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Ðàññìàòðèâàåòñÿ çàäà÷à î íîðìàëüíîì óäàðå è ïðîíèêàíèè æåñòêèõ ïðî-
ñòðàíñòâåííûõ òåë êîíå÷íîé ìàññû â ïîëóïðîñòðàíñòâî, çàíèìàåìîå óïðóãî-
ïëàñòè÷åñêîé ãðóíòîâîé ñðåäîé. Äëÿ ñðåäû ïðîíèêàíèÿ ïðèíèìàåòñÿ ìîäåëü
ëèíåéíî ñæèìàåìîé óïðóãîïëàñòè÷åñêîé ñðåäû Ãðèãîðÿíà ïðè ëèíåéíîé çà-
âèñèìîñòè ïðåäåëà òåêó÷åñòè îò äàâëåíèÿ. Ðåøåíèå çàäà÷è îñóùåñòâëÿåòñÿ
÷èñëåííî â òðåõìåðíîé ïîñòàíîâêå ñ ïðèìåíåíèåì ïàêåòà ïðîãðàìì LS-DYNA.
Óïðóãîïëàñòè÷åñêàÿ ñðåäà ïðîíèêàíèÿ ðàññìàòðèâàåòñÿ íà íåïîäâèæíîé ýé-
ëåðîâîé ñåòêå ñ âûäåëåíèåì ïóñòûõ ÿ÷ååê, â êîòîðûå ìàòåðèàë ïåðåòåêàåò â
ïðîöåññå äåôîðìèðîâàíèÿ. Ïðîñòðàíñòâåííûå óäàðíèêè ìîäåëèðóþòñÿ æåñò-
êèì íåäåôîðìèðóåìûì òåëîì â ëàãðàíæåâîé ñèñòåìå êîîðäèíàò.

Ïðîâîäèòñÿ èññëåäîâàíèå âëèÿíèÿ ïîâåðõíîñòíîãî òðåíèÿ ïðè ïðîíèêà-
íèè â óïðóãîïëàñòè÷åñêóþ ãðóíòîâóþ ñðåäó Ãðèãîðÿíà óäàðíèêîâ ðàçëè÷íîé
ôîðìû: êðóãîâîé êîíóñ, ÷åòûðåõëó÷åâàÿ çâåçäà è ïèðàìèäàëüíîå òåëî. Ïî-
ïåðå÷íîå ñå÷åíèå çâåçäîîáðàçíîãî òåëà îáðàçîâàíî äâóìÿ ðîìáàìè ñ îòíîøå-
íèåì äèàãîíàëåé 1:2, â îñíîâàíèè ïèðàìèäû íàõîäèòñÿ ðîìá ñ îòíîøåíèåì
äèàãîíàëåé 1:3. Èññëåäóåìûå òåëà èìåþò ðàâíûå ïëîùàäè îñíîâàíèé è îäè-
íàêîâûé íàêëîí áîêîâîé ïîâåðõíîñòè (óãîë îòñ÷èòûâàåòñÿ ìåæäó íàïðàâëå-
íèåì âåêòîðà ñêîðîñòè äâèæåíèÿ òåëà è íîðìàëüþ ê áîêîâîé ïîâåðõíîñòè).
Äëÿ ñðàâíåíèÿ ðàññìàòðèâàåòñÿ òàêæå êðóãîâîé êîíóñ îñíîâàíèåì òîé æå ïëî-
ùàäè.

Äâèæåíèå óäàðíèêîâ ðàññìàòðèâàëîñü ñ ïîñòîÿííûìè ñêîðîñòÿìè è ïî
èíåðöèè â äèàïàçîíå ñêîðîñòåé îò 150 äî 600 ì/ñ, ÷òî ñîîòâåòñòâóåò äîçâóêî-
âûì è ñâåðõçâóêîâûì ñêîðîñòÿì. Çíà÷åíèå êîýôôèöèåíòà ïîâåðõíîñòíîãî òðå-
íèÿ çàäàâàëîñü áëèçêèì ê çíà÷åíèþ êîýôôèöèåíòà òðåíèÿ â ñóõîì ïåñ÷àíîì
ãðóíòå åñòåñòâåííîãî ñîñòàâà. Ïðîâåäåíî ñðàâíåíèå ñ ïîëó÷åííûìè ðàíåå
ðåçóëüòàòàìè ðàñ÷åòîâ ïðè íóëåâîì êîýôôèöèåíòå òðåíèÿ. Óñòàíîâëåíî, ÷òî
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ñèëà ñîïðîòèâëåíèÿ âíåäðåíèþ è ãëóáèíà ïðîíèêàíèÿ ìîæåò áûòü îïèñàíà ñ
ïðèìåíåíèåì äâó÷ëåííîãî êâàäðàòè÷íîãî ïî ñêîðîñòè çàêîíà ïðîíèêàíèÿ
Ðåçàëÿ. Îòëè÷èÿ ñèë ñîïðîòèâëåíèÿ âíåäðåíèþ ïèðàìèäàëüíîãî, êîíè÷åñêîãî
è çâåçäîîáðàçíîãî òåë îäèíàêîâîé âûñîòû íàõîäÿòñÿ â ïðåäåëàõ 10−20%.

Êëþ÷åâûå ñëîâà: ïðîíèêàíèå, ïîâåðõíîñòíîå òðåíèå, óïðóãîïëàñòè÷åñ-
êàÿ ñðåäà, êîíè÷åñêèé óäàðíèê, ïèðàìèäàëüíûå òåëà, ìîäåëü ëîêàëüíîãî âçà-
èìîäåéñòâèÿ, òðåõìåðíîå ìîäåëèðîâàíèå.

Ââåäåíèå

Èçó÷åíèå ïðîöåññà ïðîíèêàíèÿ òâåðäûõ òåë â ãðóíòîâûå ñðåäû ÿâëÿåòñÿ ñëîæ-
íîé çàäà÷åé, äëÿ ýôôåêòèâíîãî ðåøåíèÿ êîòîðîé â íàñòîÿùåå âðåìÿ ïðèìåíÿþòñÿ
ñîâìåñòíî ýêñïåðèìåíòàëüíûå, òåîðåòè÷åñêèå è ÷èñëåííûå ìåòîäû. Â çàâèñèìîñ-
òè îò öåëè èññëåäîâàíèÿ áûëè ðåàëèçîâàíû ðàçëè÷íûå ïîñòàíîâêè ýêñïåðèìåíòà.
Èçó÷àëèñü ïðîöåññû îáðàçîâàíèÿ êàâåðíû ïðè ïðîíèêàíèè ñôåðè÷åñêèõ è öèëèíä-
ðè÷åñêèõ óäàðíèêîâ â ïåñîê [1]. Ðåãèñòðèðîâàëèñü íàïðÿæåíèÿ, âîçíèêàþùèå â
ïåñ÷àíîé ìèøåíè ïðè óäàðå è ïðîíèêàíèè ñòàëüíîãî öèëèíäðà ñ ïîëóñôåðè÷åñêèì
îãîëîâêîì [2]. Îñóùåñòâëÿëàñü ðåíòãåíîâñêàÿ ñúåìêà ïåðåìåùåíèé ÷àñòèö ïåñêà
ïðè óäàðå [3]. Ýêñïåðèìåíòàëüíî èññëåäîâàëîñü âëèÿíèå ïëàñòè÷åñêîé äåôîðìà-
öèè óäàðíèêà íà êîíå÷íûå ãëóáèíû âíåäðåíèÿ ñôåðû, öèëèíäðà è îæèâàëà â ñóõîé
ïåñîê [4]. Îäíàêî ñóùåñòâåííî áîëüøåå êîëè÷åñòâî ðàáîò ïîñâÿùåíî àíàëèçó ãëó-
áèíû ïðîíèêàíèÿ óäàðíèêîâ. Îïðåäåëåíû ïàðàìåòðû óðàâíåíèÿ äâèæåíèÿ öèëèí-
äðè÷åñêèõ óäàðíèêîâ ñ êîíè÷åñêèìè îãîëîâêàìè â ñóõîì ïåñêå [5, 6] è ãëèíèñòîì
ãðóíòå (ïëàñòèëèíå) [7]. Íà îñíîâå äàííûõ ïðÿìûõ è îáðàùåííûõ ýêñïåðèìåíòîâ
ïîëó÷åí êîýôôèöèåíò ñîïðîòèâëåíèÿ âíåäðåíèþ ñôåðû â ñóõîé ïåñîê â çàâèñèìîñ-
òè îò ñêîðîñòè óäàðà [8]. Óñòàíîâëåíû çàâèñèìîñòè êîíå÷íûõ ãëóáèí ïðîíèêàíèÿ
ñôåðè÷åñêèõ óäàðíèêîâ â ïåñîê îò ñêîðîñòè ñîóäàðåíèÿ [9]. Îáîáùåíèåì ðåçóëüòà-
òîâ ýêñïåðèìåíòîâ ÿâëÿþòñÿ èíæåíåðíûå ìîäåëè ïðîíèêàíèÿ [10−14], êîòîðûå íàõî-
äÿò øèðîêîå ïðèìåíåíèå êàê ïðè àíàëèçå äâèæåíèÿ òåë â ãðóíòîâûõ ñðåäàõ [15, 16],
òàê è ïðè ðåøåíèè çàäà÷ îïòèìèçàöèè [17−20]. Âåðèôèêàöèÿ ïîäîáíûõ ìîäåëåé
ìîæåò áûòü ïîëó÷åíà â ÷èñëåííûõ ðàñ÷åòàõ äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ãðóí-
òîâûõ ñðåä ïðè óäàðå è ïðîíèêàíèè â îñåñèììåòðè÷íîé è/èëè òðåõìåðíîé ïîñòà-
íîâêàõ. Ðàáîòû ïîñëåäíèõ ëåò ñâèäåòåëüñòâóþò îá èíòåíñèâíîì ïðèìåíåíèè íàðÿ-
äó ñ êîíå÷íî-ýëåìåíòíûìè ìåòîäàìè íà îñíîâå óðàâíåíèé ìåõàíèêè êîíòèíóóìà
[21−26] ìåòîäîâ äèñêðåòíûõ ÷àñòèö â äâóìåðíîé îñåñèììåòðè÷íîé [1, 27, 28] è
òðåõìåðíîé ïîñòàíîâêàõ [29−32]. Ïîäîáíûé ïîäõîä ïîçâîëÿåò ïîëó÷èòü ïàðàìåò-
ðû äâèæåíèÿ óäàðíèêîâ ïðè ó÷åòå íåëèíåéíûõ ýôôåêòîâ äèíàìè÷åñêîãî äåôîðìè-
ðîâàíèÿ ãðóíòà, à òàêæå ïîâåðõíîñòíîãî òðåíèÿ è ýôôåêòîâ îáòåêàíèÿ.

Ðàíåå ïðîâîäèëîñü ñðàâíåíèå ñèë ñîïðîòèâëåíèÿ âíåäðåíèþ îñåñèììåòðè÷-
íûõ êîíè÷åñêèõ è íåîñåñèììåòðè÷íûõ ïðîñòðàíñòâåííûõ òåë â ñæèìàåìóþ óïðó-
ãîïëàñòè÷åñêóþ ñðåäó, ìîäåëèðóþùóþ ìÿãêèé ãðóíò [15, 33], áåç ó÷åòà òðåíèÿ. Ïðî-
äåìîíñòðèðîâàíî óâåëè÷åíèå ñîïðîòèâëåíèÿ âíåäðåíèþ è óìåíüøåíèå ãëóáèíû
ïðîíèêàíèÿ, ïðîïîðöèîíàëüíîå óìåíüøåíèþ âûñîòû òåëà. Â íàñòîÿùåé ñòàòüå àíà-
ëèçèðóåòñÿ âîçìîæíîñòü ïðîâîäèòü ðàñ÷åò äâèæåíèÿ ïðîñòðàíñòâåííûõ òåë êîíå÷-
íîé ìàññû íà îñíîâå äâó÷ëåííîé êâàäðàòè÷íîé çàâèñèìîñòè ñèëû ñîïðîòèâëåíèÿ
âíåäðåíèþ îò ñêîðîñòè óäàðà (çàêîí ïðîíèêàíèÿ Ðåçàëÿ), ïîëó÷åííîé â ðàñ÷åòàõ
êâàçèñòàöèîíàðíîé ñòàäèè ïðîíèêàíèÿ ñ ïîñòîÿííûìè ñêîðîñòÿìè ïðè ó÷åòå ïî-
âåðõíîñòíîãî òðåíèÿ ñêîëüæåíèÿ.
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1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìèêè ãðóíòîâîé ñðåäû Ãðèãîðÿíà çàïèñûâàåòñÿ â
ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíàò â âèäå ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé, âûðàæàþùèõ çàêîíû ñîõðàíåíèÿ ìàññû è èìïóëüñà, è óðàâíåíèé òåî-
ðèè ïëàñòè÷åñêîãî òå÷åíèÿ ñ óñëîâèåì ïëàñòè÷íîñòè Ìèçåñà − Øëåéõåðà. Çàìûêàåò-
ñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé êóñî÷íî-ëèíåéíîé çàâèñèìîñòüþ äàâëå-
íèÿ p îò îáúåìíîé äåôîðìàöèè e â óïðóãîïëàñòè÷åñêîé ñðåäå:

),(H eKep = (1)

ãäå K − ìîäóëü îáúåìíîãî ñæàòèÿ, H − ôóíêöèÿ Õåâèñàéäà. Çàâèñèìîñòü ïðåäåëà
òåêó÷åñòè σT îò äàâëåíèÿ ïðèíèìàåòñÿ ëèíåéíîé:

,kpYT +=σ (2)

ãäå ïàðàìåòðû Y è k îïðåäåëÿþò ñöåïëåíèå è âíóòðåííåå òðåíèå óïðóãîïëàñòè÷åñ-
êîé ñðåäû.

Â íà÷àëüíûé ìîìåíò âðåìåíè ñêîðîñòè ÷àñòèö óäàðíèêà ðàâíû íà÷àëüíîé ñêî-
ðîñòè óäàðà V0, íàïðÿæåíèÿ è ñêîðîñòü ÷àñòèö ãðóíòà ðàâíû íóëþ. Íà êîíòàêòíîé
ãðàíèöå âûïîëíÿåòñÿ óñëîâèå ðàâåíñòâà íîðìàëüíûõ êîìïîíåíò âåêòîðîâ ñêîðîñ-
òåé ÷àñòèö ïî îáå ñòîðîíû êîíòàêòíîé ïîâåðõíîñòè, íîðìàëüíûå è êàñàòåëüíûå
íàïðÿæåíèÿ ïðèíèìàþòñÿ ïðîïîðöèîíàëüíûìè â ñîîòâåòñòâèè ñ çàêîíîì òðåíèÿ
Êóëîíà ñ ïîñòîÿííûì êîýôôèöèåíòîì ïîâåðõíîñòíîãî òðåíèÿ kf. Ðàññìàòðèâàåòñÿ
äâèæåíèå òåë ïî íîðìàëè ê ïîâåðõíîñòè, íà ïëîñêîñòè ñèììåòðèè çàäàþòñÿ ðàâíû-
ìè íóëþ íîðìàëüíûå êîìïîíåíòû âåêòîðà ñêîðîñòè è òàíãåíöèàëüíûå êîìïîíåíòû
òåíçîðà íàïðÿæåíèé. Íà âíåøíèõ ãðàíèöàõ îáëàñòè âûïîëíÿþòñÿ óñëîâèÿ ðàâåíñò-
âà íóëþ íîðìàëüíîé è òàíãåíöèàëüíîé êîìïîíåíò òåíçîðà íàïðÿæåíèé. ×èñëåííîå
ðåøåíèå òðåõìåðíîé çàäà÷è ïðîíèêàíèÿ îñóùåñòâëÿåòñÿ ñ ïðèìåíåíèåì ïàêåòà
ïðîãðàìì LS-DYNA (ProductID 76456-OEM-0011903-01828) â ïîñòàíîâêå, àíàëî-
ãè÷íîé ïîñòàíîâêàì çàäà÷ èç [16, 33].

Ðàññìàòðèâàëîñü ïðîíèêàíèå â óïðóãîïëàñòè÷åñêóþ ãðóíòîâóþ ñðåäó óäàðíè-
êîâ ðàçëè÷íûõ ôîðì (ðèñ. 1): êðóãîâîé êîíóñ âûñîòîé 1,73 ñì (òåëî 1), êðóãîâîé
êîíóñ ñ âûñîòîé 1,19 ñì (òåëî 2), ÷åòûðåõëó÷åâàÿ çâåçäà (òåëî 3) è ïèðàìèäàëüíîå
òåëî, â îñíîâàíèè êîòîðîãî ðîìá ñ îòíîøåíèåì äèàãîíàëåé 1:3 (òåëî 4). Ïëîùàäè
îñíîâàíèé âñåõ óäàðíèêîâ ðàâíû, ïðè ýòîì òåëà 1, 3, 4 èìåþò îäèíàêîâûé íàêëîí
áîêîâîé ïîâåðõíîñòè (ϕ = π/6), âûñîòû òåë 2−4 ðàâíû 1,19 ñì.

Òåëî 1 Òåëî 2 Òåëî 3 Òåëî 4

Ðèñ. 1

î
R1 R1

î î î
R2 R2

R3 3R3

h1
h2 h2 h2
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Â òàáëèöå 1 ïðèâåäåíû ïàðàìåòðû òåë ïðîíèêàíèÿ.
Òàáëèöà 1

¹ òåëà Ri, ñì Âûñîòà òåëà, ñì Ïëîùàäü Ïëîùàäü áîêîâîé
îñíîâàíèÿ, ñì2 ïîâåðõíîñòè, ñì2

1 1 1,73 3,14 6,28
2 1 1,19 3,14 4,88
3 1,53 1,19 3,14 6,33
4 0,72 1,19 3,14 6,29

Ðàñ÷åòû ïðîâîäèëèñü ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ ìîäåëüíîé ñðåäû:
íà÷àëüíàÿ ïëîòíîñòü ñðåäû ρ0 = 2000 êã/ì3, Y = 0,5 ÌÏà, k = 1, K = 320 ÌÏà, ìîäóëü
ñäâèãà G = 160 ÌÏà [33]. Äèàïàçîí íà÷àëüíûõ ñêîðîñòåé óäàðà V0 ñîñòàâëÿë îò 150
äî 600 ì/ñ, ÷òî ñîîòâåòñòâóåò êàê äîçâóêîâûì, òàê è ñâåðõçâóêîâûì ñêîðîñòÿì âíåäðå-
íèÿ. Ðàíåå ïðîâîäèëèñü ðàñ÷åòû [19, 24, 26] íåñòàöèîíàðíûõ ïðîöåññîâ âçàèìîäåéñò-
âèÿ æåñòêèõ òåë ñ ïåñ÷àíûì ãðóíòîì, ïðè ýòîì êîýôôèöèåíò òðåíèÿ ïðèíèìàë çíà-
÷åíèÿ èç äèàïàçîíà 0,3−0,45. Äëÿ èëëþñòðàöèè âëèÿíèÿ ïîâåðõíîñòíîãî òðåíèÿ ïî
ñðàâíåíèþ ñ ðàñ÷åòàìè ïðè íóëåâîì êîýôôèöèåíòå òðåíèÿ [33] â íàñòîÿùåé ñòàòüå
ïðèíèìàëîñü íàèáîëüøåå çíà÷åíèå êîýôôèöèåíòà kf  = 0,45.

2. Ðåçóëüòàòû ðàñ÷åòîâ

×èñëåííûå ðàñ÷åòû ïðîíèêàíèÿ ïðîñòðàíñòâåííûõ òåë ïðîâîäèëèñü ïðè ïî-
ñòîÿííûõ ñêîðîñòÿõ âíåäðåíèÿ è ïî èíåðöèè. Íà ðèñ. 2 ïðåäñòàâëåíû çàâèñèìîñòè
ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ òåëà 3 (çâåçäîîáðàçíîå ïîïåðå÷íîå ñå÷åíèå) îò áåç-
ðàçìåðíîãî âðåìåíè (âðåìÿ îòíåñåíî ê âåëè÷èíå t * = h /V0) ñ ó÷åòîì òðåíèÿ (ðèñ. 2à)
è ïðè îòñóòñòâèè òðåíèÿ (ðèñ. 2á) ïðè ïîñòîÿííûõ ñêîðîñòÿõ ïðîíèêàíèÿ, ðàâíûõ
íà÷àëüíûì ñêîðîñòÿì óäàðà: V0 = 150, 300, 450 è 600 ì/ñ. Íàáëþäàåòñÿ êà÷åñòâåí-
íîå ïîäîáèå ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷åòîâ − íåçíà÷èòåëüíîå îòëè÷èå ìàêñèìóìà
ñèëû ñîïðîòèâëåíèÿ îò åãî çíà÷åíèÿ íà êâàçèñòàöèîíàðíîé ñòàäèè.

Âëèÿíèå òðåíèÿ íà çíà÷åíèÿ ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ îñòðîãî êîíè÷åñ-
êîãî óäàðíèêà óäîâëåòâîðèòåëüíî îïèñûâàåòñÿ âûðàæåíèåì
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,ctg1 0)( FkF fk ϕ+= (3)

ãäå F0 − ñèëà ñîïðîòèâëåíèÿ âíåäðåíèþ, ïîëó÷åííàÿ â ðåçóëüòàòå ÷èñëåííûõ ðàñ÷å-
òîâ áåç ó÷åòà ïîâåðõíîñòíîãî òðåíèÿ (kf  = 0).

Íà ðèñ. 3 ìàðêåðàìè îòìå÷åíû çàâèñèìîñòè ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ
òåëà ñî çâåçäîîáðàçíûì ïîïåðå÷íûì ñå÷åíèåì íà êâàçèñòàöèîíàðíîé ñòàäèè (ïðè
t/t* = 3) îò ñêîðîñòè ïðîíèêàíèÿ: ìàðêåðû òðåóãîëüíèê, òî÷êà è êâàäðàò ñîîòâåò-
ñòâóþò çíà÷åíèÿì ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ Fk, ïîëó÷åííûì ïî ôîðìóëå (3),
à òàêæå çíà÷åíèÿì ñèë ñîïðîòèâëåíèÿ F è F0, ïîëó÷åííûì â ðàñ÷åòàõ ïðè ó÷åòå
òðåíèÿ (kf  = 0,45) è áåç åãî ó÷åòà (kf  = 0). Ìîæíî îòìåòèòü, ÷òî ôîðìóëà (3), ïîëó-
÷åííàÿ äëÿ êîíè÷åñêèõ îñòðûõ óäàðíèêîâ, îêàçûâàåòñÿ óäîâëåòâîðèòåëüíîé è äëÿ
ïðîñòðàíñòâåííîãî óäàðíèêà ñî çâåçäîîáðàçíûì ïîïåðå÷íûì ñå÷åíèåì.

Äëÿ îòâåòà íà âîïðîñ î ïðèìåíèìîñòè ôîðìóëû (3) è äëÿ äðóãèõ ðàññìàòðèâàå-
ìûõ òåë áûëè ïîëó÷åíû îòíîñèòåëüíûå îøèáêè D = (Fk − F)/F, ãäå Fk − ñèëà, ïîëó-
÷åííàÿ ïî ôîðìóëå (3), F − ñèëà, ïîëó÷åííàÿ â ðåçóëüòàòå ÷èñëåííûõ ðàñ÷åòîâ ïðè
ó÷åòå òðåíèÿ (kf  = 0,45).

Íà ðèñ. 4 ïðåäñòàâëåíû îòíîñèòåëüíûå îøèáêè D ôîðìóëû (3) â äèàïàçîíå
ñêîðîñòåé óäàðà 150−600 ì/ñ äëÿ ðàññìàòðèâàåìûõ ïðîñòðàíñòâåííûõ òåë. Íà ðè-
ñóíêå ìàðêåðû ñîîòâåòñòâóþò: òåìíûé êðóæîê − êîíóñó ñ âûñîòîé 1,19 ñì (òåëî 2),
òðåóãîëüíèê − ïèðàìèäå (òåëî 4), ðîìá − çâåçäîîáðàçíîìó òåëó (òåëî 3), ñâåòëûé
êðóæîê − êîíóñó ñ âûñîòîé 1,73 ñì (òåëî 1), èíòåðâàëû ñîîòâåòñòâóþò 10%-íîé
îøèáêå ÷èñëåííûõ ðàñ÷åòîâ [33]. Äëÿ âñåõ òåë íàáëþäàåòñÿ ïðîïîðöèîíàëüíîå
óìåíüøåíèå îøèáêè ñ ðîñòîì ñêîðîñòè äâèæåíèÿ. Ñ óìåíüøåíèåì âûñîòû êîíóñà
ïðè ñîõðàíåíèè ïëîùàäè îñíîâàíèÿ ôîðìóëà (3) ñòàíîâèòñÿ íåïðèìåíèìîé èç-çà
áîëüøîé îøèáêè.

Íà ðèñ. 5 ïðåäñòàâëåíû çàâèñèìîñòè îò ñêîðîñòè çíà÷åíèé ñèëû ñîïðîòèâëå-
íèÿ íà êâàçèñòàöèîíàðíîé ñòàäèè âíåäðåíèÿ (ïðè t /t * = 3) äëÿ ðàññìàòðèâàåìûõ òåë
ïðè ó÷åòå òðåíèÿ (kf  = 0,45): ìàðêåðû ðîìá, òî÷êà, êâàäðàò, òðåóãîëüíèê ñîîòâåò-
ñòâóþò ðåçóëüòàòàì òðåõìåðíûõ ðàñ÷åòîâ ïðîíèêàíèÿ òåë 1−4, øòðèõîâûìè ëèíèÿ-
ìè ïîêàçàíû êâàäðàòè÷íûå àïïðîêñèìàöèè ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷åòîâ âèäà
F(V ) = AV 2 + BV, ãäå A è B − êîíñòàíòû.
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Íà îñíîâå èçâåñòíîé êâàäðàòè÷íîé çàâèñèìîñòè ñèëû ñîïðîòèâëåíèÿ îò ñêîðî-
ñòè äâèæåíèÿ ìîæíî ïîëó÷èòü çàâèñèìîñòü ãëóáèíû ïðîíèêàíèÿ óäàðíèêà êîíå÷-
íîé ìàññû z(V ) îò ñêîðîñòè âíåäðåíèÿ. Äëÿ êîíè÷åñêîãî óäàðíèêà, èìåþùåãî âû-
ñîòó h, ïëîùàäü îñíîâàíèÿ S0 è ìàññó m, ïðîíèêàþùåãî ñ íà÷àëüíîé ñêîðîñòüþ V0,
ïðè ñïðàâåäëèâîñòè çàêîíà ïðîíèêàíèÿ â ôîðìå Ðåçàëÿ F(V ) = AV 2 + BV áóäåì
èìåòü
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(4)

Ïðîâåäåíî èññëåäîâàíèå ïðèìåíèìîñòè ôîðìóëû (4) äëÿ îïðåäåëåíèÿ ãëóáèíû
âíåäðåíèÿ ïðîñòðàíñòâåííîãî òåëà ïî èíåðöèè ïðè èçâåñòíîé äâó÷ëåííîé çàâèñè-
ìîñòè ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ îò ñêîðîñòè óäàðà, ïîëó÷åííîé â ðàñ÷åòàõ
ïðîíèêàíèÿ òåë ñ ïîñòîÿííîé ñêîðîñòüþ. Ðàññìàòðèâàþòñÿ äâà âàðèàíòà îïðåäåëå-
íèÿ êîýôôèöèåíòîâ A è B äâó÷ëåííîãî çàêîíà ïðîíèêàíèÿ:

1) íà îñíîâå çíà÷åíèé ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ íà êâàçèñòàöèîíàðíîé
ñòàäèè âíåäðåíèÿ ïðè ó÷åòå òðåíèÿ (ïðèâåäåíû íà ðèñ. 5);

2) íà îñíîâå ðàñ÷åòíûõ çíà÷åíèé ñèëû ñîïðîòèâëåíèÿ áåç ó÷åòà òðåíèÿ è ïîñ-
ëåäóþùåé êîððåêòèðîâêè ïî ôîðìóëå (3).

Òåêóùèå ãëóáèíû ïðîíèêàíèÿ, ñîîòâåòñòâóþùèå âàðèàíòàì îïðåäåëåíèÿ ñèëû
ñîïðîòèâëåíèÿ 1 è 2, îáîçíà÷èì z è zk. Ñðàâíåíèå ðåçóëüòàòîâ îñóùåñòâëÿåòñÿ ñ
äàííûìè òðåõìåðíûõ ðàñ÷åòîâ ïðîíèêàíèÿ òåë ìàññû m = 40 ã ïî èíåðöèè ïðè
íà÷àëüíîé ñêîðîñòè 600 ì/ñ.

Íà ðèñ. 6à−6ã ñîîòâåòñòâåííî ïðåäñòàâëåíû òåêóùèå ãëóáèíû ïðîíèêàíèÿ òåë
1−4 â çàâèñèìîñòè îò òåêóùåé ñêîðîñòè âíåäðåíèÿ V ïðè íà÷àëüíîé ñêîðîñòè óäàðà
V0 = 600 ì/ñ, ïîëó÷åííûå â ðàñ÷åòàõ è ïî ôîðìóëå (4): øòðèõîâàÿ ëèíèÿ ñ ðîìáîì,
ñïëîøíàÿ ëèíèÿ ñ êâàäðàòîì è ñâåòëûå êðóæî÷êè ñîîòâåòñòâóþò âåëè÷èíàì zk , z è Z
(z è zk  îáîçíà÷àþò òåêóùèå ãëóáèíû ïðîíèêàíèÿ, ïîëó÷åííûå ïî ôîðìóëå (4), Z
ñîîòâåòñòâóåò äàííûì òðåõìåðíûõ ðàñ÷åòîâ), èíòåðâàëû ñîîòâåòñòâóþò îøèáêå ±10%.
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Íàáëþäàåòñÿ óäîâëåòâîðèòåëüíîå ñîîòâåòñòâèå ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷å-
òîâ ïðîíèêàíèÿ ïðîñòðàíñòâåííûõ òåë ïî èíåðöèè ïðè ó÷åòå òðåíèÿ è ïîëó÷åííûõ
ïî ôîðìóëå (4), ÷òî îòìå÷àëîñü ðàíåå äëÿ îñåñèììåòðè÷íûõ òåë [23]. Îøèáêà â
îöåíêå ñèëû ñîïðîòèâëåíèÿ äâèæåíèþ ïðè ó÷åòå òðåíèÿ ïî ôîðìóëå (3) äëÿ êîíè-
÷åñêîãî òåëà 2 ïðîÿâëÿåòñÿ è ïðè ðàñ÷åòå òåêóùåé ãëóáèíû ïðîíèêàíèÿ. Ñ óìåíü-
øåíèåì ñêîðîñòè îøèáêà îïðåäåëåíèÿ ãëóáèíû ïðîíèêàíèÿ ñ ïðèìåíåíèåì ôîð-
ìóë (3), (4) áóäåò ðàñòè äëÿ âñåõ ðàññìàòðèâàåìûõ òåë. Îäíàêî ôîðìóëà ìîæåò ïðè-
ìåíÿòüñÿ äëÿ îöåíêè ãëóáèíû ïðîíèêàíèÿ óäàðíèêîâ â ñëó÷àå ïàäåíèÿ ñêîðîñòè îò
íà÷àëüíîãî çíà÷åíèÿ íå áîëåå ÷åì â 3−4 ðàçà èëè äëÿ ðàñ÷åòà çàìåäëåíèÿ óäàðíèêà
ïðè ïðîõîæäåíèè ñëîÿ ãðóíòà.

Çàêëþ÷åíèå

Ïîëó÷åíû çàâèñèìîñòè ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ îò ñêîðîñòè è ãëóáèíû
ïðîíèêàíèÿ ïðîñòðàíñòâåííûõ óäàðíèêîâ ïðè èõ äâèæåíèè â ãðóíòå ñ ïîñòîÿííîé
ñêîðîñòüþ è ïî èíåðöèè ïðè ó÷åòå ïîâåðõíîñòíîãî òðåíèÿ. Îòëè÷èÿ ñèë ñîïðîòèâ-
ëåíèÿ âíåäðåíèþ ïèðàìèäàëüíîãî, êîíè÷åñêîãî è çâåçäîîáðàçíîãî òåë ïðè îäèíà-
êîâîé âûñîòå íàõîäÿòñÿ â ïðåäåëàõ 10−20%. Óñòàíîâëåíî, ÷òî ñèëà ñîïðîòèâëåíèÿ
âíåäðåíèþ ïðîñòðàíñòâåííûõ òåë ïðè ó÷åòå òðåíèÿ ìîæåò áûòü îïèñàíà êâàäðà-
òè÷íîé çàâèñèìîñòüþ îò ñêîðîñòè ïðîíèêàíèÿ â ðàìêàõ äâó÷ëåííîãî çàêîíà ïðîíè-
êàíèÿ Ðåçàëÿ.
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MODELING INERTIAL PENETRATION OF NON-AXISYMMETRIC BODIES
INTO SOILS, ACCOUNTING FOR FRICTION
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The problem of a normal impact and penetration of rigid spatial bodies of a finite mass into a half-
space occupied by an elastoplastic soil medium. The penetrated medium is modeled by linearly
compressible elastoplastic Grigoryan medium, with the yield strength linearly depending on pressure.
The problem is analyzed in a 3D formulation, using software package LS-DYNA. The elastoplastic
penetrated medium is analyzed on a fixed Eulerian grid with empty meshes, where the material
flows to in the process of deformation. Spatial strikers are modeled by a rigid non-deformable
body in a Lagrangian coordinate system.
The effect of surface friction during the penetration of strikers of various forms (a round cone, a
four-ray star and a pyramidal body) into elastoplastic Grigoryan soil medium is studied. The cross-
section of the star-shaped body is generated by two rhombs with the ration of diagonals of 1:2; the
base of the pyramid is a rhomb with the ratio of diagonals of 1:3. The analyzed bodies have equal
areas of the bases and equal inclinations of the side surface (the angle between the direction of the
motion velocity vector of the body and a normal to the side surface). A circular cone with the same
base area is considered for comparison.
The considered strikers moved with constant velocities and mechanically, in the velocity range of
150 to 600 m/s, corresponding to subsonic and supersonic velocities. The surface friction coefficient
is close to the value of the friction coefficient in sandy soils of natural composition. The results are
compared with the earlier obtained computational results for a zero friction coefficient. It is found
that resistance to penetration and penetration depth can be described using binomial Resale's
penetration law with a quadratic velocity. The disagreement between the forces of resistance to
penetration of a pyramidal, conical and star-shaped bodies of the same height are within the interval
of 10−20%.

Keywords: penetration, surface friction, elastoplastic medium, conical drummer, pyramidal bodies,
local interaction model, three-dimensional modeling.


