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Ñ ïðèìåíåíèåì ïðèíöèïà Ãàìèëüòîíà − Îñòðîãðàäñêîãî ïîñòðîåíà ìàòå-
ìàòè÷åñêàÿ ìîäåëü êîëåáàíèé ãåîìåòðè÷åñêè íåëèíåéíûõ íàíîðàçìåðíûõ ïî-
ëîãèõ îñåñèììåòðè÷íûõ ñôåðè÷åñêèõ îáîëî÷åê. Â îñíîâó ìîäåëè ïîëîæåíû
ñëåäóþùèå ñîîòíîøåíèÿ è äîïóùåíèÿ: òåëî îáîëî÷êè óïðóãîå, îäíîðîäíîå è
èçîòðîïíîå, ïðèìåíèìà ãèïîòåçà Êèðõãîôà − Ëÿâà, èñïîëüçóåòñÿ ìîäèôèöè-
ðîâàííàÿ ìîìåíòíàÿ òåîðèÿ óïðóãîñòè äëÿ îáúÿñíåíèÿ çàâèñèìîñòè óïðóãîãî
ïîâåäåíèÿ îáîëî÷êè îò ðàçìåðíîãî (çàâèñèìîãî) ïàðàìåòðà; ïîëîãîñòü îáî-
ëî÷êè îïðåäåëÿåòñÿ íà îñíîâå ãèïîòåç Â.Ç. Âëàñîâà, ãåîìåòðè÷åñêàÿ íåëèíåé-
íîñòü − ïî Ò. Êàðìàíó. Ïðåäëîæåí ïîäõîä äëÿ îïðåäåëåíèÿ «èñòèííîãî» ðå-
øåíèÿ. Óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèòñÿ ê çàäà÷å Êîøè ìåòîäîì
êîíå÷íûõ ðàçíîñòåé âòîðîãî ïîðÿäêà òî÷íîñòè, êîòîðàÿ ðåøàåòñÿ íåñêîëüêè-
ìè ìåòîäàìè òèïà Ðóíãå − Êóòòû: ìåòîä Ðóíãå − Êóòòû 4-ãî è 2-ãî ïîðÿäêîâ,
ìåòîä Ðóíãå − Êóòòû − Ôåëáåðãà 4-ãî ïîðÿäêà, ìåòîä Êåø − Êàðïà 4-ãî ïîðÿä-
êà, Ðóíãå − Êóòòû − Ïðèíñà − Äîðìàíäà 8-ãî ïîðÿäêà, íåÿâíûé ìåòîä Ðóíãå −
Êóòòû 2-ãî è 4-ãî ïîðÿäêîâ. Ñîçäàí àëãîðèòì è êîìïëåêñ ïðîãðàìì äëÿ ïîëó-
÷åíèÿ ÷èñëåííûõ ðåçóëüòàòîâ. Èññëåäóåòñÿ ñõîäèìîñòü ýòèõ ìåòîäîâ ïî ïðî-
ñòðàíñòâåííîé è âðåìåííîé êîîðäèíàòå. Â îñíîâó èññëåäîâàíèÿ ïîëîæåíà êà-
÷åñòâåííàÿ òåîðèÿ íåëèíåéíîé äèíàìèêè: àíàëèçèðóþòñÿ ñèãíàëû, ôàçîâûå
ïîðòðåòû 2D è 3D, ñïåêòðû ìîùíîñòè Ôóðüå, âåéâëåòû Ìîðëå, ýïþðû ïðîãè-
áîâ, ñå÷åíèÿ Ïóàíêàðå è àâòîêîððåëÿöèîííûå ôóíêöèè, èññëåäîâàíèå çíàêà
ëÿïóíîâñêîãî ïîêàçàòåëÿ ïðîâîäèòñÿ ñ ïîìîùüþ ìåòîäîâ Âîëüôà, Êàíöà, Ðî-
çåíøòåéíà. Ïðèâîäèòñÿ ïðèìåð ðàñ÷åòà äëÿ ïëàñòèíîê è ïîëîãèõ îáîëî÷åê. Àíà-
ëèç ïîëó÷åííûõ ðåçóëüòàòîâ ïîêàçàë, ÷òî ñ óâåëè÷åíèåì ðàçìåðíî-çàâèñèìîãî
ïàðàìåòðà õàðàêòåð êîëåáàíèé ïåðåõîäèò èç õàîòè÷åñêîãî â ãàðìîíè÷åñêèé è
âåëè÷èíà äèíàìè÷åñêîé êðèòè÷åñêîé íàãðóçêè óâåëè÷èâàåòñÿ.

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ óñòîé÷èâîñòü îáîëî÷åê, íàíîðàçìåðíûå
îñåñèììåòðè÷íûå ïîëîãèå îáîëî÷êè, õàîòè÷åñêàÿ äèíàìèêà, ìåòîä êîíå÷íûõ
ðàçíîñòåé, ìåòîäû òèïà Ðóíãå − Êóòòû, ëÿïóíîâñêèå ïîêàçàòåëè.
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Ââåäåíèå

Çàâèñèìîñòü óïðóãîãî ïîâåäåíèÿ ìåõàíè÷åñêèõ ñòðóêòóð îò ðàçìåðîâ òåëà â
ìèêðîííîì ìàñøòàáå ýêñïåðèìåíòàëüíî íàáëþäàëàñü â ìåòàëëàõ [1, 2] è ïîëèìå-
ðàõ [3]. Êðîìå òîãî, ýêñïåðèìåíòû ïîäòâåðæäàþò çíà÷èòåëüíîå âëèÿíèå íåëèíåé-
íîñòè íà ïîâåäåíèå ìèêðî- è íàíîìåõàíè÷åñêèõ ðåçîíàòîðîâ [4]. Êëàññè÷åñêàÿ ìå-
õàíèêà êîíòèíóóìà íå â ñîñòîÿíèè èíòåðïðåòèðîâàòü è ïðåäñêàçûâàòü òàêîå ðàç-
ìåðíî-çàâèñèìîå ïîâåäåíèå, ïðîèñõîäÿùåå â ñòðóêòóðàõ ìàñøòàáà ìèêðîíîâ è ñóá-
ìèêðîíîâ, èç-çà îòñóòñòâèÿ ìàòåðèàëüíîãî ïàðàìåòðà, ó÷èòûâàþùåãî ìàñøòàáíûå
ýôôåêòû. Â ïîñëåäíåå âðåìÿ áûëî ïðåäïðèíÿòî ìíîãî ïîïûòîê äëÿ ðàçðàáîòêè ðàç-
ëè÷íûõ òåîðèé, ïîçâîëÿþùèõ ìîäåëèðîâàòü ìàñøòàáíûå ýôôåêòû â êîíòèíóóìå,
òàêèõ êàê ìîìåíòíàÿ òåîðèÿ óïðóãîñòè [5, 6], íåëîêàëüíàÿ òåîðèÿ óïðóãîñòè [7],
ãðàäèåíòíàÿ òåîðèÿ óïðóãîñòè [8], òåîðèè ñðåä ñ ñîõðàíÿþùèìèñÿ äèñëîêàöèÿìè
[9] è ïîâåðõíîñòíàÿ óïðóãîñòü [10]. Ìîìåíòíàÿ òåîðèÿ ñîäåðæèò äâå äîïîëíèòåëü-
íûå ìàòåðèàëüíûå êîíñòàíòû äëÿ èçîòðîïíûõ óïðóãèõ ìàòåðèàëîâ, ñâÿçàííûå ñ ëå-
æàùåé â îñíîâå ìèêðîñòðóêòóðîé ìàòåðèàëà, êîòîðûå òðóäíî îïðåäåëèòü. Â [11]
ïðåäëîæåíà ìîäèôèöèðîâàííàÿ ìîìåíòíàÿ òåîðèÿ òîëüêî ñ îäíèì äîïîëíèòåëüíûì
ïàðàìåòðîì. Â ïîñëåäíèå ãîäû ýòà òåîðèÿ áûëà ïðèìåíåíà ìíîãèìè èññëåäîâàòå-
ëÿìè äëÿ èíòåðïðåòàöèè ðàçìåðíî-çàâèñèìîãî ïîâåäåíèÿ äâèæåíèÿ ìèêðîñòðóê-
òóð [12−17].

1. Òåîðèÿ ãèáêèõ ïîëîãèõ îñåñèììåòðè÷íûõ íàíîîáîëî÷åê
ñ ó÷åòîì ìîìåíòíûõ íàïðÿæåíèé

Â êëàññè÷åñêîé òåîðèè óïðóãîñòè ðàáîòà äåôîðìàöèè è ýíåðãèÿ äåôîðìàöèè
çàâèñÿò îò òåíçîðà íàïðÿæåíèé è íå çàâèñÿò îò âåêòîðà âðàùåíèÿ âñëåäñòâèå ìàòå-
ðèàëüíîé íåçàâèñèìîñòè. Îäíàêî ãðàäèåíò âåêòîðà âðàùåíèÿ ìîæåò ïðåäñòàâëÿòü
ñîáîé ñóùåñòâåííûé ôàêòîð â óðàâíåíèÿõ ñîñòîÿíèÿ. Â ñîîòâåòñòâèè ñ ìîäèôèöè-
ðîâàííîé òåîðèåé ìîìåíòíûõ íàïðÿæåíèé, ïðåäñòàâëåííîé ßíãîì è äð. [18], ïëîò-
íîñòü ýíåðãèè äåôîðìàöèè ÿâëÿåòñÿ ôóíêöèåé êàê òåíçîðà íàïðÿæåíèé (ñîïðÿæåí-
íîãî ñ òåíçîðîì äåôîðìàöèè), òàê è òåíçîðà êðèâèçíû (ñîïðÿæåííîãî ñ òåíçîðîì
ìîìåíòíûõ íàïðÿæåíèé). Íà áàçå óêàçàííûõ ãèïîòåç è òåîðèé â ñòàòüå [19] áûëè
ïîëó÷åíû óðàâíåíèÿ äâèæåíèÿ îñåñèììåòðè÷íûõ ïîëîãèõ íàíîóïðóãèõ îáîëî÷åê,
ãäå ââåäåí íà áàçå ìîäèôèöèðîâàííîé ìîìåíòíîé òåîðèè êîýôôèöèåíò γl = l2/h2,
êîòîðûé îòâåòñòâåíåí çà ðàçìåðû íàíîñòðóêòóðû:
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Çäåñü h − òîëùèíà îáîëî÷êè; l − ïàðàìåòð øêàëû äëèíû ìàòåðèàëà, ïîíèìàåìûé
êàê ñâîéñòâî ìàòåðèàëà, õàðàêòåðèçóþùåå ýôôåêò ìîìåíòíîãî íàïðÿæåíèÿ; =Φ
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ãäå t − âðåìÿ; ε − êîýôôèöèåíò ñîïðîòèâëåíèÿ ñðåäû, â êîòîðîé ïðîèñõîäèò äâèæå-
íèå îáîëî÷êè; F − ôóíêöèÿ óñèëèé; w − ôóíêöèÿ ïðîãèáà; R − ãëàâíûé ðàäèóñ êðè-
âèçíû îáîëî÷êè, c − ðàäèóñ îïîðíîãî êîíòóðà; b − ïàðàìåòð ïîëîãîñòè; ν − êîýô-
ôèöèåíò Ïóàññîíà; r − ðàññòîÿíèå îò îñè âðàùåíèÿ äî òî÷êè íà ñðåäèííîé ïîâåðõ-
íîñòè; q − ïàðàìåòð âíåøíåé íàãðóçêè; ω0 − ÷àñòîòà ñîáñòâåííûõ ìàëûõ êîëåáà-
íèé, E − ìîäóëü óïðóãîñòè, g − óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, γ − óäåëüíûé âåñ
ìàòåðèàëà. Äëÿ êðàòêîñòè ÷åðòà íàä áåçðàçìåðíûìè âåëè÷èíàìè â (1) îïóùåíà. Ê
óðàâíåíèÿì (1) ñëåäóåò ïðèñîåäèíèòü ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ. Ïðèâåäåì
ãðàíè÷íûå óñëîâèÿ, äëÿ êîòîðûõ ïîëó÷åíû ÷èñëåííûå ðàñ÷åòû, − øàðíèðíî-íåïîä-
âèæíûé êîíòóð:
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Íà÷àëüíûå óñëîâèÿ:

.0)0,(,0)0,( 21 ==′== rfwrfw (3)

Êðîìå òîãî, â ìàëîé îêðåñòíîñòè âåðøèíû îñåñèììåòðè÷íîé ñôåðè÷åñêîé îáîëî÷-
êè ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ: Φ ≈ Ar, Φ′ ≈ A, w ≈ B + Cr2, w′ ≈ 2Cr, w″≈
≈ 2C; w′″ ≈ 0 [20].

2. Àëãîðèòì ðàñ÷åòà

Äëÿ ñâåäåíèÿ ðàñïðåäåëåííîé ñèñòåìû (1)−(3) ê ñèñòåìå ñ ñîñðåäîòî÷åííûìè
ïàðàìåòðàìè âîñïîëüçóåìñÿ ìåòîäîì êîíå÷íûõ ðàçíîñòåé âòîðîãî ïîðÿäêà òî÷íîñ-
òè. Ãðàíè÷íûå, íà÷àëüíûå óñëîâèÿ è óñëîâèÿ â âåðøèíå òàêæå ñëåäóåò ïðåäñòàâèòü
â êîíå÷íûõ ðàçíîñòÿõ. Íàãðóçêà ìîæåò èçìåíÿòüñÿ ïî ëþáîìó çàêîíó, íî â íàñòîÿ-
ùåé ñòàòüå äëÿ ãðàíè÷íûõ óñëîâèé (2) èññëåäóþòñÿ çàäà÷è, â êîòîðûõ ïîïåðå÷íàÿ íà-
ãðóçêà ðàâíîìåðíî ðàñïðåäåëåííàÿ çíàêîïåðåìåííàÿ q = q0sin ωpt, ãäå q0 − àìïëèòó-
äà âûíóæäåííîé íàãðóçêè, ωp = 2π/T, T − ïåðèîä ñîáñòâåííûõ êîëåáàíèé îáîëî÷êè.

Ïîñëå ñâåäåíèÿ çàäà÷è (1)−(3) ê íîðìàëüíîìó âèäó çàäà÷à Êîøè áóäåò ðåøàòü-
ñÿ íåñêîëüêèìè ìåòîäàìè òèïà ìåòîäà Ðóíãå − Êóòòû [21−24]. Øàã ïî âðåìåíè âû-
áèðàåòñÿ èç óñëîâèÿ óñòîé÷èâîñòè ðåøåíèÿ (Δt = 2,441⋅10−4).

Â ñèëó ñëîæíîñòè óðàâíåíèé (1)−(3), îïèñûâàþùèõ íåëèíåéíóþ äèíàìèêó ãèá-
êèõ ïîëîãèõ íàíîîáîëî÷åê, íàéòè àíàëèòè÷åñêîå òî÷íîå ðåøåíèå çàäà÷ íå ïðåä-
ñòàâëÿåòñÿ âîçìîæíûì. Åäèíñòâåííûì âûõîäîì ÿâëÿåòñÿ ðåøåíèå òàêèõ çàäà÷ ÷èñ-
ëåííûìè ìåòîäàìè. Íî òîãäà âñòàåò âîïðîñ î äîñòîâåðíîñòè ïîëó÷àåìûõ ðåøåíèé.
Ñëåäîâàòåëüíî, ÷ðåçâû÷àéíî âàæíûì ÿâëÿåòñÿ âîïðîñ î âûÿâëåíèè «èñòèííîñòè»
õàîòè÷åñêèõ êîëåáàíèé, òàê êàê î÷åíü ÷àñòî ïðèíèìàþò çà õàîòè÷åñêèå êîëåáàíèÿ
îøèáêè, êîòîðûå íàêàïëèâàþòñÿ ïðè ðåøåíèè çàäà÷ ÷èñëåííûìè ìåòîäàìè [25].
«Èñòèííîñòü» õàîñà («èñòèííîñòü» ðåøåíèé) äëÿ çàäà÷ íåëèíåéíîé äèíàìèêè îï-
ðåäåëÿåì ñ ïîìîùüþ íåñêîëüêèõ àëüòåðíàòèâíûõ ðåøåíèé, ïîëó÷åííûõ îïèñàí-
íûìè âûøå ÷èñëåííûìè ìåòîäàìè.
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Èçâåñòíî, ÷òî îñíîâîïîëàãàþùåé ÷åðòîé õàîñà ÿâëÿåòñÿ ñóùåñòâåííàÿ çàâèñè-
ìîñòü îò íà÷àëüíûõ óñëîâèé. Îïðåäåëåíèå õàîñà, êîòîðîå áûëî ïåðâîíà÷àëüíî ñôîð-
ìóëèðîâàíî â 1989 ãîäó Äåâàíè [26], èìååò òðè ñîñòàâíûå ÷àñòè. Â äîïîëíåíèå ê
óñëîâèþ ñóùåñòâîâàíèÿ çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé â íåãî âõîäÿò óñëîâèå
ïåðåìåøèâàíèÿ, èìåíóåìîå òðàíçèòèâíîñòüþ, è óñëîâèå ðåãóëÿðíîñòè, èìåíóåìîå
ïëîòíîñòüþ ïåðèîäè÷åñêèõ òî÷åê èëè ïåðèîäè÷íîñòüþ. Äæ. Áýíêñ ñ ñîàâòîðàìè
[27] â 1992 ãîäó äîêàçàëè, ÷òî óñëîâèå ñóùåñòâîâàíèÿ çàâèñèìîñòè îò íà÷àëüíûõ
óñëîâèé ÿâëÿåòñÿ èçáûòî÷íûì è ñëåäóåò èç óñëîâèé òðàíçèòèâíîñòè è ïåðèîäè÷íîñòè.

Ñóùåñòâóåò îïðåäåëåíèå õàîñà, äàííîå Êíóäñåíîì [28], ñîãëàñíî êîòîðîìó ôóíê-
öèÿ, çàäàííàÿ íà îãðàíè÷åííîì ìåòðè÷åñêîì ïðîñòðàíñòâå, ìîæåò áûòü îïðåäåëåíà
êàê õàîòè÷åñêàÿ, åñëè îíà èìååò ïëîòíóþ îðáèòó è îáëàäàåò ñóùåñòâåííîé çàâèñè-
ìîñòüþ îò íà÷àëüíûõ óñëîâèé [29] .

Ïî îïðåäåëåíèþ õàîñà, äàííîìó Ãóëèêîì [29], õàîñ ñóùåñòâóåò òîãäà, êîãäà ëèáî
èìååòñÿ ñóùåñòâåííàÿ çàâèñèìîñòü îò íà÷àëüíûõ óñëîâèé, ëèáî ôóíêöèÿ èìååò
ïîëîæèòåëüíûé ïîêàçàòåëü Ëÿïóíîâà â êàæäîé òî÷êå îáëàñòè åå îïðåäåëåíèÿ è ïî-
ýòîìó íå ÿâëÿåòñÿ â êîíå÷íîì èòîãå ïåðèîäè÷åñêîé. Áóäåì ñëåäîâàòü îïðåäåëåíèþ
õàîñà ïî Ãóëèêó [29].

×èñëåííî ïîëó÷åííûå ðåøåíèÿ çàâèñÿò îò ãðàíè÷íûõ è íà÷àëüíûõ óñëîâèé,
êîëè÷åñòâà èíòåðâàëîâ ðàçáèåíèÿ ðàäèóñà îáîëî÷êè â ìåòîäå êîíå÷íûõ ðàçíîñòåé,
îò ìåòîäà ðåøåíèÿ çàäà÷è Êîøè ìåòîäàìè Ðóíãå − Êóòòû è øàãà ïî âðåìåíè, îò ìå-
òîäà îïðåäåëåíèÿ ëÿïóíîâñêèõ ïîêàçàòåëåé.

Äëÿ âûÿâëåíèÿ «èñòèííîñòè» õàîòè÷åñêèõ êîëåáàíèé ïðè ÷èñëåííîì ðåøåíèè
çàäà÷è î íåëèíåéíûõ êîëåáàíèÿõ ãèáêèõ íàíîîáîëî÷åê ïîä äåéñòâèåì ïîïåðå÷íîé
çíàêîïåðåìåííîé íàãðóçêè ïðèâîäèòñÿ êîìïëåêñíîå èññëåäîâàíèå.

1. Ïîñêîëüêó óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñâîäÿòñÿ ê çàäà÷å Êîøè ìåòî-
äîì êîíå÷íûõ ðàçíîñòåé 2-ãî ïîðÿäêà òî÷íîñòè, òî ðåøåíèå ñóùåñòâåííî çàâèñèò
îò êîëè÷åñòâà èíòåðâàëîâ ðàçáèåíèÿ ðàäèóñà îáîëî÷êè è ñëåäóåò íàéòè òî êîëè÷å-
ñòâî ðàçáèåíèé, ïðè êîòîðîì ðåøåíèå ïðè ÷èñëå ðàçáèåíèé 2n ñîâïàäàåò ñ ðåøåíè-
åì ïðè ÷èñëå ðàçáèåíèé n. Òðåáóåòñÿ ñîâïàäåíèå ôóíêöèé ðåøåíèÿ, äàæå äëÿ õàî-
òè÷åñêèõ êîëåáàíèé, âïëîòü äî ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà.

2. Çàäà÷à Êîøè òàêæå ðåøàåòñÿ ÷èñëåííûìè ìåòîäàìè, ðåøåíèå ñóùåñòâåííî
çàâèñèò îò ìåòîäà è øàãà ðåøåíèÿ ïî âðåìåíè. Ïîýòîìó ïðåäëàãàåòñÿ ðåøàòü çàäà-
÷ó Êîøè íåñêîëüêèìè ìåòîäàìè: ìåòîäîì Ðóíãå − Êóòòû 4-ãî (RK4), 2-ãî (RK2)
ïîðÿäêîâ; ìåòîäîì Ðóíãå − Êóòòû − Ôåëáåðãà 4-ãî ïîðÿäêà (RKF45) [21, 22]; ìåòî-
äîì Êåø − Êàðïà 4-ãî ïîðÿäêà (RKCK) [23]; ìåòîäîì Ðóíãå − Êóòòû − Ïðèíñà − Äîð-
ìàíäà 8-ãî ïîðÿäêà (RK8PD) [24]; íåÿâíûìè ìåòîäàìè Ðóíãå − Êóòòû 2-ãî ïîðÿäêà
(RK2IMP) è 4-ãî ïîðÿäêà (RK4IMP). Ìåòîäû RKF45, RKCK, RK8PD ïðåäóñìàòðè-
âàþò àâòîìàòè÷åñêîå èçìåíåíèå øàãà, à òàêæå âîçìîæíîñòü êîíòðîëÿ ïîãðåøíîñòè
èíòåãðèðîâàíèÿ. Âñåìè óïîìÿíóòûìè â ï. 2 ìåòîäàìè áûëè ðåøåíû çàäà÷è ãèáêèõ
íàíîîáîëî÷åê. Â ðåçóëüòàòå ÷èñëåííîãî àíàëèçà ïðåäïî÷òåíèå áûëî îòäàíî ìåòîäó
Ðóíãå − Êóòòû 4-ãî ïîðÿäêà òî÷íîñòè. Ýòîò ìåòîä îáëàäàåò âûñîêîé òî÷íîñòüþ è
ÿâëÿåòñÿ ýêîíîìè÷íûì ñ òî÷êè çðåíèÿ çàòðàòû âðåìåíè ïðè ÷èñëåííîì ðåøåíèè
çàäà÷è.

3. Äëÿ êàæäîãî èç ðàçáèåíèé èíòåðâàëà èíòåãðèðîâàíèÿ è ìåòîäà ðåøåíèÿ çàäà-
÷è Êîøè ñòðîÿòñÿ ñèãíàëû, ôàçîâûå ïîðòðåòû 2D è 3D, ñïåêòðû ìîùíîñòè Ôóðüå,
âåéâëåòû Ìîðëå, ýïþðû ïðîãèáîâ, ñå÷åíèÿ Ïóíêàðå è àâòîêîððåëÿöèîííûå ôóíê-
öèè.
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4. Cëåäóÿ îïðåäåëåíèþ õàîñà Ãóëèêà [29], âû÷èñëÿåòñÿ è îïðåäåëÿåòñÿ çíàê
ñòàðøåãî ïîêàçàòåëÿ Ëÿïóíîâà. Òàê êàê â íàñòîÿùåå âðåìÿ íå ñîçäàí óíèâåðñàëü-
íûé è íàäåæíûé ìåòîä îïðåäåëåíèÿ ñïåêòðà ëÿïóíîâñêèõ ïîêàçàòåëåé, òî ýòîò âîï-
ðîñ ðåøàåòñÿ ñ ïîìîùüþ ïðèìåíåíèÿ ÷èñëåííûõ ìåòîäîâ Âîëüôà [30], Êàíöà [31],
Ðîçåíøòåéíà [32].

3. ×èñëåííûé ðàñ÷åò îñåñèììåòðè÷íîé ïîëîãîé íàíîîáîëî÷êè

Ïðèâåäåì â êà÷åñòâå ïðèìåðà ðàñ÷åò íåëèíåéíîé äèíàìèêè øàðíèðíî-íåïîä-
âèæíîé ñôåðè÷åñêîé îáîëî÷êè (1)−(3) ïîä äåéñòâèåì ðàâíîìåðíî ðàñïðåäåëåííîé
íàãðóçêè, èçìåíÿþùåéñÿ ïî çàêîíó q = q0sin ωpt, ïðè ÷àñòîòå ωp = 1,571, êîòîðàÿ
áëèçêà ê ÷àñòîòå ñîáñòâåííûõ êîëåáàíèé, ïàðàìåòð ïîëîãîñòè b = 4. ×èñëî ðàçáèå-
íèé ïî ðàäèóñó ñîñòàâëÿëî n = 60; 120; 200; 240; 280. Îïòèìàëüíûì ðàçáèåíèåì
îêàçàëîñü n = 240, êîãäà ñîâïàäàþò îñíîâíûå ôóíêöèè. Ðàñ÷åòû ïðîâîäèëèñü äëÿ
γl = 0; 0,3; 0,5. Â òàáëèöå 1 ïðèâåäåíû çàâèñèìîñòè äëÿ ïðîãèáîâ w(t) â âåðøèíå
îáîëî÷êè, ôàçîâûå ïîðòðåòû w(w′), ñïåêòðû ìîùíîñòè Ôóðüå S(ω) è Ìîðëå ω(t)
äëÿ γl = 0 è q0 = 0,48. Ïðè ðàçáèåíèè n = 60, 120 äëÿ γl = 0 (ðèñ. 1) è äëÿ γl = 0,1
(ðèñ. 2) íàáëþäàþòñÿ îñîáåííîñòè â ãðàôèêå çàâèñèìîñòè w(t), êîãäà ïðè íàãðóçêå
q0 = 0,48 ïðîãèáû ðàñòóò â ñòîðîíó êðèâèçíû îáîëî÷êè. Ýòîò ôàêò õàðàêòåðèçóåò
÷èñëåííóþ íåóñòîé÷èâîñòü (íåäîñòàòî÷íîå êîëè÷åñòâî ðàçáèåíèé n).

Òàáëèöà 1

n Ñèãíàë Ôàçîâûé ïîðòðåò Ñïåêòð ìîùíîñòè Âåéâëåò-ñïåêòð
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Ðèñ. 1. Çàâèñèìîñòü w(t) äëÿ γl = 0:
êðàñíûé öâåò − n = 60, 120;

÷åðíûé öâåò − n = 200, 240, 280
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Ðèñ. 2. Çàâèñèìîñòü w(t) äëÿ γl = 0,1:
êðàñíûé öâåò − n = 60, 120;

÷åðíûé öâåò − n = 200, 240, 280
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Â òàáëèöå 2 ïðèâåäåíû çàâèñèìîñòè äëÿ ïðîãèáîâ w(t), ôàçîâûå ïîðòðåòû w(w′),
ñïåêòðû ìîùíîñòè Ôóðüå S(ω) è Ìîðëå ω(t) äëÿ γl = 0; 0,1; 0,5 è q0 = 0,34.

Òàáëèöà 2

Àíàëèç òàáëèö 1 è 2 ïîêàçàë, ÷òî óâåëè÷åíèå êîëè÷åñòâà òî÷åê ðàçáèåíèÿ ðàäèó-
ñà îáîëî÷êè ïðè ðåøåíèè çàäà÷è ìåòîäîì êîíå÷íûõ ðàçíîñòåé ìîæåò ñóùåñòâåííî
ìåíÿòü õàðàêòåð êîëåáàíèé äëÿ γl = 0, n = 60, êîëåáàíèÿ ïåðåõîäÿò â õàîòè÷åñêèå èç
ãàðìîíè÷åñêèõ ïî ñöåíàðèþ Ôåéãåíáàóìà, à äëÿ n = 240−280 − ïî ñöåíàðèþ Ïîìî −
Ìàííåâèëÿ. Íà ðèñ. 3 ïðèâåäåíû çàâèñèìîñòü ìàêñèìàëüíîãî ïðîãèáà â âåðøèíå
îáîëî÷êè îò àìïëèòóäû íàãðóçêè wmax(q0) ñ óêàçàíèåì çíà÷åíèÿ γl = 0; 0,1; 0,5 è
öâåòîâàÿ ãàììà õàðàêòåðà êîëåáàíèé.

Ñèãíàë            Ôàçîâûé ïîðòðåò        Ñïåêòð ìîùíîñòè          Âåéâëåò-ñïåêòð
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Ðèñ. 3. Çàâèñèìîñòü wmax(q0), n = 200, 240, 280
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Óñëîâíûå îáîçíà÷åíèÿ:  − ãàðìîíè÷åñêèå êîëåáàíèÿ íà ÷àñòîòå ωp;  − êîëå-
áàíèÿ íà ÷àñòîòàõ ωp/2k, ãäå k ∈ N;  − êîëåáàíèÿ íà ÷àñòîòàõ ωp è íåçàâèñèìîé
÷àñòîòå;  − êîëåáàíèÿ íà ÷àñòîòàõ ωp/3k, ãäå k ∈ N;  − êîëåáàíèÿ íà ÷àñòîòàõ ωp/5k,
ãäå k ∈ N;  − õàîñ.

Âëèÿíèå ðàçìåðíî-çàâèñèìîãî ïàðàìåòðà íà õàðàêòåð êîëåáàíèé îáîëî÷êè íåîäíî-
çíà÷íûé: äëÿ γl = 0 ïîòåðÿ óñòîé÷èâîñòè íàñòóïàåò óæå ïðè q0 = 0,2; äëÿ γl = 0,1 −
ïðè q0 = 0,26; äëÿ γl = 0,5 ïîòåðÿ óñòîé÷èâîñòè îòñóòñòâóåò. Ñ óâåëè÷åíèåì γl óìåíü-
øàþòñÿ çíà÷åíèÿ ïðîãèáîâ, îäíàêî ïðè γl = 0 õàîòè÷åñêèå êîëåáàíèÿ íå íàáëþäà-
þòñÿ; ïðè   γl = 0,1 ïðîèñõîäÿò õàîòè÷åñêèå êîëåáàíèÿ ïðè 0,28 ≤ q0 ≤ 0,3 è 0,32 ≤
≤ q0 ≤ 0,34; ïðè γl = 0,5 íà âñåì èíòåðâàëå íàáëþäàþòñÿ ðåãóëÿðíûå êîëåáàíèÿ.

Âûâîäû

1. Ïîñòðîåíà òåîðèÿ ðàçìåðíî-çàâèñèìûõ ãèáêèõ îñåñèììåòðè÷íûõ ïîëîãèõ
îáîëî÷åê.

2. Ñôîðìóëèðîâàíà ìåòîäîëîãèÿ ïîëó÷åíèÿ «èñòèííîãî» õàîñà äëÿ ñôåðè÷åñ-
êèõ ãèáêèõ îñåñèììåòðè÷íûõ íàíîîáîëî÷åê.

3. Âûÿâëåíî, ÷òî ñ óâåëè÷åíèåì γl êîëåáàíèÿ òåðÿþò ñâîþ õàîòè÷íîñòü è ñòàíî-
âÿòñÿ ãàðìîíè÷åñêèìè. Ëÿïóíîâñêèå ïîêàçàòåëè, îïðåäåëåííûå ìåòîäàìè Êàíöà,
Ðîçåíøòåéíà, Âîëüôà, óêàçûâàþò íà òî, ÷òî äëÿ ãàðìîíè÷åñêèõ êîëåáàíèé ñòàðøèé
ïîêàçàòåëü îòðèöàòåëüíûé, íî áëèçîê ê íóëþ, à äëÿ õàîòè÷åñêèõ êîëåáàíèé − ïîëî-
æèòåëüíûé.

4. Óñòîé÷èâîñòü ðåøåíèÿ ñóùåñòâåííî çàâèñèò îò ïàðàìåòðà γl è ÷èñëà ðàçáèå-
íèé n.

5. Ñöåíàðèé ïåðåõîäà êîëåáàíèé èç ãàðìîíè÷åñêèõ â õàîòè÷åñêèå òàêæå ñóùå-
ñòâåííî çàâèñèò îò γl è n.
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CHAOTIC VIBRATIONS OF GEOMETRICALLY NONLINEAR
NANO-DIMENSIONAL SHALLOW AXISYMMETRIC SHELLS

Êrysko Jr. V.À.1, Êirichenko À.V.1, Papkova I.V.1,2, Êutepov I.Å.1

1Yuri Gagarin State Technical University of Saratov, Saratov, Russian Federation
2The National Research Tomsk Polytechnic University, Tomsk, Russian Federation

The Hamilton − Ostrogradsky principle is used in the paper to construct a mathematical model of
vibrations of geometrically nonlinear nano-dimensional shallow axisymmetric spherical shells.
The model is based on the following relations and assumptions: the body of the shell is elastic,
homogeneous and isotropic, the Kirchhoff − Love hypothesis, a  modified momentary theory of
elasticity is used to account for the dependence of elastic behavior of the shell on the dimension-
dependent parameter; the shallowness of the shell is determined based on the hypotheses of V.Z. Vla-
sov, the geometrical nonlinearity is determined using T. Karman's hypothesis. An approach for
determining the “true” solution is proposed. The partial differential equation is reduced to a Cauchy
problem with the help of the second-order accuracy finite difference method, which is solved
using several Runge − Kutta-type methods: the 4th- and 2nd-order Runge − Kutta methods, the 4th-
order Runge − Kutta − Fehlberg method, the 4th-order Cash − Karp method, the 8th-order Runge −
Kutta − Prince − Dormand method, the implicit 2nd- and 4th-order Runge − Kutta method. An
algorithm and a software complex for obtaining numerical results are developed. The convergence
of the above methods for a space and time coordinate is studied. The study is based on the qualitative
theory of nonlinear dynamics: signals, 2D and 3D phase-plane portraits, power spectrums, Morley's
wavelets, deflection curves, Poincare sections and  autocorrelation functions are analyzed, the sign
of Lyapunov's index is analyzed using several methods: Wolf's, Kantz's, Rosenstein's. An example
of analyzing plates and shallow shells is given. The analysis of the obtained results shows that with
the increase of the dimension-dependent parameter the vibration character  changes from chaotic
to harmonic, and the value of the dynamic critical load increases.
Keywords: dynamic stability of shells, nano-dimensional axisymmetric shallow shells, chaotic dyna-
mics, finite difference method, Runge − Kutta-type methods, Lyapunov's indicators.


