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Within the mathematical model of the gradient-elastic continuum, i.e. medium,
the stress-strain state of which is described by the strain tensor, the second gradients
of'the displacement vector, the asymmetric stress tensor and the couple-stress tensor,
the problem of generating perturbations by a moving source is considered. The
model under study belongs to the class of generalized continua, its appearance is
associated with the names of J.-M. Le Roux and T. Jaramillo. The well-known model
of the Cosserat continuum reduces to the model of a gradient-elastic medium when
the dependence of the rotation vector on the displacement rotor (constrained rotation)
is rigidly fixed in it. It is assumed that the source moves at a constant velocity along
the boundary of the half-space. The problem is considered in a two-dimensional
formulation, when all the processes are homogeneous along the horizontal transverse
coordinate axis. The displacement vector contains two components: longitudinal
and vertical transverse. The velocity of the source does not exceed in its magnitude
the velocity of the shear elastic wave (subsonic motion). As a result of analytical
studies it is shown that a moving source will generate waves propagation along the
boundary of a half-space and exponentially decreasing in its depth. The transverse
component of the displacement vector always exceeds the longitudinal component,
and the rotation of the particles during the propagation of the perturbation occurs
along an elliptical trajectory. Such a wave, unlike the classical Rayleigh surface
wave, has dispersion, since its phase velocity is not a constant, but depends on the
frequency. The amplitudes of displacements vary depending on the magnitude of
the load of the moving source and its speed. As the velocity of the source approaches
the velocity of the shear wave, the perturbation amplitudes increase without limit.
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Introduction

It was shown in [1] that a concentrated source, moving at a constant speed along the
boundary of an elastic half-space, can generate surface Rayleigh waves.

Along with the classical continuum models, the generalized continua models are widely
used in the mechanics of deformable solid body [2—12].

The gradient-elastic medium, in particular, belongs to the generalized continua model.
The appearance of this model dates back to the beginning of the 20th century and is
associated with the names of J.-M. Loru [13, 14] and T. Jeremillo [15].

The famous Cosserat continuum model [16] also reduces to the gradient-elastic medium
model, when the dependence of the rotation vector on the displacement rotor (constrained
rotation) is rigidly fixed [17, 18].

The main laws governing the propagation of a surface wave along the boundary of a
gradient-elastic half-space were studied in [19]. It was shown, that such a wave, unlike
the classical Rayleigh wave, has a dispersion.

Surface waves propagating along the boundaries of other generalized continua behave
in a similar way: Cosserat medium [20—-24], porous-elastic medium [25—-28]. In the present
paper, the problem of a surface wave generated by a source moving along the boundary of
a gradient-elastic half-space is considered, and the dependence of the amplitude of a wave
on the magnitude of the load of the source and its speed is determined.

1. The basic equations of the gradient elasticity theory

The deformed state of a gradient-elastic medium is described by the strain tensor €,
and the second gradients of the displacement vector (;;,,:
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When considering the adiabatic processes of elastic deformation, it is necessary to pos-
tulate the dependence of the internal energy U on the invariants of the strain measures (1).

We expand the function U in the neighborhood of the natural state (€, = 0, ¥, = 0)
in a Taylor series, the values of the third order being neglected. For an isotropic ho-
mogeneous and centrally-symmetric body we obtain the decomposition of the following
form [18]:
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where A and 1 are elastic Lame constants, /° is the ratio of the curvature modulus to the
shear modulus W having the dimension of the length squared, V is a dimensionless constant,
indexes i, k,[,m=1, 3.

In displacements, the vector equation of the dynamics of a gradient-elastic medium
has the form:

pii — (A +p)grad divu —pAu +4p/>A(Au + Vgrad divu) =0, 3)

where p is the density of the medium.
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This equation contains the fourth order of derivatives with respect to coordinates, in
contrast to the classical Lame equation, which describes the dynamics of a deformable
solid body containing second derivatives with respect to coordinates.

2. Problem statement

We consider the propagation of disturbances in the elastic isotropic half-space y” >0,
caused by a source, moving in the direction of the x” axis with a constant speed D and
creating normal load P.

The dynamic equations equivalent to the vector equation (3) in the two-dimensional
case (that is, when all processes are homogeneous along z” axis) has the form:
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Where u, v are longitudinal and transverse components of the displacement vector.
The components of the stress tensor are expressed in terms of u, v (where G,/ # G,/
by the following relations:

G, =A| —+— +2pa—u, G, =\ a—u+ﬂ +2uﬁ,
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Couple stresses |L,- and |L,, may be also expressed in terms of u, v:

0 (o0v oOu 0 (0v oOu
ne=2ul—| —=-—| n,=20—| S-—| (6)
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Boundary conditions (4) will have the following form:

G, =—P3x'-Dt), 6, =0, n,=0. (7

3. Problem solution

Let us consider the case when a source of perturbations travels at the speed D less
than the speed of the longitudinal wave ¢, = /(A 4+ 2p)/p and shear wave ¢, = /1/p (a

subsonic case).

We introduce a moving coordinate system (x, y) in which the source of perturbations
rests and which is connected with a fixed coordinate system by the well-known Galilean
transformation:

x=x'-Dt, y=y" ®)

Relations (5), (6), (8) allow to write the dynamical equation (4) in displacements:
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Solution to equations (9) we will find in the form:
u=Ae" sinkx, v=Be" coskx. (10)

Inserting (10) in (9) leads to a system of algebraic equations relatively 4 and B:

[-0°k2q* +ug’ 1+ 126*) = (L 4+2u—pD?) |+ [Wk* g +g(h+p—pl*k*) ] B=0,
(11)
[-1’k*q —g(h+p—pl*k*) | A+[(h+2u-pD?)g* —(u+pi’k* —pD*)|B=0,

having non-zero solutions when equalizing:
(PR =y =B)PE " +(Pk* (1+ Pk =By) +y(1+ 12k*)(1-vB7) +
+20K (¢ =) gt + (14 PR+ 2K =BT = (v =B1)” +
+(y=1%k*)*)g” + (v =B+ 12k =B) = 0. (12)
Here Blz = pD? /. is the ratio of the source velocity squared to velocity squared of a shear
wave; W= (A +2u)/u is the ratio of the velocity squared of a longi-tudinal wave to the
velocity squared of a shear wave.

Roots of equation (12) g,, g,, g, should be sought at Re ¢ > 0. Longitudinal and
transverse displacements will be expressed as sums:

3 3
ZIA k2 sin kx dik, ZIa.A.ek"iy cos kx dk. (13)
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Inserting (13) into boundary conditions (7), we obtain the system of three equations
to define 4,, 4,, 4;:

(14)

3 P
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3
Z[_ai(l _12k2)+ q,(1 _Zkzaiqi)+lk2qi(1 - qiz)]Ai =0, (15)

i=1
3
Zqi(ai +q,)A4; =0.
i=1
It is known that the effect of couple stresses especially affects at short waves [18].

Therefore, we introduce a dimensionless small parameter € = 1//k.
With accuracy up to the order of magnitude €2 we obtain from:
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From (16), (14) and (15) we obtain the following relations:

P
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allowing to write the displacements (13) in the form:
> = o P J- smkx
(19)

_ Poy, e_BzyJ-coskxdk Poc11 —BzyJ'COSkx
A k

where k, = 1/1, B, = ay k.

Formulae (19) show that the displacement amplitudes will vary depending on the
speed of a source D and magnitude of the load P created by it.

Figure 1 presents the dependence of normalized amplitude of transverse displacement

ko

Vi=- =0, dk + o kg | —=—dk
P k 1
0 0
on the dimensionless speed squared of a moving disturbance source. The graphic image
shows that as the velocity of a moving source approaches the velocity of a shear wave
speed V| it increases without limit.
Figure 2 presents the dependences of amplitudes of transverse v/v|,_, (curve /) and
longitudinal u/v|,_, (curve 2) displacements on the depth.
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The curves are given in dimensionless form: the displacement amplitudes are related

to the normal displacement amplitude on the surface. The depth is plotted in fractions of
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wavelength. It is seen from the graphic image that the displacement components decrease
exponentially with depth, the transverse component of the displacement vector always
exceeds the longitudinal one, and the particles rotate as the surface wave propagates in the
direction of the x axis along an elliptical path.

Conclusion

Based on the studies performed, it can be concluded that the source moving at a
constant subsonic speed along the border of a gradient-elastic half-space will generate
surface elastic waves. Such waves, in contrast to classical Rayleigh surface waves, have a
dispersion. The displacement amplitudes change depending on the load of the moving
source, as well as on its speed, and increase without limit as the source velocity approaches
the shear wave speed.
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T'EHEPALIMSI BO3MYIIEHUI COCPEIOTOYEHHBIM HCTOYHHKOM,
JIBWKYIIAMCSI C TOCTOSIHHOI I03BYKOBOI1 CKOPOCTBIO
B/JIOJIb TPAHUIIBI TPAJJUEHTHO-YIIPYTOI'O MOJTYIIPOCTPAHCTBA®

Antonos A.M.', Epodees B.1."?, Illexosin A.B.’

' Uncmumym npotnem mawunocmpoenus PAH — unuan @edepanvnozo
UCCne008amenbeko2o yenmpa « Mucmumym npuxkiaaonou guzuxu
Poccuiickoti akademuu nayxy, Huowcrnuti Hoseopoo, Poccutickas ®edepayus
Hayuonanvuuiii uccnedosamensekuti Huscezopodckuii 20cy0apemeenwlii yHueepcumenn
um. HU. Jlobauesckoeo, Huoicnuti Hoseopoo, Poccutickas ®edepayust
3 Unemumym mexanuiu Hayuonansnoii axademuu nayx Pecny6nuxu Apvwenus,
Epesan, Pecnyonuxa Apmenus

B pamxax MareMaTH4ecKoil MOZIENIH IPAAUEHTHO-YIIPYTOr0 KOHTUHYYMa, TO €CTh
Cpelbl, HaNpsHKEHHO-Ie(hOPMUPOBaHHOE COCTOSTHIE KOTOPOH OMHICHIBAETCS TEH30-
poM edopManuii, BTOpsIMU IPaIMEHTAMHU BEKTOPA EPEMEILEHUN, HECUMMETPUI-
HBIM TEH30POM HANPSDKEHUH M TEH30pOM MOMEHTHBIX HaNpPsDKEHHH, paccMaTpuBa-
eTcs 3a7aua O TeHepaluy BO3MYILEHMH ABMXKYIIMMCS UCTOUHHKOM. M3yuaemast
MOJIeNb NMPUHAUISKHUT K KIaccy 00OOIIEHHBIX KOHTHHYYMOB, €€ TIOSIBJICHUE CBSI-
3aHo ¢ umeHamu X.-M. Jlepy u T. Ixepemuno. K Monenu rpagueHTHO-yIpyroi
CpeIbl CBOIMTCS M 3HAMEHNTAst MOZIes b KoHTHHYyMa Koccepa, korna B Heil JKecTKO
3a(hUKCUPOBAHA 3aBUCHUMOCTb BEKTOpa IIOBOPOTA OT POTOpa MepeMeleHus (cTec-
HeHHoe BpatieHue). [Ipennonaraercsi, 4T0 HCTOYHUK JBHKETCS C MOCTOSTHHOI CKO-
POCTBIO BOJIb TPAHUILIBI HOIYIIPOCTPAHCTBA. 3aaua PacCMaTpUBAETCs B ABYMEp-
HOH TIOCTaHOBKE, KOTJa BCE MPOLECCH OXHOPOIHBI BIOJIb TOPH30HTAIBHON MO-
[EPEYHOM KOOPIUHATHOM ocu. BekTop nepemerenuii Conep KuT 1Be KOMIOHEHTbI:
MIPOIOJIBHYIO M BEPTHKAIBHYIO NonepeuHyto. CKOpoCTh HCTOUYHHKA HE MPEBOCXO-
JIUT I10 CBOEH BEJIMUMHE CKOPOCTH CABUTOBOM YIIPYTrOi BOIHBI (J103ByKOBOE IBHIKE-
Hue). B pesynbraTe aHAIMTHUYECKUX UCCIICIOBAHHI MOKA3aHO, YTO JBHKYIIUNACS
HCTOYHUK OyI€T FeHEPUPOBATH BOJIHBL, PACIPOCTPAHSIOINECS BOJb IPAHUIIbI IOy~
MIPOCTPaHCTBA M OKCIIOHEHIMAIBHO YOBbIBAIOIIUE B ero riyouny. [lomepeunas co-
CTaBJIAIONIAs BEKTOpA epeMEILEHUIl BCcerja MPEeBOCXOIUT MPOIOIbHYIO, a Bpalle-
HUE YaCTHII IPH PACTIPOCTPAHEHUN BO3MYIIECHHS POUCXOIMT 10 SILTHIITHIECKOM
TpaekTopuu. Takas BOJHA, B OTIMYUE OT KIACCHUYECKON MOBEPXHOCTHON BOJIHBI
Ponest, obmamaer nucniepcueit, MOCKOIBKY ee (a3oBasi CKOPOCTh HE SIBISETCS T10-
CTOSIHHO} BEJIMYMHOM, @ 3aBUCUT OT YaCTOTbL. AMIIIUTY/IbI IEPEMEILCHU H3MEHS-
I0TCS B 3aBUCUMOCTH OT BEJTHIMHBI HArPy3KH JABHKYIIET0CS HCTOUYHHKA U €T0 CKO-
poctu. Ilpy npubauxeHUn CKOPOCTH UCTOYHUKA K CKOPOCTU CIIBUTOBOU BOJIHBI
AMITUTATYbI BO3MYIIEHHH HEOTPaHMYEHHO BO3PACTAIOT.

Kniouesvle cnosa: rpalMeHTHO-YIPYroe MONYIPOCTPAHCTBO, JBHKYIIUHCST
HCTOYHUK, IOBEPXHOCTHAS BOJIHA.

* Bemonueno npu ¢punancuposanuu PH® (rpant Ne 14-19-01637).
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