
513

ÓÄÊ 539.3 DOI: 10.32326/1814-9146-2018-80-4-513-520

ÓÏÐÎÙÅÍÍÎÅ ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È
Î ÂÍÅÄÐÅÍÈÈ ÑÔÅÐÈ×ÅÑÊÎÃÎ ÈÍÄÅÍÒÎÐÀ

Â ÏÎËÓÏÐÎÑÒÐÀÍÑÒÂÎ Ñ ÏÎÊÐÛÒÈÅÌ*

© 2018 ã. Ñàäûðèí Å.Â.1,2, Èãóìíîâ Ë.À.1

1Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìåõàíèêè
Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî Íèæåãîðîäñêîãî ãîñóäàðñòâåííîãî

óíèâåðñèòåòà èì. Í.È. Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä, Ðîññèéñêàÿ Ôåäåðàöèÿ
2Íàó÷íî-îáðàçîâàòåëüíûé öåíòð «Ìàòåðèàëû», Äîíñêîé ãîñóäàðñòâåííûé

òåõíè÷åñêèé óíèâåðñèòåò, Ðîñòîâ-íà-Äîíó, Ðîññèéñêàÿ Ôåäåðàöèÿ

rainesquall@icloud.com

Ïîñòóïèëà â ðåäàêöèþ 05.07.2018

Ðàññìàòðèâàåòñÿ êîíòàêòíàÿ çàäà÷à î âäàâëèâàíèè æåñòêîãî ñôåðè÷åñêî-
ãî øòàìïà â ëèíåéíî-óïðóãîå èçîòðîïíîå ïîëóïðîñòðàíñòâî ñ ôóíêöèîíàëüíî-
ãðàäèåíòíûì èëè îäíîðîäíûì ïîêðûòèåì. Çàäà÷à ñâåäåíà ê ðåøåíèþ ïàðíî-
ãî èíòåãðàëüíîãî óðàâíåíèÿ. Èñïîëüçóÿ îäíîïàðàìåòðè÷åñêóþ àïïðîêñèìà-
öèþ òðàíñôîðìàíòû ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ â âèäå îòíîøåíèÿ äâóõ
êâàäðàòè÷íûõ ôóíêöèé, ñîäåðæàùåãî âñåãî îäèí ïàðàìåòð, ïîëó÷åíî ïðèáëè-
æåííîå àñèìïòîòè÷åñêè òî÷íîå ðåøåíèå çàäà÷è â óïðîùåííîì àíàëèòè÷åñ-
êîì âèäå. Ðåøåíèå ïîçâîëÿåò ó÷åñòü êàê óïðóãèå ñâîéñòâà ïîêðûòèÿ, òàê è
âêëàä ïîäëîæêè. Â ýòîì ñëó÷àå ñõåìà ïîñòðîåíèÿ ïðèáëèæåííîãî àíàëèòè-
÷åñêîãî ðåøåíèÿ ñóùåñòâåííî óïðîùàåòñÿ ïî ñðàâíåíèþ ñ îáùèì ñëó÷àåì.
Ïîëó÷åíû óïðîùåííûå àíàëèòè÷åñêèå âûðàæåíèÿ, îïèñûâàþùèå êîíòàêòíûå
äàâëåíèÿ, ñèëó, ãëóáèíó è æåñòêîñòü èíäåíòèðîâàíèÿ. Èññëåäîâàíà òî÷íîñòü
ïîëó÷åííîãî ðåøåíèÿ â çàâèñèìîñòè îò îòíîøåíèÿ ìîäóëåé óïðóãîñòè ïîêðû-
òèÿ è ïîäëîæêè, õàðàêòåðà èçìåíåíèÿ ìîäóëÿ óïðóãîñòè, çíà÷åíèÿ îòíîñèòåëü-
íîé òîëùèíû ïîêðûòèÿ. Ïîêàçàíî, ÷òî ïðåäëîæåííûå ôîðìóëû ïîçâîëÿþò ñ
äîñòàòî÷íî âûñîêîé òî÷íîñòüþ îïèñàòü ðåøåíèå çàäà÷è äëÿ òîíêèõ è òîëñòûõ
ïîêðûòèé, à òàêæå äëÿ ïîêðûòèé ïðîèçâîëüíîé òîëùèíû â ñëó÷àå îòíîñè-
òåëüíî íåáîëüøîãî îòëè÷èÿ ìîäóëåé óïðóãîñòè ïîêðûòèÿ è ïîäëîæêè. Èñïîëü-
çîâàíèå ïðîñòîé îäíîïàðàìåòðè÷åñêîé àïïðîêñèìàöèè äàåò âîçìîæíîñòü ïî-
ëó÷èòü ðåøåíèå çàäà÷è â ÿâíîì àíàëèòè÷åñêîì âèäå, óäîáíîì íà ïðàêòèêå äëÿ
èíæåíåðíûõ ðàñ÷åòîâ.
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Ââåäåíèå

Îäíèì èç ñïîñîáîâ ïîâûøåíèÿ íàäåæíîñòè è óâåëè÷åíèÿ ñðîêîâ ýêñïëóàòà-
öèè äåòàëåé ìàøèí, ýëåìåíòîâ ñòðîèòåëüíûõ êîíñòðóêöèé, êîìïîíåíòîâ ìèêðî- è
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íàíîýëåêòðîíèêè, à òàêæå äðóãèõ èçäåëèé ñîâðåìåííîé ïðîìûøëåííîñòè ÿâëÿåòñÿ
ìîäèôèêàöèÿ èñõîäíîé ïîâåðõíîñòè èçäåëèé ïóòåì íàíåñåíèÿ çàùèòíûõ ïîêðû-
òèé. Ïîäîáíûå ïîêðûòèÿ ìîãóò îáëàäàòü ìíîãîñëîéíîé èëè ôóíêöèîíàëüíî-ãðàäè-
åíòíîé ñòðóêòóðîé. Íà ïðàêòèêå äëÿ îïðåäåëåíèÿ ìåõàíè÷åñêèõ õàðàêòåðèñòèê ïî-
êðûòèé èñïîëüçóåòñÿ íàíîèíäåíòèðîâàíèå.

Äëÿ èíòåðïðåòàöèè ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìîùüþ íàíîèíäåíòèðîâàíèÿ,
øèðîêî ðàñïðîñòðàíåíû ìåòîäû, â îñíîâå êîòîðûõ ëåæàò ìàòåìàòè÷åñêèå ìîäåëè,
èñïîëüçóþùèå ðåøåíèÿ êëàññè÷åñêèõ êîíòàêòíûõ çàäà÷ äëÿ èçîòðîïíûõ îäíîðîä-
íûõ ìàòåðèàëîâ. Îëèâåð è Ôàðð ïðåäëîæèëè [1], à çàòåì ìîäåðíèçèðîâàëè [2] ìå-
òîä äëÿ îïðåäåëåíèÿ òâåðäîñòè è ìîäóëÿ Þíãà îäíîðîäíûõ èçîòðîïíûõ ìàòåðèà-
ëîâ, â îñíîâå êîòîðîãî ëåæèò ðåøåíèå Ñíåääîíà äëÿ îñåñèììåòðè÷íîãî èíäåíòîðà
[3]. Äëÿ èíòåðïðåòàöèè ðåçóëüòàòîâ èíäåíòèðîâàíèÿ ñôåðè÷åñêèì èíäåíòîðîì Ôèëä
è Ñâýéí [4] ïðåäëîæèëè ìåòîä, êîòîðûé èñïîëüçóåò ðåøåíèå Ãåðöà çàäà÷è î âíåäðå-
íèè ñôåðè÷åñêîãî èíäåíòîðà â îäíîðîäíîå ïîëóïðîñòðàíñòâî. Íåñìîòðÿ íà òî, ÷òî
óêàçàííûå ìåòîäû íå ó÷èòûâàþò âëèÿíèå ïîäëîæêè íà ðåçóëüòàòû ýêñïåðèìåíòà,
ïðè îïðåäåëåííûõ óñëîâèÿõ ïðîâåäåíèÿ ýêñïåðèìåíòà (âíåäðåíèå èíäåíòîðà íà
ãëóáèíó, íå ïðåâûøàþùóþ 10% òîëùèíû ïîêðûòèÿ [5]) è îïðåäåëåííûõ ñîîòíî-
øåíèÿõ ìåõàíè÷åñêèõ ñâîéñòâ ïîêðûòèÿ è ïîäëîæêè [6−8] îíè ïîçâîëÿþò âîññòà-
íàâëèâàòü ñâîéñòâà îäíîðîäíûõ ïîêðûòèé. Îäíàêî ïðè òàêîì ïîäõîäå â ñëó÷àå çíà-
÷èòåëüíîãî ðàçëè÷èÿ ìîäóëåé Þíãà ïîêðûòèÿ è ïîäëîæêè âîññòàíîâëåííîå çíà÷å-
íèå ìîäóëÿ Þíãà ïîêðûòèÿ ìîæåò áûòü ñèëüíî çàíèæåíî èëè çàâûøåíî. Êðîìå
òîãî, ýòè ïîäõîäû íå ìîãóò áûòü ïðèìåíåíû äëÿ îïðåäåëåíèÿ ìîäóëÿ Þíãà òîíêèõ
ïîêðûòèé, òàê êàê òðåáóåìàÿ ãëóáèíà âíåäðåíèÿ ñòàíîâèòñÿ ñðàâíèìîé ñ âûñîòîé
øåðîõîâàòîñòè ïîâåðõíîñòè.

Äëÿ èññëåäîâàíèÿ ñâîéñòâ íåîäíîðîäíûõ è òîíêèõ ïîêðûòèé, à òàêæå îäíîðîä-
íûõ ïîêðûòèé ïðè íàëè÷èè ñóùåñòâåííîãî ðàçëè÷èÿ ñâîéñòâ ïîêðûòèÿ è ïîäëîæ-
êè íåîáõîäèìî ïðèáåãàòü ê ìåòîäàì, â îñíîâå êîòîðûõ ëåæàò ìàòåìàòè÷åñêèå ìîäå-
ëè, èñïîëüçóþùèå ðåøåíèÿ êîíòàêòíûõ çàäà÷ äëÿ òåë ñ ïîêðûòèÿìè. Íàïðèìåð, â
ðàáîòàõ Êå è Âàíãà [9], Ëèó ñ ñîàâòîðàìè [10], Ãóëåðà è Ýðäîãàíà [11] ïîñòðîåíû
ðåøåíèÿ ïëîñêîé è îñåñèììåòðè÷íîé êîíòàêòíûõ çàäà÷ äëÿ óïðóãèõ ìàòåðèàëîâ ñ
ïîêðûòèåì. Ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå çàäà÷è ðåøàëîñü ìåòîäîì êîë-
ëîêàöèè. Àðãàòîâ ñ ñîàâòîðàìè [12−14] ðàçðàáîòàëè ìàòåìàòè÷åñêèå ìîäåëè äëÿ
íàíîèíäåíòèðîâàíèÿ îáðàçöîâ ñ îäíîñëîéíûì îäíîðîäíûì òîëñòûì ïîêðûòèåì ñ
èñïîëüçîâàíèåì èíäåíòîðîâ ðàçëè÷íîé ôîðìû. Â ðàáîòàõ Àéçèêîâè÷à, Âàñèëüåâà,
Âîëêîâà ñ ñîàâòîðîàìè [15−17] ðåøåíèÿ îñåñèììåòðè÷íûõ è ïëîñêèõ êîíòàêòíûõ
çàäà÷ äëÿ óïðóãèõ òåë ñ ôóíêöèîíàëüíî-ãðàäèåíòíûì ïîêðûòèåì ïîñòðîåíû ñ èñ-
ïîëüçîâàíèåì äâóõñòîðîííåãî àñèìïòîòè÷åñêîãî ìåòîäà [18]. Ïðåèìóùåñòâà ýòîãî
ïîäõîäà ñîñòîÿò â òîì, ÷òî îí ýôôåêòèâåí äëÿ âñåãî äèàïàçîíà çíà÷åíèé îòíîñè-
òåëüíîé òîëùèíû ïîêðûòèÿ è ïîçâîëÿåò ìîäåëèðîâàòü ïðîèçâîëüíîå èçìåíåíèå
óïðóãèõ ñâîéñòâ ïî ãëóáèíå ïîêðûòèÿ. Îäíàêî ðàçðàáîòàííûå ìîäåëè ÿâëÿþòñÿ
ìíîãîïàðàìåòðè÷åñêèìè, èõ äîñòàòî÷íî òðóäíî èñïîëüçîâàòü íà ïðàêòèêå.

Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà ïîñòðîåíèþ ìàêñèìàëüíî ïðîñòîé ìàòåìàòè÷åñ-
êîé ìîäåëè èíäåíòèðîâàíèÿ ñôåðè÷åñêîãî øòàìïà, ïîçâîëÿþùåé ó÷åñòü êàê óïðó-
ãèå ñâîéñòâà ïîêðûòèÿ, òàê è âêëàä ïîäëîæêè. Â îñíîâå ìîäåëè ëåæèò ðåøåíèå
îñåñèììåòðè÷íîé êîíòàêòíîé çàäà÷è î âíåäðåíèè íåäåôîðìèðóåìîãî èíäåíòîðà â
óïðóãîå ïîëóïðîñòðàíñòâî ñ íåîäíîðîäíûì ïî ãëóáèíå ïîêðûòèåì, ïîñòðîåííîå ñ
èñïîëüçîâàíèåì äâóñòîðîííåãî àñèìïòîòè÷åñêîãî ìåòîäà [18]. Àïïðîêñèìàöèÿ
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òðàíñôîðìàíòû ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ íàéäåíà â âèäå îòíîøåíèÿ äâóõ êâàä-
ðàòè÷íûõ ôóíêöèé è ñîäåðæèò âñåãî îäèí ïàðàìåòð. Â ýòîì ñëó÷àå ñõåìà ïîñòðîå-
íèÿ ïðèáëèæåííîãî àíàëèòè÷åñêîãî ðåøåíèÿ ñóùåñòâåííî óïðîùàåòñÿ ïî ñðàâíå-
íèþ ñ îáùèì ñëó÷àåì [15−17]. Èñïîëüçîâàíèå ïðîñòîé îäíîïàðàìåòðè÷åñêîé àï-
ïðîêñèìàöèè äàåò âîçìîæíîñòü ïîëó÷èòü ðåøåíèå çàäà÷è â ÿâíîì àíàëèòè÷åñêîì
âèäå, óäîáíîì íà ïðàêòèêå äëÿ èíæåíåðíûõ ðàñ÷åòîâ.

1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêàÿ ìîäåëü âíåäðåíèÿ ñôåðè÷åñêîãî èíäåíòîðà â îáðàçåö ñ ïîêðû-
òèåì ñòðîèòñÿ íà îñíîâå êîíòàêòíîé çàäà÷è ëèíåéíîé òåîðèè óïðóãîñòè. Èíäåíòîð
ìîäåëèðóåòñÿ íåäåôîðìèðóåìûì ñôåðè÷åñêèì øòàìïîì ðàäèóñîì R (ðåçóëüòàòû
ìîãóò áûòü áåç òðóäà îáîáùåíû íà ñëó÷àé äåôîðìèðóåìîãî óïðóãîãî èíäåíòîðà
[19]). Îáðàçåö ìîäåëèðóåòñÿ óïðóãèì ïîëóïðîñòðàíñòâîì, ñîñòîÿùèì èç íåîäíî-
ðîäíîãî ïî ãëóáèíå óïðóãîãî ñëîÿ (ïîêðûòèÿ) òîëùèíîé H è îäíîðîäíîãî ïîëóïðî-
ñòðàíñòâà (ïîäëîæêè).

Ðàññìîòðèì öèëèíäðè÷åñêóþ ñèñòåìó êîîðäèíàò (r, ϕ, z), îñü z íàïðàâëåíà ïî
íîðìàëè ê ïîâåðõíîñòè ïîëóïðîñòðàíñòâà è ïðîõîäèò ÷åðåç öåíòð øòàìïà. Ïîä äåé-
ñòâèåì öåíòðàëüíî ïðèëîæåííîé ñèëû P öåíòð øòàìïà ñìåñòèòñÿ íà âåëè÷èíó δ.
Ñ÷èòàåì ñèëû òðåíèÿ ìåæäó îñíîâàíèåì øòàìïà è óïðóãèì ñëîåì ïðåíåáðåæèìî
ìàëûìè. Ìîäóëü Þíãà E è êîýôôèöèåíò Ïóàññîíà ν ïîëóïðîñòðàíñòâà èçìåíÿþò-
ñÿ ñ ãëóáèíîé ïî ñëåäóþùèì çàêîíàì:
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Çäåñü è äàëåå èíäåêñ c ñîîòâåòñòâóåò ïîêðûòèþ, èíäåêñ s − ïîäëîæêå.
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âèÿ íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà (z = 0) èìåþò âèä:
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Ñ÷èòàåì, ÷òî íà ãðàíèöå ìåæäó ïîêðûòèåì è ïîäëîæêîé (z = −H) âûïîëíåíû
óñëîâèÿ ïîëíîãî ñöåïëåíèÿ:
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Çäåñü u, w − ñìåùåíèÿ âäîëü îñåé r è z ñîîòâåòñòâåííî; σz, σϕ, σr, τzr − êîìïîíåíòû
òåíçîðà íàïðÿæåíèé. Òðåáóåòñÿ íàéòè ðàñïðåäåëåíèå êîíòàêòíûõ äàâëåíèé ïîä
øòàìïîì:

.1),(0 ≤−=σ = rrpzz (4)

2. Ðåøåíèå çàäà÷è

Èñïîëüçóÿ òåõíèêó èíòåãðàëüíûõ ïðåîáðàçîâàíèé Õàíêåëÿ, èç (2) ìîæíî ïîëó-
÷èòü èíòåãðàëüíîå óðàâíåíèå [16, 17]:
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Çäåñü èñïîëüçîâàíû îáîçíà÷åíèÿ: λ = H/a − îòíîñèòåëüíàÿ òîëùèíà ïîêðûòèÿ; L(u) −
òðàíñôîðìàíòà ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ, êîòîðàÿ îïðåäåëÿåòñÿ ÷èñëåííî èç
ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ïåðåìåííûìè êîýôôèöèåíòàìè [15]; J0 − ôóíêöèÿ Áåññåëÿ; Θ è Θs − êîíñòàíòû, õà-
ðàêòåðèçóþùèå ýôôåêòèâíûå óïðóãèå ñâîéñòâà ïîâåðõíîñòè ïîêðûòèÿ è ïîäëîæêè:
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Äëÿ ðåøåíèÿ óðàâíåíèÿ (5) àïïðîêñèìèðóåì ôóíêöèþ L(u) âûðàæåíèåì:
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Òîãäà ðåøåíèå çàäà÷è èìååò âèä [17]:
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Êîíñòàíòû Ci (i = 1, ..., N) îïðåäåëÿþòñÿ èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé:
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Âûðàæåíèÿ äëÿ îñàäêè øòàìïà è ñèëû âäàâëèâàíèÿ èìåþò âèä [16]:
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Ïðè àíàëèçå ýêñïåðèìåíòîâ ïî íàíîèíäåíòèðîâàíèþ íà ïðàêòèêå èñïîëüçóåò-
ñÿ ôóíêöèÿ æåñòêîñòè èíäåíòèðîâàíèÿ S = dP/dδ [1]. Åå çíà÷åíèå ìîæåò áûòü îïðå-
äåëåíî ýêñïåðèìåíòàëüíî, êàê óãîë íàêëîíà êàñàòåëüíîé ê êðèâîé ðàçãðóçêè (ãðà-
ôèê çàâèñèìîñòè «ïðèêëàäûâàåìàÿ ñèëà − îñàäêà èíäåíòîðà») â âåðõíåé òî÷êå ýòîé
êðèâîé (ïðè ìàêñèìàëüíîé ãëóáèíå âíåäðåíèÿ èíäåíòîðà). Ôóíêöèÿ èìååò âèä:
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Äîêàçàíî [18], ÷òî ïîëó÷åííîå ðåøåíèå (8)−(12) ÿâëÿåòñÿ àñèìïòîòè÷åñêè òî÷-
íûì äëÿ áîëüøèõ è ìàëûõ çíà÷åíèé ãåîìåòðè÷åñêîãî ïàðàìåòðà çàäà÷è λ, ïðè ýòîì
ïîãðåøíîñòü ðåøåíèÿ äëÿ ñðåäíèõ çíà÷åíèé ïàðàìåòðà λ ñâÿçàíà ñ òî÷íîñòüþ àï-
ïðîêñèìàöèè ôóíêöèè ïîäàòëèâîñòè. Íà ïðèìåðå çàäà÷è î êðó÷åíèè ïîêàçàíî, ÷òî
ýòè ïîãðåøíîñòè ÿâëÿþòñÿ âåëè÷èíàìè îäíîãî ïîðÿäêà ìàëîñòè [20].

Äëÿ òîãî ÷òîáû ìàêñèìàëüíî óïðîñòèòü ðåøåíèå, ïîëîæèì â (7) N = 1. Âàæíî
îòìåòèòü, ÷òî àïïðîêñèìàöèÿ òðàíñôîðìàíòû ÿäðà ñòðîèòñÿ òàêèì îáðàçîì, ÷òîáû
âûïîëíÿëîñü óñëîâèå LN(0) = L(0). Ââåäåì ïàðàìåòð β = Θs/Θ, õàðàêòåðèçóþùèé
«ìÿãêîñòü» ïîêðûòèÿ. Ó÷òåì òàêæå, ÷òî L(0) = β−1, îòñþäà .AB β=  Òàêèì îáðà-
çîì, èç (8)−(12) ïîëó÷èì óïðîùåííîå ðåøåíèå:
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3. ×èñëåííûå ðåçóëüòàòû

Äëÿ èëëþñòðàöèè ïîëó÷åííûõ óïðîùåííûõ ðåøåíèé ðàññìîòðåí íàáîð îäíî-
ðîäíûõ è ôóíêöèîíàëüíî-ãðàäèåíòíûõ ïîêðûòèé. Ïóñòü ìîäóëü Þíãà ïîäëîæêè
ðàâåí íåêîòîðîìó çíà÷åíèþ E0, à êîýôôèöèåíò Ïóàññîíà ïîêðûòèÿ è ïîäëîæêè ðà-
âåí 0,33. Ðàññìîòðèì ðÿä îäíîðîäíûõ ïîêðûòèé, äëÿ êîòîðûõ β = 0,1; 0,2; 0,5; 2; 5;
10 (áóäåì íàçûâàòü èõ ïîêðûòèÿìè 1−6 ñîîòâåòñòâåííî), è ÷åòûðå ôóíêöèîíàëüíî-
ãðàäèåíòíûõ ïîêðûòèÿ:

− ïîêðûòèÿ 7 è 8
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Äëÿ îäíîðîäíûõ ïîêðûòèé 1−6 ïîñòðîåíû îäíîïàðàìåòðè÷åñêèå àïïðîêñèìà-
öèè (N = 1) ñ ïîãðåøíîñòÿìè 18,4; 11,8; 3,8; 4,3; 12,6 è 2,7% ñîîòâåòñòâåííî. Äëÿ
ôóíêöèîíàëüíî-ãðàäèåíòíûõ ïîêðûòèé 7−10 ïîãðåøíîñòè ñîñòàâëÿþò 3,8; 6,8; 6,8
è 9,3%. Âèäíî, ÷òî ÷åì áîëüøå çíà÷åíèå β îòëè÷àåòñÿ îò åäèíèöû, òåì âûøå ïî-
ãðåøíîñòü îäíîïàðàìåòðè÷åñêîé àïïðîêñèìàöèè. Îäíàêî äëÿ ìíîãèõ ðàññìîòðåí-
íûõ ïðèìåðîâ äàæå îäíîïàðàìåòðè÷åñêàÿ àïïðîêñèìàöèÿ ïîçâîëÿåò ïîëó÷èòü äîñ-
òàòî÷íî âûñîêóþ òî÷íîñòü ðåøåíèÿ çàäà÷è. Ïîãðåøíîñòü ìíîãîïàðàìåòðè÷åñêîé
àïïðîêñèìàöèè (N >> 1) äëÿ âñåõ ðàññìîòðåííûõ ïîêðûòèé íèæå 0,3%, ÷òî ïîçâî-
ëÿåò ãîâîðèòü î âûñîêîé òî÷íîñòè ðåçóëüòàòîâ, ïîëó÷åííûõ ñ èñïîëüçîâàíèåì ìíîãî-
ïàðàìåòðè÷åñêîé àïïðîêñèìàöèè, è èñïîëüçîâàòü èõ ïðè îöåíêå òî÷íîñòè ðåçóëü-
òàòîâ ïðè îäíîïàðàìåòðè÷åñêîé àïïðîêñèìàöèè.

Äëÿ àíàëèçà ðåøåíèÿ çàäà÷è ââåäåì áåçðàçìåðíûå âåëè÷èíû:
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ãäå Phom, δhom, Shom − âäàâëèâàþùàÿ ñèëà, ñìåùåíèå øòàìïà è æåñòêîñòü èíäåíòèðî-
âàíèÿ â çàäà÷å Ãåðöà äëÿ îäíîðîäíîãî ïîëóïðîñòðàíñòâà ñ óïðóãèìè ñâîéñòâàìè,
ñîâïàäàþùèìè ñ ïîäëîæêîé.

Íà ðèñ. 1−3 èçîáðàæåíû ãðàôèêè áåçðàçìåðíîé ñèëû, ãëóáèíû è æåñòêîñòè èí-
äåíòèðîâàíèÿ äëÿ îäíîðîäíûõ ïîêðûòèé 1−6 (ðèñ. 1à, 2à, 3à) è ôóíêöèîíàëüíî-
ãðàäèåíòíûõ ïîêðûòèé 7−10 (ðèñ. 1á, 2á, 3á) ïðè N = 1 (ñïëîøíûå ëèíèè) è N >> 1
(ïóíêòèðíûå ëèíèè). Íà ãðàôèêàõ èñïîëüçîâàíà ëîãàðèôìè÷åñêàÿ øêàëà.
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Ïðè λ → 0 çíà÷åíèÿ P0, δ0, S0 ñòðåìÿòñÿ ê åäèíèöå, ýòî îçíà÷àåò, ÷òî ñèëà, ãëó-
áèíà è æåñòêîñòü èíäåíòèðîâàíèÿ ïðàêòè÷åñêè ñîâïàäàþò ñî çíà÷åíèÿìè çàäà÷è
Ãåðöà, ñîîòâåòñòâóþùèìè ïîäëîæêå. Äëÿ λ → ∞ çíà÷åíèÿ P0 è S0 ñòðåìÿòñÿ ê β− 1, à
δ0 ñòðåìèòñÿ ê 1. Ýòî îçíà÷àåò, ÷òî ýòè âåëè÷èíû ñîâïàäàþò ñî çíà÷åíèÿìè çàäà÷è
Ãåðöà ïðè ìîäóëÿõ óïðóãîñòè ïîâåðõíîñòè ïîêðûòèÿ Ec(0), νc(0). Ñëåäóåò ïîìíèòü,
÷òî ñðàâíåíèå ïðîèñõîäèò ïðè îäèíàêîâûõ çíà÷åíèÿõ ïàðàìåòðà λ, òî åñòü ðàâíîé
îáëàñòè êîíòàêòà. Íàáëþäàåòñÿ õîðîøåå ñîâïàäåíèå ðåçóëüòàòîâ ïðè ìàëûõ è áîëü-
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øèõ çíà÷åíèÿõ λ äëÿ âñåõ ðàññìîòðåííûõ ïðèìåðîâ. Äëÿ ñðåäíèõ çíà÷åíèé λ íà-
áëþäàåòñÿ õîðîøåå ñîâïàäåíèå ðåçóëüòàòîâ â ñëó÷àå íåáîëüøîãî îòëè÷èÿ ìîäóëåé
óïðóãîñòè ïîêðûòèÿ è ïîäëîæêè.

Çàêëþ÷åíèå

Ïîëó÷åíû óïðîùåííûå àíàëèòè÷åñêèå âûðàæåíèÿ, îïèñûâàþùèå êîíòàêòíûå
äàâëåíèÿ, ñèëó, ãëóáèíó è æåñòêîñòü èíäåíòèðîâàíèÿ ïðè âíåäðåíèè ñôåðè÷åñêîãî
èíäåíòîðà â ïîëóïðîñòðàíñòâî ñ îäíîðîäíûì èëè ôóíêöèîíàëüíî-ãðàäèåíòíûì
ïîêðûòèåì. Èññëåäîâàíèå òî÷íîñòè ýòèõ ôîðìóë ïîêàçàëî, ÷òî óïðîùåííûå ôîð-
ìóëû ïîçâîëÿþò ñ äîñòàòî÷íî âûñîêîé òî÷íîñòüþ îïèñàòü ðåøåíèå çàäà÷è äëÿ òîí-
êèõ è òîëñòûõ ïîêðûòèé, à òàêæå äëÿ ïîêðûòèé ïðîèçâîëüíîé òîëùèíû â ñëó÷àå
îòíîñèòåëüíî íåáîëüøîãî îòëè÷èÿ ìîäóëåé óïðóãîñòè ïîêðûòèÿ è ïîäëîæêè.
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SIMPLIFIED ANALYTICAL SOLUTION OF THE PROBLEM
OF SPHERICAL INDENTOR PENETRATION INTO HALF-SPACE WITH COATING

Sadyrin E.V.1,2, Igumnov L.A.1

1 Research Institute for Mechanics, National Research Lobachevsky State University
of Nizhny Novgorod, Nizhny Novgorod, Russian Federation

2Research and Education Center “Materials”, Don State Technical University,
Rostov-on-Don, Russian Federation

The contact problem of a rigid spherical punch penetration into a linearly elastic isotropic half-
space with a functionally graded or homogeneous coating is considered. The problem is reduced to
solving the dual integral equation. Using a one-parameter approximation of the kernel transform
of an integral equation in the form of a ratio of two quadratic functions containing only one parameter,
an approximate asymptotically exact solution of the problem was obtained in a simplified analytical
form. The solution allows one to take into account both the elastic properties of the coating and the
contribution of the substrate. In this case, the scheme for constructing an approximate analytical
solution is significantly simplified in comparison to the general case. Simplified analytical
expressions describing contact pressure, force, depth, and indentation rigidity are obtained. The
accuracy of the solution obtained is investigated depending on the ratio of the elastic moduli of the
coating and the substrate, the nature of the change in the elastic modulus, and the relative thickness
of the coating. It is shown that the proposed formulas allow to achieve a sufficiently high accuracy
for describing of the solution of the problem for thin and thick coatings, as well as for coatings of
arbitrary thickness in the case of a relatively small difference in the elastic moduli of the coating
and substrate. Using a simple one-parameter approximation makes it possible to obtain a solution
to the problem in an explicit analytical form, convenient in practice for engineering calculations.

Keywords: contact, penetration, spherical indenter, simple analytical solution, functionally graded
coating.


