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Ðàññìîòðåíà çàäà÷à î ðàäèàëüíûõ êîëåáàíèÿõ ïüåçîêåðàìè÷åñêîãî öèëèíä-
ðà ñ îêðóæíîé ïîëÿðèçàöèåé ñ ó÷åòîì ðåîëîãèè, ïðè÷åì ïüåçîýëåêòðè÷åñêèå
õàðàêòåðèñòèêè öèëèíäðà ÿâëÿþòñÿ ôóíêöèÿìè ðàäèàëüíîé êîîðäèíàòû. Öè-
ëèíäð ðàññìàòðèâàåòñÿ êàê êóñî÷íî-îäíîðîäíîå ýëåêòðîóïðóãîå òåëî, ñîñòàâ-
ëåííîå èç îòäåëüíûõ ïðèçì. Â ïðåäïîëîæåíèè, ÷òî ñåêöèîíèðîâàííûé öè-
ëèíäð ÿâëÿåòñÿ áåñêîíå÷íî äëèííûì è â íåì îòñóòñòâóþò îñåâûå äåôîðìà-
öèè, ïîñòðîåíû êðàåâûå çàäà÷è î ïëîñêîé äåôîðìàöèè áåñêîíå÷íî äëèííûõ
ïðèçì. Â ÷àñòíîì ñëó÷àå, êîãäà âñå ïðèçìû ñåêöèîíèðîâàííîãî öèëèíäðà íà-
õîäÿòñÿ â èäåíòè÷íûõ óñëîâèÿõ ýëåêòðè÷åñêîãî íàãðóæåíèÿ, à âíåøíèå ìåõà-
íè÷åñêèå íàãðóçêè îòñóòñòâóþò, ãðàíè÷íàÿ çàäà÷à äëÿ öèëèíäðà ñâîäèòñÿ ê
ãðàíè÷íîé çàäà÷å äëÿ îòäåëüíîé ïðèçìû. Ðåîëîãè÷åñêèå ñâîéñòâà ìîäåëèðî-
âàëèñü â ðàìêàõ ïðèíöèïà ñîîòâåòñòâèÿ ïóòåì çàìåíû õàðàêòåðèñòèê ìàòåðè-
àëà êîìïëåêñíûìè ìîäóëÿìè-ôóíêöèÿìè ÷àñòîòû êîëåáàíèé. Âûïîëíåíî ñðàâ-
íåíèå êîíöåïöèè êîìïëåêñíûõ ìîäóëåé ñ øèðîêî ðàñïðîñòðàíåííîé ëèíåé-
íîé ÷àñòîòíîé àïïðîêñèìàöèåé ñîîòâåòñòâóþùèõ ôóíêöèé. Ðåøåíèå çàäà÷è
íàõîäèëîñü ÷èñëåííî íà îñíîâå ìåòîäà ïðèñòðåëêè. Ïðåäñòàâëåíû ðåçóëüòà-
òû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî îïðåäåëåíèþ àìïëèòóäíî-÷àñòîòíûõ
õàðàêòåðèñòèê äëÿ íåêîòîðûõ çàêîíîâ íåîäíîðîäíîñòè ìàòåðèàëà. Âûïîëíå-
íà ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ äëÿ ðàçëè÷íûõ çàêîíîâ íåîäíîðîä-
íîñòè è äëÿ ðàçëè÷íîãî íàáîðà èñõîäíûõ äàííûõ, ïîçâîëèâøàÿ ïðîàíàëèçè-
ðîâàòü çàâèñèìîñòü ðåçîíàíñíûõ ÷àñòîò îò çàêîíîâ èçìåíåíèÿ ôèçè÷åñêèõ
õàðàêòåðèñòèê è ðåîëîãèè. Ðåàëèçîâàíà ñõåìà ðåêîíñòðóêöèè çàêîíîâ íåîäíî-
ðîäíîñòè ïî èíôîðìàöèè î çíà÷åíèÿõ áåçðàçìåðíûõ ôóíêöèé − ðàäèàëüíîãî
ñìåùåíèÿ è ðàäèàëüíîãî íàïðÿæåíèÿ â íåêîòîðîì íàáîðå òî÷åê âíóòðè îáëàñ-
òè ñ èñïîëüçîâàíèåì ñïëàéí-àïïðîêñèìàöèé. Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýê-
ñïåðèìåíòîâ ïîêàçàëè äîñòàòî÷íóþ ýôôåêòèâíîñòü ïðåäëàãàåìîé ñõåìû.

Êëþ÷åâûå ñëîâà: íåîäíîðîäíûé öèëèíäð, ýëåêòðîóïðóãîñòü, êîìïëåêñíûé
ìîäóëü, àìïëèòóäíî-÷àñòîòíûå õàðàêòåðèñòèêè, èäåíòèôèêàöèÿ.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ñîçäàþòñÿ ïüåçîýëåìåíòû ðàçëè÷íîé ôîðìû è ñî ñëîæíûì
ýëåêòðîäíûì ïîêðûòèåì. Áîëüøîå êîëè÷åñòâî ðàçíîîáðàçíûõ ýëåìåíòîâ èç ïüåçî-

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 80, ¹ 4, 2018 ã.

* Âûïîëíåíî ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò ¹16-01-00354).



428

êåðàìèêè èñïîëüçóåòñÿ â ðàçíûõ îáëàñòÿõ òåõíèêè, íà èõ îñíîâå ðàçðàáàòûâàþòñÿ
ýôôåêòèâíûå óñòðîéñòâà è äàò÷èêè ðàçëè÷íîãî íàçíà÷åíèÿ [1]. Ïüåçîýëåêòðè÷åñ-
êèå ýëåìåíòû öèëèíäðè÷åñêîé ôîðìû ÿâëÿþòñÿ îäíèì èç íàèáîëåå ðàñïðîñòðàíåí-
íûõ òèïîâ ïüåçîýëåìåíòîâ è øèðîêî èñïîëüçóþòñÿ â ñòðóêòóðàõ ìîíèòîðèíãà.

 Â ïîñëåäíèå ãîäû íà ïðàêòèêå àêòèâíî ïðèìåíÿþòñÿ ïüåçîýëåìåíòû ñ íåîäíî-
ðîäíîé ïîëÿðèçàöèåé, êîòîðûå èçãîòîâëåíû èç êîìïîçèöèîííûõ ìàòåðèàëîâ, ñî÷å-
òàþùèõ ïüåçîêåðàìèêó, ìåòàëë è ïîëèìåð. Ïîäîáíûå êîíñòðóêòèâíûå ýëåìåíòû
îáëàäàþò âûðàæåííûì çàòóõàíèåì. Èññëåäîâàíèå êîëåáàíèé îäíîðîäíûõ ïüåçî-
ýëåêòðè÷åñêèõ êåðàìè÷åñêèõ öèëèíäðîâ ïðåäñòàâëåíî äîñòàòî÷íî øèðîêî â ëèòå-
ðàòóðå; ðàçâèòû ñïîñîáû îïðåäåëåíèÿ ïîñòîÿííûõ õàðàêòåðèñòèê. Îòìåòèì íåêî-
òîðûå èç ðàáîò, ïîñâÿùåííûõ èññëåäóåìîé ïðîáëåìå äëÿ öèëèíäðè÷åñêèõ ñòðóê-
òóð. Â ìîíîãðàôèè [2] îòðàæåíû îáùèå âîïðîñû êîëåáàíèé öèëèíäðè÷åñêèõ ñòðóê-
òóð èç ïüåçîêåðàìèêè ñ ïîñòîÿííûìè õàðàêòåðèñòèêàìè, ïðåäñòàâëåíî áîëüøîå
êîëè÷åñòâî ïîñòàíîâîê çàäà÷è è èõ ðåøåíèé ñ ïîìîùüþ öèëèíäðè÷åñêèõ ôóíêöèé.
Â ñòàòüÿõ [3, 4] àâòîðàìè ðàññìîòðåíû êîëåáàíèÿ ðàäèàëüíî-ïîëÿðèçîâàííûõ ïüåçî-
ýëåêòðè÷åñêèõ êåðàìè÷åñêèõ öèëèíäðîâ è ñèñòåìû ïüåçîýëåêòðè÷åñêèõ è ìåòàë-
ëè÷åñêèõ öèëèíäðîâ è äèñêîâ. Ïîëó÷åííûå ðåçóëüòàòû îáåñïå÷èâàþò ýôôåêòèâ-
íóþ êîíñòðóêöèþ ïüåçîêåðàìè÷åñêèõ óñòðîéñòâ. Â ñòàòüÿõ [5−7] ïðåäñòàâëåíû èñ-
ñëåäîâàíèÿ êîëåáàíèé ïüåçîýëåêòðè÷åñêèõ ïðåîáðàçîâàòåëåé öèëèíäðè÷åñêîé ôîð-
ìû. Â ïóáëèêàöèè [8] ðàññìîòðåíû îñåñèììåòðè÷íûå êîëåáàíèÿ ðàäèàëüíî-ïîëÿ-
ðèçîâàííîãî öèëèíäðè÷åñêîãî ïüåçîýëåêòðè÷åñêîãî ïðèâîäà, óñòàíîâëåííîãî íà ìå-
òàëëè÷åñêîì âàëó, ðåøåíèå ïîñòðîåíî ñ ïîìîùüþ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé.
Â [9] âûïîëíåí àíàëèç óñòàíîâèâøèõñÿ êîëåáàíèé îäíîðîäíîãî ïîëîãî ïüåçîêåðà-
ìè÷åñêîãî öèëèíäðà ñ ðàäèàëüíûì è îêðóæíûì òèïàìè ïîëÿðèçàöèè, ðåøåíèå çà-
äà÷ ïîëó÷åíî àíàëèòè÷åñêè ñ ïîìîùüþ ñïåöèàëüíûõ ôóíêöèé Áåññåëÿ è Ëîììåëÿ.
Â ñòàòüå [10] èçó÷åíû ñâîáîäíûå êîëåáàíèÿ ïîëûõ öèëèíäðîâ ñ îñåâîé ïîëÿðèçà-
öèåé. Â [11] âûïîëíåíî ñðàâíåíèå ýëåêòðîìåõàíè÷åñêèõ ñâîéñòâ öèëèíäðè÷åñêèõ
ïüåçîêåðàìè÷åñêèõ ïðåîáðàçîâàòåëåé, ïðè ïîñòðîåíèè êîòîðûõ èñïîëüçîâàëèñü
ïüåçîýëåìåíòû ñ îêðóæíîé è ðàäèàëüíîé ïîëÿðèçàöèÿìè. Óñòàíîâëåíû çàêîíîìåð-
íîñòè èçìåíåíèÿ ýëåêòðè÷åñêèõ õàðàêòåðèñòèê â çàâèñèìîñòè îò âèäà ïîëÿðèçà-
öèè.

Â íàñòîÿùåå âðåìÿ ìåòîäèêè èçãîòîâëåíèÿ ïüåçîýëåìåíòîâ ïîçâîëÿþò ïîëó-
÷èòü êîîðäèíàòíî-çàâèñèìîå ðàñïðåäåëåíèå ñâîéñòâ ìàòåðèàëà è øèðîêèé äèàïà-
çîí èçìåíåíèÿ ïüåçîýëåêòðè÷åñêèõ ñâîéñòâ [12], ÷òî õàðàêòåðíî äëÿ ôóíêöèîíàëüíî-
ãðàäèåíòíûõ ìàòåðèàëîâ. Íåîäíîðîäíîñòü ôèçè÷åñêèõ ñâîéñòâ ïüåçîìàòåðèàëîâ
âîçíèêàåò êàê íà ñòàäèè èçãîòîâëåíèÿ, òàê è íà ñòàäèè ýêñïëóàòàöèè óñòðîéñòâ, â
÷àñòíîñòè, â ñëó÷àå ÷àñòè÷íîé ðàñïîëÿðèçàöèè. Áîëüøîå çíà÷åíèå ïðèîáðåòàåò
ñîçäàíèå íîâûõ ìåòîäèê èäåíòèôèêàöèè ìåõàíè÷åñêèõ è ïüåçîýëåêòðè÷åñêèõ
ñâîéñòâ ñ öåëüþ ñðàâíåíèÿ õàðàêòåðèñòèê èçãîòîâëåííûõ ìàòåðèàëîâ ñ ðàñ÷åòíû-
ìè õàðàêòåðèñòèêàìè. Èññëåäîâàíèå êîëåáàíèé òàêèõ ýëåìåíòîâ îñëîæíåíî òåì,
÷òî çàêîíû èçìåíåíèÿ ñâîéñòâ çàâèñÿò îò êîîðäèíàò.

Â ñòàòüå [13] îïèñàíî äåôîðìèðîâàíèå ïîëîãî ôóíêöèîíàëüíî-ãðàäèåíòíîãî
ïüåçîýëåêòðè÷åñêîãî öèëèíäðà, â êîòîðîì ñâîéñòâà ìàòåðèàëà çàâèñÿò îò ðàäèàëü-
íîé êîîðäèíàòû è èçìåíÿþòñÿ ïî ñòåïåííîìó çàêîíó. Ïðåäñòàâëåí àíàëèòè÷åñêèé
ïîäõîä è ýòàïû ñâåäåíèÿ çàäà÷è ê èíòåãðàëüíîìó óðàâíåíèþ Ôðåäãîëüìà âòîðîãî
ðîäà. Ïîëó÷åíî óðàâíåíèå äëÿ îïðåäåëåíèÿ îòêëèêà ýëåêòðîóïðóãîãî ïîëÿ. Â ñòàòüå
[14] ðàññìîòðåíà çàäà÷à î êîëåáàíèÿõ ïüåçîêåðàìè÷åñêîãî öèëèíäðà ñ ðàäèàëüíîé
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ïîëÿðèçàöèåé ïðè íàëè÷èè çàòóõàíèÿ, èññëåäîâàíà çàâèñèìîñòü ðåçîíàíñíûõ ÷àñ-
òîò îò çàêîíîâ èçìåíåíèÿ ôèçè÷åñêèõ õàðàêòåðèñòèê è ðåîëîãèè. Àíàëîãè÷íî ïî-
ñòàíîâêå, ïðèâåäåííîé â [14], â ñòàòüå [15] ïðåäñòàâëåíî ðåøåíèå îáðàòíîé çàäà÷è
ïî îïðåäåëåíèþ ïüåçîýëåêòðè÷åñêèõ õàðàêòåðèñòèê ôóíêöèîíàëüíî-ãðàäèåíòíîãî
ïüåçîêåðàìè÷åñêîãî öèëèíäðà íà îñíîâå äàííûõ àêóñòè÷åñêîãî àíàëèçà, äëÿ îïðå-
äåëåíèÿ ôóíêöèé ïðåäëîæåí ñïåöèàëüíûé ïîäõîä íà îñíîâå ïðîåêöèîííûõ ñõåì è
ìåòîäà àëãåáðàèçàöèè. Ïóáëèêàöèè [16, 17] ïîñâÿùåíû ðåêîíñòðóêöèè ìåõàíè÷åñ-
êèõ è ýëåêòðè÷åñêèõ õàðàêòåðèñòèê íåîäíîðîäíûõ ñòåðæíåé íà îñíîâå àêóñòè÷åñ-
êîãî àíàëèçà.

Â íàñòîÿùåé ñòàòüå ðàññìîòðåíà çàäà÷à î êîëåáàíèÿõ ïüåçîêåðàìè÷åñêîãî öè-
ëèíäðà ñ îêðóæíîé ïîëÿðèçàöèåé ñ ó÷åòîì çàòóõàíèÿ. Âñå ôèçè÷åñêèå õàðàêòåðèñ-
òèêè öèëèíäðà ìîãóò áûòü ôóíêöèÿìè ðàäèàëüíîé êîîðäèíàòû; íàèáîëåå âàæíûé
äëÿ ïðèëîæåíèé ñëó÷àé, êîãäà òîëüêî ïüåçîìîäóëè ÿâëÿþòñÿ ôóíêöèÿìè ðàäèàëü-
íîé êîîðäèíàòû, îñòàëüíûå õàðàêòåðèñòèêè ïîñòîÿííû. Ðåîëîãè÷åñêèå ñâîéñòâà
ó÷èòûâàþòñÿ â ðàìêàõ ïðèíöèïà ñîîòâåòñòâèÿ äëÿ ñòàöèîíàðíûõ ãàðìîíè÷åñêèõ
êîëåáàíèé. Ðåøåíèå çàäà÷è ïîëó÷àåòñÿ èç ðåøåíèÿ ñîîòâåòñòâóþùåé ýëåêòðîóïðó-
ãîé çàäà÷è çàìåíîé õàðàêòåðèñòèê ìàòåðèàëà êîìïëåêñíûìè ìîäóëÿìè-ôóíêöèÿìè
÷àñòîòû êîëåáàíèé. Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç àìïëèòóäíî-÷àñòîòíûõ õàðàê-
òåðèñòèê (À×Õ) äâóõ ìîäåëåé äëÿ ó÷åòà çàòóõàíèÿ. Ïðåäñòàâëåíî ðåøåíèå îáðàò-
íîé çàäà÷è ïî âîññòàíîâëåíèþ íåêîòîðûõ ôóíêöèé, êîòîðûå õàðàêòåðèçóþò çàêîíû
èçìåíåíèÿ ïüåçîýëåêòðè÷åñêèõ ìîäóëåé.

1. Ïîñòàíîâêà çàäà÷è î êîëåáàíèÿõ ïüåçîêåðàìè÷åñêîãî öèëèíäðà

Â çàäà÷å î êîëåáàíèÿõ öèëèíäðà ñ îêðóæíîé ïîëÿðèçàöèåé öèëèíäð ðàññìàòðè-
âàåòñÿ êàê êóñî÷íî-îäíîðîäíîå ýëåêòðîóïðóãîå òåëî, ñîñòàâëåííîå èç îòäåëüíûõ
ïðèçì [8]. Ñ÷èòàÿ, ÷òî ñåêöèîíèðîâàííûé öèëèíäð (ðèñ. 1) ÿâëÿåòñÿ áåñêîíå÷íî
äëèííûì è â íåì îòñóòñòâóþò îñåâûå äåôîðìàöèè (εz = 0), ïðèõîäèì ê êðàåâûì
çàäà÷àì î ïëîñêîé äåôîðìàöèè áåñêîíå÷íî äëèííûõ ïðèçì. Â ÷àñòíîì ñëó÷àå, êîã-
äà âñå ïðèçìû ñåêöèîíèðîâàííîãî öèëèíäðà íàõîäÿòñÿ â èäåíòè÷íûõ óñëîâèÿõ ýëåêò-
ðè÷åñêîãî íàãðóæåíèÿ (âîçáóæäåíèå êîëåáàíèé îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ãåíå-
ðàòîðà ýëåêòðè÷åñêèõ íàïðÿæåíèé è ïîäâîäèìàÿ êî âñåì ïðèçìàì ðàçíîñòü ýëåêò-
ðè÷åñêèõ ïîòåíöèàëîâ ±V0eiωt îäíà è òà æå), à âíåøíèå ìåõàíè÷åñêèå íàãðóçêè îò-
ñóòñòâóþò, ãðàíè÷íàÿ çàäà÷à äëÿ öèëèíäðà ñâîäèòñÿ ê ãðàíè÷íîé çàäà÷å äëÿ îòäåëü-
íîé ïðèçìû. Ñå÷åíèå ïðèçìû èçîáðàæåíî íà ðèñ. 2.

Ðèñ. 1 Ðèñ. 2

y

x0
r0

a

−V0eiωt +V0eiωt
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Â ðàìêàõ ýòîé ìîäåëè ðàññìîòðèì çàäà÷ó î êîëåáàíèÿõ áåñêîíå÷íîãî íåîäíî-
ðîäíîãî ïüåçîêåðàìè÷åñêîãî öèëèíäðà ñ ðàäèóñîì a ñ îêðóæíîé ïîëÿðèçàöèåé (â
íàïðàâëåíèè θ). Áàçîâûå óðàâíåíèÿ äâèæåíèÿ â îñåñèììåòðè÷íîì ñëó÷àå èìåþò
âèä [1]:
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Ãðàíè÷íûå óñëîâèÿ ïðåäñòàâèìû â ôîðìå:
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Óðàâíåíèÿ ñîñòîÿíèÿ èìåþò âèä:
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Â ñîîòíîøåíèÿõ (1)−(3) ïðèíÿòû îáîçíà÷åíèÿ: ω − öèêëè÷åñêàÿ ÷àñòîòà êîëåáàíèé;
ur − ðàäèàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ñìåùåíèÿ; Dr, Dθ  − ñîñòàâëÿþùèå âåêòîðà
ýëåêòðè÷åñêîé èíäóêöèè; ϕ − ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ; σrr, σθθ − êîìïîíåí-
òû òåíçîðà íàïðÿæåíèé; c13, c11, c33 − ìîäóëè óïðóãîñòè, èçìåðåííûå ïðè ïîñòîÿí-
íîì ýëåêòðè÷åñêîì ïîëå; e15, e31, e33 − ïüåçîýëåêòðè÷åñêèå õàðàêòåðèñòèêè; ý11, ý33 −
äèýëåêòðè÷åñêèå ïðîíèöàåìîñòè. Áóäåì ñ÷èòàòü, ÷òî ìîäóëè óïðóãîñòè ïîñòîÿííû,
à ïüåçîýëåêòðè÷åñêèå õàðàêòåðèñòèêè ìîãóò áûòü ôóíêöèÿìè ðàäèàëüíîé êîîðäè-
íàòû, ÷òî äîñòàòî÷íî àäåêâàòíî ìîäåëèðóåò âîçìîæíóþ ðàñïîëÿðèçàöèþ ïüåçîýëå-
ìåíòà.

Èç óðàâíåíèÿ ýëåêòðîñòàòèêè (1) ïîëó÷èì: ϕ = C1θ + C2, ãäå C1 = V0/α, C2 = 0,
óãîë α = π/N îïðåäåëÿåòñÿ êîëè÷åñòâîì ïðèçì N, èç êîòîðûõ ñîñòàâëåí öèëèíäð [3].

Ââåäåì ñëåäóþùèå áåçðàçìåðíûå õàðàêòåðèñòèêè:
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Òîãäà, èñõîäÿ èç ñîîòíîøåíèé (1), (3), ïîëó÷èì êàíîíè÷åñêóþ ñèñòåìó óðàâíå-
íèé îòíîñèòåëüíî áåçðàçìåðíûõ ôóíêöèé íàïðÿæåíèÿ è ñìåùåíèÿ:
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à ãðàíè÷íûå óñëîâèÿ ïðåäñòàâèì â ôîðìå:

.0)1(,0)( 0 ==ξ TT (5)

2. Ìîäåëèðîâàíèå çàòóõàíèÿ

Äëÿ ó÷åòà çàòóõàíèÿ â èññëåäóåìîé çàäà÷å àíàëîãè÷íî ìîäåëè, èñïîëüçîâàííîé
â [14], ïðèíèìàåòñÿ êîíöåïöèÿ êîìïëåêñíûõ ìîäóëåé [18], ñîãëàñíî êîòîðîé íåîáõî-
äèìî çàìåíèòü ),,()( ** κξ→ξ iee kjkj  ÷òî ïðèâîäèò ê ôóíêöèÿì îò ïàðàìåòðà äðîáíî-
ðàöèîíàëüíîé ñòðóêòóðû (ìîäåëü 1):
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êîòîðûå àíàëîãè÷íû ôóíêöèÿì äëÿ ìîäåëè ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà ñ íåîä-
íîðîäíûìè ñâîéñòâàìè, ïðè÷åì Hkj(ξ) − àíàëîã äëèòåëüíîãî ïüåçîìîäóëÿ, Ekj(ξ) − àíà-
ëîã ìãíîâåííîãî ïüåçîìîäóëÿ, n − âðåìÿ ðåëàêñàöèè è ïàðàìåòð )./1(/111 aca ⋅ρ=

Òèïè÷íàÿ ôóíêöèÿ çàòóõàíèÿ
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áóäåò îòðàæàòü çàâèñèìîñòü îò ÷àñòîòû ïüåçîýëåêòðè÷åñêèõ õàðàêòåðèñòèê, ïðè-
÷åì ôóíêöèè
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èìåþò ñëåäóþùèå ñâîéñòâà:
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Ñîãëàñíî êîíöåïöèè êîìïëåêñíûõ ìîäóëåé, äëÿ ó÷åòà çàòóõàíèÿ â ðàññìàòðè-
âàåìîì íåîäíîðîäíîì ïüåçîêåðàìè÷åñêîì öèëèíäðå çàìåíèì: e31(ξ) → e31(ξ, iκ),
e33(ξ) → e33(ξ, iκ). Îáîçíà÷èì na1 = τ, τ − áåçðàçìåðíîå âðåìÿ ðåëàêñàöèè. Òîãäà:
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ãäå ïðèíÿòî E31(ξ) = β1H13(ξ), E33(ξ) = β2H33(ξ).
Ðàñ÷åòû âûïîëíÿëèñü ïðè β1 = β2 = 1,25.

3. Ìåòîä ðåøåíèÿ

Êàíîíè÷åñêàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñè-
òåëüíî áåçðàçìåðíûõ ïåðåìåííûõ ðåøåíà ÷èñëåííî ìåòîäîì ïðèñòðåëêè.

Ïðåäñòàâèì ñèñòåìó (4) â ìàòðè÷íîì âèäå: X ′ = BX + F, ãäå ââåäåíû îáîçíà÷å-
íèÿ:
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Ðåøåíèå îñíîâíîé êðàåâîé çàäà÷è èùåòñÿ â âèäå ñóììû ðåøåíèé íåîäíîðîä-
íîé è îäíîðîäíîé çàäà÷ Êîøè ïðè ðàçëè÷íûõ íà÷àëüíûõ óñëîâèÿõ.

Çàäà÷à  1. X ′(0) = BX (0) + F ïðè íà÷àëüíûõ óñëîâèÿõ:
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Çàäà÷à  2. X ′(1) = BX (1) ïðè íà÷àëüíûõ óñëîâèÿõ:
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Ñîãëàñíî ìåòîäó ïðèñòðåëêè, èñêîìîå ðåøåíèå ìîæåò áûòü ïðåäñòàâëåíî â âèäå:
X = X (0) + C1X

(1), ãäå C1 − íåèçâåñòíûé ïàðàìåòð, âåêòîðû
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Ôóíêöèè U(ξ) è T(ξ) èùåì â âèäå ëèíåéíûõ êîìáèíàöèé:

),()()( )1(
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)0( ξ+ξ=ξ UСUU

).()()( )1(
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(8)

Ïåðâîå ãðàíè÷íîå óñëîâèå èç (5) âûïîëíåíî àâòîìàòè÷åñêè. Äëÿ óäîâëåòâîðå-
íèÿ âòîðîãî ãðàíè÷íîãî óñëîâèÿ (5) îïðåäåëèì C1 ðàâåíñòâîì
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Òåñòèðîâàíèå ïðåäëîæåííîé ñõåìû èññëåäîâàíèÿ ïðîâåäåíî ïóòåì ñðàâíåíèÿ
ðåçóëüòàòîâ ñ îäíîðîäíûì ñëó÷àåì, èññëåäîâàííûì â [8]. Ñðàâíèòåëüíûé àíàëèç
ïîêàçàë äîñòàòî÷íóþ òî÷íîñòü è ýôôåêòèâíîñòü ïðåäëîæåííîãî ïîäõîäà.

4. ×èñëåííûå ðåçóëüòàòû

Áûëè ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïî îïðåäåëåíèþ À×Õ äëÿ äâóõ
çàêîíîâ íåîäíîðîäíîñòè ìàòåðèàëà ïðè ξ0 = 0,3 ñ ó÷åòîì çàòóõàíèÿ è áåç çàòóõàíèÿ.

Îäèí çàêîí ñîîòâåòñòâóåò ìîíîòîííî óáûâàþùèì çàâèñèìîñòÿì, âòîðîé − ìîíî-
òîííî âîçðàñòàþùèì çàâèñèìîñòÿì:
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Íà ðèñ. 3 ïðèâåäåíû ãðàôèêè À×Õ ïðè íàëè÷èè çàòóõàíèÿ (ëèíèÿ ñ òî÷êàìè,
τ = 10−1) è áåç çàòóõàíèÿ (ñïëîøíàÿ ëèíèÿ) äëÿ çàêîíà 1. Íà ðèñ. 4 ïðåäñòàâëåíû
çàâèñèìîñòè À×Õ (çàêîí 2) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà τ, õàðàêòåðèçóþ-
ùåãî ñòåïåíü çàòóõàíèÿ.
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5. Ñðàâíåíèå ìîäåëåé ó÷åòà çàòóõàíèÿ

Äëÿ ìîäåëèðîâàíèÿ çàòóõàíèÿ ìîãóò èñïîëüçîâàòüñÿ äðóãèå ìîäåëè. Íàïðèìåð,
øèðîêî ðàñïðîñòðàíåííàÿ ëèíåéíàÿ ÷àñòîòíàÿ àïïðîêñèìàöèÿ ñîîòâåòñòâóþùèõ
ôóíêöèé (ìîäåëü 2). Â ÷àñòíîñòè, ìîäåëèðîâàíèå çàòóõàíèÿ â ñðåäå â ðàìêàõ ýòîãî
ïîäõîäà èñïîëüçóåòñÿ âî ìíîãèõ êîíå÷íî-ýëåìåíòíûõ ïàêåòàõ [19]:

).()(),( 2* κ+−τκ+=κξ OHEiHie kjkjkjkj (11)

Âûïîëíåí àíàëèç òèïè÷íûõ ôóíêöèé (6) è (11), è ðåàëèçîâàíà ñåðèÿ ðàñ÷åòîâ
À×Õ ïðè ðàçíûõ çíà÷åíèÿõ ïàðàìåòðà τ.

Íà ðèñ. 5 ïðåäñòàâëåíû ãðàôèêè À×Õ, ðàññ÷èòàííûå äëÿ ìîäåëè 1 (ñïëîøíàÿ
ëèíèÿ) è ìîäåëè 2 (ëèíèÿ ñ òî÷êàìè). Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ
ïîêàçàëè, ÷òî ïðè τ = 10−1 çíà÷åíèÿ À×Õ äëÿ ìîäåëè 2 ïîñëå ïåðâîãî ðåçîíàíñà
äàþò ðàñõîæäåíèå ñ ìîäåëüþ 1, óâåëè÷èâàþùååñÿ ñ ðîñòîì κ; ïðè τ = 10−2 è τ = 10−3

ðàñõîæäåíèå â À×Õ ïðàêòè÷åñêè îòñóòñòâóåò â ðàññìàòðèâàåìîì äèàïàçîíå ÷àñòîò.

0             2           4           6           8           κ 0              2           4           6           8           κ

|U(1,κ) | |U(1,κ) |

0,2

0,4

0,6

0,8

0,2

0,4

0,6

0,8

τ = 10−1

τ = 10−2

τ = 10−3

Ðèñ. 3 Ðèñ. 4

0             2           4           6           8           κ

|U(1,κ) |

0,2

0,4

0,6

0,8

Ðèñ. 5



434

6. Îáðàòíàÿ çàäà÷à î ðåêîíñòðóêöèè íåîäíîðîäíûõ çàêîíîâ
äëÿ çàäà÷è 1

Âåñüìà âàæíûì äëÿ ðàññìàòðèâàåìûõ ñòðóêòóð ÿâëÿåòñÿ âîïðîñ îá èäåíòèôè-
êàöèè õàðàêòåðèñòèê, â ïåðâóþ î÷åðåäü ïüåçîìîäóëåé. Â áîëüøèíñòâå ñëó÷àåâ âîñ-
ñòàíîâëåíèå íåèçâåñòíûõ ôóíêöèé íåîäíîðîäíîñòè ïðîèçâîäèòñÿ ïî èíôîðìàöèè
îá À×Õ [20]. Íî ìîãóò èññëåäîâàòüñÿ è òàêèå ìîäåëüíûå ïîñòàíîâêè çàäà÷, â êîòî-
ðûõ èçâåñòíûìè ñ÷èòàþòñÿ ñìåùåíèÿ èëè íàïðÿæåíèÿ ïðè îïðåäåëåííîé ÷àñòîòå,
èçìåðåííûå â íåêîòîðûõ òî÷êàõ èññëåäóåìîãî îáúåêòà. Áóäåì ñ÷èòàòü, ÷òî çíà÷åíèÿ
ôóíêöèé U, T èçâåñòíû â êîíå÷íîì íàáîðå òî÷åê ,,1, Mkk =ξ  ðàñïîëîæåííîì äî
ïåðâîãî ðåçîíàíñà ïðè íåêîòîðîì çíà÷åíèè κ = κ1. Ñôîðìóëèðóåì îáðàòíóþ çàäà÷ó
îá îïðåäåëåíèè ôóíêöèé H1 = H31 è H2 = H33, âõîäÿùèõ â ñîñòàâ ìîäóëåé B3 è B4.
Çàìåòèì, ÷òî ýòè ôóíêöèè ìîãóò áûòü îïðåäåëåíû íà îñíîâå (4), åñëè èçâåñòíû íå
òîëüêî ñìåùåíèå è íàïðÿæåíèå, íî è èõ ïðîèçâîäíûå. Äëÿ íàõîæäåíèÿ ïðîèçâîä-
íûõ ýòèõ ôóíêöèé ïî çàäàííûì èõ çíà÷åíèÿì â íàáîðå òî÷åê â íàñòîÿùåé ñòàòüå
èñïîëüçîâàíà ðåãóëÿðèçàöèÿ íà îñíîâå ñïëàéí-àïïðîêñèìàöèè. Çíà÷åíèÿ ôóíêöèé
â òî÷êàõ íàõîäÿòñÿ ïî ôîðìóëàì:
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Ïðåäëîæåííûé ïîäõîä ðåøåíèÿ îáðàòíîé çàäà÷è ïîçâîëÿåò âîññòàíàâëèâàòü äâå
ôóíêöèè, õàðàêòåðèçóþùèå ïüåçîýëåêòðè÷åñêèå ñâîéñòâà ìàòåðèàëà. Âûïîëíåíà
ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ äëÿ îïèñàííûõ âûøå çàêîíîâ íåîäíîðîäíî-
ñòè è äëÿ ðàçëè÷íîãî íàáîðà òî÷åê M èñõîäíûõ äàííûõ â îáðàòíîé çàäà÷å.

Â êà÷åñòâå ïðèìåðà ðåêîíñòðóêöèè íà ðèñ. 6 ïðåäñòàâëåíû ðåçóëüòàòû âîññòà-
íîâëåíèÿ óáûâàþùåé ôóíêöèè H31(ξ) äëÿ çàêîíà íåîäíîðîäíîñòè (9) (ñïëîøíàÿ
ëèíèÿ − èñõîäíûé çàêîí íåîäíîðîäíîñòè, çâåçäî÷êè − ðåêîíñòðóêöèÿ ïðè M = 30,
òî÷êè − ðåêîíñòðóêöèÿ ïðè M = 15).
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Çàêëþ÷åíèå

Ïðåäñòàâëåí ìåòîä èññëåäîâàíèÿ êîëåáàíèé íåîäíîðîäíîãî ïüåçîêåðàìè÷åñ-
êîãî áåñêîíå÷íîãî öèëèíäðà ñ îêðóæíîé ïîëÿðèçàöèåé ïðè íàëè÷èè çàòóõàíèÿ.
Ïðîâåäåíà ñåðèÿ ðàñ÷åòîâ, ïîçâîëèâøàÿ ïðîàíàëèçèðîâàòü çàâèñèìîñòü ðåçîíàíñ-
íûõ ÷àñòîò îò çàêîíîâ èçìåíåíèÿ ôèçè÷åñêèõ õàðàêòåðèñòèê è ðåîëîãèè. Âûïîëíå-
íî ñðàâíåíèå êîíöåïöèè êîìïëåêñíûõ ìîäóëåé ñ øèðîêî ðàñïðîñòðàíåííîé ëèíåé-
íîé ÷àñòîòíîé àïïðîêñèìàöèåé ñîîòâåòñòâóþùèõ õàðàêòåðèñòèê. Ðåàëèçîâàíà ðå-
êîíñòðóêöèÿ çàêîíîâ íåîäíîðîäíîñòè ïî èíôîðìàöèè î çíà÷åíèÿõ áåçðàçìåðíûõ
ôóíêöèé ðàäèàëüíîãî ñìåùåíèÿ è ðàäèàëüíîãî íàïðÿæåíèÿ â íåêîòîðîì íàáîðå
òî÷åê âíóòðè îáëàñòè.
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ON THE VIBRATIONS OF PIEZOCERAMIC CYLINDER
WITH CIRCUMFERENTIAL POLARIZATION

Vatulyan A.O., Kondratev V.S.

Southern Federal University, Rostov-on-Don, Russian Federation

The paper deals with of the problem of radial vibrations of a piezoceramic cylinder with
circumferential polarization taking into account rheology. The piezoelectric characteristics of the
cylinder are functions of the radial coordinate. The cylinder is considered as a piecewise
homogeneous electroelastic body consisting of individual prisms. Assuming that the sectioned
cylinder is infinitely long and there are no axial deformations in it, boundary value problems on the
plane deformation of infinitely long prisms are constructed. In the special case, when all prisms of
the sectioned cylinder are in identical conditions of electric loading and external mechanical loads
are absent, the boundary problem for the cylinder reduces to the boundary problem for a separate
prism. Rheological properties were modeled within the framework of the correspondence principle
by replacing the material characteristics with complex moduli-functions of the vibration frequency.
A comparison of the concept of complex modules with the widespread linear frequency
approximation of the corresponding functions is performed. The solution of the problem was based
on the method of shooting. The results of computational experiments on the determination of the
amplitude-frequency characteristics for some laws of material inhomogeneity are presented. A
series of computational experiments for various inhomogeneity laws and for a different set of
initial data is performed, which made it possible to analyze the dependence of the resonant
frequencies on the laws of variation of physical characteristics and rheology. A method for
reconstructing of the inhomogeneity laws from information on the values of dimensionless functions-
radial displacement and radial stress in a certain set of points inside the region using spline
approximations is performed. The results of computational experiments have shown sufficient
effectiveness of the proposed method.

Keywords: electroelasticity, piezoceramic cylinder, complex module, inverse problem.


