrBrBrbrBrJ

.)(),(),,(),( ][ 22
1 arrBrBrJ m−ρ±=ρρπ=ρ ±

.),(,2),( 222
0

222222 )( arrBrarrB −ρ+=ρρ+−ρ+=ρ

Îêîí÷àòåëüíî ïðèõîäèì ê ôîðìóëå äëÿ íàïðÿæåíèé:
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Âõîäÿùèå ñþäà èíòåãðàëû íàõîäÿòñÿ ÷èñëåííî â ñðåäå Maple. Ðåçóëüòàòû ðàñ÷å-
òîâ çàâèñèìîñòè ôóíêöèè íîðìàëüíûõ íàïðÿæåíèé σzz0(r,τ) è σzz1(r,τ) îò ðàäèóñà r
ïðè a = 0,5 äëÿ ðàçëè÷íûõ çíà÷åíèé âðåìåíè τ (ñïëîøíàÿ êðèâàÿ ñîîòâåòñòâóåò τ =
= 0,2, øòðèõîâàÿ − τ = 0,4, à øòðèõïóíêòèðíàÿ − τ = 0,6) ïðåäñòàâëåíû íà ðèñ. 7 è 8.

Çàêëþ÷åíèå

Ïîñòðîåíî àíàëèòè÷åñêîå ðåøåíèå íåñòàöèîíàðíîé çàäà÷è î ðàñïðîñòðàíåíèè
îñåñèììåòðè÷íûõ ïîâåðõíîñòíûõ âîçìóùåíèé ñìåøàííîãî òèïà â ïîëóïðîñòðàí-
ñòâå, çàïîëíåííîì ñðåäîé Êîññåðà. Ïîêàçàíî, ÷òî âëèÿíèå ìîìåíòíûõ ñâîéñòâ ñðå-
äû ñóùåñòâåííî çàâèñèò îò âåëè÷èíû ïàðàìåòðà, õàðàêòåðèçóþùåãî ñâÿçü óïðóãèõ
ïåðåìåùåíèé è âðàùàòåëüíûõ äâèæåíèé. Ïðè ýòîì ó÷åò ìîìåíòíûõ íàïðÿæåíèé
ïðèâîäèò ê êà÷åñòâåííûì èçìåíåíèÿì. À èìåííî, íàáëþäàåòñÿ ðàñïðîñòðàíÿþùèéñÿ
ñî ñêîðîñòüþ 

1
1
−ν  äîïîëíèòåëüíûé âîëíîâîé ôðîíò.
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ELASTIC MOMENT HALF-SPACE UNDER THE ACTION OF AXISYMMETRIC
NON-STATIONARY SURFACE KINEMATIC PERTURBATIONS

Tran Le Thai1, Tarlakovskii D.V.1,2

1Moscow Aviation Institute (National Research University), Moscow, Russian Federation
2Institute of Mechanics Lomonosov Moscow State University, Moscow, Russian Federation

The article deals with elastic homogeneous isotropic half-space filled with the Cosserat medium. A
cylindrical coordinate system is used. A closed system of equations includes equations for the non-
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trivial components of the displacement and rotation potentials, as well as relations relating the
displacements to the potentials and components of the stress and moment stress tensors with
displacements and the angle of rotation. On the boundary plane, normal displacements are specified,
and the angle of rotation and tangential displacements are absent. Initial conditions are zero. All
components of the stress-strain state are assumed to be limited. A system of dimensionless quantities
is used.
The solution is represented as a convolution with respect to time and a generalized convolution
with respect to the radius of surface perturbations with influence functions. To construct them,
Hankel transforms are applied along the radius and Laplace in time, as well as expansion in power
series in a small parameter in the linear approximation. Found image of all surface influence
functions. For example, the following function is considered corresponding to the normal voltage.
Its original is on the border of a half-space using the connection of axisymmetric and plane problems,
namely, taking into account the proportionality of the Hankel and Fourier images respectively. It
uses the previously constructed solution of the planar problem. As a result, the desired function is
represented as integrals, which are understood in the sense of regularized values. Analytic expressions
for these integrals and the influence function itself are found.
Examples of calculations of the influence functions of a granular composite of aluminum shot in
an epoxy matrix are given. Two variants of action on the half-space of surface normal displacements
are also considered: the disturbance concentrated at the origin and distributed in a circle. Analysis
of the results shows that the effect of the moment properties of the medium depends significantly
on the value of the parameter characterizing the relationship of elastic displacements and rotational
motions. For the material in question in quantitative terms it is not great. However, consideration
of moment stress leads to qualitative changes. Namely, there is an additional wave front.

Keywords: Cosserat medium, superficial influence function, the small parameter method, Laplace
and Hankel transforms, connection of plane and axisymmetric problems.


