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Â ðàìêàõ òðåõìåðíîé íåëèíåéíîé òåîðèè óïðóãîñòè ðàññìîòðåíà çàäà÷à
î ðàâíîâåñèè è óñòîé÷èâîñòè ïîëîãî öèëèíäðà, ïîäâåðæåííîãî îäíîâðåìåí-
íîìó îäíîîñíîìó ðàñòÿæåíèþ/ñæàòèþ è ðàçäóâàíèþ/îáæàòèþ. Äëÿ îïèñàíèÿ
ìåõàíè÷åñêèõ ñâîéñòâ ìàòåðèàëà öèëèíäðà èñïîëüçîâàíà ïÿòèêîíñòàíòíàÿ
ìîäåëü Ìóðíàãàíà. Ïîñðåäñòâîì ïîëóîáðàòíîãî ìåòîäà òðåõìåðíàÿ çàäà÷à
ñâåäåíà ê èññëåäîâàíèþ íåëèíåéíîé êðàåâîé çàäà÷è äëÿ îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà. Äëÿ áîëüøèíñòâà èçâåñòíûõ â
ëèòåðàòóðå íàáîðîâ çíà÷åíèé ìàòåðèàëüíûõ ïàðàìåòðîâ óêàçàííîé ìîäåëè ÷èñ-
ëåííî óñòàíîâëåíî íàëè÷èå ïàäàþùåãî ó÷àñòêà íà äèàãðàììå ðàñòÿæåíèÿ/ðàç-
äóâàíèÿ, îçíà÷àþùåãî âîçìîæíîå ñóùåñòâîâàíèå çîí íåóñòîé÷èâîñòè äàæå â
îáëàñòè ðàñòÿãèâàþùèõ íàïðÿæåíèé. Àíàëèç óñòîé÷èâîñòè ïðîâîäèëñÿ ñ ïðè-
ìåíåíèåì áèôóðêàöèîííîãî ïîäõîäà, îñíîâàííîãî íà ëèíåàðèçàöèè óðàâíå-
íèé ðàâíîâåñèÿ â îêðåñòíîñòè ïîñòðîåííîãî ðåøåíèÿ ñ èñïîëüçîâàíèåì ìå-
òîäà íàëîæåíèÿ ìàëîé äåôîðìàöèè íà êîíå÷íóþ äåôîðìàöèþ. Çíà÷åíèå òîé
èëè èíîé äåôîðìàöèîííîé õàðàêòåðèñòèêè, ïðè êîòîðîì ñóùåñòâîâàëè íåòðè-
âèàëüíûå ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è äëÿ ïîëó÷àåìûõ â ïðîöåññå
ëèíåàðèçàöèè óðàâíåíèé íåéòðàëüíîãî ðàâíîâåñèÿ, îòîæäåñòâëÿëîñü ñ êðè-
òè÷åñêèì çíà÷åíèåì ïàðàìåòðà íàãðóæåíèÿ, òî åñòü çíà÷åíèåì, ïðè êîòîðîì
ñèñòåìà òåðÿåò óñòîé÷èâîñòü. Â êà÷åñòâå òàêèõ ïàðàìåòðîâ âûáèðàëèñü, êàê
ïðàâèëî, êîýôôèöèåíò ðàñòÿæåíèÿ/óêîðî÷åíèÿ öèëèíäðà è êîýôôèöèåíò óâå-
ëè÷åíèÿ/óìåíüøåíèÿ åãî âíóòðåííåãî èëè âíåøíåãî ðàäèóñà. Íà ïëîñêîñòè
óïîìÿíóòûõ âûøå õàðàêòåðèñòèê äåôîðìàöèè ïîñòðîåíû îáëàñòè óñòîé÷è-
âîñòè ïðè ðàñòÿæåíèè è ñæàòèè, à òàêæå ïðè ñæàòèè âíåøíèì è ðàçäóâàíèè
âíóòðåííèì äàâëåíèåì. Ïîñòðîåíû ôîðìû âîçìîæíîé ïîòåðè óñòîé÷èâîñòè
â çàâèñèìîñòè îò âèäà íàïðÿæåííîãî ñîñòîÿíèÿ, à òàêæå èçó÷åíî âëèÿíèå íà
óñòîé÷èâîñòü ìàòåðèàëüíûõ è ãåîìåòðè÷åñêèõ ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: ìàòåðèàë Ìóðíàãàíà, óñòîé÷èâîñòü, áèôóðêàöèÿ, íåëè-
íåéíàÿ óïðóãîñòü, ïîëóîáðàòíûé ìåòîä.

Ââåäåíèå

Íåñìîòðÿ íà äîâîëüíî äîëãóþ èñòîðèþ ñóùåñòâîâàíèÿ, çàäà÷è óñòîé÷èâîñòè
óïðóãèõ òåë ïî-ïðåæíåìó ïðîäîëæàþò ïðèâëåêàòü âíèìàíèå èññëåäîâàòåëåé. Ýòî
ñâÿçàíî êàê ñ ïîÿâèâøåéñÿ â ïîñëåäíèå ãîäû âîçìîæíîñòüþ èñïîëüçîâàòü àïïàðàò
íåëèíåéíîé òåîðèè óïðóãîñòè äëÿ àíàëèçà ïîâåäåíèÿ òðåõìåðíûõ òåë, òàê è ñ ðå-
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øåíèåì àêòóàëüíûõ çàäà÷ èññëåäîâàíèÿ ìàòåðèàëüíîé íåóñòîé÷èâîñòè è èñïîëüçî-
âàíèÿ åãî ðåçóëüòàòîâ äëÿ àíàëèçà ïðèìåíèìîñòè òåõ èëè èíûõ ìàòåìàòè÷åñêèõ
ìîäåëåé óïðóãîãî ïîâåäåíèÿ êîíñòðóêöèîííûõ èëè áèîëîãè÷åñêèõ ìàòåðèàëîâ.

Ðàññìîòðåíà ïîòåðÿ óñòîé÷èâîñòè êðóãîâûì ïîëûì öèëèíäðîì ïðè åãî îäíîâðå-
ìåííîì ðàñòÿæåíèè è ðàçäóâàíèè âíóòðåííèì äàâëåíèåì. Èçó÷åíèþ íàïðÿæåííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ òàêîãî òåëà ïîñâÿùåíû, â ÷àñòíîñòè, ïóáëèêàöèè [1, 2],
ãäå äàííàÿ çàäà÷à ðàññìîòðåíà â ðàìêàõ òåîðèè óïðóãîñòè äëÿ íåñæèìàåìûõ ñðåä.
Â íàñòîÿùåé ñòàòüå àíàëèç ïðîâåäåí áåç ïðèâëå÷åíèÿ äîïîëíèòåëüíûõ ãèïîòåç; äëÿ
îïèñàíèÿ ñâîéñòâ ñæèìàåìîé íåëèíåéíî-óïðóãîé ñðåäû èñïîëüçîâàíà ïÿòèêîíñòàí-
òíàÿ ìîäåëü Ìóðíàãàíà [3].

Òàêàÿ ìîäåëü àêòèâíî èñïîëüçóåòñÿ ïðè èññëåäîâàíèè ýôôåêòîâ âòîðîãî ïîðÿä-
êà ïðè äåôîðìèðîâàíèè óïðóãèõ òåë â ðàìêàõ òåîðèè êîíå÷íûõ äåôîðìàöèé [4],
äëÿ îïèñàíèÿ ïîâåäåíèÿ ìåòàëëîâ, ñïëàâîâ, à òàêæå êðèñòàëëè÷åñêèõ òâåðäûõ òåë â
îáëàñòè ñâåðõâûñîêèõ äàâëåíèé è çàðîæäåíèÿ ïëàñòè÷åñêîé äåôîðìàöèè [5], ïðè
ìîäåëèðîâàíèè ìåõàíè÷åñêèõ ýêñïåðèìåíòîâ ïî îïðåäåëåíèþ ñâîéñòâ êîíñòðóê-
öèîííûõ ìàòåðèàëîâ, ðàáîòàþùèõ â îáëàñòè êîíå÷íûõ äåôîðìàöèé [6], äëÿ ó÷åòà íà-
÷àëüíûõ íàïðÿæåíèé â óïðóãèõ âîëíîâîäàõ [7], äëÿ îïèñàíèÿ íåëèíåéíî-óïðóãèõ
ñâîéñòâ ñðåäû ñ ìàêðî- è ìèêðîâêëþ÷åíèÿìè [8], ïðè àíàëèçå ãåîôèçè÷åñêèõ ÿâëå-
íèé [9, 10]. Ðÿä âîïðîñîâ èñïîëüçîâàíèÿ ìîäåëè Ìóðíàãàíà â ñîâðåìåííûõ êîíå÷-
íî-ýëåìåíòíûõ ïàêåòàõ îáñóæäàåòñÿ â [11]. Áîëüøàÿ òàáëèöà çíà÷åíèé ïàðàìåòðîâ
ìîäåëè, ïîëó÷åííûõ íà îñíîâå àêóñòè÷åñêèõ èñïûòàíèé, ïðèâåäåíà â [12]. Ñëåäóåò
îòìåòèòü, îäíàêî, ÷òî ñòåïåíü òî÷íîñòè îïðåäåëåíèÿ óêàçàííûõ ïàðàìåòðîâ íå èç-
âåñòíà; èíòåðâàëû äåôîðìàöèé, â ðàìêàõ êîòîðûõ ýòè ïàðàìåòðû àäåêâàòíî îïèñû-
âàþò ïîâåäåíèå ìàòåðèàëà, íå îïðåäåëåíû äîñòàòî÷íî íàäåæíî [13].

1. Îáùèå ñîîòíîøåíèÿ

Îïèøåì äåôîðìàöèþ îñåâîãî ðàñòÿæåíèÿ è ðàçäóâàíèÿ ïîëîãî êðóãîâîãî öè-
ëèíäðà âûñîòîé h ñ âíóòðåííèì è âíåøíèì ðàäèóñàìè r0 è r1 ïîëóîáðàòíûì ïðåä-
ñòàâëåíèåì âèäà:

,,),( zZrPR η=φ=Φ= (1)

ãäå r, φ, z è R, Φ, Z − öèëèíäðè÷åñêèå êîîðäèíàòû ñîîòâåòñòâåííî â îòñ÷åòíîé è
òåêóùåé êîíôèãóðàöèÿõ, η − êîýôôèöèåíò óäëèíåíèÿ öèëèíäðà, P(r) − ôóíêöèÿ,
îïèñûâàþùàÿ èçìåíåíèå ðàäèàëüíîé êîîðäèíàòû òî÷êè öèëèíäðà. Áóäåì ïðåäïî-
ëàãàòü, ÷òî öèëèíäð äåôîðìèðóåòñÿ â æåñòêîì íàãðóæàþùåì óñòðîéñòâå [14, 15],
÷òî ñîîòâåòñòâóåò îòñóòñòâèþ êàñàòåëüíûõ íàïðÿæåíèé íà òîðöàõ öèëèíäðà. Ñëó-
÷àé η < 1 ñîîòâåòñòâóåò ñæàòèþ, η > 1 − ðàñòÿæåíèþ öèëèíäðà.

Ìàòåðèàë öèëèíäðà áóäåì ñ÷èòàòü ãèïåðóïðóãèì; åãî ñâîéñòâà îïèñûâàþòñÿ
ôóíêöèåé óäåëüíîé ïîòåíöèàëüíîé ýíåðãèè äåôîðìàöèè W, êîòîðàÿ â èçîòðîïíîì
ñëó÷àå çàâèñèò òîëüêî îò òðåõ àðãóìåíòîâ − ãëàâíûõ èíâàðèàíòîâ ìåðû äåôîðìà-
öèè Êîøè G. Äëÿ èñïîëüçóåìîé ìîäåëè ìàòåðèàëà Ìóðíàãàíà ýòà ôóíêöèÿ çàïèñû-
âàåòñÿ â âèäå:
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ãäå Ik = Ik(G), k = 1, 2, 3, − ãëàâíûå èíâàðèàíòû ìåðû äåôîðìàöèè; G = C⋅CT, C −
ãðàäèåíò äåôîðìàöèè, âûðàæåíèå äëÿ êîòîðîãî ñ ó÷åòîì (1) èìååò âèä

.ZzRr r
PP eeeeeeC η++′= Φφ (2)

Â (2) er, eφ, ez è eR, eΦ, eZ − áàçèñíûå âåêòîðû öèëèíäðè÷åñêèõ êîîðäèíàò ñîîòâåò-
ñòâåííî â îòñ÷åòíîé è àêòóàëüíîé êîíôèãóðàöèÿõ; øòðèõîì îáîçíà÷åíî äèôôåðåí-
öèðîâàíèå ïî ïåðåìåííîé r.

Ìàòåðèàëüíûå ïàðàìåòðû λ, μ ïðè ìàëûõ äåôîðìàöèÿõ èìåþò ñìûñë ïîñòîÿí-
íûõ Ëàìå ëèíåéíî-óïðóãîãî òåëà; l, m, n − ïîñòîÿííûå Ìóðíàãàíà. Â ðÿäå ðàáîò
âìåñòî íèõ èñïîëüçóþòñÿ äðóãèå òðè ïàðàìåòðà − ν1, ν2, ν3, íàçûâàåìûå ïîñòîÿí-
íûìè Ëàìå 3-ãî ïîðÿäêà:

.4,2,
2
1

33221 ν=ν+ν=ν+ν= nml

Ýêñïåðèìåíòàëüíûå äàííûå î çíà÷åíèÿõ ýòèõ ïàðàìåòðîâ ïîëó÷àþò, êàê ïðàâèëî, íà
îñíîâå èññëåäîâàíèé, ñâÿçàííûõ ñ çàäà÷àìè íåëèíåéíîé àêóñòèêè, èëè ïî ðåçóëüòà-
òàì ñòàòè÷åñêèõ èñïûòàíèé ïðè âûñîêèõ äàâëåíèÿõ [12].

Äëÿ îïèñàíèÿ íàïðÿæåííîãî ñîñòîÿíèÿ öèëèíäðà áóäåì èñïîëüçîâàòü òåíçîð íà-
ïðÿæåíèé Ïèîëû D, îïðåäåëÿþùåå ñîîòíîøåíèå äëÿ êîòîðîãî èìååò âèä ,/ CD ∂∂= W
à óðàâíåíèÿ ðàâíîâåñèÿ çàïèñûâàþòñÿ â îáëàñòè, çàíèìàåìîé òåëîì â îòñ÷åòíîé
êîíôèãóðàöèè:

.0div =D (3)

Ñ ó÷åòîì (1), (2) óðàâíåíèÿ (3) ñâîäÿòñÿ ê îäíîìó íåëèíåéíîìó äèôôåðåíöèàëüíî-
ìó óðàâíåíèþ âòîðîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèè P(r). Ýòî óðàâíåíèå äîñòà-
òî÷íî ãðîìîçäêî è çäåñü íå ïðèâîäèòñÿ. Ãðàíè÷íûìè óñëîâèÿìè äëÿ óðàâíåíèÿ (3)
ñëóæàò ëèáî óñëîâèÿ îòñóòñòâèÿ íàãðóçêè íà áîêîâîé ïîâåðõíîñòè öèëèíäðà

,0=⋅Der (4)

ëèáî óñëîâèå ðàâåíñòâà ýòîé íàãðóçêè ðàçäóâàþùåìó äàâëåíèþ p:

.)(det 1
rr p eCCDe ⋅−=⋅ − (5)

×òî êàñàåòñÿ ãðàíè÷íûõ óñëîâèé íà òîðöàõ, òî ÷àñòü èç íèõ, îáåñïå÷èâàþùèõ óñëî-
âèå ñêîëüçÿùåé çàäåëêè

,0,0 == ΦzzR DD (6)

âûïîëíÿåòñÿ òî÷íî, à óñëîâèå íà ïðîäîëüíûå íàïðÿæåíèÿ − â èíòåãðàëüíîì ñìûñ-
ëå, ÷òî ãàðàíòèðóåò íåîáõîäèìóþ âåëè÷èíó ðàñòÿãèâàþùåé ñèëû è ñëóæèò äëÿ îï-
ðåäåëåíèÿ ñâÿçè ìåæäó ýòîé ñèëîé è êîýôôèöèåíòîì óäëèíåíèÿ η.

Àíàëèç óñòîé÷èâîñòè ïîñòðîåííûõ ðåøåíèé îñóùåñòâëÿåòñÿ â ðàìêàõ áèôóðêà-
öèîííîãî ïîäõîäà íà îñíîâå àíàëèçà óðàâíåíèé íåéòðàëüíîãî ðàâíîâåñèÿ [16−18],
êîòîðûå âûâîäÿòñÿ ñëåäóþùèì îáðàçîì: ê ñîîòíîøåíèþ (1) äîáàâëÿåòñÿ ìàëîå âîç-
ìóùåíèå, ïîñëå ÷åãî îíî ïðèìåò âèä

).,,(),,,(),,,()( zrwzZzrvzrurPR φε+η=φε+φ=Φφε+= (7)
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Çäåñü ε − ôîðìàëüíûé ìàëûé ïàðàìåòð. Âû÷èñëÿÿ ãðàäèåíò äåôîðìàöèè äëÿ (7) è
ëèíåàðèçóÿ åãî ïî ôîðìóëå

,0=εε∂
∂

= CC&

ïîñëåäîâàòåëüíî íàõîäèì âûðàæåíèÿ äëÿ ëèíåàðèçîâàííîé ìåðû äåôîðìàöèè Êîøè
G
.
, åå èíâàðèàíòîâ, à çàòåì è ëèíåàðèçîâàííîãî òåíçîðà íàïðÿæåíèé Ïèîëû .D&  Èòî-

ãîì ýòîãî ïðîöåññà ÿâëÿåòñÿ ëèíåéíàÿ îäíîðîäíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû äèô-
ôåðåíöèàëüíûõ óðàâíåíèé

0div =D& (8)
c ñîîòâåòñòâóþùèìè îäíîðîäíûìè êðàåâûìè óñëîâèÿìè äëÿ ôóíêöèé u(r,φ,z),
v(r,φ,z), w(r,φ,z). Àíàëèç ïîëó÷åííîé ñèñòåìû ïðîâîäèòñÿ ìåòîäîì ðàçäåëåíèÿ ïå-
ðåìåííûõ:

,coscos)(),,( 1
1 φ

π
=φ n

h
mzrUzru

,sincos)(),,( 1
1 φ

π
=φ n

h
mzrVzrv (9)

.cossin)(),,( 1
1 φ

π
=φ n

h
mzrWzrw

Â (9) m1 è n1 − íàòóðàëüíûå ÷èñëà, íàçûâàåìûå íîìåðàìè ìîä ïîòåðè óñòîé÷èâîñ-
òè. Ïðè òàêîì ðàçäåëåíèè àâòîìàòè÷åñêè âûïîëíÿþòñÿ ãðàíè÷íûå óñëîâèÿ (6) è
îòñóòñòâóþò äîïîëíèòåëüíûå âåðòèêàëüíûå ïåðåìåùåíèÿ íà òîðöàõ öèëèíäðà. Ïðåä-
ìåòîì àíàëèçà ñòàíîâèòñÿ ëèíåéíàÿ îäíîðîäíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ôóíêöèé U(r), V(r), W(r): ñóùåñòâîâàíèå åå íå-
òðèâèàëüíûõ ðåøåíèé ïðè äîñòèæåíèè ïàðàìåòðàìè íàãðóæåíèÿ íåêîòîðûõ êðè-
òè÷åñêèõ çíà÷åíèé îòîæäåñòâëÿåòñÿ ñ ïîòåðåé óñòîé÷èâîñòè.

2. Îäíîîñíîå ðàñòÿæåíèå öèëèíäðà

Ðàññìîòðèì ÷àñòíûé ñëó÷àé äåôîðìàöèè, îïèñàííîé â ï. 1, à èìåííî îñåâîå
ðàñòÿæåíèå áåç âíóòðåííåãî äàâëåíèÿ, òî åñòü ãðàíè÷íîå óñëîâèå (4) ïðèìåíèìî è
ê âíóòðåííåé, è ê âíåøíåé áîêîâûì ïîâåðõíîñòÿì öèëèíäðà. Ïðè òàêîé ïîñòàíîâêå
çàäà÷è ôóíêöèÿ P(r) ìîæåò áûòü íàéäåíà â ÿâíîì âèäå:
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,24324)(8284 22242222
1 lmlmnlnnnnmmB −μ−−μ−λ−++η−η+η−=

,16244416)(3216 4444222
2 )( η−η−η−η+μ++μλ+μ+λ= nllmnmmmmB

.16)(32488 2224
3 )( μη−μ+λη−η+η+μ+λ= mmlmmnB

Ôîðìû ïîòåðè óñòîé÷èâîñòè â äàííîé çàäà÷å áóäåì ïîëàãàòü îñåñèììåòðè÷íûìè,
òîãäà âûðàæåíèÿ (7) ïðèìóò ñëåäóþùèé âèä:
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),,(,),,()( zrwzZzrurPR ε+η=φ=Φε+= (11)

à âûðàæåíèÿ (9) çàïèøóòñÿ â ôîðìå:

.sin)(),(,cos)(),(
h
mzrWzrw

h
mzrUzru π

=
π

= (12)

Êàê ïîêàçàëè ÷èñëåííûå ðàñ÷åòû, íàèìåíüøåå çíà÷åíèå ïàðàìåòðà η, ïðè êî-
òîðîì ïðîèñõîäèò ïîòåðÿ óñòîé÷èâîñòè êîíñòðóêöèè, ïðè îäíîîñíîì ðàñòÿæåíèè
âñåãäà ñîîòâåòñòâóåò ïåðâîé ìîäå, òî åñòü ñëó÷àþ m = 1.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì äâà íàáîðà ìàòåðèàëüíûõ êîíñòàíò èç [12], ñî-
îòâåòñòâóþùèõ òàêèì ìàòåðèàëàì, êàê còàëü Rex535:

69,1,4,2,75,1,818,0,09,1 321 −=ν−=ν−=ν=μ=λ

è ìåäü:

.98,3,72,1,6,5,477,0,07,1 321 −=ν=ν−=ν=μ=λ

Íà ðèñ. 1 ïðåäñòàâëåíû äèàãðàììû íàãðóæåíèÿ − ãðàôèêè çàâèñèìîñòè áåçðàç-
ìåðíîé ðàñòÿãèâàþùåé îñåâîé ñèëû Q = DzZ/μ îò êîýôôèöèåíòà óäëèíåíèÿ öèëèí-
äðà ñ ãåîìåòðè÷åñêèìè õàðàêòåðèñòèêàìè r0/r1 = 0,75, h/r1 = 10 äëÿ ýòèõ ìàòåðèà-
ëîâ, à òàêæå ðàñïîëîæåíèå ïåðâîé òî÷êè áèôóðêàöèè íà ýòèõ äèàãðàììàõ. Íà ðèñ. 1
îáîçíà÷åíî: ñïëîøíûå ëèíèè − äëÿ íàáîðà ìàòåðèàëüíûõ ïàðàìåòðîâ ñòàëè Rex 535,
øòðèõîâûå − äëÿ íàáîðà ìàòåðèàëüíûõ ïàðàìåòðîâ ìåäè.

Âèäíî, ÷òî òî÷êè ïîòåðè óñòîé÷èâîñòè íàõîäÿòñÿ çà òî÷êàìè ìàêñèìóìà íà äè-
àãðàììå íàãðóæåíèÿ. Ïðè óâåëè÷åíèè äëèíû ñîîòâåòñòâóþùèõ öèëèíäðîâ áèôóð-
êàöèîííûå çíà÷åíèÿ áóäóò àñèìïòîòè÷åñêè ñòðåìèòüñÿ ê òî÷êå ìàêñèìóìà.

Öèêë ïðîâåäåííûõ ðàñ÷åòîâ ïîêàçàë, ÷òî äëÿ áîëüøèíñòâà íàáîðîâ ìàòåðèàëü-
íûõ ïàðàìåòðîâ ìîäåëè Ìóðíàãàíà õàðàêòåðíî èìåííî òàêîå ïîâåäåíèå, ñîîòâåò-
ñòâóþùåå òåîðåòè÷åñêèì ïðåäñêàçàíèÿì, ñôîðìóëèðîâàííûì â [19], è ÷èñëåííûì
ðåçóëüòàòàì, ïîëó÷åííûì äëÿ ìîäåëè ìàòåðèàëà Áëåéòöà è Êî [16]. Îñîáíÿêîì â
ýòîì ðÿäó ñòîèò ìîäåëü, ïàðàìåòðû êîòîðîé ñîîòâåòñòâóþò îðãñòåêëó [12]:

.047,0,07,0,078,0,186,0,39,0 321 =ν−=ν−=ν=μ=λ

1,09321     1,09325      1,09329

0,18697281

0,18697283

0,18697285

0,18697287

0,18697289

0,09797490

0,09797495

0,09797500

0,09797505

0,09797510

1,00       1,04       1,08      1,12         η

0,04

0,08

0,12

0,16
Q

Ðèñ.1. Òî÷êè áèôóðêàöèè íà äèàãðàììå íàãðóæåíèÿ öèëèíäðà
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Äèàãðàììà íàãðóæåíèÿ ïðè òàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ïðèâåäåíà íà ðèñ. 2.

 Â ýòîì ñëó÷àå òî÷êà ïîòåðè óñòîé÷èâîñòè (òî÷êà íà êðèâîé) íàõîäèòñÿ ïåðåä
òî÷êîé ìàêñèìóìà íà âîçðàñòàþùåì ó÷àñòêå äèàãðàììû íàãðóæåíèÿ. Ýòîò ôàêò
ìîæåò ïîêàçàòüñÿ íàðóøåíèåì òåîðåìû Ñïåêòîðà [14], îäíàêî áîëåå òùàòåëüíûé
àíàëèç ïîêàçàë, ÷òî, íåñìîòðÿ íà âûïîëíåíèå îñíîâíîãî óñëîâèÿ òåîðåìû − ìîíî-
òîííîé çàâèñèìîñòè îñåâîé ñèëû îò óäëèíåíèÿ, äëÿ âûáðàííîãî íàáîðà ìàòåðèàëü-
íûõ ïàðàìåòðîâ â çîíå áîëüøèõ äåôîðìàöèé íàðóøàåòñÿ äîïîëíèòåëüíîå óñëîâèå,
à èìåííî òðåòüå íåðàâåíñòâî Áýéêåðà − Ýðèêñåíà. Ïðåäñòàâèì åãî çäåñü, ñîõðàíÿÿ
îáîçíà÷åíèÿ, ââåäåííûå â [14]:

],,1[,0 3
2
2

2
1213 )( Λ∈λ∀>λ+λψ+ψ=BE

çäåñü ,/ ii IW ∂∂=ψ  λi − ñîáñòâåííûå çíà÷åíèÿ òåíçîðà G1/2, â ÷àñòíîñòè λ3 = η, à
Λ − çíà÷åíèå η, ïðè êîòîðîì äèàãðàììà íàãðóæåíèÿ èìååò ìàêñèìóì. Äëÿ ðàññìàò-
ðèâàåìîãî ìàòåðèàëà Λ = 2,81863, à, ñîãëàñíî ïðîâåäåííûì ðàñ÷åòàì, ëåâàÿ ÷àñòü â
BE3 îáðàùàåòñÿ â íóëü ïðè λ3 ≈ 2,41. Ýòî îçíà÷àåò íåïðèãîäíîñòü äàííîãî íàáîðà
ìàòåðèàëüíûõ êîíñòàíò â îáëàñòè áîëüøèõ äåôîðìàöèé. Îòìåòèì, ÷òî â ñëó÷àå íå
îäíîîñíîãî, à âñåñòîðîííåãî ðàñòÿæåíèÿ, åùå áîëåå îãðàíè÷èòåëüíûì ÿâëÿåòñÿ òðå-
áîâàíèå ñèëüíîé ýëëèïòè÷íîñòè, êîòîðîå äëÿ íàáîðà ïàðàìåòðîâ, ñîîòâåòñòâóþ-
ùèõ îðãñòåêëó, íàðóøàåòñÿ ïðè λ3 > 2,01 [19].

3. Ðàñòÿæåíèå è ðàçäóâàíèå öèëèíäðà

Ðàññìîòðèì òåïåðü îáùèé ñëó÷àé, êîãäà p ≠ 0. Ïðåæäå âñåãî îòìåòèì, ÷òî â
ýòîì ñëó÷àå äëÿ èñïîëüçóåìîãî ìàòåðèàëà ôóíêöèÿ P(r) íå ìîæåò áûòü íàéäåíà
àíàëèòè÷åñêè. Ýòî ñóùåñòâåííî çàòðóäíÿåò ðàñ÷åòû ïî ñðàâíåíèþ ñî ñëó÷àåì íå-
ñæèìàåìûõ ìàòåðèàëîâ [2]. Òåïåðü íà êàæäîì øàãå èññëåäîâàíèÿ ëèíåàðèçîâàí-
íîé çàäà÷è íåîáõîäèìî ïðåäâàðèòåëüíî ðåøàòü íåëèíåéíóþ êðàåâóþ çàäà÷ó äëÿ
îïðåäåëåíèÿ åå êîýôôèöèåíòîâ. Êðîìå òîãî, íåëüçÿ îãðàíè÷èâàòüñÿ ðàññìîòðåíè-
åì òîëüêî îñåñèììåòðè÷íûõ ôîðì ïîòåðè óñòîé÷èâîñòè.

Äëÿ óïðîùåíèÿ ðàñ÷åòîâ â êà÷åñòâå âòîðîãî (êðîìå êîýôôèöèåíòà óäëèíåíèÿ
öèëèíäðà) ïàðàìåòðà íàãðóæåíèÿ áûë âûáðàí êîýôôèöèåíò óâåëè÷åíèÿ/óìåíüøå-
íèÿ âíóòðåííåãî èëè âíåøíåãî ðàäèóñà öèëèíäðà. Îáëàñòè óñòîé÷èâîñòè/íåóñòîé-
÷èâîñòè ñòðîèëèñü èìåííî íà ïëîñêîñòè ýòèõ ïàðàìåòðîâ. Ïðè íåîáõîäèìîñòè ïî-
ñòðîåííîå íà ïåðâîì ýòàïå ðåøåíèå îñåñèììåòðè÷íîé íåëèíåéíîé çàäà÷è ïîçâîëÿ-
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Ðèñ. 2. Äèàãðàììà íàãðóæåíèÿ äëÿ íàáîðà ìàòåðèàëüíûõ ïàðàìåòðîâ îðãñòåêëà
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åò ëåãêî ïåðåõîäèòü îò ýòèõ äåôîðìàöèîííûõ õàðàêòåðèñòèê ê ñèëîâûì õàðàêòåðè-
ñòèêàì − âåëè÷èíå îñåâîé ñèëû è âíóòðåííåãî èëè âíåøíåãî äàâëåíèÿ.

Ðàñ÷åòû ïîêàçàëè, ÷òî äëÿ äîñòàòî÷íî òîëñòîñòåííûõ öèëèíäðîâ (òîëùèíà ñòåí-
êè ñîñòàâëÿåò íå ìåíüøå 10% îò ðàäèóñà) îáëàñòü óñòîé÷èâîñòè ïîëíîñòüþ îïðå-
äåëÿåòñÿ ÷åòûðüìÿ áèôóðêàöèîííûìè êðèâûìè, ñîîòâåòñòâóþùèìè íàáîðàì ìîä
(m, n) = (1,0), (1,1), (1,2) è (2,2). Â êà÷åñòâå ïðèìåðîâ òàêèõ ðåçóëüòàòîâ íà ïëîñêî-
ñòè ïàðàìåòðîâ η è ξ = P(r0)/r0 èçîáðàæåíà îáëàñòü óñòîé÷èâîñòè äëÿ öèëèíäðà ñ
ðàçìåðàìè r0 /r1 = 0,9, h/r1 = 10 ïðè èñïîëüçîâàíèè ìàòåðèàëüíûõ ïàðàìåòðîâ ñòà-
ëè Rex535 (ðèñ. 3), ãäå òî÷êîé îòìå÷åíî íåäåôîðìèðîâàííîå ñîñòîÿíèå.

Êàæäûé èç «ãðàíè÷íûõ» íàáîðîâ ìîä ñîîòâåòñòâóåò ñâîåé ôîðìå ïîòåðè óñòîé-
÷èâîñòè. Íà ðèñ. 4à-ã ïðèâåäåíû ýòè ôîðìû äëÿ öèëèíäðà ñ ñîîòíîøåíèåì âíóò-
ðåííåãî è âíåøíåãî ðàäèóñîâ äî äåôîðìàöèè r0 /r1 = 0,9 è âûñîòîé h/r1 = 10. Çíà÷å-
íèÿ äåôîðìàöèîííûõ õàðàêòåðèñòèê, êîòîðûì ñîîòâåòñòâóþò ýòè ôîðìû: à) m = 1,
n = 1, η = 0,965, ξ = 1,063; á) m = 1, n = 0, η = 1,02, ξ = 1,0923; â) m = 1, n = 2, η =
= 1,04, ξ = 0,985; ã) m = 2, n = 2, η = 0,97, ξ = 1,007.

Ðèñ. 3. Îáëàñòü óñòîé÷èâîñòè öèëèíäðà
0,96          1,00           1,04          1,08     ξ
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Ðèñ. 4. Ôîðìû ïîòåðè óñòîé÷èâîñòè ðàçäóâàåìîãî è ðàñòÿãèâàåìîãî öèëèíäðà
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Óìåíüøåíèå òîëùèíû öèëèíäðà ìîæåò ïðèâåñòè ê èçìåíåíèþ ïðåäñòàâëåííîé
íà ðèñ. 4 êàðòèíû, íî òîëüêî â îáëàñòè ñæèìàþùèõ íàãðóçîê, ãäå ìîæåò íàáëþäàòü-
ñÿ ñãóùåíèå òî÷åê áèôóðêàöèè, ñâèäåòåëüñòâóþùåå î òîì, ÷òî ðåàëüíóþ ôîðìó ïî-
òåðè óñòîé÷èâîñòè ïðåäñêàçàòü äîñòàòî÷íî ñëîæíî, íà íåå ñóùåñòâåííî âëèÿþò íå-
ñîâåðøåíñòâà êîíñòðóêöèè è îòëè÷èå ïðèëîæåííîé íàãðóçêè îò èäåàëüíîé.

Îòìåòèì, ÷òî çàäà÷à îïðåäåëåíèÿ ðåàëüíîé ôîðìû òåëà ïîñëå ïîòåðè óñòîé÷è-
âîñòè, â ÷àñòíîñòè íàõîæäåíèÿ àìïëèòóä ýòèõ ìîä, òðåáóåò ñóùåñòâåííî áîëåå ñëîæ-
íîãî àíàëèçà òðåõìåðíûõ íåëèíåéíûõ óðàâíåíèé, íàïðèìåð, íà îñíîâå ñõåì, ïðåä-
ñòàâëåííûõ â [20], è âûõîäèò çà ðàìêè íàñòîÿùåé ñòàòüè.

Çàêëþ÷åíèå

Ïðîâåäåíî èññëåäîâàíèå ðàâíîâåñèÿ è óñòîé÷èâîñòè òåëà â ôîðìå ïîëîãî êðó-
ãîâîãî öèëèíäðà èç ñæèìàåìîãî íåëèíåéíî-óïðóãîãî ìàòåðèàëà ïðè îäíîâðåìåí-
íîì äåéñòâèè îñåâîé ñèëû è âíóòðåííåãî äàâëåíèÿ. Â êà÷åñòâå ìîäåëè ìàòåðèàëà
èñïîëüçîâàëàñü ïÿòèêîíñòàíòíàÿ ìîäåëü Ìóðíàãàíà, îñíîâíûì ìåòîäîì ïîñòðîåíèÿ
ðàâíîâåñíîãî ñîñòîÿíèÿ ÿâëÿëñÿ ïîëóîáðàòíûé ìåòîä íåëèíåéíîé òåîðèè óïðóãîñ-
òè, èññëåäîâàíèå óñòîé÷èâîñòè îñóùåñòâëÿëîñü â ðàìêàõ ñòàòè÷åñêîãî áèôóðêàöè-
îííîãî ïîäõîäà. Íà ïðèìåðå âàðèàíòà ìàòåðèàëà Ìóðíàãàíà ñ íàáîðîì êîíñòàíò,
ñîîòâåòñòâóþùèõ îðãñòåêëó, ïîêàçàíà ñóùåñòâåííîñòü äîïîëíèòåëüíûõ óñëîâèé
òåîðåìû Ñïåêòîðà ïðè àíàëèçå ïðèìåíèìîñòè ìàòåìàòè÷åñêèõ ìîäåëåé ïîâåäåíèÿ
óïðóãèõ òåë â îáëàñòè áîëüøèõ äåôîðìàöèé. Âñå èçó÷åííûå âàðèàíòû ìàòåðèàëü-
íûõ ïàðàìåòðîâ ìîäåëè Ìóðíàãàíà äåìîíñòðèðóþò íàëè÷èå ïàäàþùåãî ó÷àñòêà è
ïðè ðàñòÿæåíèè, è ïðè ðàçäóâàíèè, è ïðè îäíîâðåìåííîì äåéñòâèè îáîèõ íàãðóæà-
þùèõ ôàêòîðîâ. Íà ïëîñêîñòè ïàðàìåòðîâ «êîýôôèöèåíò ðàñòÿæåíèÿ−êîýôôè-
öèåíò ðàçäóâàíèÿ» ïîñòðîåíû îáëàñòè óñòîé÷èâîñòè êàê ïðè ðàñòÿãèâàþùèõ, òàê è
ïðè ñæèìàþùèõ íàïðÿæåíèÿõ. Óñòàíîâëåí, â ÷àñòíîñòè, êà÷åñòâåííî îäèíàêîâûé
âèä ýòèõ îáëàñòåé äëÿ äîñòàòî÷íî òîëñòûõ öèëèíäðîâ. Ïîñòðîåíû ôîðìû ïîòåðè
óñòîé÷èâîñòè â ãðàíè÷íûõ òî÷êàõ òàêîé îáëàñòè.
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STABILITY OF A CYLINDER FROM MURNAGHAN MATERIAL
UNDER STRETCHING, COMPRESSION AND INFLATION

Karyakin M.I., Obrezkov L.P.
Southern Federal University, Rostov-on-Don, Russian Federation

The problem of equilibrium and stability of a hollow cylinder subjected to simultaneous uniaxial
tension/compression and inflation is considered within the framework of the three-dimensional
nonlinear theory of elasticity. To describe the mechanical properties of the material of the cylinder
five-constant Murnaghan model is used. By the semi-inverse method the three-dimensional problem
is reduced to the study of a nonlinear boundary value problem for an ordinary second-order
differential equation. For most sets of material parameters known from the literature, the presence
of a falling section in the stretching/inflation diagram, indicating the possible existence of instability
zones even in the area of tensile stresses, has been found numerically. The stability analysis was
carried out using a bifurcation approach based on linearization of the equilibrium equations in the
neighborhood of the constructed solution by means of the method of imposing a small strain on a
finite one. The value of a particular deformation characteristic, for which non-trivial solutions of a
homogeneous boundary-value problem exist for the equations of neutral equilibrium obtained in
the linearization process, was identified with the critical value of the loading parameter, i.e. value
at which the system loses stability. As a rule, the coefficient of stretching/shortening of the cylinder
and the coefficient of increase/decrease of its internal or external radius were chosen as such
parameters. On the plane of the above-mentioned deformation characteristics the areas of stability
under tension and compression, as well as under compression by external force and inflation by
internal pressure, are constructed. The forms of possible of stability loss depending on the type of
stress state are constructed, and the effect on the stability of material and geometric parameters is
studied.
Keywords: Murnaghan material, stability, bifurcation, nonlinear elasticity, semi-inverse method.


