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Ðàññìàòðèâàåòñÿ ïîëÿðíî-ñèììåòðè÷íàÿ çàäà÷à îá îïðåäåëåíèè íàïðÿ-
æåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ îðòîòðîïíîé ïëîñêîñòè, íàõîäÿùåéñÿ ïîä
âëèÿíèåì íåñòàöèîíàðíûõ îáúåìíûõ óïðóãîäèôôóçèîííûõ âîçìóùåíèé. Â
êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçóåòñÿ ñâÿçàííàÿ ñèñòåìà óðàâíåíèé
óïðóãîé äèôôóçèè â ïîëÿðíîé ñèñòåìå êîîðäèíàò.

Ðåøåíèå çàäà÷è èùåòñÿ â èíòåãðàëüíîé ôîðìå è ïðåäñòàâëÿåòñÿ â âèäå
ñâåðòîê ôóíêöèé Ãðèíà c ôóíêöèÿìè, çàäàþùèìè îáúåìíûå âîçìóùåíèÿ. Äëÿ
íàõîæäåíèÿ ôóíêöèé Ãðèíà ïðèìåíÿåòñÿ ïðåîáðàçîâàíèå Ëàïëàñà ïî âðåìåíè
è ïðåîáðàçîâàíèå Ãàíêåëÿ ïî ðàäèàëüíîé êîîðäèíàòå. Îáðàùåíèå ïðåîáðàçî-
âàíèÿ Ëàïëàñà îñóùåñòâëÿåòñÿ àíàëèòè÷åñêè ñ ïîìîùüþ âû÷åòîâ. Îáðàùå-
íèå òðàíñôîðìàíò Ãàíêåëÿ îñóùåñòâëÿåòñÿ ÷èñëåííî ñ ïîìîùüþ êâàäðàòóð-
íûõ ôîðìóë. Íàéäåíû ôóíêöèè âëèÿíèÿ, ïîçâîëÿþùèå îïðåäåëèòü ïîëÿ ïåðå-
ìåùåíèé è ïðèðàùåíèÿ êîíöåíòðàöèé êîìïîíåíòîâ ñðåäû ïî çàäàííûì îáúåì-
íûì âîçìóùåíèÿì. Äëÿ äåìîíñòðàöèè ðàáîòû àëãîðèòìà âûïîëíåí ðàñ÷åò-
íûé ïðèìåð, èëëþñòðèðóþùèé ýôôåêò ñâÿçàííîñòè ìåõàíè÷åñêîãî è äèô-
ôóçèîííûõ ïîëåé.

Êëþ÷åâûå ñëîâà: óïðóãàÿ äèôôóçèÿ, ïðåîáðàçîâàíèå Ëàïëàñà, ïðåîáðàçî-
âàíèå Ãàíêåëÿ, ôóíêöèè Ãðèíà, ïîëÿðíî-ñèììåòðè÷íûå çàäà÷è, íåñòàöèîíàð-
íûå çàäà÷è.

Ââåäåíèå

Â çàâèñèìîñòè îò ãåîìåòðèè îáëàñòè áûâàåò öåëåñîîáðàçíî ðàññìàòðèâàòü çà-
äà÷è ìåõàíèêè â êðèâîëèíåéíûõ ñèñòåìàõ êîîðäèíàò. Ïðè ýòîì íåçàâèñèìî îò âû-
áîðà ñèñòåìû êîîðäèíàò ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è óäîáíî èñêàòü ñ ïî-
ìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà è ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì. Ýòî ïî-
çâîëÿåò ñâåñòè èñõîäíóþ ñèñòåìó óðàâíåíèé äâèæåíèÿ è ìàññîïåðåíîñà ê ñèñòåìå
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ðåøåíèå â òðàíñôîðìàíòàõ Ëàïëàñà áóäåò
ðàöèîíàëüíîé ôóíêöèåé, ÷òî ïîçâîëÿåò ïåðåéòè ê îðèãèíàëàì ñ ïîìîùüþ âû÷åòîâ.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 80, ¹ 1, 2018 ã.

* Âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 17-08-00663à).
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Îñíîâíîé ïðîáëåìîé çäåñü ÿâëÿåòñÿ íàõîæäåíèå ñèñòåìû ñîáñòâåííûõ ôóíê-
öèé, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè ñîîòâåòñòâóþùåé çàäà÷è Øòóðìà − Ëèóâèëëÿ.
Íàèáîëåå ïðîñòî ýòà çàäà÷à ðåøàåòñÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò. Ïðè îïðåäå-
ëåííûõ ãðàíè÷íûõ óñëîâèÿõ â êà÷åñòâå òàêîâûõ ôóíêöèé ìîãóò âûñòóïàòü ñèíóñ è
êîñèíóñ [1]. Äëÿ êðèâîëèíåéíûõ ñèñòåì êîîðäèíàò òàêæå èìåþòñÿ ÷àñòíûå ðåøå-
íèÿ [2−4], âèä êîòîðûõ çàâèñèò êàê îò âûáîðà ãðàíè÷íûõ óñëîâèé, òàê è îò ãåîìåò-
ðèè îáëàñòè.

Áóäåì ðàññìàòðèâàòü ïîëÿðíî-ñèììåòðè÷íóþ çàäà÷ó äëÿ îðòîòðîïíîé ïëîñêî-
ñòè, ãäå â êà÷åñòâå ñîáñòâåííûõ ôóíêöèé ìîãóò èñïîëüçîâàòüñÿ ôóíêöèè Áåññåëÿ 1-ãî
ðîäà. Ïðè ýòîì óïðóãàÿ ñðåäà ÿâëÿåòñÿ N-êîìïîíåíòíûì òâåðäûì ðàñòâîðîì, â êî-
òîðîì ïîä äåéñòâèåì íåñòàöèîíàðíûõ îáúåìíûõ âîçìóùåíèé ìîãóò âîçíèêàòü ñâÿ-
çàííûå óïðóãèå è äèôôóçèîííûå ïîëÿ.

1. Ïîñòàíîâêà çàäà÷è

Óðàâíåíèÿ, îïèñûâàþùèå ñâÿçàííûå óïðóãîäèôôóçèîííûå ïðîöåññû â N-êîì-
ïîíåíòíîé ñðåäå, â ïðîèçâîëüíîì êðèâîëèíåéíîì áàçèñå ei èìåþò âèä [5−13]:
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äåôîðìàöèè çà ñ÷åò äèôôóçèè; D(q) = D(q)ijeie j − òåíçîð ñàìîäèôôóçèè; R − óíèâåð-
ñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ; T0 − òåìïåðàòóðà ñðåäû; F = Fiei − óäåëüíàÿ ïëîòíîñòü
îáúåìíûõ ñèë; F (q) − îáúåìíàÿ ïëîòíîñòü èñòî÷íèêîâ ìàññîïåðåíîñà.

Áóäåì äàëåå ðàññìàòðèâàòü îäíîìåðíûå ïîëÿðíî-ñèììåòðè÷íûå ïðîöåññû. Â
ýòîì ñëó÷àå âåêòîð ìàññîâûõ ñèë è îáúåìíàÿ ïëîòíîñòü èñòî÷íèêîâ ìàññîïåðåíîñà
áóäóò èìåòü âèä:
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).3,2(0,0 )()( )()( ==ηα∇=∇∇ muC qmjq
jlk

mjkl
j

Äëÿ ýòîãî íåîáõîäèìî ïîëîæèòü

.0,0 )(
6

)(
51615 =α=α== qqCC

Òîãäà óðàâíåíèÿ (1) â ïîëÿðíîé ñèñòåìå êîîðäèíàò â îäíîìåðíîì ñëó÷àå çàïèøóòñÿ
òàê:

,1
1

)(
)(

122

2

112

2

r

N

j

j
jrrrr F

rr
u

r
u

rr
uC

t
u

ρ+
∂
η∂

α−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

∂
∂

+
∂
∂

=
∂
∂

ρ ∑
=

,112 )(
)(

2

)(2
)(

1322

2

3

3
)(

11

)(
q

qq
qrrrrq

q

F
rrr

D
r
u

r
u

rr
u

rr
u

t
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
η∂

+
∂
η∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

∂
∂

−
∂
∂

+
∂
∂

Λ−=
∂
η∂

(3)

.
0

)(
1

)(
1

)(
0

)(
)(

11 RT
Dnm qqqq

q

ρ
α

=Λ

Ïðè âûâîäå îäíîìåðíûõ óðàâíåíèé èñïîëüçîâàíû ðåçóëüòàòû ðàáîòû [14], êà-
ñàþùèåñÿ ñâîéñòâ öèëèíäðè÷åñêîé ñèììåòðèè.

Ôèçè÷åñêèå êîìïîíåíòû òåíçîðà äåôîðìàöèé εεεεε = εijeie j, íàïðÿæåíèé σσσσσ = σijeie j
è âåêòîðà äèôôóçèîííîãî ïîòîêà J(q) = J (q)iei â ýòîì ñëó÷àå áóäóò èìåòü âèä (Hi −
êîýôôèöèåíòû Ëàìå, ϕ è z − óãëîâàÿ è îñåâàÿ êîîðäèíàòû öèëèíäðè÷åñêîé ñèñòå-
ìû êîîðäèíàò) [5−13]:
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Èç ðàâåíñòâ (3) è (4) ñëåäóåò, ÷òî â ïîëÿðíî-ñèììåòðè÷íîé ïîñòàíîâêå çàäà÷è
ìåõàíîäèôôóçèè ìàòåðèàë ñðåäû áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü îðòî-
òðîïíûì.
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íà÷åðòàíèè îíè îáîçíà÷àþòñÿ ñèìâîëîì «*», êîòîðûé äàëåå îïóñêàåòñÿ) ïî ôîðìó-
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Çàìûêàþò ïîñòàíîâêó çàäà÷è íà÷àëüíûå óñëîâèÿ, êîòîðûå áóäåì ñ÷èòàòü íóëå-
âûìè.

2. Àëãîðèòì ðåøåíèÿ

Ðåøåíèå çàäà÷è èùåòñÿ â èíòåãðàëüíîé ôîðìå. Ôóíêöèè Ãðèíà ðàññìàòðèâàå-
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δij − ñèìâîë Êðîíåêåðà, δ(x) − äåëüòà-ôóíêöèÿ.
Òîãäà ðåøåíèå çàäà÷è (5) ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè çàïèñûâàåòñÿ òàê
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.),(),(,),(),(
1
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1

1
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+

=
+
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=

τ∗∗τ=ητ∗∗τ=
N

m
mmqq

N

m
mm rfrGrfrGu (7)

Äëÿ íàõîæäåíèÿ ôóíêöèé Ãðèíà âîñïîëüçóåìñÿ ïðåîáðàçîâàíèÿìè Ëàïëàñà è
Ãàíêåëÿ. Èñïîëüçóÿ ïîëó÷åííûå â ðàáîòàõ [15−17] ñîîòíîøåíèÿ
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,][2,][ 1
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⎤

⎢⎣
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⎤
⎢⎣
⎡ ′

+′′

ïðèìåíèì ê óðàâíåíèÿì (6) ïðåîáðàçîâàíèå Ëàïëàñà, çàòåì ê ïåðâîìó óðàâíåíèþ
(6) − ïðåîáðàçîâàíèå Ãàíêåëÿ 1-ãî ïîðÿäêà, à êî âòîðîìó óðàâíåíèþ − ïðåîáðàçîâà-
íèå Ãàíêåëÿ íóëåâîãî ïîðÿäêà. Ïîëó÷èì [17]:

),(11
1

,11
22 01)( ξξδ=α−+ ∑

=
+ pJpGGsp m

N

j

LH
mjj

LH
m

).(0,1,1
2

1
3 01 )( ξξδ=++Λ− ++ pJGspDGp mq

LH
mqq

LH
mq

(8)

Çäåñü

,e
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),(
)(
)(

0 0 ,1

1

0

1
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1
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1

∫ ∫
∞ ∞
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τ
⎭
⎬
⎫

⎩
⎨
⎧

τ
τ

⎭
⎬
⎫

⎩
⎨
⎧

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

d
rG
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prJ
prJ

r
G

G s

mq

m
LH
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LH
m

ãäå s − ïàðàìåòð ïðåîáðàçîâàíèÿ Ëàïëàñà; p − ïàðàìåòð ïðåîáðàçîâàíèÿ Ãàíêåëÿ;
J0(x), J1(x) − ôóíêöèè Áåññåëÿ 1-ãî ðîäà íóëåâîãî è ïåðâîãî ïîðÿäêà.

Ðåøåíèå ñèñòåìû (8) èìååò âèä:
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⎨
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(9)
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⎥
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⎢
⎣
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(10)

,),(,),(,),( 3
1,11,111 qqqqqq pspPpspPspP ΠΛ=Πα=Π= ++

,,,1,),(,),( 4
1,1

4
1,1 qlNlpspPpspP lqqllqqqqqq ≠=ΠΛα=ΠΛα= ++++

(11)

{ }
.,,

,,1

2
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2

1

2 )()()( ∏∏∏
≠=≠==

+=Π+=Π+=Π
N

qljj
jlq

N

jrr
rj

N

j
j pDspDspDs (12)

Â ôîðìóëàõ (10)−(12) ïðè N = 1 ñëåäóåò ïîëîæèòü Πj = 1, Πlq = 0, à ïðè N = 2 − ñîîò-
âåòñòâåííî Πlq = 1.

Ìíîãî÷ëåíû P(p, s) è Q(p, s) èìåþò òó æå ñòðóêòóðó, ÷òî è àíàëîãè÷íûå ìíîãî-
÷ëåíû â [1]. Ïîòîìó îðèãèíàëû ôóíêöèé Ãðèíà (9) ïî Ëàïëàñó áóäóò èìåòü âèä
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ãäå s1 è 12 ss =  − êîìïëåêñíî ñîïðÿæåííûå, à sj+2, ,,1 Nj =  − äåéñòâèòåëüíûå íóëè
ìíîãî÷ëåíà P(p, s) ïî ïàðàìåòðó s. Ïðè ýòîì β = Re s1 < 0, γ = Im s1, s j+2 < 0. Êîýô-
ôèöèåíòû 
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Îáðàòíîå ïðåîáðàçîâàíèå Ãàíêåëÿ îïðåäåëÿåòñÿ ïî ôîðìóëàì:
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Äëÿ íàõîæäåíèÿ ðåøåíèé u è ηq âû÷èñëèì ñíà÷àëà â (7) ñâåðòêó ïî âðåìåíè.
Èìååì:
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(14)

Ôóíêöèè Smn(p, τ) ìîãóò áûòü íàéäåíû àíàëèòè÷åñêè ñ ïîìîùüþ òàáëèö èíòå-
ãðàëîâ [18]. Îñòàâøèåñÿ èíòåãðàëû â (13) âû÷èñëÿþòñÿ ñ ïîìîùüþ àëãîðèòìà, îïè-
ñàííîãî, íàïðèìåð, â ñòàòüÿõ [1, 19, 20].
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3. Ðàñ÷åòíûé ïðèìåð

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì îäíîêîìïîíåíòíóþ (N = 1) ïëîñêîñòü èç ìàòå-
ðèàëà ñ ìåõàíè÷åñêèìè õàðàêòåðèñòèêàìè [21]: C1111 = 1,26⋅1011 Í/ì2, T0 = 800 Ê,
ρ = 2700 êã/ì3, D1

(1) = 7,73⋅10−14 ì2/ñ, α1
(1) = 4,2 Äæ/ìîëü, L = 1 ì.

Ïîëîæèì äëÿ ðàñ÷åòà â (5)

.0Re,0),(),(e),( 21 >ε=ττ=τ ε− rfHrf r

Òîãäà ñâåðòêè ïî âðåìåíè (7) äàþò ñëåäóþùèå âûðàæåíèÿ äëÿ ôóíêöèé Snm(p, τ) â
(14):

,),(),,(),,(),( ][ 33
)3(

112
)2(

111
)1(

11232211 )(
τ+τβγ−τβγ

+ε
=τ sIAIAIA

p
ppS

,),(),,(),,(),( ][ 33
)3(

212
)2(

211
)1(

21232221 )(
τ+τβγ−τβγ

+ε
ε

=τ sIAIAIA
p

pS

ãäå ,3,1, =mIm  îïðåäåëÿþòñÿ ïî ôîðìóëàì

,)cossin(e1),,( ][221 γ−βτγ+βτβ
β+γ

=τβγ γτI

.1e),(,)cossin(e1),,( 3222 ][
s

sII
s −

=τβ+βτβ−βτγ
β+γ

=τβγ
τ

γτ

Ðåçóëüòàòû âû÷èñëåíèé ñâåðòîê (13) ïðåäñòàâëåíû íà ðèñ. 1 è 2. Çàâèñèìîñòü
u(r, τ) íà ðèñ. 1 ïðè r = 10 ïîêàçàíà ñïëîøíîé ëèíèåé, ïðè r = 30 − ïóíêòèðíîé
ëèíèåé, ïðè r = 50 − øòðèõîâîé ëèíèåé. Çàâèñèìîñòü η(r, τ) íà ðèñ. 2 ïðè r = 1
ïîêàçàíà ñïëîøíîé ëèíèåé, ïðè r = 3 − ïóíêòèðíîé ëèíèåé, ïðè r = 5 − øòðèõîâîé
ëèíèåé.

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ â (13) èñïîëüçîâàíî Np = 500 òî÷åê ðàçáèåíèÿ. Äàëü-
íåéøåå óâåëè÷åíèå êîëè÷åñòâà òî÷åê íå ïðèâîäèò ê âèäèìîìó èçìåíåíèþ ðåçóëü-
òàòîâ.

Ðèñ. 1. Çàâèñèìîñòü ïåðåìåùåíèé
îò âðåìåíè

Ðèñ. 2. Çàâèñèìîñòü ïðèðàùåíèÿ
êîíöåíòðàöèè îò âðåìåíè

0         0,2        0,4       0,6        0,8    τ, 102
0

0,4

0,8

1,2

1,6
u, 10−12

0            2           4          6           8     τ, 1020

0

2

4

6

8
η, 10−11
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Çàêëþ÷åíèå

Ïðåäñòàâëåí àëãîðèòì ðåøåíèÿ ïîëÿðíî-ñèììåòðè÷íîé íåñòàöèîíàðíîé çàäà-
÷è óïðóãîé äèôôóçèè äëÿ îðòîòðîïíîé ïëîñêîñòè. Íàéäåíû ôóíêöèè âëèÿíèÿ, ïîç-
âîëÿþùèå îïðåäåëÿòü ïîëÿ ïåðåìåùåíèé è ïðèðàùåíèÿ êîíöåíòðàöèé êîìïîíåí-
òîâ ñðåäû ïî çàäàííûì îáúåìíûì âîçìóùåíèÿì. Äëÿ äåìîíñòðàöèè ðàáîòû àëãî-
ðèòìà ðàññìîòðåí ïðèìåð, èëëþñòðèðóþùèé ýôôåêò ñâÿçàííîñòè ìåõàíè÷åñêîãî è
äèôôóçèîííûõ ïîëåé. Ðåçóëüòàòû âû÷èñëåíèé ïðåäñòàâëåíû â âèäå ãðàôèêîâ çàâè-
ñèìîñòè èñêîìûõ ïîëåé îò âðåìåíè â ðàçëè÷íûõ òî÷êàõ ïëîñêîñòè.
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POLAR-SYMMETRIC PROBLEM OF ELASTIC DIFFUSION
FOR A MULTICOMPONENT MEDIUM

Zemskov A.V.1,2, Tarlakovskii D.V.1,2

1Moscow Aviation Institute (National Research University), Moscow, Russian Federation
2Institute of Mechanics Lomonosov Moscow State University, Moscow, Russian Federation

The paper considers a polar-symmetric problem of finding a stress-strain state of a orthotropic
plane influenced by unsteady volume elastodiffusion perturbations. The mathematical model is
based on a coupled equation system of elastic diffusion in a polar coordinate system.
The solution of the problem is sought in an integral form and presented through the convolutions
of Green's functions with functions of body forces. Laplace on time and Hankel on radial coordinate
transforms are used to find the Green's functions. The inverse Laplace transform is done analytically
by residues. The inverse Hankel transform is done numerically by quadrature formulas. Green's
functions have been found, which make it possible to determine displacement fields and increments
of the components concentrations of a medium for given volumetric perturbations. The effectiveness
of the algorithm is demonstrated, using the example illustrating the effect of the coupled mechanic
and diffusion fields. The computational results are presented in the form of time histories of the
sought fields in various points of the plane.

Keywords: elastic diffusion, Laplace transform, Hankel transform, Green's functions, polar-
symmetric problems, unsteady problems.


