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Ðàññìàòðèâàåòñÿ äèíàìèêà îñöèëëÿòîðà, ïðåäñòàâëÿþùåãî ñîáîé ïàðó
òðóùèõñÿ ïîâåðõíîñòåé, îäíà èç êîòîðûõ äâèæåòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ,
à äðóãàÿ, ïðèêðåïëåííàÿ ê íåïîäâèæíîé îïîðå, íàõîäèòñÿ íà íåé. Ñèëà òðåíèÿ
ïðèíÿòà â âèäå ñóììû äâóõ ñèë: ñóõîãî òðåíèÿ ñ êîýôôèöèåíòîì òðåíèÿ îòíî-
ñèòåëüíîãî ïîêîÿ â âèäå ìîíîòîííî âîçðàñòàþùåé ôóíêöèè îò äëèòåëüíîñòè
âðåìåíè îòíîñèòåëüíîãî ïîêîÿ òðóùèõñÿ òåë è âÿçêîãî òðåíèÿ ñ ïîñòîÿííûì
êîýôôèöèåíòîì òðåíèÿ (ñèëà òðåíèÿ íàñëåäñòâåííîãî òèïà). Èçó÷åíà ñòðóêòó-
ðà ôàçîâîãî ïðîñòðàíñòâà â çàâèñèìîñòè îò âåëè÷èíû êîýôôèöèåíòà âÿçêîãî
òðåíèÿ. Ïîêàçàíî, ÷òî ðåæèìû ñ îòíîñèòåëüíûì ïîêîåì òðóùèõñÿ ïîâåðõíîñ-
òåé âîçìîæíû ëèøü ïðè çíà÷åíèÿõ êîýôôèöèåíòà âÿçêîãî òðåíèÿ, ïðèíàäëå-
æàùèõ îïðåäåëåííîìó èíòåðâàëó. Ïðèâåäåí àíàëèòè÷åñêèé âèä ôóíêöèè ïîñ-
ëåäîâàíèÿ, êîòîðûé ïîçâîëÿåò îïðåäåëèòü íåïîäâèæíûå òî÷êè òî÷å÷íîãî îòî-
áðàæåíèÿ, ñîîòâåòñòâóþùèå ïåðèîäè÷åñêèì ðåæèìàì äâèæåíèÿ òåëà, ëèáî
îòûñêàòü áèôóðêàöèîííûå çíà÷åíèÿ ïàðàìåòðîâ âîçíèêíîâåíèÿ õàîñà.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, òðåíèå íàñëåäñòâåííîãî òèïà,
ôóíêöèÿ ïîñëåäîâàíèÿ, îòíîñèòåëüíûé ïîêîé, íåïîäâèæíàÿ òî÷êà, õàîñ.

Ââåäåíèå

Èçâåñòíî, ÷òî â áîëüøèíñòâå ñëó÷àåâ ñèëû òðåíèÿ èãðàþò ÷èñòî äåìïôèðóþ-
ùóþ ðîëü, áëàãîäàðÿ ÷åìó ïðîèñõîäèò çàòóõàíèå ñâîáîäíûõ êîëåáàíèé, óìåíüøà-
þòñÿ àìïëèòóäû âûíóæäåííûõ êîëåáàíèé, ðàñøèðÿþòñÿ îáëàñòè óñòîé÷èâîñòè è
ò.ä. Îäíàêî äëÿ öåëîãî ðÿäà äèíàìè÷åñêèõ ñèñòåì ýòè ñèëû âûñòóïàþò êàê äåñòàáè-
ëèçèðóþùèé ôàêòîð, òî åñòü íàëè÷èå â ñèñòåìå äàæå ìàëûõ ñèë òðåíèÿ ïîðîæäàåò
íåóñòîé÷èâûå ñîñòîÿíèÿ ðàâíîâåñèÿ. Èìåííî ê òàêèì ñèñòåìàì ìîæíî îòíåñòè
ôðèêöèîííûå àâòîêîëåáàòåëüíûå ñèñòåìû (ÔÀÑ). Ôðèêöèîííûå àâòîêîëåáàíèÿ
ñâÿçàíû ñ íåñòàáèëüíîñòüþ ïðîöåññà òðåíèÿ ïðè îòíîñèòåëüíî ìàëûõ ñêîðîñòÿõ
ñêîëüæåíèÿ è ÿâëÿþòñÿ îäíèì èç íàèáîëåå ðàñïðîñòðàíåííûõ âèäîâ ìåõàíè÷åñ-
êèõ àâòîêîëåáàíèé. Îá ýòîì âïåðâûå áûëî ñêàçàíî â ðàáîòå À.Þ. Èøëèíñêîãî è
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È.Â. Êðàãåëüñêîãî [1], à çàòåì â ìíîãî÷èñëåííûõ èññëåäîâàíèÿõ îòå÷åñòâåííûõ [2−6]
è çàðóáåæíûõ èññëåäîâàòåëåé [7−11]. Â ðàáîòàõ [3−5] ó÷èòûâàëñÿ ôóíäàìåíòàëü-
íûé ôàêò, ÷òî ïðè÷èíîé ìåõàíè÷åñêèõ ðåëàêñàöèîííûõ êîëåáàíèé òðóùèõñÿ ïî-
âåðõíîñòåé ÿâëÿåòñÿ óïðóãîñòü ñèñòåìû è óâåëè÷åíèå ñèëû òðåíèÿ ñ óâåëè÷åíèåì
ïðîäîëæèòåëüíîñòè âðåìåíè îòíîñèòåëüíîãî ïîêîÿ òðóùèõñÿ ïîâåðõíîñòåé. Ýòî-
ìó ÿâëåíèþ áûëî äàíî íàçâàíèå «òðåíèå íàñëåäñòâåííîãî òèïà». Àíàëèç ÔÀÑ ñ
òðåíèåì Êóëîíà − Àìîíòîíà ñ íàñëåäñòâîâàíèåì è áåç íàñëåäñòâåííîñòè ïîêàçàë,
÷òî â ïîñëåäíåì ñëó÷àå ñóùåñòâóþò òîëüêî ôðèêöèîííûå àâòîêîëåáàíèÿ [12], òîãäà
êàê íàñëåäñòâåííîñòü ñèëû ñóõîãî òðåíèÿ ïðèâîäèò ê íàëè÷èþ â ÔÀÑ ñêîëü óãîäíî
ñëîæíûõ ïåðèîäè÷åñêèõ ðåæèìîâ äâèæåíèÿ ñî ìíîæåñòâîì ïåðèîäîâ âðåìåíè îò-
íîñèòåëüíîãî ïîêîÿ òðóùèõñÿ ïîâåðõíîñòåé, à òàêæå ñòîõàñòè÷åñêèõ àâòîêîëåáà-
íèé [3−5].

1. Óðàâíåíèÿ äâèæåíèÿ

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ ôèçè÷åñêàÿ ìîäåëü, ñîñòîÿùàÿ èç òåëà
ìàññîé m, ïðèêðåïëåííîãî ïðóæèíîé ñ æåñòêîñòüþ k ê íåïîäâèæíîé îïîðå, êî-
òîðàÿ íàõîäèòñÿ íà øåðîõîâàòîé ëåíòå, äâèæóùåéñÿ ñ ïîñòîÿííîé ñêîðîñòüþ V0
(ðèñ. 1).

Ñèëà òðåíèÿ ìåæäó òåëîì è ëåíòîé − êóñî÷íî-ãëàäêàÿ ôóíêöèÿ îòíîñèòåëüíîé
ñêîðîñòè ,0Vx −&  ðàçðûâíàÿ ïðè .0Vx =&  Â êà÷åñòâå ñèëû òðåíèÿ âûáðàíà ñóììà ñèë
ñóõîãî è âÿçêîãî òðåíèÿ. Ìàòåìàòè÷åñêóþ ìîäåëü èññëåäóåìîé ñèñòåìû ìîæíî çà-
ïèñàòü â âèäå

,),()(sgn 0010* VxVxVxPfkxxm ≠−α+−−−= &&&&& (1)

,,)(|| 0VxPtfxk k =≤ & (2)

ãäå P − ñèëà äàâëåíèÿ íà êîíòàêò; f*, α1 > 0 − êîýôôèöèåíòû òðåíèÿ ñêîëüæåíèÿ;
f (tk) − êîýôôèöèåíò òðåíèÿ îòíîñèòåëüíîãî ïîêîÿ. Â äàëüíåéøåì áóäåì ñ÷èòàòü,
÷òî êîýôôèöèåíò òðåíèÿ ñêîëüæåíèÿ f* ïîñòîÿíåí, à êîýôôèöèåíò òðåíèÿ îòíîñè-
òåëüíîãî ïîêîÿ f (tk) ÿâëÿåòñÿ êóñî÷íî-ëèíåéíîé ôóíêöèåé âðåìåíè tk  ïðåäøåñòâó-
þùåãî èíòåðâàëà äëèòåëüíîãî êîíòàêòà òåëà ñ ëåíòîé è çàïèñûâàåòñÿ â âèäå
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Ââåäåì áåçðàçìåðíûå âðåìÿ τ = ε*t/t*, êîîðäèíàòó ξ = kx/( f* P) è ïàðàìåòð ε* =
= ( f * − f* ) / f* , õàðàêòåðèçóþùèé ôîðìó êîýôôèöèåíòà òðåíèÿ îòíîñèòåëüíîãî ïî-
êîÿ. Òîãäà âûðàæåíèÿ (1), (2) ïðèìóò âèä

,),(~)(sgn 1 θ≠ξθ−ξα+θ−ξ−ξ−=ξ &&&&& (4)

.),(1|| θ=ξτε+≤ξ &
k (5)
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Íåòðóäíî âèäåòü, ÷òî â ñèëó (3) èìååì
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2. Êà÷åñòâåííîå èññëåäîâàíèå ñòðóêòóðû ôàçîâîãî ïðîñòðàíñòâà

Èññëåäóåì õàðàêòåð ðàçáèåíèÿ íà òðàåêòîðèè ôàçîâîé ïëîñêîñòè ξξ &,  óðàâíå-
íèÿ (4) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà .~

1α  Ïðàâàÿ ÷àñòü ðàññìàòðèâàåìîãî
óðàâíåíèÿ ðàçðûâíà íà ïðÿìîé .θ=ξ&  Èç ïîâåäåíèÿ òðàåêòîðèé âáëèçè óêàçàííîé
ïðÿìîé ñëåäóåò, ÷òî ïðÿìàÿ θ=ξ&  ñîäåðæèò îòðåçîê ñêîëüçÿùèõ äâèæåíèé | ξ | ≤ 1,

.θ=ξ&
Óðàâíåíèå (4) èìååò åäèíñòâåííîå ñîñòîÿíèå ðàâíîâåñèÿ ),0,~1(A 1θα−  ÿâëÿþ-

ùååñÿ íåóñòîé÷èâûì ôîêóñîì ïðè 2~0 1 <α<  è íåóñòîé÷èâûì óçëîì ïðè .2~
1 ≥α

Ïðè ñêîëü óãîäíî ìàëûõ çíà÷åíèÿõ ïàðàìåòðà 1
~α  íà ôàçîâîé ïëîñêîñòè ñóùåñòâóåò

óñòîé÷èâûé ñøèòûé ïðåäåëüíûé öèêë L, ñîñòîÿùèé èç äóãè CB è îòðåçêà BC ñêîëü-
çÿùèõ äâèæåíèé (ðèñ. 3).

Ñ ðîñòîì 1
~α  ïîëóòðàåêòîðèè Γ1 è Γ3 ñáëèæàþòñÿ (ïðåäåëüíûé öèêë L ðàñøèðÿ-

åòñÿ) è ïðè íåêîòîðîì 
∗α=α 11

~~
 ñîâïàäàþò. Ïðè ,~~

11
∗α>α  ñêîëü óãîäíî áëèçêèõ ê ,~ *

1α
ïîëóòðàåêòîðèÿ Γ1 ïåðåñåêàåò ïðÿìóþ ,θ=ξ&  α-ïðåäåëüíûì ìíîæåñòâîì ïîëóòðà-
åêòîðèè Γ3 ÿâëÿåòñÿ ñîñòîÿíèå ðàâíîâåñèÿ A (ðèñ. 4).

Ïðè äàëüíåéøåì óâåëè÷åíèè 1
~α  ïîëóòðàåêòîðèè Γ1 è Γ4 ñáëèæàþòñÿ è ïðè íå-

êîòîðîì **
11

~~ α=α  ñîâïàäàþò. Ñøèòûé ïðåäåëüíûé öèêë L ïðè ýòîì íå ñîäåðæèò
îòðåçêà ñêîëüçÿùèõ äâèæåíèé. Ïðè ,~~ **

11 α>α  ñêîëü óãîäíî áëèçêèõ ê ,~ **
1α  ïîëóòðà-

åêòîðèÿ Γ4 èìååò α-ïðåäåëüíûì ìíîæåñòâîì ñîñòîÿíèå ðàâíîâåñèÿ A, ïîëóòðàåê-
òîðèÿ Γ1 − ω-ïðåäåëüíûì ìíîæåñòâîì ñøèòûé ïðåäåëüíûé öèêë L (ðèñ. 5).
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Ïðåäåëüíûé öèêë L ïðè ***
11

~~ α→α  óõîäèò â áåñêîíå÷íîñòü. Îòìåòèì, ÷òî
2.~ ***

1 <α  Ïðè 2~
1 ≥α  ñîñòîÿíèå ðàâíîâåñèÿ A ÿâëÿåòñÿ íåóñòîé÷èâûì óçëîì (ðèñ. 6).

3. Ïîñòðîåíèå ôóíêöèè ïîñëåäîâàíèÿ

Â äàëüíåéøåì áóäåì èññëåäîâàòü äèíàìèêó ñèñòåìû (4), (5). Àíàëèç ïîâåäåíèÿ
ôàçîâûõ òðàåêòîðèé óðàâíåíèÿ (4) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà 1

~α  ïîêàçû-
âàåò, ÷òî êîíå÷íîå ÷èñëî ïîñëåäîâàòåëüíûõ èíòåðâàëîâ ïðîñêàëüçûâàíèÿ ñ çàïàç-
äûâàíèåì è îïåðåæåíèåì ñ ïîñëåäóþùèì äëèòåëüíûì êîíòàêòîì âîçìîæíî ëèøü
ïðè .~~0 **

11 α<α<  Äàëåå áóäåì ñ÷èòàòü, ÷òî .~~0 **
11 α<α<

Ïðåäïîëîæèì, ÷òî ïðè −τk < τ < 0 òåëî íàõîäèòñÿ â êîíòàêòå ñ ëåíòîé, à ïðè τ = 0
èìååì ξ = ξ0, ξ0 = 1 + ε(τk), .θ=ξ&  Ïðè τ > 0 è âïëîòü äî áëèæàéøåé îòíîñèòåëüíîé
îñòàíîâêè â ìîìåíò τ = τ1 äâèæåíèå òåëà ïðîèñõîäèò ñ îòñòàâàíèåì îò ëåíòû ).( θ<ξ&
Ðåøåíèå óðàâíåíèÿ (4) ñ íà÷àëüíûìè óñëîâèÿìè τ = 0, ξ = ξ0, θ=ξ&  ìîæåò áûòü
çàïèñàíî â âèäå
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Ïîëàãàÿ â ðàññìàòðèâàåìûõ âûðàæåíèÿõ τ = τ1, ξ(τ1) = ξ1, ,θ=ξ&  ïîëó÷èì ñëå-
äóþùèå ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ çíà÷åíèé τ1 è ξ1:
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ãäå τ1 − íàèìåíüøèé èç êîðíåé óðàâíåíèÿ (6). Îòìåòèì, ÷òî çíà÷åíèå ξ1 òàêæå óäîâ-
ëåòâîðÿåò óðàâíåíèþ, ïîëó÷àåìîìó èç ñîîòíîøåíèé (6), (7) ïðè èñêëþ÷åíèè èí-
òåðâàëà âðåìåíè τ1:
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Ìãíîâåííîå èçìåíåíèå íàïðàâëåíèÿ ïðîñêàëüçûâàíèÿ â ìîìåíò τ = τ1 ïðîèçîé-
äåò, åñëè ξ1 < −1 (â ïðîòèâíîì ñëó÷àå íåèçáåæåí ïîñëåäóþùèé äëèòåëüíûé êîí-
òàêò). Ïðåäïîëîæèì, ÷òî ξ1 < −1. Ïðè τ1 < τ < τ1 + τ2 (çíà÷åíèå τ = τ1 + τ2 ñîîòâåò-
ñòâóåò òî÷êå ξ = ξ2, )θ=ξ&  äâèæåíèå òåëà ïðîèñõîäèò ñ îïåðåæåíèåì ëåíòû ).( θ>ξ&
Ñîãëàñíî (4) â ñèëó íà÷àëüíûõ óñëîâèé τ = τ1, ξ = ξ1, θ=ξ&  èìååì
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Ïîäñòàâëÿÿ â ðàññìàòðèâàåìûå âûðàæåíèÿ τ = τ1 + τ2, ξ = ξ2, ,θ=ξ&  ïîëó÷èì
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Çäåñü τ2 − íàèìåíüøèé èç êîðíåé óðàâíåíèÿ (8). Èñêëþ÷àÿ èç ñîîòíîøåíèé (8), (9)
ïðîìåæóòîê âðåìåíè τ2, ìîæíî ïîëó÷èòü óðàâíåíèå, êîòîðîìó òàêæå óäîâëåòâîðÿ-
åò çíà÷åíèå ξ2:
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Îòìåòèì, ÷òî ìãíîâåííîå èçìåíåíèå íàïðàâëåíèÿ ïðîñêàëüçûâàíèÿ â ìîìåíò τ =
= τ1 + τ2 îñóùåñòâëÿåòñÿ, åñëè ξ2 > 1.

Ïîñëåäóþùèå èíòåðâàëû ïðîñêàëüçûâàíèÿ ñ çàïàçäûâàíèåì è îïåðåæåíèåì
èññëåäóþòñÿ àíàëîãè÷íî. Óêàçàííîå èññëåäîâàíèå ïðèâîäèò ê ñëåäóþùèì ðåêóð-
ðåíòíûì ñîîòíîøåíèÿì äëÿ îïðåäåëåíèÿ çíà÷åíèÿ ξi , i = 1, 2, …:
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(âåðõíèé çíàê â ôîðìóëàõ äëÿ i = 2n − 1, íèæíèé − äëÿ i = 2n, n ∈ N ). Ïðè ýòîì i-é
ýòàï ïðîñêàëüçûâàíèÿ ñóùåñòâóåò, åñëè | ξi−1 | > 1, i = 1, 2, …

Ïðåäïîëîæèì, ÷òî −1 < ξj(τk) < 1,  j = 1, 2, … Òîãäà ïîñëå j èíòåðâàëîâ ïðî-
ñêàëüçûâàíèÿ ïðè τ = τ*, ,1∑ =

∗ τ=τ j
i i  íà÷íåòñÿ ýòàï äëèòåëüíîãî êîíòàêòà òåëà ñ

ëåíòîé. Íà ðàññìàòðèâàåìîì ýòàïå â ñèëó (5) èìååì
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).()( ∗τ−τθ+τξ=ξ kj (10)

Ýòàï çàâåðøèòñÿ â ìîìåíò τ = τ* + τk+1 ïðè ξ = 1 + ε(τk+1). Ïîäñòàâëÿÿ â âûðàæåíèå
(10) óêàçàííûå çíà÷åíèÿ âðåìåíè è êîîðäèíàòû, ïîëó÷èì ñîîòíîøåíèå, ñâÿçûâàþ-
ùåå ïðîäîëæèòåëüíîñòè τk è τk+1 ïîñëåäîâàòåëüíûõ èíòåðâàëîâ äëèòåëüíîãî êîí-
òàêòà, òî åñòü ôóíêöèþ ïîñëåäîâàíèÿ

),()( 1 kk τϕ=τψ +

...,2,1,1)(1),(1)(),()( =<τξ<−τξ−=τϕτε−θτ=τψ jjj

Ñëåäóåò çàìåòèòü, ÷òî ïðè 0~
1 =α  ýòà ôóíêöèÿ ïîñëåäîâàíèÿ ñîâïàäàåò ñ ôóíêöèåé

ïîñëåäîâàíèÿ èç ñòàòüè [4].

Çàêëþ÷åíèå

Èçó÷åíà ñòðóêòóðà ôàçîâîãî ïðîñòðàíñòâà äèíàìè÷åñêîé ñèñòåìû, îïèñûâàþ-
ùåé ôðèêöèîííûå àâòîêîëåáàíèÿ ñèñòåìû äâóõ òðóùèõñÿ òåë ñ ó÷åòîì âÿçêî-ñóõî-
ãî òðåíèÿ íàñëåäñòâåííîãî òèïà. Êà÷åñòâåííûì ìåòîäîì ïîêàçàíî, ÷òî ðåæèìû ñ
îòíîñèòåëüíûì ïîêîåì òðóùèõñÿ ïîâåðõíîñòåé âîçìîæíû ëèøü ïðè çíà÷åíèÿõ êî-
ýôôèöèåíòà âÿçêîãî òðåíèÿ, ïðèíàäëåæàùèõ îïðåäåëåííîìó èíòåðâàëó, ïðèâåäåí
âèä ôóíêöèè ïîñëåäîâàíèÿ, êîòîðûé äàåò âîçìîæíîñòü îïðåäåëèòü íåïîäâèæíûå
òî÷êè òî÷å÷íîãî îòîáðàæåíèÿ, ñîîòâåòñòâóþùèå ñêîëü óãîäíî ñëîæíûì ïåðèîäè-
÷åñêèì ðåæèìàì äâèæåíèÿ òåëà, è îòûñêàòü áèôóðêàöèîííûå çíà÷åíèÿ ïàðàìåòðîâ
âîçíèêíîâåíèÿ õàîòè÷åñêèõ äâèæåíèé [13, 14].
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FRICTIONAL SELF-OSCILLATIONS IN AN OSCILLATORY SYSTEM ACCOUNTING
FOR HEREDITARY-TYPE FRICTION FORCES

Metrikin V.S.1, Starodubrovskaya N.S.2

1Research Institute of Mechanics University of Nizhni Novgorod,
Nizhni Novgorod, Russian Federation

2Nizhni Novgorod State Technical University n.a. R.E. Alekseev,
Nizhni Novgorod, Russian Federation

The dynamics of an oscillator consisting of a pair of friction surfaces, one of which is moving at a
constant velocity and the other located on it is secured to a rigid support, is considered. The friction
force is assumed as a sum of two friction forces: dry friction with the relative rest friction coefficient
as a monotonously increasing function of the duration time of relative rest of the bodies of friction,
and viscous friction with a constant friction coefficient (a hereditary-type friction force). The phase
space structure as a function of the viscous friction coefficient value is studied; modes with relative
rest of the friction surfaces are shown to be possible only for viscous friction coefficient values
within a certain interval. An analytical form of Poincare function is given which makes it possible
either to determine fixed points of the point map corresponding to periodic modes of body motion
or to find bifurcation values of parameters of the onset of chaos.

Keywords: mathematical model, hereditary-type friction, Poincare function, relative rest, fixed
point, chaos.


