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Ñòàòüÿ ïîñâÿùåíà ÷èñëåííîìó ìîäåëèðîâàíèþ çàäà÷è î íàãðóçêå â âèäå
ôóíêöèè Õåâèñàéäà, äåéñòâóþùåé íà øòàìï, êîòîðûé íàõîäèòñÿ íà âîäî-
íàñûùåííîì îñíîâàíèè. Øòàìï ðàññìàòðèâàåòñÿ êàê ïîðîóïðóãàÿ ñêàëüíàÿ
ïîðîäà. Îñíîâàíèå ìîäåëèðóåòñÿ êàê ïîðîâÿçêîóïðóãàÿ ñðåäà. Ôîðìóëèðîâêà
ïîðîâÿçêîóïðóãîé çàäà÷è îïèðàåòñÿ íà òåîðèþ ïîðîóïðóãîñòè Áèî â ñî÷åòà-
íèè ñ ïðèíöèïîì ñîîòâåòñòâèÿ óïðóãîé è âÿçêîóïðóãîé ðåàêöèè. Èñïîëüçóþò-
ñÿ êëàññè÷åñêèå ìîäåëè âÿçêîóïðóãîñòè, òàêèå êàê ìîäåëü Êåëüâèíà − Ôîéãòà,
ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà è ìîäåëü ñî ñëàáîñèíãóëÿðíûì ÿäðîì òèïà
Àáåëÿ. Ðåøåíèå èñõîäíîé çàäà÷è ñòðîèòñÿ â ïðîñòðàíñòâå ïðåîáðàçîâàíèé
Ëàïëàñà. Ïðèìåíÿåòñÿ ïðÿìîé ìåòîä ãðàíè÷íî-èíòåãðàëüíûõ óðàâíåíèé. Ðå-
øåíèå â ÿâíîì âðåìåíè ñòðîèòñÿ ñ ïîìîùüþ ìîäèôèöèðîâàííîãî àëãîðèòìà
Äóðáèíà ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Ïðåäñòàâëåíû
äèíàìè÷åñêèå îòêëèêè ñðåäû, êîãäà ïîðîâÿçêîóïðóãîå ïîëóïðîñòðàíñòâî
îïèñûâàåòñÿ ñ ïîìîùüþ ðàçëè÷íûõ ìîäåëåé âÿçêîóïðóãîñòè.

Êëþ÷åâûå ñëîâà: ìåòîä ãðàíè÷íûõ ýëåìåíòîâ, ïîðîâÿçêîóïðóãîñòü, âîëíà
Ðýëåÿ, âÿçêîóïðóãèå ìîäåëè, îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà, ïîðîóïðóãîñòü,
ìåòîä Äóðáèíà.

Ââåäåíèå

Ðàçëè÷íûå òèïû âçàèìîäåéñòâèé â äèñïåðñíûõ ñðåäàõ, òàêèõ êàê ïîðèñòûå èëè
âÿçêèå ñðåäû, âûçûâàþò çíà÷èòåëüíûé èíòåðåñ. Èññëåäîâàíèå ðàñïðîñòðàíåíèÿ âîëí
â ïîðèñòûõ ñðåäàõ ÿâëÿåòñÿ âàæíûì äëÿ ãåîôèçèêè, ãåîìåõàíèêè, íåôòåõèìè÷åñ-
êèõ îòðàñëåé, ìåõàíèêè ãðóíòîâ è áèîìåõàíèêè. Ïîâåðõíîñòíûå âîëíû ÿâëÿþòñÿ
îäíèì èç ñàìûõ çíà÷èìûõ ýôôåêòîâ ïðè ðàñïðîñòðàíåíèè èõ â ïîëóïðîñòðàíñòâå
(íàïðèìåð, âîëíà Ðýëåÿ èç-çà åå ðàçðóøèòåëüíîãî âëèÿíèÿ â ñëó÷àå çåìëåòðÿñåíèé).
Äëÿ øèðîêîãî êëàññà ìàòåðèàëîâ, òàêèõ êàê âîäîíàñûùåííûå ãðóíòû, íàñûùåííûå
íåôòåïðîäóêòàìè ñêàëüíûå ïîðîäû è äðóãèå îáðàçîâàíèÿ ñ âîçäóøíûìè ïîðàìè,
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êëàññè÷åñêàÿ òåîðèÿ óïðóãîñòè íå ìîæåò áûòü ïðèìåíåíà äëÿ êîððåêòíîãî èõ îïè-
ñàíèÿ. Èçó÷åíèþ ïðîöåññà ðàñïðîñòðàíåíèÿ âîëí â íàñûùåííûõ ïîðèñòûõ ñðåäàõ
ïîñâÿùåíû ñòàòüè Äæ. Ôðåíêåëÿ [1] è Ì. Áèî [2, 3]. Ðåàëèçàöèÿ âÿçêîóïðóãèõ ýô-
ôåêòîâ â òåîðèè ïîðîóïðóãîñòè âïåðâûå áûëà ïðåäëîæåíà Ì. Áèî [4]. Àêòóàëüíîå
ñîñòîÿíèå âîïðîñà ïî ðàçâèòèþ ìåõàíèêè ïîðèñòûõ ìàòåðèàëîâ îòðàæåíî â ïóáëè-
êàöèÿõ M. Schanz [5], R. de Boer [6] è äð. [7−9]. Îäíîìåðíîå àíàëèòè÷åñêîå ðåøå-
íèå äëÿ ñòåðæíÿ â ñëó÷àå äèíàìè÷åñêîé ïîðîóïðóãîñòè ïðåäñòàâëåíî M. Schanz è
A.H.D. Cheng [10]. Äëÿ óðàâíåíèÿ íàñûùåííîé ïîðîóïðóãîé ñðåäû, äîïîëíåííîé
ìîäåëüþ Êåëüâèíà − Ôîéãòà, áûëî ïîëó÷åíî îäíîìåðíîå àíàëèòè÷åñêîå ðåøåíèå â
ïðîñòðàíñòâå ïðåîáðàçîâàíèé Ëàïëàñà [11].

Íåñìîòðÿ íà ìíîæåñòâî çíà÷èòåëüíûõ äîñòèæåíèé â ðàçâèòèè òåîðèè ïîðèñ-
òûõ ñðåä, èç-çà ñëîæíîñòè ìåõàíè÷åñêèõ ñâÿçåé â ïîðèñòûõ ñðåäàõ è âíóòðåííåé
âÿçêîñòè áîëüøàÿ ÷àñòü çàäà÷ î äèíàìè÷åñêèõ îòêëèêàõ ìîæåò áûòü ðåøåíà òîëüêî
ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ. Ñóùåñòâóþò äâà îñíîâíûõ ïîäõîäà ê ìîäåëèðîâà-
íèþ äèíàìè÷åñêèõ ïðîöåññîâ â ïîðèñòûõ ñðåäàõ ìåòîäîì ãðàíè÷íûõ ýëåìåíòîâ
(ÌÃÝ): ðåøåíèå ñèñòåìû ãðàíè÷íî-èíòåãðàëüíûõ óðàâíåíèé íåïîñðåäñòâåííî â
ÿâíîì âðåìåíè [12] è ðåøåíèå â ïðåîáðàçîâàíèÿõ Ôóðüå èëè Ëàïëàñà ñ ïîñëåäóþ-
ùèì îáðàùåíèåì [13].

Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà ðàçâèòèþ òåõíèêè ÷èñëåííîãî ìîäåëèðîâàíèÿ,
áàçèðóþùåéñÿ íà èñïîëüçîâàíèè ÌÃÝ â ïðîñòðàíñòâå ïðåîáðàçîâàíèé Ëàïëàñà äëÿ
ðåøåíèÿ çàäà÷ òðåõìåðíîé ïîðîâÿçêîóïðóãîñòè. Ðàññìàòðèâàåòñÿ êëàññè÷åñêàÿ òðåõ-
ìåðíàÿ ïîñòàíîâêà, èññëåäóåòñÿ âëèÿíèå âÿçêîóïðóãèõ ïàðàìåòðîâ íà äèíàìè÷åñ-
êèå îòêëèêè.

Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ îäíîðîäíîå òåëî Ω â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå
R3 ñ ãðàíèöåé Γ = ∂Ω. Ïðåäïîëàãàåòñÿ, ÷òî òåëî Ω èçîòðîïíîå ïîðîâÿçêîóïðóãîå.
Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé òåîðèè Áèî â îáîáùåííûõ ïåðåìåùåíèÿõ

),,,( 321 puuuu=  â ïðåîáðàçîâàíèÿõ Ëàïëàñà (ïàðàìåòð ïðåîáðàçîâàíèÿ s) äëÿ ïå-
ðåìåùåíèé iu  è ïîðîâîãî äàâëåíèÿ p  ïðèíèìàåò âèä [5]:
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ãäå G, K − êîíñòàíòû óïðóãîñòè; φ − ïîðèñòîñòü; k − ïðîíèöàåìîñòü; ψ = 1 − K/Ks −
êîýôôèöèåíò ýôôåêòèâíûõ íàïðÿæåíèé Áèî; ρ, ρa, ρf − ïëîòíîñòè ñêåëåòà, ïðèñîå-
äèíåííîé ìàññû è æèäêîé ñðåäû; a,Fi  − îáúåìíûå ñèëû; Ks − îáúåìíûé ìîäóëü
çåðåí ñêåëåòà, Kf − îáúåìíûé ìîäóëü òåêó÷åé ñðåäû.

Ðàññìîòðèì ñëåäóþùèå òèïû ãðàíè÷íûõ óñëîâèé:
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ãäå Γu è Γσ − ÷àñòè ãðàíèöû Γ, ãäå çàäàíû ñîîòâåòñòâóþùèå îáîáùåííûå ïåðåìå-
ùåíèÿ ul è îáîáùåííûå ïîâåðõíîñòíûå óñèëèÿ tl.

Ïîðîâÿçêîóïðóãîå ðåøåíèå ðàññ÷èòûâàåòñÿ èç ïîðîóïðóãîãî ðåøåíèÿ ñ ïîìî-
ùüþ ïðèíöèïà ñîîòâåòñòâèÿ, ïðèìåíÿåìîãî ê ìîäóëÿì óïðóãîñòè ñêåëåòà K è G â
ïðîñòðàíñòâå Ëàïëàñà.

Ìîäóëè )(sK  è )(sG  âû÷èñëÿþòñÿ ïî ôîðìóëàì:
 − äëÿ ìîäåëè Êåëüâèíà − Ôîéãòà

];/1[)(],/1[)( γ+=γ+= sGsGsKsK
− äëÿ ìîäåëè ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà

],1)/()1[()( +γ+−β= ∞ ssKsK
;//],1)/()1[()( 00 ∞∞∞ ==β+γ+−β= GGKKssGsG

− äëÿ ìîäåëè ñî ñëàáîñèíãóëÿðíûì ÿäðîì
,1/)(,1/)( )()( 11 −α−α +=+= hsGsGhsKsK

ãäå γ, β, α è h − ïàðàìåòðû âÿçêîóïðóãèõ ìîäåëåé [14], èíäåêñàìè ∞ è 0 îáîçíà÷åíû
äëèòåëüíûå è ìãíîâåííûå ìîäóëè.

Ìîäèôèöèðîâàííûé ìåòîä Äóðáèíà

Ïóñòü s = λ + iω, òîãäà îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ìåòîäó Äóðáèíà
[15] çàïèøåòñÿ â âèäå:
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íûì øàãîì äëÿ âñåé ïîäûíòåãðàëüíîé ôóíêöèè.

Ðàçáèâàÿ ïðîìåæóòîê [0, R] íà n ÷àñòåé, ïîëó÷àåì ñëåäóþùèå àïïðîêñèìàöèè
[16]:
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].[][ )(Im,)(Im 11 ++ ω+λ=ω+λ= kkkk ifGifG
Òîãäà ñ èñïîëüçîâàíèåì ëèíåéíîé èíòåðïîëÿíòû ïîëó÷èì ôîðìóëû:
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Ôîðìóëû èìåþò òàêîé æå ïîðÿäîê òî÷íîñòè, êàê è ôîðìóëà òðàïåöèé ÷èñëåí-
íîãî èíòåãðèðîâàíèÿ, à èìåííî .)( 2

maxΔO

Ãðàíè÷íî-ýëåìåíòíàÿ ìåòîäèêà

×èñëåííàÿ ñõåìà îñíîâàíà íà ïðÿìîì ïîäõîäå ñ èñïîëüçîâàíèåì ôîðìóëû Ãðè-
íà − Áåòòè − Ñîìèëüÿíû. ×òîáû ââåñòè ãðàíè÷íî-ýëåìåíòíóþ äèñêðåòèçàöèþ, ðàñ-
ñìîòðèì ðåãóëÿðèçîâàííîå óðàâíåíèå:
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ãäå ui − îáîáùåííûå ïåðåìåùåíèÿ, p − ïîðîâîå äàâëåíèå, ti − îáîáùåííûå ïîâåðõ-
íîñòíûå óñèëèÿ, q − ïîòîê. Â êà÷åñòâå ôóíêöèé ôîðìû ïðè îïèñàíèè ãðàíèöû òåëà
âûáðàíû êâàäðàòè÷íûå ïîëèíîìû èíòåðïîëÿöèè. Íåèçâåñòíûå ãðàíè÷íûå ïîëÿ èí-
òåãðèðóþòñÿ ÷åðåç óçëîâûå çíà÷åíèÿ â èíòåðïîëÿöèîííûõ óçëàõ. Ïðè ïîýëåìåíò-
íîì ÷èñëåííîì èíòåãðèðîâàíèè èñïîëüçóåòñÿ ìåòîä Ãàóññà è èåðàðõè÷åñêèé àëãî-
ðèòì èíòåãðèðîâàíèÿ. Ãðàíè÷íî-ýëåìåíòíûå ñõåìû ñîçäàíû íà îñíîâå ñîãëàñîâàí-
íîé àïïðîêñèìàöèè ãðàíè÷íûõ ôóíêöèé. Ïðèìåíÿåòñÿ ìåòîä êîëëîêàöèè. Ðåøåíèÿ
â ÿâíîì âðåìåíè ñòðîÿòñÿ ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàííîãî àëãîðèòìà Äóð-
áèíà.

×èñëåííûå ðåçóëüòàòû

Ðàññìàòðèâàåòñÿ çàäà÷à î âåðòèêàëüíîé íàãðóçêå â âèäå ôóíêöèè Õåâèñàéäà íà
øòàìï, íàõîäÿùèéñÿ íà ïîëóïðîñòðàíñòâå (ðèñ. 1).

Ïàðàìåòðû ïîðèñòîãî ìàòåðèàëà: K = 8⋅109 Í/ì2, G = 6⋅109 Í/ì2, ρ = 2458 êã/ì3,
φ = 0,66, Ks = 3,6⋅1010 Í/ì2, ρ f = 1000 êã/ì3, Kf = 3,3⋅1010 Í/ì2, k = 1,9⋅10−10 ì4/(Í⋅ñ),
÷òî ñîîòâåòñòâóåò ïåñ÷àíèêó Berea [5]. Òî÷êà íàáëþäåíèÿ Q(10 ì; 0; 0) ðàñïîëîæå-
íà íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà. Ïîâåðõíîñòü ïîëóïðîñòðàíñòâà ïðåäïîëàãà-
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åòñÿ íåïðîíèöàåìîé è ñâîáîäíîé îò óñèëèé (ïîòîê è ïîâåðõíîñòíûå óñèëèÿ ðàâíû
íóëþ). Ââîäèòñÿ ãðàíè÷íî-ýëåìåíòíàÿ ñåòêà äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (ðèñ. 2).

Ñòðîÿòñÿ îòêëèêè ïåðåìåùåíèé â òî÷êå íàáëþäåíèÿ äëÿ âàðèàíòà íàãðóæåíèÿ
P(t) = P0 f (t),  f (t) = H(t) ïðè P0  = 1000 Í/ì2.

Èññëåäîâàíèå ñõîäèìîñòè ïðîâîäèëîñü äëÿ ïîðîóïðóãèõ øòàìïà è ïîëóïðîñò-
ðàíñòâà. Ðàññìàòðèâàþòñÿ ãðàíè÷íî-ýëåìåíòíûå ñåòêè ñ ðàçëè÷íîé ñòåïåíüþ äèñ-
êðåòèçàöèè: ñåòêà «à» − øòàìï 64 ýëåìåíòà, ïîëóïðîñòðàíñòâî 132 ýëåìåíòà; ñåòêà
«á» − øòàìï 256 ýëåìåíòîâ, ïîëóïðîñòðàíñòâî 548 ýëåìåíòîâ; ñåòêà «â» − øòàìï
576 ýëåìåíòîâ, ïîëóïðîñòðàíñòâî 1252 ýëåìåíòà; ñåòêà «ã» − øòàìï 1024 ýëåìåí-
òà, ïîëóïðîñòðàíñòâî 2308 ýëåìåíòîâ. Íà ðèñ. 3, 4 ïîêàçàíû ðåøåíèÿ íà ýòèõ ñåò-
êàõ äëÿ ïåðåìåùåíèé u1 è u3 ñîîòâåòñòâåííî.

Ðèñ. 1. Ïîñòàíîâêà çàäà÷è
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Äëÿ äàëüíåéøèõ âû÷èñëåíèé âûáðàíà ñåòêà «â». Âåðòèêàëüíûå ïåðåìåùåíèÿ
u3 â òî÷êå íàáëþäåíèÿ â ñëó÷àå ïîðîóïðóãîãî øòàìïà è ïîðîâÿçêîóïðóãîãî ïîëó-
ïðîñòðàíñòâà äëÿ ìîäåëåé Êåëüâèíà − Ôîéãòà è ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà
ïðèâåäåíû íà ðèñ. 5, 6.

Ïåðåìåùåíèÿ â êîíòðîëüíîé òî÷êå Q â ñëó÷àå ìîäåëè ñ ñëàáîñèíãóëÿðíûì ÿä-
ðîì ïðèâåäåíû íà ðèñ. 7, 8.

u3⋅109, ì

0

2

−2

−4

−6

−8
0               5              10             15          t, ìñ

Ïîðîóïðóãîå
ïîëóïðîñòðàíñòâî
γ = 10
γ = 102

γ = 103

γ = 104

Ðèñ. 5. Ïåðåìåùåíèÿ u3 â ñëó÷àå ìîäåëè Êåëüâèíà − Ôîéãòà

Ðèñ. 6. Ïåðåìåùåíèÿ u3 â ñëó÷àå ìîäåëè ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà (β  = 4)
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Ðèñ. 7. Ñëó÷àé ïîðîâÿçêîóïðóãîãî øòàìïà íà ïîðîóïðóãîì îñíîâàíèè
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Íà ðèñ. 5−8 ïðåäñòàâëåíî ñðàâíåíèå îòêëèêîâ ïåðåìåùåíèé äëÿ ðàçëè÷íûõ ïà-
ðàìåòðîâ èññëåäóåìûõ âÿçêîóïðóãèõ ìîäåëåé. Ïðîäåìîíñòðèðîâàí ýôôåêò ïåðå-
ñòðîéêè âîëíîâûõ ïîëåé âíóòðåííèõ ïåðåìåùåíèé, êîãäà ñâîéñòâà âÿçêîóïðóãîãî
ìàòåðèàëà ìîäåëè ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà èçìåíÿëèñü ñ ìãíîâåííûõ ìî-
äóëåé íà äëèòåëüíûå. Ïîäîáíûé ýôôåêò áûë îïèñàí ðàíåå â [17] è ïðîäåìîíñòðè-
ðîâàí â [18].

Çàêëþ÷åíèå

Ìåòîä èíòåãðàëüíûõ óðàâíåíèé è ìåòîä ãðàíè÷íûõ ýëåìåíòîâ ïðèìåíÿþòñÿ ê
ðåøåíèþ òðåõìåðíûõ êðàåâûõ çàäà÷ ïîðîâÿçêîóïðóãîñòè. ×èñëåííûé ïîäõîä îñíî-
âàí íà ìåòîäå ãðàíè÷íûõ ýëåìåíòîâ è âåðèôèöèðóåòñÿ èññëåäîâàíèåì ñåòî÷íîé
ñõîäèìîñòè. Ìîäåëèðîâàíèå ïîðîâÿçêîóïðóãîé ñðåäû îïèðàåòñÿ íà ìîäåëü Áèî è
ïðèíöèï ñîîòâåòñòâèÿ. Âÿçêîóïðóãèå ñâîéñòâà îïèñûâàþòñÿ ðàçëè÷íûìè ìîäåëÿ-
ìè âÿçêîóïðóãîñòè.

Ðåøåíà çàäà÷à î äåéñòâèè ñèëû â âèäå ôóíêöèè Õåâèñàéäà íà øòàìï, ëåæàùèé
íà ïîðîâÿçêîóïðóãîì ïîëóïðîñòðàíñòâå. Ïðèâåäåíî ñðàâíåíèå äèíàìè÷åñêèõ îò-
êëèêîâ ñðåäû â ñëó÷àå, êîãäà ïîëóïðîñòðàíñòâî îïèñûâàåòñÿ ñ ïîìîùüþ ðàçëè÷-
íûõ ìîäåëåé âÿçêîóïðóãîñòè. Ïðîäåìîíñòðèðîâàíî âëèÿíèå âÿçêîóïðóãèõ ïàðàìåò-
ðîâ íà âîëíó Ðýëåÿ.
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THE DYNAMIC ANALYSIS OF A SLAB ON A POROVISCOELASTIC HALFSPACE
UNDER VERTICAL LOAD VIA BOUNDARY ELEMENT METHOD

Igumnov L.A., Ipatov A.A.

Research Institute of Mechanics University of Nizhni Novgorod,
Nizhni Novgorod, Russian Federation

The mechanics of advanced materials, such as poro-, visco- or poroviscoelastic materials, are
relevant to such disciplines as geophysics, geo- and biomechanics, seismology, construction. Because
of the complexity of the inertial viscosity and mechanical phases coupling in porous media, most
transient response problems can only be solved via numerical methods. The present work is dedicated
to the numerical modelling of a problem of a Heaviside-type impact load acting on a brittle slab
situated above a fluid saturated foundation. Slab is treated as poroelastic rock. The fluid saturated
foundation is soil modeled as a poroviscoelastic media. The poroviscoelastic formulation is based
on the Biot's theory of poroelasticity in combination with the elastic-viscoelastic correspondence
principle. Classical models of viscoelasticity are employed, such as the Kelvin −Voight model,
standard linear solid model and model with weakly singular kernel. The problem is treated in the
Laplace domain. Direct boundary integral method approach is used to obtain solution. Modified
Durbin's algorithm of numerical inversion of Laplace transform is applied to perform solution in
time domain. A problem of Heaviside-type vertical load acting on a slab bonded on a poroviscoelastic
halfspace is considered. The comparison of dynamic responses when poroviscoelastic halfspace is
described by different viscoelactic models is presented.

Keywords: boundary element method, poroviscoelasticity, Rayleigh surface wave, viscoelastic
models, Laplace transform inversion, poroelasticity, Durbin method.


