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Within the mathematical model of the gradient-elastic continuum, i.e. medium,
the stress-strain state of which is described by the strain tensor, the second gradients
of the displacement vector, the asymmetric stress tensor and the couple-stress tensor,
the problem of generating perturbations by a moving source is considered. The
model under study belongs to the class of generalized continua, its appearance is
associated with the names of J.-M. Le Roux and T. Jaramillo. The well-known model
of the Cosserat continuum reduces to the model of a gradient-elastic medium when
the dependence of the rotation vector on the displacement rotor (constrained rotation)
is rigidly fixed in it. It is assumed that the source moves at a constant velocity along
the boundary of the half-space. The problem is considered in a two-dimensional
formulation, when all the processes are homogeneous along the horizontal transverse
coordinate axis. The displacement vector contains two components: longitudinal
and vertical transverse. The velocity of the source does not exceed in its magnitude
the velocity of the shear elastic wave (subsonic motion). As a result of analytical
studies it is shown that a moving source will generate waves propagation along the
boundary of a half-space and exponentially decreasing in its depth. The transverse
component of the displacement vector always exceeds the longitudinal component,
and the rotation of the particles during the propagation of the perturbation occurs
along an elliptical trajectory. Such a wave, unlike the classical Rayleigh surface
wave, has dispersion, since its phase velocity is not a constant, but depends on the
frequency. The amplitudes of displacements vary depending on the magnitude of
the load of the moving source and its speed. As the velocity of the source approaches
the velocity of the shear wave, the perturbation amplitudes increase without limit.
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Introduction

It was shown in [1] that a concentrated source, moving at a constant speed along the
boundary of an elastic half-space, can generate surface Rayleigh waves.

Along with the classical continuum models, the generalized continua models are widely
used in the mechanics of deformable solid body [2−12].

The gradient-elastic medium, in particular, belongs to the generalized continua model.
The appearance of this model dates back to the beginning of the 20th century and is
associated with the names of J.-M. Loru [13, 14] and T. Jeremillo [15].

The famous Cosserat continuum model [16] also reduces to the gradient-elastic medium
model, when the dependence of the rotation vector on the displacement rotor (constrained
rotation) is rigidly fixed [17, 18].

The main laws governing the propagation of a surface wave along the boundary of a
gradient-elastic half-space were studied in [19]. It was shown, that such a wave, unlike
the classical Rayleigh wave, has a dispersion.

Surface waves propagating along the boundaries of other generalized continua behave
in a similar way: Cosserat medium [20−24], porous-elastic medium [25−28]. In the present
paper, the problem of a surface wave generated by a source moving along the boundary of
a gradient-elastic half-space is considered, and the dependence of the amplitude of a wave
on the magnitude of the load of the source and its speed is determined.

1. The basic equations of the gradient elasticity theory

The deformed state of a gradient-elastic medium is described by the strain tensor εkl
and the second gradients of the displacement vector χklm:
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When considering the adiabatic processes of elastic deformation, it is necessary to pos-
tulate the dependence of the internal energy U on the invariants of the strain measures (1).

We expand the function U in the neighborhood of the natural state (εkl = 0, χklm = 0)
in a Taylor series, the values of the third order being neglected. For an isotropic ho-
mogeneous and centrally-symmetric body we obtain the decomposition of the following
form [18]:
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where λ and μ are elastic Lame constants, l2 is the ratio of the curvature modulus to the
shear modulus μ having the dimension of the length squared, ν~  is a dimensionless constant,
indexes .3,1,,, =mlki

In displacements, the vector equation of the dynamics of a gradient-elastic medium
has the form:

,0)divgrad~(4divgrad)( 2 =ν+ΔΔμ+Δμ−μ+λ−ρ uuuuu l&& (3)

where ρ is the density of the medium.
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This equation contains the fourth order of derivatives with respect to coordinates, in
contrast to the classical Lame equation, which describes the dynamics of a deformable
solid body containing second derivatives with respect to coordinates.

2. Problem statement

We consider the propagation of disturbances in the elastic isotropic half-space  y′ ≥ 0,
caused by a source, moving in the direction of the x′ axis with a constant speed D and
creating normal load P.

The dynamic equations equivalent to the vector equation (3) in the two-dimensional
case (that is, when all processes are homogeneous along z′ axis) has the form:
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Where u, v are longitudinal and transverse components of the displacement vector.
The components of the stress tensor are expressed in terms of u, v (where σx′y′ ≠ σy′x′)

by the following relations:
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Couple stresses μx′ and μy′ may be also expressed in terms of u, v:
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Boundary conditions (4) will have the following form:

.0,0),( =μ=σ−′δ−=σ ′′′′′ yxyyy DtxP (7)

3. Problem solution

Let us consider the case when a source of perturbations travels at the speed D less
than the speed of the longitudinal wave ρμ+λ= /)2(1c  and shear wave ρμ= /2c (a
subsonic case).

We introduce a moving coordinate system (x, y) in which the source of perturbations
rests and which is connected with a fixed coordinate system by the well-known Galilean
transformation:

., yyDtxx ′=−′= (8)

Relations (5), (6), (8) allow to write the dynamical equation (4) in displacements:
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Solution to equations (9) we will find in the form:
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Inserting (10) in (9) leads to a system of algebraic equations relatively À and Â:
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having non-zero solutions when equalizing:
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Here μρ=β /22
1 D  is the ratio of the source velocity squared to velocity squared of a shear

wave; μμ+λ=μ /)2(  is the ratio of the velocity squared of a longi-tudinal wave to the
velocity squared of a shear wave.

Roots of equation (12) q1, q2, q3 should be sought at Re q > 0. Longitudinal and
transverse displacements will be expressed as sums:
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Inserting (13) into boundary conditions (7), we obtain the system of three equations
to define A1, A2, A3:

,)2([
3

1
]

k
PAq

i
iii π

−=μ+λα+λ∑
=

,0111
3

1

22222 ][ )()()( =−+α−+−α−∑
=i

iiiiiii Aqqlkqlkqkl (15)

.0)(
3

1
=+α∑

=i
iiii Aqq

It is known that the effect of couple stresses especially affects at short waves [18].
Therefore, we introduce a dimensionless small parameter ε = 1/lk.

With accuracy up to the order of magnitude ε2 we obtain from:
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From (16), (14) and (15) we obtain the following relations:

,0,,,, 321332211011 ==
πλ

−==α=αεα+α=α AA
k

PAqq

,
2

11,
1

21 2
1

22
02

0112
0

2
1

22
0

01
)()(

⎥
⎦

⎤
⎢
⎣

⎡
β−

γβ+
β−γ=α

β−γ

β−γβ+
=α

(18)

allowing to write the displacements (13) in the form:
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where k0 = 1/l, β2 = a01k0.
Formulae (19) show that the displacement amplitudes will vary depending on the

speed of a source D and magnitude of the load Ð created by it.
Figure 1 presents the dependence of normalized amplitude of transverse displacement

∫∫
∞∞β

α+α=
πλ

−=
00

2

2011011
coscos

kk

y

dk
k

kxkdk
k

kx
P
evV

on the dimensionless speed squared of a moving disturbance source. The graphic image
shows that as the velocity of a moving source approaches the velocity of a shear wave
speed V1 it increases without limit.

Figure 2 presents the dependences of amplitudes of transverse  v /v | y = 0 (curve 1) and
longitudinal u /v |y = 0 (curve 2) displacements on the depth.

The curves are given in dimensionless form: the displacement amplitudes are related
to the normal displacement amplitude on the surface. The depth is plotted in fractions of
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wavelength. It is seen from the graphic image that the displacement components decrease
exponentially with depth, the transverse component of the displacement vector always
exceeds the longitudinal one, and the particles rotate as the surface wave propagates in the
direction of the õ axis along an elliptical path.

Conclusion

Based on the studies performed, it can be concluded that the source moving at a
constant subsonic speed along the border of a gradient-elastic half-space will generate
surface elastic waves. Such waves, in contrast to classical Rayleigh surface waves, have a
dispersion. The displacement amplitudes change depending on the load of the moving
source, as well as on its speed, and increase without limit as the source velocity approaches
the shear wave speed.
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ÃÅÍÅÐÀÖÈß ÂÎÇÌÓÙÅÍÈÉ ÑÎÑÐÅÄÎÒÎ×ÅÍÍÛÌ ÈÑÒÎ×ÍÈÊÎÌ,
ÄÂÈÆÓÙÈÌÑß Ñ ÏÎÑÒÎßÍÍÎÉ ÄÎÇÂÓÊÎÂÎÉ ÑÊÎÐÎÑÒÜÞ

ÂÄÎËÜ ÃÐÀÍÈÖÛ ÃÐÀÄÈÅÍÒÍÎ-ÓÏÐÓÃÎÃÎ ÏÎËÓÏÐÎÑÒÐÀÍÑÒÂÀ*

Àíòîíîâ À.Ì.1, Åðîôååâ Â.È.1,2, Øåêîÿí À.Â.3

1Èíñòèòóò ïðîáëåì ìàøèíîñòðîåíèÿ ÐÀÍ − ôèëèàë Ôåäåðàëüíîãî
èññëåäîâàòåëüñêîãî öåíòðà «Èíñòèòóò ïðèêëàäíîé ôèçèêè

Ðîññèéñêîé àêàäåìèè íàóê», Íèæíèé Íîâãîðîä, Ðîññèéñêàÿ Ôåäåðàöèÿ
2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Í.È. Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä, Ðîññèéñêàÿ Ôåäåðàöèÿ
3Èíñòèòóò ìåõàíèêè Íàöèîíàëüíîé àêàäåìèè íàóê Ðåñïóáëèêè Àðìåíèÿ,

Åðåâàí, Ðåñïóáëèêà Àðìåíèÿ

Â ðàìêàõ ìàòåìàòè÷åñêîé ìîäåëè ãðàäèåíòíî-óïðóãîãî êîíòèíóóìà, òî åñòü
ñðåäû, íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå êîòîðîé îïèñûâàåòñÿ òåíçî-
ðîì äåôîðìàöèé, âòîðûìè ãðàäèåíòàìè âåêòîðà ïåðåìåùåíèé, íåñèììåòðè÷-
íûì òåíçîðîì íàïðÿæåíèé è òåíçîðîì ìîìåíòíûõ íàïðÿæåíèé, ðàññìàòðèâà-
åòñÿ çàäà÷à î ãåíåðàöèè âîçìóùåíèé äâèæóùèìñÿ èñòî÷íèêîì. Èçó÷àåìàÿ
ìîäåëü ïðèíàäëåæèò ê êëàññó îáîáùåííûõ êîíòèíóóìîâ, åå ïîÿâëåíèå ñâÿ-
çàíî ñ èìåíàìè Æ.-Ì. Ëåðó è Ò. Äæåðåìèëî. Ê ìîäåëè ãðàäèåíòíî-óïðóãîé
ñðåäû ñâîäèòñÿ è çíàìåíèòàÿ ìîäåëü êîíòèíóóìà Êîññåðà, êîãäà â íåé æåñòêî
çàôèêñèðîâàíà çàâèñèìîñòü âåêòîðà ïîâîðîòà îò ðîòîðà ïåðåìåùåíèÿ (ñòåñ-
íåííîå âðàùåíèå). Ïðåäïîëàãàåòñÿ, ÷òî èñòî÷íèê äâèæåòñÿ ñ ïîñòîÿííîé ñêî-
ðîñòüþ âäîëü ãðàíèöû ïîëóïðîñòðàíñòâà. Çàäà÷à ðàññìàòðèâàåòñÿ â äâóìåð-
íîé ïîñòàíîâêå, êîãäà âñå ïðîöåññû îäíîðîäíû âäîëü ãîðèçîíòàëüíîé ïî-
ïåðå÷íîé êîîðäèíàòíîé îñè. Âåêòîð ïåðåìåùåíèé ñîäåðæèò äâå êîìïîíåíòû:
ïðîäîëüíóþ è âåðòèêàëüíóþ ïîïåðå÷íóþ. Ñêîðîñòü èñòî÷íèêà íå ïðåâîñõî-
äèò ïî ñâîåé âåëè÷èíå ñêîðîñòè ñäâèãîâîé óïðóãîé âîëíû (äîçâóêîâîå äâèæå-
íèå). Â ðåçóëüòàòå àíàëèòè÷åñêèõ èññëåäîâàíèé ïîêàçàíî, ÷òî äâèæóùèéñÿ
èñòî÷íèê áóäåò ãåíåðèðîâàòü âîëíû, ðàñïðîñòðàíÿþùèåñÿ âäîëü ãðàíèöû ïîëó-
ïðîñòðàíñòâà è ýêñïîíåíöèàëüíî óáûâàþùèå â åãî ãëóáèíó. Ïîïåðå÷íàÿ ñî-
ñòàâëÿþùàÿ âåêòîðà ïåðåìåùåíèé âñåãäà ïðåâîñõîäèò ïðîäîëüíóþ, à âðàùå-
íèå ÷àñòèö ïðè ðàñïðîñòðàíåíèè âîçìóùåíèÿ ïðîèñõîäèò ïî ýëëèïòè÷åñêîé
òðàåêòîðèè. Òàêàÿ âîëíà, â îòëè÷èå îò êëàññè÷åñêîé ïîâåðõíîñòíîé âîëíû
Ðýëåÿ, îáëàäàåò äèñïåðñèåé, ïîñêîëüêó åå ôàçîâàÿ ñêîðîñòü íå ÿâëÿåòñÿ ïî-
ñòîÿííîé âåëè÷èíîé, à çàâèñèò îò ÷àñòîòû. Àìïëèòóäû ïåðåìåùåíèé èçìåíÿ-
þòñÿ â çàâèñèìîñòè îò âåëè÷èíû íàãðóçêè äâèæóùåãîñÿ èñòî÷íèêà è åãî ñêî-
ðîñòè. Ïðè ïðèáëèæåíèè ñêîðîñòè èñòî÷íèêà ê ñêîðîñòè ñäâèãîâîé âîëíû
àìïëèòóäû âîçìóùåíèé íåîãðàíè÷åííî âîçðàñòàþò.
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