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Ïðÿìîé ïîäõîä ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ â ïðîñòðàíñòâå  ïðåîáðàçî-
âàíèé Ëàïëàñà ïðèìåíåí äëÿ ìîäåëèðîâàíèÿ äèíàìèêè òðåõìåðíûõ ëèíåé-
íûõ ýëåêòðîóïðóãèõ òåë ñ îòâåðñòèÿìè. Ïðåäñòàâëåííàÿ ãðàíè÷íî-ýëåìåíòíàÿ
ôîðìóëèðîâêà áàçèðóåòñÿ íà ñëàáîñèíãóëÿðíûõ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâ-
íåíèÿõ äëÿ îáîáùåííûõ ïåðåìåùåíèé. Èñïîëüçîâàíû èíòåãðàëüíûå ïðåäñòàâ-
ëåíèÿ ýëåêòðîóïðóãèõ ôóíäàìåíòàëüíûõ è ñèíãóëÿðíûõ ðåøåíèé â ïðîñòðàí-
ñòâå Ëàïëàñà. Äëÿ ïðîñòðàíñòâåííîé äèñêðåòèçàöèè ïðèìåíåí ìåòîä êîëëî-
êàöèé ñîâìåñòíî ñ ñîãëàñîâàííûì ïîäõîäîì Ãîëüäøòåéíà. Â êà÷åñòâå ñõåìû
÷èñëåííîãî îáðàùåíèÿ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ïîëó÷å-
íèÿ îòêëèêîâ âî âðåìåííîé îáëàñòè èñïîëüçîâàí ìåòîä êâàäðàòóð ñâåðòîê ñî-
âìåñòíî ñ ìåòîäîì Ðóíãå − Êóòòû íà óçëàõ ñõåìû Ðàäî. Ïðèâåäåíû ðåçóëüòàòû
ãðàíè÷íî-ýëåìåíòíîãî ðåøåíèÿ òåñòîâîé íåñòàöèîíàðíîé äèíàìè÷åñêîé çà-
äà÷è îá ýëåêòðîóïðóãîì òåëå ñ îòâåðñòèåì ïîä äåéñòâèåì âíåçàïíî ïðèëîæåí-
íîé ðàâíîìåðíî ðàñïðåäåëåííîé ìåõàíè÷åñêîé íàãðóçêè â âèäå ôóíêöèè Õå-
âèñàéäà ïî âðåìåíè.

Êëþ÷åâûå ñëîâà: ýëåêòðîóïðóãîñòü, àíèçîòðîïèÿ, äèíàìèêà, ìåòîä ãðàíè÷-
íûõ ýëåìåíòîâ, ïðåîáðàçîâàíèå Ëàïëàñà.

Ââåäåíèå

Ýëåêòðîìåõàíè÷åñêèå óñòðîéñòâà, èñïîëüçóåìûå â èíòåëëåêòóàëüíûõ ñèñòåìàõ,
ñåíñîðû è àêòóàòîðû, èçãîòîâëåííûå èç ïüåçîýëåêòðè÷åñêèõ ìàòåðèàëîâ, èìåþò
ìíîæåñòâî òåõíîëîãè÷åñêèõ ïðèìåíåíèé. Â ïîñëåäíåå âðåìÿ ïüåçîýëåêòðè÷åñêèå
ìàòåðèàëû àêòèâíî èññëåäóþòñÿ ñ öåëüþ èõ ïðèìåíåíèÿ äëÿ ïðåîáðàçîâàíèÿ ýíåð-
ãèè êîëåáàíèé â ýëåêòðè÷åñêóþ ýíåðãèþ [1−5]. ×èñëåííîå ìîäåëèðîâàíèå íå-
ñòàöèîíàðíûõ äèíàìè÷åñêèõ îòêëèêîâ ýëåêòðîóïðóãèõ òåë øèðîêî èñïîëüçóåòñÿ
äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ ïüåçîýëåêòðèêîâ, âñòðîåííûõ â òåõíè÷åñêèå êîíñòðóê-
öèè.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 79, ¹ 3, 2017 ã.
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äëÿ ãîñóäàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ ÌÊ-5395.2016.1.
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Ïðè èçó÷åíèè íåñòàöèîíàðíûõ âîëíîâûõ ïðîöåññîâ îäíèì èç íàèáîëåå ýôôåê-
òèâíûõ ÷èñëåííûõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ). Îäíàêî â
íàó÷íîé ëèòåðàòóðå ìàëî ðàáîò ïîñâÿùåíî ïðèìåíåíèþ òðàäèöèîííîãî ïðÿìîãî
ïîäõîäà ÌÃÝ äëÿ ðåøåíèÿ òðåõìåðíûõ íà÷àëüíî-êðàåâûõ çàäà÷ ëèíåéíîé ýëåêòðî-
óïðóãîñòè. Ýòî âûçâàíî òðóäîåìêîñòüþ ÷èñëåííîãî ïîñòðîåíèÿ äèíàìè÷åñêèõ ôóí-
äàìåíòàëüíûõ ðåøåíèé (ôóíêöèé Ãðèíà) ýëåêòðîóïðóãîñòè. Ñ èñïîëüçîâàíèåì ïðå-
îáðàçîâàíèÿ Ðàäîíà ïî ñõåìå, àíàëîãè÷íîé ñõåìå, ïðèìåíÿåìîé â ñëó÷àå àíèçî-
òðîïíîé óïðóãîñòè [6−8], â ñòàòüå [9] áûëè ïîëó÷åíû èíòåãðàëüíûå âûðàæåíèÿ ýëåêò-
ðîóïðóãèõ ôóíêöèé Ãðèíà. Àëüòåðíàòèâíûé ïîäõîä ê âû÷èñëåíèþ ñòàòè÷åñêîé ÷àñ-
òè ôóíäàìåíòàëüíûõ ðåøåíèé áûë ïðåäëîæåí â [10]. Â ïóáëèêàöèÿõ [11, 12] ïðåä-
ñòàâëåí ãðàíè÷íî-ýëåìåíòíûé ïîäõîä ñ äâîéíûì ïðèìåíåíèåì òåîðåìû âçàèìíîñ-
òè [13], êîòîðûé ïîçâîëÿåò èçáåæàòü èñïîëüçîâàíèÿ äèíàìè÷åñêèõ ôóíêöèé Ãðèíà.
Îäíàêî â ïîäîáíûõ ãðàíè÷íî-ýëåìåíòíûõ ôîðìóëèðîâêàõ èñïîëüçóþòñÿ ïðèáëè-
æåííûå ãðàíè÷íî-èíòåãðàëüíûå óðàâíåíèÿ è îñòàþòñÿ îòêðûòûìè âîïðîñû îïòè-
ìàëüíîãî ðàñïîëîæåíèÿ êîëëîêàöèîííûõ óçëîâ âíóòðè ðàññìàòðèâàåìîé îáëàñòè è
êîððåêòíîãî âûáîðà ôóíêöèé, àïïðîêñèìèðóþùèõ îáîáùåííûå ìàññîâûå ñèëû.

Â íàñòîÿùåé ñòàòüå äëÿ ðåøåíèÿ äèíàìè÷åñêèõ çàäà÷ ëèíåéíîé ýëåêòðîóïðóãî-
ñòè ïðåäëîæåí âàðèàíò ïðÿìîãî ïîäõîäà ÌÃÝ â ïðîñòðàíñòâå Ëàïëàñà, îñíîâàí-
íûé íà ñëàáîñèíãóëÿðíûõ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèÿõ è èíòåãðàëüíûõ
âûðàæåíèÿõ äèíàìè÷åñêèõ ôóíäàìåíòàëüíûõ ðåøåíèé. Äëÿ ïîëó÷åíèÿ ðåøåíèé
âî âðåìåííîé îáëàñòè èñïîëüçîâàí ìåòîä êâàäðàòóð ñâåðòîê [14−16] ñîâìåñòíî ñ
ìåòîäîì Ðóíãå − Êóòòû íà óçëàõ ñõåìû Ðàäî [17]. Ïðèâåäåíû ðåçóëüòàòû ãðàíè÷íî-
ýëåìåíòíîãî ðåøåíèÿ òåñòîâîé íåñòàöèîíàðíîé äèíàìè÷åñêîé çàäà÷è îá ýëåêòðî-
óïðóãîì òåëå ñ îòâåðñòèåì ïîä äåéñòâèåì âíåçàïíî ïðèëîæåííîé ðàâíîìåðíî ðàñ-
ïðåäåëåííîé ìåõàíè÷åñêîé íàãðóçêè â âèäå ôóíêöèè Õåâèñàéäà ïî âðåìåíè.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ òðåõìåðíîå êîíå÷íîå îäíîðîäíîå ëèíåéíîå ýëåêòðîóïðóãîå
òåëî, çàíèìàþùåå îáëàñòü Ω ∈ R3, îãðàíè÷åííóþ ïîâåðõíîñòüþ Γ = ∂Ω. Ýëåêòðè-
÷åñêîå ïîëå ðàññìàòðèâàåòñÿ â êâàçèñòàòè÷åñêîì ïðèáëèæåíèè. Íà÷àëüíûå óñëî-
âèÿ ïðèíèìàþòñÿ íóëåâûìè. Ìàññîâûå ñèëû è ñâîáîäíûå ýëåêòðè÷åñêèå çàðÿäû
îòñóòñòâóþò. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ, ïðè èñïîëüçîâàíèè ïðåîáðàçîâàíèÿ
Ëàïëàñà ïî ïåðåìåííîé âðåìåíè, êðàåâàÿ çàäà÷à èìååò ñëåäóþùèé âèä [18, 19]:
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ãäå s − êîìïëåêñíîçíà÷íûé ïàðàìåòð ïðåîáðàçîâàíèÿ Ëàïëàñà, ρ − ïëîòíîñòü ìàòå-
ðèàëà. Îáîáùåííûå ïåðåìåùåíèÿ ,kU  îáîáùåííûå ïîâåðõíîñòíûå óñèëèÿ Tj è îáîá-
ùåííûé òåíçîð ìîäóëåé óïðóãîñòè Cijkl îïðåäåëÿþòñÿ ñîãëàñíî ñèñòåìå îáîáùåí-
íûõ îáîçíà÷åíèé [20] ñëåäóþùèì îáðàçîì:
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ãäå ku  è φ  − ïåðåìåùåíèÿ è ýëåêòðè÷åñêèé ïîòåíöèàë; tj − ïîâåðõíîñòíûå óñèëèÿ;
ijσ  è iD  − òåíçîð íàïðÿæåíèé è âåêòîð ýëåêòðè÷åñêîé èíäóêöèè; nk − åäèíè÷íûé

âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå; ,E
ijklC  elij è εil − òåíçîð óïðóãèõ ìîäóëåé, òåíçîð

ïüåçîýëåêòðè÷åñêèõ ñâîéñòâ è òåíçîð äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè.

2. Ãðàíè÷íî-ýëåìåíòíàÿ ñõåìà

Ñèñòåìà ñëàáîñèíãóëÿðíûõ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé â îáîáùåííûõ
ïåðåìåùåíèÿõ äëÿ êðàåâîé çàäà÷è (1)−(3) èìååò ñëåäóþùèé âèä:
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ãäå x ∈ Γ − òî÷êà êîëëîêàöèè, y − òî÷êà íàáëþäåíèÿ, jkjk hg è  − ýëåêòðîóïðóãèå
äèíàìè÷åñêèå ôóíäàìåíòàëüíûå è ñèíãóëÿðíûå ðåøåíèÿ, S

jkh  − ñòàòè÷åñêàÿ ÷àñòü
.jkh
Ãðàíè÷íî-ýëåìåíòíàÿ ïðîñòðàíñòâåííàÿ äèñêðåòèçàöèÿ óðàâíåíèÿ (8) îñíîâà-

íà íà ñîãëàñîâàííîì ïîäõîäå Ãîëüäøòåéíà: ãåîìåòðèÿ ãðàíèöû ðàññìàòðèâàåìîé
îáëàñòè àïïðîêñèìèðóåòñÿ ñîâîêóïíîñòüþ ÷åòûðåõóãîëüíûõ âîñüìèóçëîâûõ êâàä-
ðàòè÷íûõ ýëåìåíòîâ, ïîâåäåíèå îáîáùåííûõ ïåðåìåùåíèé è ïîâåðõíîñòíûõ óñè-
ëèé íà êàæäîì ãðàíè÷íîì ýëåìåíòå îïèñûâàåòñÿ ñ ïîìîùüþ ëèíåéíûõ è ïîñòîÿí-
íûõ ôóíêöèé ôîðìû. Ýôôåêòèâíîå âû÷èñëåíèå ôóíäàìåíòàëüíûõ ðåøåíèé äîñòè-
ãàåòñÿ çà ñ÷åò ëèíåéíîé èíòåðïîëÿöèè äèíàìè÷åñêèõ ÷àñòåé ïî ãðàíè÷íîìó ýëå-
ìåíòó â ñëó÷àÿõ, êîãäà êîëëîêàöèîííàÿ òî÷êà äîñòàòî÷íî óäàëåíà îò ýòîãî ýëåìåíòà
[21]. Êîýôôèöèåíòû ïðè íåèçâåñòíûõ è ñâîáîäíûå ÷ëåíû ðàçðåøàþùåé ñèñòåìû
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ) ÿâëÿþòñÿ êîìïëåêñíîçíà÷íûìè è çà-
âèñÿò îò çíà÷åíèÿ ïàðàìåòðà ïðåîáðàçîâàíèÿ Ëàïëàñà s. Èòîãîâûå ÑËÀÓ äëÿ ðàç-
íûõ çíà÷åíèé ïàðàìåòðà s ÿâëÿþòñÿ èíôîðìàöèîííî íåçàâèñèìûìè, ÷òî îïðåäåëÿ-
åò ðåñóðñ äëÿ ïàðàëëåëèçìà ñ öåëüþ ýôôåêòèâíîãî ðàñïðåäåëåíèÿ âû÷èñëèòåëüíîé
íàãðóçêè ïðè ïðîâåäåíèè ðàñ÷åòîâ íà âûñîêîïðîèçâîäèòåëüíûõ ìíîãîïðîöåññîð-
íûõ ñèñòåìàõ. Ðåàëèçàöèÿ ïàðàëëåëèçìà ïðîâåäåíà ñ èñïîëüçîâàíèåì íàèáîëåå ðàñ-
ïðîñòðàíåííîé íà ñåãîäíÿøíèé äåíü êîìáèíèðîâàííîé ìîäåëè MPI-OpenMP. Òåõ-
íîëîãèÿ MPI (Message Passing Interface) ïðèìåíÿåòñÿ äëÿ ìåæóçëîâîãî ïàðàëëåëèç-
ìà, à äëÿ îðãàíèçàöèè ïàðàëëåëüíûõ âû÷èñëåíèé íà êàæäîì óçëå èñïîëüçóåòñÿ
OpenMP (Open Multi-Processing).
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Ìåòîä êâàäðàòóð ñâåðòîê [14−16], ðàçðàáîòàííûé äëÿ âû÷èñëåíèÿ èíòåãðàëà
ñâåðòêè, ìîæåò áûòü èñïîëüçîâàí äëÿ ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàï-
ëàñà. Â íàñòîÿùåé ñòàòüå èñïîëüçóåòñÿ ìåòîä êâàäðàòóð ñâåðòîê ñîâìåñòíî ñ ìåòî-
äîì Ðóíãå − Êóòòû íà óçëàõ ñõåìû Ðàäî (Radau IIA), çàäàííûì ñ ïîìîùüþ òàáëèöû

Áóò÷åðà ,|
Tb
Ac

 ãäå A ∈ Rm×m, b, c ∈ Rm. Íà âðåìåííîì èíòåðâàëå [0, NΔt] äëÿ îðèãè-

íàëà f (t) ìîæíî çàïèñàòü ñëåäóþùóþ àïïðîêñèìàöèþ:
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ãäå Δt − âåëè÷èíà øàãà ïî âðåìåíè, N − îáùåå ÷èñëî øàãîâ ïî âðåìåíè, 0 < R < 1 −
ïàðàìåòð ìåòîäà êâàäðàòóð ñâåðòîê.

Â ïðåîáðàçîâàíèÿõ ïî Ëàïëàñó ýëåêòðîóïðóãèå òðåõìåðíûå ôóíäàìåíòàëüíûå
ðåøåíèÿ ìîãóò áûòü ïðåäñòàâëåíû â âèäå [9]:
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÷åðåç λm, Ejm îáîçíà÷åíû ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå âåê-
òîðû ìàòðèöû Γij (n) = Ckijlnk nl .

Ñèíãóëÿðíûå ôóíäàìåíòàëüíûå ðåøåíèÿ îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

,3,1,;4,1,,),(),(),( , === ljpkjnsgCsh ilkpijkljp yrr (21)

ni(y) − åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå â òî÷êå y.
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3. ×èñëåííûé ïðèìåð

Ðàññìàòðèâàåòñÿ ýëåêòðîóïðóãèé ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä (ðèñ. 1) ñ ðàç-
ìåðàìè a×b×c (a = 0,16 ì, b = 0,4 ì, c = 0,32 ì) è öåíòðàëüíûì îòâåðñòèåì, êîòî-
ðîå èìååò ðàäèóñ d = 0,05 ì. Íà áîêîâûõ ñòîðîíàõ x1 = 0 è x1 = b çàäàíû ãðàíè÷íûå
óñëîâèÿ u1 = 0. Íà íèæíåé ñòîðîíå x3 = 0 çàäàíà æåñòêàÿ çàäåëêà è íóëåâîé ýëåêòðè-
÷åñêèé ïîòåíöèàë. Íà âåðõíåé ñòîðîíå x3 = c çàäàíà âíåçàïíî ïðèëîæåííàÿ ðàâíî-
ìåðíî ðàñïðåäåëåííàÿ ìåõàíè÷åñêàÿ íàãðóçêà â âèäå t3 = t*H(t), t* = −0,1 ÃÏà, ãäå
H(t) − ôóíêöèÿ Õåâèñàéäà. Îñòàëüíàÿ ïîâåðõíîñòü ïðèíèìàåòñÿ ñâîáîäíîé îò îáîá-
ùåííûõ ïîâåðõíîñòíûõ óñèëèé.

Ïàðàëëåëåïèïåä èçãîòîâëåí èç ïüåçîêåðàìè÷åñêîãî ìàòåðèàëà PZT-4 íà îñíîâå
öèðêîíàòà-òèòàíàòà ñâèíöà. Ìàòåðèàë PZT-4 èìååò ïëîòíîñòü ρ = 7500 êã/ì3 è ñëå-
äóþùèå ïàðàìåòðû:

ÃÏà,

5,3000000
06,250000
006,25000
0001157474
0007413978
0007478139

=EC (22)

,Êë/ì2

0001,152,525
00712000
07120000

−−
=

,
,

,
e (23)

.ì)Êë/(Â910
6,500

05,60
005,6

⋅−⋅=ε (24)

Íà ðèñ. 2−4 ïðåäñòàâëåíû ïîëó÷åííûå àâòîðàìè ðåçóëüòàòû ãðàíè÷íî-ýëåìåíò-
íûõ ðåøåíèé è ðåçóëüòàòû êîíå÷íî-ýëåìåíòíîãî ìîäåëèðîâàíèÿ äëÿ ïåðåìåùåíèé
u3(t) è ýëåêòðè÷åñêîãî ïîòåíöèàëà φ(t) â òî÷êå ñ êîîðäèíàòàìè (b/2, a/2, c) è äëÿ
ïîâåðõíîñòíûõ óñèëèé t3(t) â òî÷êå ñ êîîðäèíàòàìè (b/2, a/2, 0). Èìååò ìåñòî êà÷å-
ñòâåííîå è êîëè÷åñòâåííîå ñîîòâåòñòâèå ðåçóëüòàòîâ.

Ðèñ. 1. Ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä ñ öåíòðàëüíûì îòâåðñòèåì

b

c

a

d

O x1

x2
x3
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Çàêëþ÷åíèå

Ïðåäëîæåííàÿ ôîðìóëèðîâêà ïðÿìîãî ïîäõîäà ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ â
ïðîñòðàíñòâå Ëàïëàñà, îñíîâàííàÿ íà ñèñòåìå ñëàáîñèíãóëÿðíûõ ãðàíè÷íûõ èí-
òåãðàëüíûõ óðàâíåíèé, óñïåøíî èñïîëüçîâàíà äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ äè-

u3⋅104, ì

−7

−6

−5

−4

−3

−2

−1

0                 1                 2                 3                4             t⋅104, c

Ðèñ. 2. Ïåðåìåùåíèÿ u3(t) â òî÷êå (b/2, a/2, c)

ÌÊÝ

ÌÃÝ

0                 1                 2                 3                4             t⋅104, c

ÌÊÝ
ÌÃÝ

φ⋅10−6, Â

−0,5

−1,0

−1,5

Ðèñ. 3. Ýëåêòðè÷åñêèé ïîòåíöèàë φ(t) â òî÷êå (b/2, a/2, c)

Ðèñ. 4. Ïîâåðõíîñòíûå óñèëèÿ t3(t) â òî÷êå (b/2, a/2, 0)

−2,0

0                 1                 2                 3                4             t⋅104, c

t3⋅10−7, Ïà

−5

0

5

10

15

ÌÊÝ
ÌÃÝ
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íàìèêè òðåõìåðíûõ ëèíåéíûõ ýëåêòðîóïðóãèõ òåë ñ îòâåðñòèÿìè. Ïðèâåäåíû ðå-
çóëüòàòû ãðàíè÷íî-ýëåìåíòíîãî ìîäåëèðîâàíèÿ è êîíå÷íî-ýëåìåíòíîãî ðåøåíèÿ
òåñòîâîé íåñòàöèîíàðíîé äèíàìè÷åñêîé çàäà÷è îá ýëåêòðîóïðóãîì ïðÿìîóãîëüíîì
ïàðàëëåëåïèïåäå ñ öåíòðàëüíûì îòâåðñòèåì ïîä äåéñòâèåì âíåçàïíî ïðèëîæåí-
íîé ðàâíîìåðíî ðàñïðåäåëåííîé ìåõàíè÷åñêîé íàãðóçêè â âèäå ôóíêöèè Õåâèñàé-
äà ïî âðåìåíè. Ïðîäåìîíñòðèðîâàíî õîðîøåå ñîîòâåòñòâèå ÃÝ- è ÊÝ-ðåøåíèé.
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MODELING OF DYNAMIC BEHAVIOUR OF A 3D PIEZOELECTRIC SOLIDS
WITH HOLES USING BOUNDARY ELEMENT METHOD

Igumnov L.A., Markov I.P.

Research Institute of Mechanics University of Nizhni Novgorod,
Nizhni Novgorod, Russian Federation

In this work, a direct Laplace domain boundary element method is applied for modeling dynamic
behaviour of 3D linear piezoelectric solids with holes. Presented boundary element formulation is
based on weakly singular boundary integral equations for generalized displacements. Integral
representations of Laplace domain piezoelectric dynamic fundamental solutions are employed.
For the spatial discretization a collocation method is used together with the matched approach.
Numerical inversion of the Laplace transform is done via Runge − Kutta Radau convolution
quadrature method. Boundary element solutions for the transient dynamic test problem of a
piezoelectric solid with hole and subjected to suddenly applied uniformly distributed Heaviside-
type mechanical loading are presented.

Keywords: piezoelectricity, anisotropy, dynamics, boundary element method, Laplace transform.


