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Èññëåäóåòñÿ ïðîáëåìà ÷óâñòâèòåëüíîñòè è îïòèìèçàöèè ïîëîãèõ ñòåðæ-
íåâûõ êîíñòðóêöèé ïðè îäíîâðåìåííîì âàðüèðîâàíèè êîîðäèíàò óçëîâ, ðàç-
ìåðîâ, ïëîùàäåé ïîïåðå÷íûõ ñå÷åíèé ñ îãðàíè÷åíèÿìè íà êðèòè÷åñêóþ íà-
ãðóçêó îáùåé ïîòåðè óñòîé÷èâîñòè ñ ó÷åòîì ãåîìåòðè÷åñêîé íåëèíåéíîñòè,
îãðàíè÷åíèé ïî ïðî÷íîñòè. Ìàòåðèàë êîíñòðóêöèé, ó êîòîðûõ âîçíèêàþò áîëü-
øèå ïåðåìåùåíèÿ, ïðèíèìàåòñÿ ëèíåéíî óïðóãèì. Âíåøíèå íàãðóçêè ñ÷èòà-
þòñÿ êîíñåðâàòèâíûìè. Ïîä îáùåé ïîòåðåé óñòîé÷èâîñòè êîíñòðóêöèè ïîíè-
ìàåòñÿ âûðîæäåííîñòü åå êàñàòåëüíîé ìàòðèöû æåñòêîñòè â êðèòè÷åñêèõ òî÷-
êàõ. Ñôîðìóëèðîâàíû êðèòåðèè êëàññèôèêàöèè òðåõ òèïîâ êðèòè÷åñêèõ òî-
÷åê − ñèììåòðè÷íàÿ è àñèììåòðè÷íàÿ òî÷êè áèôóðêàöèè, ïðåäåëüíàÿ òî÷êà.
Îñîáîå âíèìàíèå óäåëÿåòñÿ îáùåé ïîòåðå óñòîé÷èâîñòè â ïðåäåëüíûõ òî÷-
êàõ, õàðàêòåðíûõ äëÿ íèçêèõ èëè ïîëîãèõ ñòåðæíåâûõ êîíñòðóêöèé òèïà ôåðì,
àðîê, êóïîëîâ è ò.ä. Äëÿ îòñëåæèâàíèÿ ôóíäàìåíòàëüíîé êðèâîé ðàâíîâåñíûõ
ñîñòîÿíèé ñ ïðåäåëüíûìè òî÷êàìè èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðè-
ðàùåíèé ïåðåìåùåíèé. Àíàëèòè÷åñêè èññëåäîâàíà ÷óâñòâèòåëüíîñòü êðèòè-
÷åñêîé íàãðóçêè, ñîîòâåòñòâóþùåé ïðåäåëüíîé òî÷êå, è îñóùåñòâëåí àíàëèç
÷óâñòâèòåëüíîñòè ïåðåìåùåíèé ãåîìåòðè÷åñêè íåëèíåéíûõ êîíñòðóêöèé. Äëÿ
àíàëèçà ÷óâñòâèòåëüíîñòè ïðèìåíÿåòñÿ ïðÿìîé ìåòîä. Ïðåäëîæåí ìåòîä îï-
òèìèçàöèè äëÿ ãèáêèõ ïîëîãèõ ñòåðæíåâûõ êîíñòðóêöèé ñ ó÷åòîì ãåîìåòðè-
÷åñêîé íåëèíåéíîñòè è îãðàíè÷åíèé íà óñòîé÷èâîñòü. Äîïîëíèòåëüíûì óñëî-
âèåì â ðàññìàòðèâàåìîé çàäà÷å îïòèìèçàöèè ÿâëÿåòñÿ óñëîâèå âîçíèêíîâå-
íèÿ ïðåäåëüíûõ òî÷åê ðàíüøå òî÷åê áèôóðêàöèè. Ìåòîäèêà àïðîáèðîâàíà íà
ýòàëîííîé êîíñòðóêöèè. Ïîëó÷åííûå â ñðåäå ÀNSYS ðåçóëüòàòû ñ ó÷åòîì
ëèíåéíîãî è íåëèíåéíîãî àíàëèçîâ óñòîé÷èâîñòè õîðîøî ñîãëàñóþòñÿ ñ ÷èñ-
ëåííûìè ðåçóëüòàòàìè, ïðåäñòàâëåííûìè çàðóáåæíûìè èññëåäîâàòåëÿìè äëÿ
ýòàëîííîé êîíñòðóêöèè.

Êëþ÷åâûå ñëîâà: ñòåðæíåâûå êîíñòðóêöèè, ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü,
ïðåäåëüíûå òî÷êè, òî÷êè áèôóðêàöèè, êðèòè÷åñêàÿ ñèëà, ïîòåðÿ óñòîé÷èâîñ-
òè, àíàëèòè÷åñêîå èññëåäîâàíèå, àíàëèç ÷óâñòâèòåëüíîñòè, îïòèìèçàöèÿ.
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Ââåäåíèå

Ïîâåäåíèå ãèáêèõ ïîëîãèõ ëåãêèõ ñòåðæíåâûõ êîíñòðóêöèé, ó êîòîðûõ âîçíè-
êàþò áîëüøèå ïåðåìåùåíèÿ áåç ðàçâèòèÿ áîëüøèõ äåôîðìàöèé è íàïðÿæåíèé, íå
ðàñòóùèõ âûøå ïðåäåëà óïðóãîñòè ìàòåðèàëà, íå ìîæåò áûòü îïèñàíî àäåêâàòíî ñ
ïîìîùüþ ëèíåéíîãî àíàëèçà óñòîé÷èâîñòè [1−5]. Ïåðåìåùåíèÿ è êðèòè÷åñêàÿ íà-
ãðóçêà îáùåé ïîòåðè óñòîé÷èâîñòè äîëæíû îïðåäåëÿòüñÿ ñ ó÷åòîì ãåîìåòðè÷åñêîé
íåëèíåéíîñòè. Èññëåäîâàíèå óñòîé÷èâîñòè è çàêðèòè÷åñêîãî ïîâåäåíèÿ êîíñòðóê-
öèè ñ ó÷åòîì ãåîìåòðè÷åñêîé íåëèíåéíîñòè ÿâëÿåòñÿ áîëåå ñëîæíûì ïî ñðàâíå-
íèþ ñ îïðåäåëåíèåì êðèòè÷åñêîé íàãðóçêè ïóòåì ëèíåéíîãî àíàëèçà óñòîé÷èâîñòè
[6−11]. Íàïðèìåð, ïðèíöèï ñóïåðïîçèöèè ïðè äåéñòâèè íåñêîëüêèõ âàðèàíòîâ íà-
ãðóæåíèÿ êîíñòðóêöèè ñ ó÷åòîì ãåîìåòðè÷åñêîé íåëèíåéíîñòè íå âûïîëíÿåòñÿ.

Äî ñèõ ïîð çíà÷èòåëüíàÿ ÷àñòü èññëåäîâàíèé ôîêóñèðóåòñÿ íà îïòèìèçàöèè
ðàçìåðîâ ïîïåðå÷íûõ ñå÷åíèé ôåðì, ðàì ñ îãðàíè÷åíèÿìè íà êðèòè÷åñêóþ íàãðóç-
êó îáùåé ïîòåðè óñòîé÷èâîñòè ñ èñïîëüçîâàíèåì ëèíåéíîãî àíàëèçà óñòîé÷èâîñòè
[12−16].

Ñóùåñòâóåò íåáîëüøîå êîëè÷åñòâî ïóáëèêàöèé ïî îïòèìàëüíîìó ïðîåêòèðî-
âàíèþ ñòåðæíåâûõ êîíñòðóêöèé ñ âàðüèðîâàíèåì êîîðäèíàò óçëîâ, ðàçìåðîâ, ïëî-
ùàäåé ïîïåðå÷íûõ ñå÷åíèé ïðè îãðàíè÷åíèÿõ íà êðèòè÷åñêóþ íàãðóçêó ñ ó÷åòîì
ãåîìåòðè÷åñêîé íåëèíåéíîñòè [9, 17].

Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà ðàçðàáîòêå ýôôåêòèâíîãî ìåòîäà àíàëèçà ÷óâñòâè-
òåëüíîñòè è îïòèìèçàöèè ïîëîãèõ ñòåðæíåâûõ êîíñòðóêöèé ïðè îäíîâðåìåííîì
âàðüèðîâàíèè êîîðäèíàò óçëîâ, ðàçìåðîâ, ïëîùàäåé ïîïåðå÷íûõ ñå÷åíèé ñ îãðàíè-
÷åíèÿìè íà êðèòè÷åñêóþ íàãðóçêó îáùåé ïîòåðè óñòîé÷èâîñòè ñ ó÷åòîì ãåîìåòðè-
÷åñêîé íåëèíåéíîñòè, îãðàíè÷åíèé ïî ïðî÷íîñòè, îãðàíè÷åíèé íà âàðüèðóåìûå
ïàðàìåòðû êîíñòðóêöèè. Íà ýòàëîííîé ñòåðæíåâîé êîíñòðóêöèè äåìîíñòðèðóþòñÿ
äîñòîâåðíîñòü, ïðèãîäíîñòü, íàäåæíîñòü ïðåäëîæåííîé ìåòîäèêè îïòèìàëüíîãî
ïðîåêòèðîâàíèÿ è òåñòèðóþòñÿ âîçìîæíîñòè ïðîãðàììíîãî êîìïëåêñà ANSYS [18].

1. Ïîñòàíîâêà çàäà÷è îïòèìèçàöèè

Çàäà÷à îïòèìàëüíîãî ïðîåêòèðîâàíèÿ ïî âåñó ñòåðæíåâîé êîíñòðóêöèè ìîæåò
áûòü ñôîðìóëèðîâàíà êàê çàäà÷à íåëèíåéíîãî óñëîâíîãî ïðîãðàììèðîâàíèÿ [12,
19−21]: òðåáóåòñÿ íàéòè òàêèå çíà÷åíèÿ óïðàâëÿåìûõ ïàðàìåòðîâ X* (êîîðäèíàòû
óçëîâ, ïëîùàäè, ðàçìåðû ïîïåðå÷íûõ ñå÷åíèé) èç îáëàñòè äîïóñòèìûõ çíà÷åíèé F,
äëÿ êîòîðûõ âåñ êîíñòðóêöèè áóäåò ìèíèìàëüíûì:
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∗ ρ= (1)

ãäå ρe − ïëîòíîñòü ìàòåðèàëà ýëåìåíòà, Ae − ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ýëåìåí-
òà, Le − äëèíà ýëåìåíòà, k − ÷èñëî ýëåìåíòîâ.

Îáëàñòü äîïóñòèìûõ çíà÷åíèé F îïðåäåëÿåòñÿ îãðàíè÷åíèÿìè íà êðèòè÷åñêóþ
íàãðóçêó îáùåé ïîòåðè óñòîé÷èâîñòè, ýêâèâàëåíòíûå íàïðÿæåíèÿ â îáúåìàõ ýëå-
ìåíòîâ è îãðàíè÷åíèÿìè íà âàðüèðóåìûå ïàðàìåòðû êîíñòðóêöèè:

,)()(: 00{ DCDCF Λ≥Λ⇒Λ≥Λ= XPPXX

,1,,][)(ýêâ kee =σ≤σ X (2)
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,,1, }maxmin miXXX iii =≤≤
ãäå ΛC − íåêðàòíûé ìíîæèòåëü âíåøíåé êîíñåðâàòèâíîé íàãðóçêè P0, ïðè êîòîðîì
ïîÿâëÿåòñÿ ïðåäåëüíàÿ òî÷êà; ΛD − çàäàííûé ðàáî÷èé ìíîæèòåëü íàãðóçêè èëè íèæ-
íÿÿ ãðàíèöà êðèòè÷åñêîãî ìíîæèòåëÿ; 

e
ýêâσ  − ýêâèâàëåíòíûå íàïðÿæåíèÿ â îáúåìàõ

ýëåìåíòîâ; [σ] − äîïóñòèìîå íàïðÿæåíèå; 
maxmin , ii XX  − íèæíèé è âåðõíèé ïðåäå-

ëû âàðüèðóåìîãî ïàðàìåòðà Xi; m − ÷èñëî âàðüèðóåìûõ ïàðàìåòðîâ.

2. Îñíîâíûå óðàâíåíèÿ

Ðàññìîòðèì ïîëîãóþ ãèáêóþ óïðóãóþ êîíñòðóêöèþ, ó êîòîðîé âîçíèêàþò áîëü-
øèå ïåðåìåùåíèÿ è ïîâîðîòû áåç ðàçâèòèÿ áîëüøèõ äåôîðìàöèé è íàïðÿæåíèé.
Ìàòåðèàë êîíñòðóêöèè óäîâëåòâîðÿåò ëèíåéíîìó çàêîíó Ãóêà. Îòêëèê êîíñòðóê-
öèè ÿâëÿåòñÿ íåëèíåéíûì è ÿâëÿåòñÿ ðåçóëüòàòîì êîíå÷íûõ (áîëüøèõ) ïîâîðîòîâ è
ïåðåìåùåíèé. Ïîëíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ êîíñòðóêöèè Π(u, Λ, X) çàâèñèò îò âåê-
òîðà ïåðåìåùåíèé u, ïðîïîðöèîíàëüíîãî ìíîæèòåëÿ íàãðóçêè Λ, âàðüèðóåìûõ ïà-
ðàìåòðîâ X. Ñ÷èòàåì, ÷òî âñå êîìïîíåíòû âíåøíåé êîíñåðâàòèâíîé íàãðóçêè ïðî-
ïîðöèîíàëüíû îäíîìó èçìåíÿþùåìóñÿ ïàðàìåòðó Λ. Òîãäà ìîæíî çàïèñàòü

),(),(),,( 0
T XPuXuXu Λ−ϕ=ΛΠ (3)

ãäå ϕ(u, X) − ýíåðãèÿ äåôîðìàöèè, P0(X) − âåêòîð âíåøíèõ êîíñåðâàòèâíûõ íàãðó-
çîê.

Óðàâíåíèÿ ðàâíîâåñèÿ äëÿ òàêîé êîíñòðóêöèè èìåþò âèä:

,,1,0),,( ni
ui

==
⎭
⎬
⎫

⎩
⎨
⎧
∂
Π∂

=Λ Xur (4)

ãäå r (u, Λ, X) − âåêòîð íåâÿçêè èëè âåêòîð íåóðàâíîâåøåííûõ ñèë, åñëè âåêòîð ïå-
ðåìåùåíèé u íå ÿâëÿåòñÿ èñòèííûì; n − ÷èñëî ñòåïåíåé ñâîáîäû êîíñòðóêöèè.

Ïàðàìåòðè÷åñêèå óðàâíåíèÿ ðàâíîâåñíîé êðèâîé 1 (ðèñ. 1) â (n + 1)-ðàçìåðíîì
ïðîñòðàíñòâå «ïåðåìåùåíèÿ − ìíîæèòåëü íàãðóçêè» (u, Λ) èìåþò âèä:

),(),( tt Λ=Λ= uu (5)

ãäå t − ïàðàìåòð ïðîäâèæåíèÿ âäîëü ðàâíîâåñíîé êðèâîé.
Ðàññìàòðèâàþòñÿ òðè àëüòåðíàòèâû äëÿ âûáîðà ïàðàìåòðà t:
1) ïàðàìåòð ïðîäâèæåíèÿ ðàâåí ìíîæèòåëþ íàãðóçêè t = Λ,
2) ïàðàìåòð ïðîäâèæåíèÿ ðàâåí âûäåëåííîé êîìïîíåíòå âåêòîðà ïåðåìåùåíèé

t = ui,

Ðèñ. 1. Ðàâíîâåñíûå êðèâûå äëÿ ãåîìåòðè÷åñêè íåëèíåéíîé ìîäåëè
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3) ïàðàìåòð ïðîäâèæåíèÿ ðàâåí äëèíå äóãè ðàâíîâåñíîé êðèâîé t = s.
Çàìåòèì, ÷òî ïàðàìåòðè÷åñêàÿ ôîðìà (5) íå ðàáîòàåò â êðèòè÷åñêèõ òî÷êàõ, ãäå

ïåðåñåêàþòñÿ äâå èëè áîëåå ðàâíîâåñíûõ êðèâûõ.
Íà ðèñ. 1 ïîêàçàíû ðàâíîâåñíûå êðèâûå ãåîìåòðè÷åñêè íåëèíåéíîé ïîëîãîé

êîíñòðóêöèè íà ïëîñêîñòè (ui, Λ) è ïðåäåëüíûå òî÷êè äëÿ ðàçëè÷íûõ íàáîðîâ óï-
ðàâëÿåìûõ ïàðàìåòðîâ X1, X2, X3, ãäå îáîçíà÷åíî: 1 − ðàâíîâåñíàÿ êðèâàÿ, 2 − êðè-
âàÿ êðèòè÷åñêèõ ñîñòîÿíèé. Òî÷êè L1, L2, L3 − êðèòè÷åñêèå òî÷êè íà ðàâíîâåñíûõ
êðèâûõ, ñîîòâåòñòâóþùèõ íàáîðàì çíà÷åíèé X1, X2, X3 óïðàâëÿåìûõ ïàðàìåòðîâ.

Äèôôåðåíöèðóÿ óðàâíåíèÿ ðàâíîâåñèÿ (4) ïî ïàðàìåòðó ïðîäâèæåíèÿ t âäîëü
ðàâíîâåñíîé êðèâîé, ìîæíî çàïèñàòü

,)(0 0XPuKruKr =Λ−=Λ+= Λ
&&&&& (6)

ãäå òî÷êà ñâåðõó è íèæíèé èíäåêñ îáîçíà÷àþò äèôôåðåíöèðîâàíèå ïî t è ÷àñòíóþ
ïðîèçâîäíóþ ïî Λ; K = ∂r/∂u − êàñàòåëüíàÿ ìàòðèöà æåñòêîñòè, êîòîðàÿ ÿâëÿåòñÿ
ñèììåòðè÷íîé.

Óðàâíåíèå (6) ïðåäñòàâèì â âèäå

.)(0 0XPuK =ΔΛ−Δ (7)

Êàñàòåëüíàÿ æåñòêîñòü îïðåäåëÿåòñÿ êàê îòíîøåíèå ïðèðàùåíèÿ ñèëû ê ïðèðà-
ùåíèþ ïåðåìåùåíèÿ. Çíàê êàñàòåëüíîé æåñòêîñòè ñâÿçûâàåòñÿ ñ óñòîé÷èâîñòüþ
ïîëîæåíèÿ ðàâíîâåñèÿ. Îòðèöàòåëüíàÿ êàñàòåëüíàÿ æåñòêîñòü àññîöèèðóåòñÿ ñ íå-
óñòîé÷èâûì ïîëîæåíèåì ðàâíîâåñèÿ, à ïîëîæèòåëüíàÿ êàñàòåëüíàÿ æåñòêîñòü − ñ
óñòîé÷èâûì ïîëîæåíèåì ðàâíîâåñèÿ.

Ñèñòåìà óðàâíåíèé (7) èìååò n óðàâíåíèé ñ (n + 1) íåèçâåñòíûìè. Åñëè çàäàíî
ïðèðàùåíèå ïåðåìåùåíèÿ Δui, òî ìîæíî îòûñêàòü îñòàâøèåñÿ (n − 1) ïðèðàùåíèé
ïåðåìåùåíèé Δu è ïðèðàùåíèå ìíîæèòåëÿ íàãðóçêè ΔΛ ïðè óñëîâèè, ÷òî îïðåäå-
ëèòåëü êàñàòåëüíîé ìàòðèöû æåñòêîñòè êîíñòðóêöèè íå ðàâåí íóëþ

.0det ≠K (8)

Òàêèì îáðàçîì, îòñëåæèâàåì êðèâóþ ðàâíîâåñíûõ ñîñòîÿíèé 1 â (n + 1)-ðàçìåðíîì
ïðîñòðàíñòâå (u, Λ) ïî ôîðìóëàì:

,1 sss uuu Δ+=+

,1 sss ΔΛ+Λ=Λ +
(9)

ãäå s − íîìåð øàãà.

3. Óñëîâèå ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèè

Âûðîæäåííîñòü êàñàòåëüíîé ìàòðèöû æåñòêîñòè K òðàêòóåòñÿ êàê îáùàÿ ïîòå-
ðÿ óñòîé÷èâîñòè êîíñòðóêöèè. Ñîîòâåòñòâóþùèå òî÷êè (uC, ΛC) ðàâíîâåñíîé êðè-
âîé íàçûâàþòñÿ êðèòè÷åñêèìè òî÷êàìè, à çíà÷åíèå ìíîæèòåëÿ íàãðóçêè ΛC(X), ïðè
êîòîðîì êàñàòåëüíàÿ ìàòðèöà æåñòêîñòè òåðÿåò ïîëîæèòåëüíóþ îïðåäåëåííîñòü,
íàçûâàåòñÿ êðèòè÷åñêèì. Ñëåäîâàòåëüíî, êðèòè÷åñêàÿ òî÷êà îïðåäåëÿåòñÿ ñ èñïîëü-
çîâàíèåì óñëîâèÿ:

.0,det )( =XuK C (10)
Ðàâíîâåñíîå ñîñòîÿíèå êîíñòðóêöèè ïåðåñòàåò áûòü îäíîçíà÷íûì: ëèáî ïðî-

èñõîäèò ðàçâåòâëåíèå ôîðì ðàâíîâåñèÿ, ëèáî âîçíèêàþò ïðåäåëüíûå òî÷êè íà ðàâ-
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íîâåñíûõ êðèâûõ.
Àëüòåðíàòèâíûì ïîäõîäîì äëÿ îïðåäåëåíèÿ êðèòè÷åñêîé òî÷êè ÿâëÿåòñÿ ðà-

âåíñòâî íóëþ ïåðâîãî ñîáñòâåííîãî çíà÷åíèÿ êàñàòåëüíîé ìàòðèöû æåñòêîñòè, êî-
òîðîå ÿâëÿåòñÿ ðåøåíèåì ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé:

,,1,, )( njjjj
CC =λ= ΦIΦXuK (11)

ãäå ΦΦΦΦΦ1 − ïåðâàÿ ôîðìà ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèè, I − åäèíè÷íàÿ ìàòðèöà,
KC(uC, X) − ñèììåòðè÷íàÿ êàñàòåëüíàÿ ìàòðèöà æåñòêîñòè â êðèòè÷åñêîé òî÷êå.

Ñîáñòâåííûå çíà÷åíèÿ λj ÿâëÿþòñÿ äåéñòâèòåëüíûìè è óïîðÿäî÷èâàþòñÿ ïî
âåëè÷èíå

.21 nλ≤≤λ≤λ K (12)

Ñîáñòâåííûå âåêòîðû îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî ìíîæèòåëÿ è ïîýòîìó íîð-
ìèðóþòñÿ, òî åñòü âûïîëíÿåòñÿ óñëîâèå

,TT
ijji δ=ΦΦ (13)

ãäå δij − ñèìâîë Êðîíåêåðà.

4. Êëàññèôèêàöèÿ íåêðàòíûõ êðèòè÷åñêèõ òî÷åê

Äëÿ êëàññèôèêàöèè íåêðàòíûõ êðèòè÷åñêèõ òî÷åê óìíîæèì ñëåâà óðàâíåíèå
(6) íà .T

1Φ  Òîãäà:

.0)( )()( 0
T
1

T
1 =Λ−=Λ+ Λ

CCCCCCC &&&& XPuKΦruKΦ (14)

Èç (14) ïðèõîäèì ê óñëîâèþ ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèè:

,0)(Λ0Λ 0
T
1

T
1 èëè ==Λ XPΦrΦ CCC && (15)

êîòîðîå áóäåì èñïîëüçîâàòü äëÿ êëàññèôèêàöèè íåêðàòíûõ êðèòè÷åñêèõ òî÷åê.
Òî÷êà, äëÿ êîòîðîé âûïîëíÿåòñÿ

,0,0)(0,0 0
T
1

T
1 èëè =Λ==Λ=Λ

CCC && XPΦrΦ (16)

íàçûâàåòñÿ ñèììåòðè÷íîé òî÷êîé áèôóðêàöèè, ãäå ïðîèñõîäèò ðàçâåòâëåíèå ðàâ-
íîâåñíûõ êðèâûõ.

Òî÷êà, äëÿ êîòîðîé âûïîëíÿåòñÿ

,0,0)(0,0 0
T
1

T
1 èëè ≠Λ=≠Λ=Λ

CCC && XPΦrΦ (17)

íàçûâàåòñÿ àñèììåòðè÷íîé òî÷êîé áèôóðêàöèè.
Òî÷êà íà ðàâíîâåñíîé êðèâîé, äëÿ êîòîðîé âûïîëíÿåòñÿ óñëîâèå

,0,0)(0,0 0
T
1

T
1 èëè =Λ≠=Λ≠Λ

CCC && XPΦrΦ (18)

íàçûâàåòñÿ ïðåäåëüíîé òî÷êîé, ãäå êàñàòåëüíàÿ ê ðàâíîâåñíîé êðèâîé ïàðàëëåëüíà
ãîðèçîíòàëüíîé îñè è îäíîìó óðîâíþ íàãðóçêè ñîîòâåòñòâóþò ðàçëè÷íûå ïåðåìå-
ùåíèÿ.

5. Àíàëèç ÷óâñòâèòåëüíîñòè êðèòè÷åñêîãî ìíîæèòåëÿ íàãðóçêè
è ïåðåìåùåíèé äëÿ ïðåäåëüíîé òî÷êè

Ðàññìîòðèì çàäà÷ó îïðåäåëåíèÿ ïðîèçâîäíûõ ïî âàðüèðóåìîìó ïàðàìåòðó X
êðèòè÷åñêîãî ìíîæèòåëÿ íàãðóçêè dΛC/dX è ïåðåìåùåíèé duC/dX äëÿ ïðåäåëüíîé
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òî÷êè.
Äèôôåðåíöèðóÿ óðàâíåíèå (4) ïî X, èìååì

.0=+
Λ

+ Λ
C
X

C
C

C
C

dX
d

dX
d rruK (19)

Óìíîæàÿ (19) ñëåâà íà ,T
1Φ  ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ dΛC/dX:

,0T
1

C
T
1

C
T
1 =+

Λ
+ Λ

C
X

CC

Xd
d

Xd
d rΦrΦuKΦ (20)

îòêóäà äëÿ ïðåäåëüíîé òî÷êè ïîëó÷àåì

.T
1

T
1

C

C

C
X

Xd
d

Λ

−=
Λ

rΦ
rΦ

(21)

Èç îäíîãî óðàâíåíèÿ (19) íåëüçÿ îïðåäåëèòü ïðîèçâîäíóþ duC/dX, òàê êàê ìàò-
ðèöà KC ÿâëÿåòñÿ îñîáåííîé. Ïîýòîìó íåîáõîäèìî çàïèñàòü åùå îäíî äîïîëíèòåëü-
íîå óðàâíåíèå. Äèôôåðåíöèðóÿ óðàâíåíèå (11) ïî X âäîëü êðèâîé êðèòè÷åñêèõ ñî-
ñòîÿíèé 2 (ñì. ðèñ. 1) è óìíîæàÿ åãî ñëåâà íà ,T

1Φ  çàïèøåì íåîáõîäèìîå äîïîëíè-
òåëüíîå óðàâíåíèå:

.01
T
11

T
1 =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
Λ

Λ∂
∂

+
∂
∂ ΦKKΦuΦ

u
KΦ

XdX
d

dX
d CCCCC

(22)

Òåïåðü èìååì óðàâíåíèÿ (19) è (22) äëÿ îïðåäåëåíèÿ ïðîèçâîäíîé ïåðåìåùåíèé
duC/dX.

6. Èññëåäîâàíèå óñòîé÷èâîñòè çàêðèòè÷åñêîãî
ïîëîæåíèÿ ðàâíîâåñèÿ êîíñòðóêöèè
ïî ïðèðàùåíèþ ïîëíîé ïîòåíöèàëüíîé ýíåðãèè

Ïî ïðèðàùåíèþ ïîëíîé ïîòåíöèàëüíîé ýíåðãèè èññëåäóåì óñòîé÷èâîñòü ïî-
ëîæåíèÿ ðàâíîâåñèÿ, áëèçêîãî ê ïðåäåëüíîé òî÷êå. Âûðàæåíèå äëÿ ïðèðàùåíèÿ
ïîòåíöèàëüíîé ýíåðãèè ìîæíî ïðåäñòàâèòü â âèäå [22]:

,
6

)( 431 sosB
Δ+Δ=ΔΠ (23)

ãäå

),(,, 0
T
1411

2
T
11

2

1

4 XPΦrΦ =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ΦΦ
∂∂

∂
=ΛΔ−±=Δ B

uu
B

B
Bs ji

ji

C
C

Δ2ΛC − âòîðîé äèôôåðåíöèàë êðèòè÷åñêîãî ìíîæèòåëÿ íàãðóçêè; Φ1i, Φ1j − êîìïî-
íåíòû ïåðâîé ôîðìû ΦΦΦΦΦ1 ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèè.

Åñëè B1 > 0, òî ïðèðàùåíèå ïîëíîé ïîòåíöèàëüíîé ýíåðãèè ΔΠ > 0 äëÿ 0>Δ s
(çàêðèòè÷åñêîå ïîâåäåíèå êîíñòðóêöèè ÿâëÿåòñÿ óñòîé÷èâûì), ΔΠ < 0 äëÿ ,0<Δ s
(çàêðèòè÷åñêîå ïîâåäåíèå êîíñòðóêöèè ÿâëÿåòñÿ íåóñòîé÷èâûì).

Êîãäà B1 < 0, ïðèðàùåíèå ïîëíîé ïîòåíöèàëüíîé ýíåðãèè ΔΠ > 0 äëÿ 0<Δ s
(çàêðèòè÷åñêîå ïîâåäåíèå êîíñòðóêöèè ÿâëÿåòñÿ óñòîé÷èâûì), ΔΠ < 0  äëÿ 0>Δ s
(çàêðèòè÷åñêîå ïîâåäåíèå êîíñòðóêöèè ÿâëÿåòñÿ íåóñòîé÷èâûì).
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7. Àïïðîêñèìàöèÿ çàäà÷è îïòèìèçàöèè

Çàäà÷à îïòèìèçàöèè (1), (2) ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóùèì îáðàçîì:

( ) ,
2
1Minimize TT

~
⎟
⎠
⎞

⎜
⎝
⎛ ΔΔ+Δ∇=Δ

∈

XHXXX
X

WW
F

(24)

ãäå H − ìàòðèöà Ãåññå, îáðàçîâàííàÿ âòîðûìè ÷àñòíûìè ïðîèçâîäíûìè ôóíêöèè
Ëàãðàíæà,

.,,,
21

T

⎭
⎬
⎫

⎩
⎨
⎧

∂
∂

∂
∂

∂
∂

=∇
mXXX

K

Äîïóñòèìàÿ îáëàñòü F~  îïðåäåëÿåòñÿ ëèíåéíûìè àïïðîêñèìàöèÿìè àêòèâíûõ
îãðàíè÷åíèé

,][)()( ýêâ
T

ýêâ σ≤Δσ∇+σ XXX ee

,)()( T DCC Λ≥ΔΛ∇+Λ XXX
(25)

ãäå êîìïîíåíòû ΔX îïðåäåëÿþòñÿ êàê

,maxmin
iii XXX Δ≤Δ≤Δ

.,1,,
10

maxmin
minmax

max miXXXXX ii
ii

i =Δ−=Δ
−

=Δ

(26)

Ýôôåêòèâíîñòü ïðåäñòàâëåííîé ìåòîäèêè ïðîâåðåíà íà ýòàëîííîé êîíñòðóê-
öèè àíòåííû â ñèñòåìå ANSYS.

Ïðèìåð.  Àíòåííà
Íà ðèñ. 2 ïîêàçàíà ïðîñòðàíñòâåííàÿ ñèììåòðè÷íàÿ 30-ýëåìåíòíàÿ àíòåííà,

õàðàêòåðíûå ðàçìåðû êîòîðîé: a = 9144 ìì, b = 7918,03 ìì, ñ = 551,409 ìì, d =
= 1091,01 ìì, e = 539,75 ìì. Àíòåííà èìååò 21 ñòåïåíü ñâîáîäû: ïåðåìåùåíèÿ
óçëîâ 1−7 âäîëü îñåé Õ, Y è Z. Âåðòèêàëüíàÿ êîíñåðâàòèâíàÿ íàãðóçêà P0, ïðèëî-
æåííàÿ â óçëå 1, ðàâíà 8895,71 Í. Ìàòåðèàë êîíñòðóêöèè − àëþìèíèåâûé ñïëàâ:
ìîäóëü óïðóãîñòè Å = 68,94 ÃÏà, ïëîòíîñòü ìàòåðèàëà ρ = 2770 êã/ì3, äîïóñòèìîå
íàïðÿæåíèå [σ] = 137,88 ÌÏà. Ïàðàìåòðàìè ïðîåêòèðîâàíèÿ ÿâëÿþòñÿ ïëîùàäè

Ðèñ. 2. Íà÷àëüíàÿ êîíå÷íî-ýëåìåíòíàÿ ìîäåëü àíòåííû

Y

X

Z

c
X

P0e
d

b b b b

a

a

a

a

15
16

1

2
3

4

5
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7

8

9

10 11
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14
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19

1
2

34
5
6

7

8

910
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12

13
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2324
2526

27
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ïîïåðå÷íûõ ñå÷åíèé 30 ýëåìåíòîâ, êîòîðûå îáúåäèíÿþòñÿ â 4 òèïà Ai, .4,1=i
Çàäà÷à îïòèìèçàöèè ñâîäèòñÿ ê íàõîæäåíèþ çíà÷åíèé ïëîùàäåé ïîïåðå÷íûõ

ñå÷åíèé ñòåðæíåé Ai, ,4,1=i  äëÿ êîòîðûõ âåñ àíòåííû áóäåò ìèíèìàëüíûì ñ ó÷å-
òîì îãðàíè÷åíèé íà êðèòè÷åñêóþ íàãðóçêó ïîòåðè óñòîé÷èâîñòè àíòåííû ΛC(A1,
A2, A3, A4) ≥ 1, îãðàíè÷åíèé íà íàïðÿæåíèÿ â ñòåðæíÿõ σi ≤ 137,88 ÌÏà, ,30,1=i  è
âàðüèðóåìûå ïëîùàäè 64,516 ≤ Ai ≤ 5000 ìì2.

Îïòèìàëüíûå ôîðìû àíòåííû ñ ó÷åòîì ëèíåéíîãî è íåëèíåéíîãî àíàëèçîâ óñ-

òîé÷èâîñòè ïîêàçàíû íà ðèñ. 3.
Íà÷àëüíûå è îïòèìàëüíûå çíà÷åíèÿ âàðüèðóåìûõ ïàðàìåòðîâ è âåñà àíòåííû

ïîêàçàíû â òàáëèöå 1.
Òàáëèöà 1

Íà÷àëüíûé è îïòèìàëüíûé ïðîåêòû äëÿ àíòåííû
Ïëîùàäè ïîïåðå÷íûõ ñå÷åíèé, ìì2

Ñòåðæíè Âàðüèðóìûå
Íà÷àëüíûå

Îïòèìàëüíûå
ïàðàìåòðû Ëèíåéíûé Íåëèíåéíûé Íåëèíåéíûé

àíàëèç àíàëèç àíàëèç
óñòîé÷èâîñòè óñòîé÷èâîñòè óñòîé÷èâîñòè [3]

1−6 À1 1290,3 215,86 1047,60 1041,93
7−12 À2 1290,3 217,45 939,31 941,611
13−18 À3 1290,3 173,13 64,52 64,516
19−30 À4 1290,3 64,52 64,52 64,516

Âåñ êîíñòðóêöèè, Í 9672,95 1101,76 3254,08 3247,60

Äëÿ íà÷àëüíûõ çíà÷åíèé âàðüèðóåìûõ ïàðàìåòðîâ êðèòè÷åñêàÿ íàãðóçêà ïîòå-
ðè óñòîé÷èâîñòè àíòåííû ñ ó÷åòîì íåëèíåéíîãî àíàëèçà â 4,73 ðàçà ìåíüøå êðèòè-
÷åñêîé íàãðóçêè ñ ó÷åòîì ëèíåéíîãî àíàëèçà óñòîé÷èâîñòè. Îïòèìàëüíûé âåñ ïðî-
ñòðàíñòâåííîé ôåðìû ñ ó÷åòîì ëèíåéíîãî àíàëèçà óñòîé÷èâîñòè â 2,95 ðàçà ìåíü-
øå îïòèìàëüíîãî âåñà, ïîëó÷åííîãî â ANSYS ñ ó÷åòîì ãåîìåòðè÷åñêè íåëèíåéíî-
ãî àíàëèçà (ñì. òàáëèöó 1).

Çàêëþ÷åíèå

Ïðîâåäåíà êëàññèôèêàöèÿ êðèòè÷åñêèõ òî÷åê. Âûðîæäåííîñòü êàñàòåëüíîé
ìàòðèöû æåñòêîñòè êîíñòðóêöèè â êðèòè÷åñêèõ òî÷êàõ òðàêòóåòñÿ êàê îáùàÿ ïîòå-

Ëèíåéíûé àíàëèç Íåëèíåéíûé àíàëèç

Ðèñ. 3. Îïòèìàëüíûå ôîðìû (âèä ñâåðõó)
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ðÿ óñòîé÷èâîñòè. Äëÿ îòñëåæèâàíèÿ ôóíäàìåíòàëüíîé ðàâíîâåñíîé êðèâîé ñ ïðå-
äåëüíûìè òî÷êàìè èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíîãî ïðèðàùåíèÿ ïåðåìåùå-
íèé. Àíàëèòè÷åñêè èññëåäîâàíû ÷óâñòâèòåëüíîñòü êðèòè÷åñêîé íàãðóçêè îáùåé
ïîòåðè óñòîé÷èâîñòè è ïåðåìåùåíèé äëÿ ïðåäåëüíîé òî÷êè.

Ñôîðìóëèðîâàíû è ðåøåíû çàäà÷è îïòèìàëüíîãî ïðîåêòèðîâàíèÿ ïîëîãèõ ñòåðæ-
íåâûõ êîíñòðóêöèé ñ èñïîëüçîâàíèåì íåëèíåéíîãî àíàëèçà óñòîé÷èâîñòè, îãðàíè-
÷åíèé íà êðèòè÷åñêóþ íàãðóçêó îáùåé ïîòåðè óñòîé÷èâîñòè, ñîîòâåòñòâóþùóþ ïðå-
äåëüíîé òî÷êå, îãðàíè÷åíèé íà íàïðÿæåíèÿ ïðè îäíîâðåìåííîì âàðüèðîâàíèè êî-
îðäèíàò óçëîâ, ðàçìåðîâ, ïëîùàäåé ïîïåðå÷íûõ ñå÷åíèé.

Ìåòîäèêà ïîçâîëÿåò èññëåäîâàòü óñòîé÷èâîñòü çàêðèòè÷åñêîé êðèâîé èç ïðå-
äåëüíîé òî÷êè.

Ýôôåêòèâíîñòü ïðåäñòàâëåííîé ìåòîäèêè ïðîâåðåíà íà ýòàëîííîé êîíñòðóê-
öèè â ñèñòåìå ANSYS. Óñòàíîâëåíî, ÷òî ïðèìåíåíèå ëèíåéíîãî àíàëèçà óñòîé÷è-
âîñòè çàâûøàåò êðèòè÷åñêóþ íàãðóçêó îáùåé ïîòåðè óñòîé÷èâîñòè è çàíèæàåò îï-
òèìàëüíûé âåñ êîíñòðóêöèé.

Ïðèìåíåíèå ëèíåéíîãî àíàëèçà óñòîé÷èâîñòè ìîæåò áûòü îïðàâäàííûì äëÿ
âûñîêèõ ñòåðæíåâûõ êîíñòðóêöèé ñ áîëüøèì îòíîøåíèåì âûñîòû ê ðàññòîÿíèþ
ìåæäó îïîðàìè, êîãäà òî÷êà áèôóðêàöèè ïîÿâëÿåòñÿ ïåðâîé íà ôóíäàìåíòàëüíîé
ðàâíîâåñíîé êðèâîé.
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THE SENSITIVITY ANALYSIS AND THE OPTIMIZATION OF SHALLOW ROD
STRUCTURES, ACCOUNTING FOR GEOMETRIC NONLINEARITIES

AND STABILITY CONSTRAINTS

Sergeyev O.A.1, Kiselev V.G.1, Sergeyeva S.A.2, Novikov V.V.1

1National Research Lobachevsky State University of Nizhny Novgorod,
Nizhny Novgorod, Russian Federation
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The paper addresses the issue of sensitivity and the optimization of shallow rod structures with
simultaneously varying the node coordinates, dimensions, cross-section areas, and with constraints
on the critical total instability load, accounting for geometric nonlinearities, strength constraints.
The material of the structures undergoing large displacements is assumed linearly elastic. All the
external loads are considered conservative. Total loss of stability of a structure is interpreted as a
singularity of its tangential stiffness matrix in critical points. The criteria for classifying the three
types of the critical points − symmetric, asymmetric bifurcation points and a limit point − have
been formulated. Special attention is paid to total loss of stability in limit points, characteristic of
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low or shallow rod structures, such as trusses, arches, cupolas, etc. To trace a fundamental curve of
equilibrium states with limit points, the method of successive increments of displacements is used.
Sensitivity of the critical load corresponding to a limit point has been analytically studied, and
sensitivity of displacements of geometrically nonlinear structures has been analyzed. Sensitivity
was analyzed using the direct method. A method for optimizing elastic shallow rod structures,
accounting for geometric nonlinearities and stability constraints is presented. An additional condition
in the considered optimization problem is the condition that limit points arise earlier than bifurcation
ones. The methodology has been tested on benchmark structure − the spatial symmetric thirty-
element aerial. The results obtained in the ÀNSYS medium, accounting for the linear and nonlinear
analyses of stability are in good agreement with results published by foreign researchers for the
behchmark structure.

Keywords: rod structures, geometric nonlinearity, limit points, bifurcation points, overall buckling
load, overal  loss of stability, analytical study, sensitivity, optimization.


