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Èññëåäóåòñÿ ïëîñêàÿ íåñòàöèîíàðíàÿ êîíòàêòíàÿ çàäà÷à î âçàèìîäåéñòâèè
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Ââåäåíèå

Èçó÷åíèþ íåñòàöèîíàðíûõ äèíàìè÷åñêèõ ïðîöåññîâ â ëèíåéíî-âÿçêîóïðóãèõ
òåëàõ â ïîñëåäíèå äåñÿòèëåòèÿ ïîñâÿùåí öåëûé ðÿä ïóáëèêàöèé, îäíàêî ââèäó ìà-
òåìàòè÷åñêîé ñëîæíîñòè ñîîòâåòñòâóþùèõ çàäà÷ ìíîãèå âîïðîñû â ýòîé îáëàñòè
äî ñèõ ïîð îñòàþòñÿ îòêðûòûìè, à îáëàñòü ïðèìåíåíèÿ ïîëó÷àåìûõ ðåøåíèé çà÷àñ-
òóþ îãðàíè÷åíà. Òàê, èñïîëüçîâàíèå îäíîãî èç ïåðâûõ ðàçðàáîòàííûõ ïîäõîäîâ ê
èññëåäîâàíèþ äèíàìè÷åñêèõ çàäà÷ ëèíåéíîé âÿçêîóïðóãîñòè, ïðåäïîëàãàþùåãî
ðàñïðîñòðàíåíèå ïðèíöèïà Âîëüòåððû íà çàäà÷è óêàçàííîãî òèïà [1], ñóùåñòâåííî
îãðàíè÷åíî óñëîâèÿìè, íàëàãàåìûìè íà ñâîéñòâà ìàòåðèàëà. Äðóãîé ïîäõîä ïðåä-
ïîëàãàåò ïîñòðîåíèå ðåøåíèÿ äèíàìè÷åñêîé çàäà÷è ëèíåéíîé âÿçêîóïðóãîñòè ñ
ïîìîùüþ èíòåãðàëüíîé ñâåðòêè ðåøåíèÿ ñîîòâåòñòâóþùåé äèíàìè÷åñêîé çàäà÷è
òåîðèè óïðóãîñòè ñ ðåøåíèåì íåêîòîðîé âñïîìîãàòåëüíîé îäíîìåðíîé äèíàìè÷åñ-
êîé çàäà÷è, â êîòîðîé ó÷àñòâóþò íàñëåäñòâåííûå ÿäðà ìàòåðèàëà ëèíåéíî-âÿçêî-
óïðóãîãî òåëà [2]. Ðåøåíèå òàêîé çàäà÷è ìîæåò áûòü ïîëó÷åíî ñ ïðèìåíåíèåì îä-
íîé èç íàèáîëåå ðàñïðîñòðàíåííûõ ïðîöåäóð ïîñòðîåíèÿ ðåøåíèé íåñòàöèîíàð-
íûõ äèíàìè÷åñêèõ çàäà÷ ëèíåéíîé âÿçêîóïðóãîñòè − ïðåîáðàçîâàíèÿ Ëàïëàñà ïî
âðåìåíè ñ ïîñëåäóþùèì îáðàùåíèåì (íàïðèìåð, [3−10]). Ñëîæíîñòü îïåðàöèè îá-
ðàùåíèÿ ïðèâîäèò ê òîìó, ÷òî çà÷àñòóþ åå ïðîâîäÿò àñèìïòîòè÷åñêè (òî åñòü â ñèëüíî
îãðàíè÷åííîì äèàïàçîíå èçìåíåíèÿ âðåìåíè) èëè ïðè ñóùåñòâåííûõ îãðàíè÷åíè-
ÿõ íà ñâîéñòâà ìàòåðèàëà.

Ðåøåíèþ äèíàìè÷åñêèõ êîíòàêòíûõ çàäà÷ âÿçêîóïðóãîñòè ïîñâÿùåíî îãðàíè-
÷åííîå êîëè÷åñòâî ïóáëèêàöèé, ïðè÷åì ðàññìàòðèâàþòñÿ ëèáî ñòàòè÷åñêèå, ëèáî
ñòàöèîíàðíûå äèíàìè÷åñêèå ïðîöåññû âçàèìîäåéñòâèÿ òåë. Òàê, â [11] ïðåäñòàâëå-
íî ðåøåíèå êîíòàêòíîé çàäà÷è î ñòàöèîíàðíîì äâèæåíèè øòàìïà ïî âÿçêîóïðóãîé
ïîëîñå. Ïðè ýòîì èñïîëüçîâàí ïðèíöèï ñîîòâåòñòâèÿ [12] çàäà÷ äëÿ óïðóãîé è âÿçêî-
óïðóãîé ñðåä ïðè äîçâóêîâûõ ðåæèìàõ äâèæåíèÿ. Â [13] ïîëó÷åíî àñèìïòîòè÷åñ-
êîå ðåøåíèå çàäà÷è î ñòàöèîíàðíîì äâèæåíèè æåñòêîãî øòàìïà, èìåþùåãî óãëû,
ïî ïîëóïëîñêîñòè, íàñëåäñòâåííûå ñâîéñòâà ìàòåðèàëà êîòîðîé îïèñûâàþòñÿ ñòå-
ïåííûì çàêîíîì íåëèíåéíîé òåîðèè ïîëçó÷åñòè. Â ìîíîãðàôèè [14] ïðèâåäåíû àíà-
ëèòè÷åñêèå ðåøåíèÿ çàäà÷ î äàâëåíèè æåñòêîãî øòàìïà íà âÿçêîóïðóãóþ ïîëóïëîñ-
êîñòü, ñâîéñòâà êîòîðîé îïèñûâàþòñÿ ýêñïîíåíöèàëüíûì ÿäðîì ïîëçó÷åñòè, è î
êà÷åíèè âÿçêîóïðóãîãî öèëèíäðà ïî îñíîâàíèþ èç òîãî æå ìàòåðèàëà. Â ïîñëåäíåì
ñëó÷àå ïîëó÷åíû ñîîòíîøåíèÿ äëÿ äëèíû ïëîùàäêè êîíòàêòà, íîðìàëüíîãî äàâëå-
íèÿ è òàíãåíöèàëüíûõ óñèëèé, äåéñòâóþùèõ íà ãðàíèöå ïîëóïëîñêîñòè. Â ñòàòüå
[15] ìåòîäîì êîíå÷íûõ ýëåìåíòîâ ðåøåíà çàäà÷à î êà÷åíèè âÿçêîóïðóãîé øèíû,
ìîäåëèðóåìîé êîëüöîì, ïî óïðóãîìó îñíîâàíèþ. Âÿçêîóïðóãèå ñâîéñòâà ìàòåðèàëà
îïèñûâàþòñÿ ìîäåëüþ Êåëüâèíà − Ôîéãòà. Ïîëó÷åíû çíà÷åíèÿ ñîáñòâåííûõ ÷àñòîò
øèíû è ðàñïðåäåëåíèÿ íîðìàëüíîé êîíòàêòíîé ñèëû.

Â äîñòóïíîé ëèòåðàòóðå íå ïðåäñòàâëåíû ðåøåíèÿ íåñòàöèîíàðíûõ äèíàìè-
÷åñêèõ êîíòàêòíûõ çàäà÷ âÿçêîóïðóãîñòè. Â íàñòîÿùåé ñòàòüå âïåðâûå ïðèâåäåíî
ðåøåíèå íåñòàöèîíàðíîé äèíàìè÷åñêîé ïëîñêîé çàäà÷è î âçàèìîäåéñòâèè àáñî-
ëþòíî òâåðäîãî óäàðíèêà ñ âÿçêîóïðóãîé ïîëóïëîñêîñòüþ, íàñëåäñòâåííûå ñâîé-
ñòâà ìàòåðèàëà êîòîðîé îïèñûâàþòñÿ ÿäðîì Êîëòóíîâà.
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1. Ïîñòàíîâêà çàäà÷è

Â äåêàðòîâîé ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò Ox1x3 ðàññìàòðèâàåòñÿ âÿçêî-
óïðóãàÿ ïîëóïëîñêîñòü x3 ≥ 0, êîýôôèöèåíò Ïóàññîíà ìàòåðèàëà êîòîðîé íå çàâè-
ñèò îò âðåìåíè. Ñ ïîëóïëîñêîñòüþ âçàèìîäåéñòâóåò äâèæóùèéñÿ âäîëü îñè Ox3
îãðàíè÷åííûé ãëàäêîé âûïóêëîé öèëèíäðè÷åñêîé ïîâåðõíîñòüþ àáñîëþòíî òâåð-
äûé óäàðíèê. Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 îí êàñàåòñÿ ëîáîâîé òî÷êîé ãðàíè-
öû ïîëóïëîñêîñòè.

Èñïîëüçóåòñÿ ñèñòåìà áåçðàçìåðíûõ âåëè÷èí, îáîçíà÷åííûõ øòðèõàìè (â ïîñ-
ëåäóþùåì èçëîæåíèè øòðèõè îïóùåíû):
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ãäå L − íåêîòîðûé õàðàêòåðíûé ëèíåéíûé ðàçìåð; uk − êîîðäèíàòû âåêòîðà ïåðåìå-
ùåíèé; σkl − íàïðÿæåíèÿ; M(t) − ÿäðî ðåëàêñàöèè; m − ïîãîííàÿ ìàññà óäàðíèêà; ρ −
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âåòñòâåííî; λ, μ − óïðóãèå ïîñòîÿííûå Ëàìå.

Áåçðàçìåðíûå óðàâíåíèÿ äâèæåíèÿ ïîëóïëîñêîñòè èìåþò âèä [16]:
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Çäåñü δ(τ) − äåëüòà-ôóíêöèÿ Äèðàêà; çâåçäî÷êà ñîîòâåòñòâóåò ñâåðòêå ïî âðåìåíè τ.
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Â íà÷àëüíûé ìîìåíò âðåìåíè ñðåäà íàõîäèòñÿ â ïîêîå:

.0
03010301 ====

=τ=τ=τ=τ
uuuu && (4)

Ãðàíè÷íàÿ ïîâåðõíîñòü óäàðíèêà â íà÷àëüíûé ìîìåíò âðåìåíè τ = 0 çàäàåòñÿ óðàâ-
íåíèåì:
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Äâèæåíèå óäàðíèêà îïèñûâàåòñÿ ñëåäóþùåé íà÷àëüíîé çàäà÷åé:
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ãäå uc3 − ïåðåìåùåíèå öåíòðà ìàññ óäàðíèêà; [−b(τ), b(τ)] − îáëàñòü êîíòàêòà. Ïî-
ëàãàåì, ÷òî ãðàíèöà ïîëóïëîñêîñòè âíå îáëàñòè êîíòàêòà ñâîáîäíàÿ:
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Âçàèìîäåéñòâèå óäàðíèêà è ïîëóïëîñêîñòè ìîäåëèðóåì äâóìÿ ïðåäåëüíûìè
óñëîâèÿìè êîíòàêòà − àáñîëþòíî æåñòêèì ñöåïëåíèåì è ñâîáîäíûì ïðîñêàëüçûâà-
íèåì:
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ãäå w(x1, τ) − ïåðåìåùåíèå âäîëü îñè Ox3 ïîâåðõíîñòè óäàðíèêà. Êðîìå òîãî, òðåáó-
åì, ÷òîáû êîìïîíåíòû íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïîëóïðîñòðàí-
ñòâà áûëè îãðàíè÷åíû.

2. Êîíòàêòíàÿ ñèëà

Ðàññìàòðèâàåòñÿ íà÷àëüíûé ñâåðõçâóêîâîé ýòàï âçàèìîäåéñòâèÿ (óñëîâèÿ åãî
ñóùåñòâîâàíèÿ äëÿ óïðóãîé ñðåäû ïîëó÷åíû â [17]), äëÿ êîòîðîãî íà íåêîòîðîì èí-
òåðâàëå τ ≤ τ∗ ñïðàâåäëèâî íåðàâåíñòâî ).(1)( *τ≤τ≥τb&  Â ýòîì ñëó÷àå âîçìóùå-
íèÿ íå âûõîäÿò çà ãðàíèöó îáëàñòè êîíòàêòà, òî åñòü ãðàíè÷íûå óñëîâèÿ (7)−(9) ìîæ-
íî çàïèñàòü â íåñìåøàííîì âèäå (H(x1) − ôóíêöèÿ Õåâèñàéäà):

,|],|)(H[),(),,(,0 111301300301
33

R∈−ττ=τ==
==

xxbxwuxuuu
xx

(10)

,),,(,0 113003013
33

R∈τ==σ
==

xxuu
xx (11)

à ðàäèóñ îáëàñòè êîíòàêòà îïðåäåëÿåòñÿ èç óñëîâèÿ ðàâåíñòâà íóëþ íîðìàëüíîãî
ïåðåìåùåíèÿ, êîòîðîå, ñîãëàñíî (8), ïðèâîäèò ê ðàâåíñòâó

)].([)( 3
1 τ−=τ −

culfb (12)

Ïðè ýòîì êîíòàêòíàÿ ñèëà â (5) âûðàæàåòñÿ ÷åðåç ïðåîáðàçîâàíèå Ôóðüå íîðìàëü-
íûõ íàïðÿæåíèé (èíäåêñ F îáîçíà÷àåò èçîáðàæåíèå; q − ïàðàìåòð ïðåîáðàçîâàíèÿ):

).,0()(exp),(lim),()( 3301113300113303 τσ=τσ=τσ=τ ∫∫
∞

∞−
→

∞

∞−

F

q
dxiqxxdxxR (13)

Äëÿ ïîñòðîåíèÿ ÿâíîãî âèäà ýòîé ôîðìóëû íîðìàëüíûå íàïðÿæåíèÿ íà ãðàíè-
öå ïîëóïëîñêîñòè, ñîîòâåòñòâóþùèå (10) è (11), çàïèñûâàåì â èíòåãðàëüíîì âèäå
(äîïîëíèòåëüíàÿ çâåçäî÷êà ñîîòâåòñòâóåò ñâåðòêå ïî êîîðäèíàòå x1):

).,(**),(),( 13011330 ττΓ=τσ xuxx j (14)

Çäåñü Γj(x1, τ) − îãðàíè÷åííûå íîðìàëüíûå íàïðÿæåíèÿ íà ãðàíèöå ïîëóïëîñêîñòè,
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ñîîòâåòñòâóþùèå (1), (4) è ñëåäóþùèì ðàâåíñòâàì íà ãðàíèöå ïîëóïëîñêîñòè äëÿ
äâóõ óêàçàííûõ âûøå ãðàíè÷íûõ óñëîâèé ( j = 1 è j = 2):

,),()(,0 110301
33

R∈τδδ==
==

xxuu
xx

(15)

.),()(,0 1103013
33

R∈τδδ==σ
==

xxu
xx (16)

Äëÿ îïðåäåëåíèÿ ôóíêöèé Γj(x1, τ) ê óðàâíåíèÿì (1) ñ èñïîëüçîâàíèåì íà÷àëü-
íûõ óñëîâèé (4) è ðàâåíñòâ (2) ïðèìåíÿåì ïðåîáðàçîâàíèÿ Ôóðüå è Ëàïëàñà ïî âðå-
ìåíè (èíäåêñ L îáîçíà÷àåò èçîáðàæåíèå; s − ïàðàìåòð ïðåîáðàçîâàíèÿ). Â ðåçóëüòà-
òå ïîëó÷àåì, ÷òî èçîáðàæåíèÿ èñêîìûõ ôóíêöèé ïðè q = 0 äëÿ îáîèõ ñëó÷àåâ óñëî-
âèé êîíòàêòà ñîâïàäàþò:

.)(1)(),(),0(),0(),0( 21 sMssssss LLLFLFLFL −=χχ−=Γ=Γ=Γ

Èñïîëüçóÿ ýòî ðàâåíñòâî, à òàêæå ôîðìóëó (14), èç (13) ïîëó÷àåì èçîáðàæåíèå
ðåçóëüòèðóþùåé ñèëû:

∫
∞

∞−

χ−=Γ=σ= .)()(),0(),0(),0()( 1130303303 dxsxusssusssR LLFLFLFLL

Îòñþäà ñ ó÷åòîì (8) è (10) íàõîäèì îðèãèíàë ðåçóëüòèðóþùåé ñèëû:

)].()([*)(2),(*)()( 311303 τττχ−=ττχ−=τ ∫
∞

∞−
cubdxxuR && (17)

Äëÿ îïðåäåëåííîñòè ïîëîæèì, ÷òî ÿäðî ðåëàêñàöèè ÿâëÿåòñÿ ÿäðîì Êîëòóíîâà
[18]. Åãî áåçðàçìåðíàÿ ôîðìà èìååò âèä M(τ) = aτα−1exp (−ϑτ)/Γ(α), ãäå Γ(α) −
ãàììà-ôóíêöèÿ, ϑ = βL/c, a = 4LA/(3ρc3), à A, β è α − ôèçè÷åñêèå ïàðàìåòðû (α ≤ 1).

Äëÿ ÷àñòíîãî ñëó÷àÿ äâóõïàðàìåòðè÷åñêîãî ÿäðà ðåëàêñàöèè ïðè α = 1 îðèãè-
íàë ôóíêöèè χL(s) èìååò âèä [19]:

),(Hexp
222

)(),()()(
210 τ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ τ

−⎟
⎠
⎞

⎜
⎝
⎛ τ

=ττ−τδ=τχ ⎟
⎠
⎞

⎜
⎝
⎛ −ϑ− aaIaIaff rr (18)

ãäå Iν(x) − ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ.
Â îáùåì ñëó÷àå, ó÷èòûâàÿ, ÷òî â íåêîòîðîé ïðàâîé ïîëóïëîñêîñòè Re s > β èìå-

åò ìåñòî íåðàâåíñòâî | ML(s) | < 1, ôóíêöèþ χL(s) ðàñêëàäûâàåì â ðÿä ïî ñòåïåíÿì
ML(s). Â ðåçóëüòàòå ïðèõîäèì ê òàêîìó ðàâåíñòâó äëÿ ôóíêöèè fr(τ) â (18):

,
!2

!)!32(,
)(

)(
1 l

l
s

asf ll
l

l

l
lL

r
−

=χ
ϑ+

χ
=∑

∞

=
α

÷òî ñîîòâåòñòâóåò îðèãèíàëó:

.
)(

)(exp)(,)()(
1

1 l
rarf

l
l

l
l

l
lr αΓ

ϑτ−τχ
=ττ=τ

−α
+

∞

=
∑ (19)

Òàêèì îáðàçîì, íà ñâåðõçâóêîâîì ýòàïå âçàèìîäåéñòâèÿ âíå çàâèñèìîñòè îò
óñëîâèé êîíòàêòà îïðåäåëåíèå ïåðåìåùåíèÿ öåíòðà ìàññ óäàðíèêà ñâîäèòñÿ ê ðå-
øåíèþ âûòåêàþùåé èç (5), (6), (17) è (19) íà÷àëüíîé çàäà÷è äëÿ èíòåãðî-äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ:

,)]()([*)()()(2)()( }{ 333 τττ−ττ−τ=τ crcec ubfubRum &&&&

., 30033003 cccc vuuu ==
=τ=τ

& (20)
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3. Ïðèìåð

Çàäà÷à (20) ðåøàëàñü ÷èñëåííî ñ èñïîëüçîâàíèåì ìåòîäà Ðóíãå − Êóòòû ÷åòâåð-
òîãî ïîðÿäêà òî÷íîñòè. Ïðè âû÷èñëåíèè ñâåðòêè ïðèìåíÿëñÿ ìåòîä ïðÿìîóãîëüíè-
êîâ ñ èñïîëüçîâàíèåì ìóëüòèïëèêàòèâíîãî âûäåëåíèÿ îñîáåííîñòè [20] ïîäûíòåã-
ðàëüíîé ôóíêöèè fr(τ) ïðè α < 1. Îòðåçîê èíòåãðèðîâàíèÿ áûë ðàçáèò íà 100 øà-
ãîâ. ×èñëåííûå èññëåäîâàíèÿ ïîêàçàëè, ÷òî äàëüíåéøåå óâåëè÷åíèå ÷èñëà øàãîâ
íå ïðèâîäèò ê ñóùåñòâåííîìó èçìåíåíèþ ðåçóëüòàòîâ ðàñ÷åòà.

Ïàðàìåòðû ÿäðà ðåëàêñàöèè âûáèðàëèñü èç óñëîâèÿ (ν − ìãíîâåííîå çíà÷åíèå
êîýôôèöèåíòà Ïóàññîíà)

,
1

21
3
2

ν−
ν−

⋅<
ϑα

a
(21)

îáåñïå÷èâàþùåãî îãðàíè÷åííóþ ïîëçó÷åñòü ìàòåðèàëà [18]. Â ðàñ÷åòàõ ïðèíèìà-
ëèñü a = 1, ν = 0,3, çíà÷åíèå α âàðüèðîâàëîñü â ïðåäåëàõ 0 < α ≤ 1, à ïàðàìåòð ϑ
âûáèðàëñÿ èç óñëîâèÿ (21).

Ðàññìàòðèâàëèñü òðè îñíîâíûõ òèïà ïîâåðõíîñòåé, îãðàíè÷èâàþùèõ óäàðíèê:
ïàðàáîëè÷åñêèé öèëèíäð ;2)( 2

11 xxf =  êðóãîâîé öèëèíäð ;1)( 2
11 xxf −=  ãèïåð-

áîëè÷åñêèé öèëèíäð .1)( 2
11 xxf +=

Íà ðèñ. 1 è 2 ïðåäñòàâëåíû ãðàôèêè èçìåíåíèÿ âî âðåìåíè ïåðåìåùåíèÿ uc3 è
ñêîðîñòè vc3 óäàðíèêà, à íà ðèñ. 3 è 4 − çàâèñèìîñòè äëÿ ðàäèóñà b è ñêîðîñòè b&
ðàñøèðåíèÿ îáëàñòè êîíòàêòà íà ñâåðõçâóêîâîì ýòàïå âçàèìîäåéñòâèÿ. Ýòè ðåçóëüòà-
òû ñîîòâåòñòâóþò îòñóòñòâèþ âíåøíåé ñèëû è íà÷àëüíûì óñëîâèÿì â (20): uc30 = 0,
vc30 = 0,05, ïðè÷åì äëÿ âñåõ óêàçàííûõ ïîâåðõíîñòåé îíè ïðàêòè÷åñêè ñîâïàäàþò.
Ïîýòîìó íà êàæäîì èç ðèñóíêîâ ïðèñóòñòâóåò òîëüêî îäíà êðèâàÿ. Âûÿâëåíî òàêæå,
÷òî ðåçóëüòàòû ôàêòè÷åñêè íå çàâèñÿò îò çíà÷åíèé ïàðàìåòðîâ ÿäðà ðåëàêñàöèè.

0           5       10       15      20     τ⋅103
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0        5        10       15      20     τ⋅103
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Ïðîâîäèëèñü òàêæå ðàñ÷åòû äëÿ âíåøíåé ñèëû âèäà Re(τ) = R0H(τ), à òàêæå äëÿ
ãðàíè÷íûõ ïîâåðõíîñòåé áîëåå âûñîêîãî ïîðÿäêà: 

nxxf 2
11)( =  (n > 1). Óñòàíîâëå-

íî, ÷òî è â ýòèõ ñëó÷àÿõ èìåþò ìåñòî óêàçàííûå îñîáåííîñòè ñâåðõçâóêîâîãî ýòàïà
âçàèìîäåéñòâèÿ.

4. Îöåíêà âëèÿíèÿ âÿçêîñòè ìåòîäîì ìàëîãî ïàðàìåòðà

Ïðîèëëþñòðèðóåì ñòåïåíü âëèÿíèÿ âÿçêîñòè íà õàðàêòåðèñòèêè êîíòàêòíîãî
âçàèìîäåéñòâèÿ äëÿ ñëó÷àÿ ïîâåðõíîñòè óäàðíèêà â âèäå ïàðàáîëè÷åñêîãî öèëèíä-
ðà. Ñ ýòîé öåëüþ ïðåäñòàâèì ðåøåíèå çàäà÷è (20) â âèäå ðÿäà ïî ñòåïåíÿì ïàðàìåò-
ðà ÿäðà ðåëàêñàöèè a, èìåÿ â âèäó, ÷òî âàðèàíò a = 0 ñîîòâåòñòâóåò óïðóãîé ñðåäå:

.)()(
0

3 ∑
∞

=

τ=τ
m

m
mc auu (22)

Òîãäà, èñïîëüçóÿ (12), ðàäèóñ ïÿòíà êîíòàêòà ïðåäñòàâëÿåì òàê:

,)()(
0

3 ∑
∞

=

=τ=τ
m

m
mc abub (23)

ãäå
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24

4
,

2
,2

00

2
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2
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1
100 uu

uuu
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u
ubub

−
===

Ïîäñòàâëÿÿ (19), (22) è (23) â (20) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêî-
âûõ ñòåïåíÿõ a, ïîëó÷àåì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü íà÷àëüíûõ çàäà÷:

,,,22 30003000000 cc vuuuuuum ==−=
=τ=τ

&&&&

...,0,2*2
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2 010100101
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1 )( ==
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uuuuruu

u
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(24)

Èíòåãðèðîâàíèå ýòîé ïîñëåäîâàòåëüíîñòè âûïîëíÿëîñü òàê æå, êàê óêàçàíî â
ï. 3, ïðè òåõ æå íà÷àëüíûõ óñëîâèÿõ è ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ ÿäðà ðå-
ëàêñàöèè: a = 1, α = 0,1, ϑ = 1,55⋅104. Ðåçóëüòàòû ðàñ÷åòà ïåðåìåùåíèÿ óäàðíèêà,
ðàäèóñà îáëàñòè êîíòàêòà è ñêîðîñòè åãî èçìåíåíèÿ ïîêàçûâàþò, ÷òî êîýôôèöèåí-
òû ðÿäîâ äàæå ñ èíäåêñîì 1 çíà÷èòåëüíî ìåíüøå êîýôôèöèåíòîâ ñ èíäåêñîì íîëü.
Íàïðèìåð,

.1081,9
)(
)(max 6

0

1
][0, *

−

τ∈τ
⋅=

τ
τ

u
u

Çàêëþ÷åíèå

Èññëåäîâàíû îñîáåííîñòè ñâåðõçâóêîâîãî ýòàïà êîíòàêòíîãî âçàèìîäåéñòâèÿ
àáñîëþòíî òâåðäîãî óäàðíèêà è âÿçêîóïðóãîé ïîëóïëîñêîñòè. Ïîêàçàíî, ÷òî íà äàí-
íîì ýòàïå âåëè÷èíû, õàðàêòåðèçóþùèå êîíòàêòíîå âçàèìîäåéñòâèå, íå çàâèñÿò îò
ïàðàìåòðîâ âÿçêîñòè ìàòåðèàëà, ïîðÿäêà àëãåáðàè÷åñêîé ïîâåðõíîñòè, îãðàíè÷è-
âàþùåé óäàðíèê, à òàêæå îò òèïà îãðàíè÷èâàþùåé ïîâåðõíîñòè ïðè îòñóòñòâèè
âîçäåéñòâèÿ âíåøíåé ñèëû íà óäàðíèê.
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SYMMETRIC CONTACT PROBLEM FOR VISCOELASTIC HALF-PLANE
AND ABSOLUTELY RIGID STRIKER AT SUPERSONIC STAGE OF INTERACTION

Korovaytseva E.A.1, Tarlakovskii D.V.1,2

1Institute of Mechanics Lomonosov Moscow State University, Moscow, Russian Federation
2Moscow Aviation Institute (National Research University), Moscow, Russian Federation

Plane non-stationary contact problem concerning interaction of symmetric absolutely rigid striker
and viscoelastic half-plane at supersonic stage is considered. Half-plane motion is described by
two-dimensional integral-differential equations, hereditary properties of half-plane material are
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modeled by Koltunov relaxation kernel. The striker motion is supposed to be vertical. Two limit
cases of contact conditions are considered: absolutely rigid coupling and free slipping. It is shown
that the expression for contact force is equal for both conditions. The solution of the striker motion
equation is obtained numerically using Runge - Kutta method for three types of the surfaces setting
boundaries of the striker: parabolic, circular and hyperbolic cylinder. For convolution in the right-
hand side of the equation calculation rectangle method is used, if any singularity is present the
method of multiplicative singularity extraction is used. It is shown that at supersonic stage of
interaction time dependencies of the striker displacement and velocity, as well as changes of contact
area radius and contact area expansion velocity don't depend on the parameters of relaxation kernel
in the considered variation range. Besides, without external force acting on the striker the
dependencies mentioned almost coincide. When using small parameter method viscosity influence
on contact interaction characteristics estimation is carried out for the case of parabolic boundary of
the striker surface. It is shown that, at the supersonic stage, the quantities characterizing the contact
interaction do not depend on the viscosity parameters of the material, the order of the algebraic
surface bounding the impactor, and also on the type of the bounding surface in the absence of
external impact on the impactor.

Keywords: contact problem, viscoelastic half-plane, supersonic interaction stage, Green function.


